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Heterogeneous Premiums for Homogeneous Risks? Asset Liability
Management under Default Probability and Price-Demand Functions

Florian Klein and Hato Schmeiser
Institute of Insurance Economics, University of St. Gallen, St. Gallen, Switzerland

We consider an asset liability model under an internal solvency constraint that includes default probability as well as price-
demand functions and combine insights from empirical and theoretical research. Furthermore, as a result of policyholders’ het-
erogeneous willingness to pay, we introduce heterogeneous premiums to maximize the insurer’s overall net present value and com-
pare the results with an optimal homogeneous premium. To determine a reservation price for the insurer, we use the Margrabe-
Fischer option-pricing formula. Our numerical examples document that heterogeneous premiums for homogeneous risks improve
the net present value when correct expectations underlie and are vulnerable against a cost shift but do not per se induce a
decrease in the net present value. Moreover, we recognize that the optimal price setting under overall net present value maximiza-
tion varies from the underwriting net present value maximization on the individual risk level. Hence, in practice, an overall asset
liability management perspective should be in focus to reach the best results from the company’s point of view.

1. INTRODUCTION
In times of low interest rates and possible “bubbles” in various asset classes, financial institutions face the challenge of gen-

erating appropriate returns from their invested capital. In general, funds have more risky investments on the strategic map (see,
e.g., Di Maggio and Kacperczyk 2017; Choi and Kronlund 2018), whereas an insurer’s investment behavior is rather restricted
by regulatory requirements, such as the Solvency II Directive (see, e.g., Braun et al. 2014). However, improving an insurer’s
return on capital is not determined only by the investment strategy. Underwriting profit generation, which we describe as poli-
cyholders’ premiums minus costs, also represents an integral component for improved profitability. In addition, to improve the
insurer’s performance or to be in line with its risk appetite, the insurance company could also purchase a reinsurance contract
to achieve several objectives. While various studies analyze optimal investment strategies (see, e.g., Braun et al. 2014, 2017;
Eckert and Gatzert 2018) and optimal reinsurance designs (see, e.g., Tan and Weng 2014; Cheung et al. 2017), we set under-
writing profit generation as the focus. In contrast to, e.g., Braun et al. (2014, 2017), we do not assume that the pool of policy-
holders is given, and hence it is not a decision variable for the insurer. The environment in which insurers operate is dynamic
and thus changes time-dependently. Therefore, we recognize the demand for insurance as well as policyholders’ willingness to
pay a premium as important parameters for an insurer’s profitability.

Furthermore, we include insights about the inherent existence of default probability and the relation between default prob-
ability and willingness to pay a premium in our analysis. Concerning the existence of default probability, previous research
clarifies that a nondefault assumption is not adequate as a result of the systemic risk within the financial world. The financial
crisis has illustrated that even institutions that are regarded as too-big-to-fail can actually fail (see, e.g., Harrington 2009;
Brownlees and Engle 2017). According to the relation between default probability and willingness to pay a premium, Wakker
et al. (1997) and Zimmer et al. (2009, 2018) emphasize with their empirical research that even a low default probability (if
transparent) substantially reduces the willingness to pay. Based on this research, we derive a relation between default probabil-
ity and willingness to pay a premium and embed it in our asset liability model. Moreover, we implement a price-demand func-
tion. In the context of substandard annuities, Gatzert et al. (2012) use a linear price-demand function. They analyze the
optimal price-demand combination in a certain risk class and examine how different subpopulations influence the optimal
price-demand combination. In addition, they include a misclassification of the risk class and the effect on the optimal price-
demand combination in their investigation. Einav and Finkelstein (2011) also use a linear price-demand function in their
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analysis of adverse selection in the insurance market. In contrast, Zimmer et al. (2018) show that a convex price-demand func-
tion underlies their empirical data set. Including both views in our approach, we first assume a linear price-demand function
and later introduce the convex price-demand function, which in our case possesses the same reservation price and actuarially
fair premium as the linear function.

Derived from the insight that heterogeneous customers have a heterogeneous willingness to pay (see Zimmer et al. 2018),
we extend previous research that considers an optimal premium-demand combination (see, e.g., Gatzert et al. 2012) and inves-
tigations that focus on reduction of the willingness to pay if default may take place (see, e.g., Schl€utter 2014; Eckert and
Gatzert 2018). Hence, we introduce heterogeneous premiums and analyze how different premium levels influence the insurer’s
overall net present value (NPV). Moreover, we show in detail that the optimal demand varies between an isolated premium-
costs consideration (as done, e.g., in Gatzert et al. 2012) and an overall perspective. In addition, we emphasize that heteroge-
neous premiums exhibit the potential to induce a shift in the mind-set of an insurance enterprise. The insurance enterprise
adapts the insurance premium to the willingness to pay and not the policyholder’s willingness to pay to the insurance premium
(which is only possible downward). We evolve an internal solvency constraint and focus on a scenario under correct expecta-
tions as well as a cost shift. In this context, we include uncertainty, which is described as a simple variation in the expected
costs from different points in time.

In summary, we develop an asset liability model based on default probability as well as price-demand functions and use het-
erogeneous premiums to maximize the net present value of the insurer. Net present values are calculated by using the
Margrabe-Fischer option-pricing formula. We combine insights from theoretical as well as empirical research, and, as outlined
above, we extend previous research in several ways. Our aim is to critically reflect the use of heterogeneous premiums under
default probability, price-demand functions, solvency constraint, and further model assumptions. This article is organized as
follows. In Section 2, we thematize the relation among default probability, price-demand function, and premium as the basis
for our asset liability model in Section 3. The structure of assets and liabilities, heterogeneous premiums, and the constraints
are the focus of Section 3. Furthermore, in Section 4 we run a numerical analysis and compare the results under a scenario of
correct expectations as well as misjudgment of expected costs. The economic implications of our findings are discussed in
Section 5. Section 6 concludes with the main insights.

2. INFLUENCE OF DEFAULT PROBABILITY AND PRICE-DEMAND FUNCTION ACCORDING TO
INSURANCE PREMIUM
2.1. Central Assumptions for the Two Stakeholder Groups

In this article, we strive for a shareholder value (overall net present value) maximization measured by the Margrabe-Fischer
option-pricing formula. In this context, we assume that insurance companies have access to a frictionless and complete capital
market and can replicate future cash flows. Hence, reservation prices for insurance contracts from the provider perspective are
under the Margrabe-Fischer option-pricing formula given by the price of the replication portfolio (risk-neutral valuation tech-
nique). We assume that policyholders cannot replicate future cash flows and face a price-demand function. In addition, their
willingness to pay for insurance depends on the default risk of the insurer (see, e.g., Wakker et al. 1997; Zimmer et al. 2009,
2018). The willingness to pay on the policyholders’ side is, due to risk aversion, typically higher than the risk-neutral price
derived by the Margrabe-Fischer option-pricing formula.

2.2. Default Probability and Insurance Premium
From the perspective of rational behavior, an increase of 1 percentage point default probability decreases for a given

insurance amount the actuarially fair premium by 1 percentage point. However, individuals do not behave completely
rationally, even when they intend to be rational. Instead, humans often act under the condition of bounded rationality
(see Simon 1957). As a result of restricted abilities, individuals overweight or ignore very unlikely events (see
Kahneman and Tversky 1979). From the insurance company perspective, it is not critical when a policyholder ignores
(extreme) risk events that lead to a default of the insurance. More precisely, the willingness to pay a certain premium
is not reduced by the existence of a potential risk when the policyholder does not recognize the risk (e.g., the potential
default of an insurance contract is often not taken into consideration). However, previous research clarifies that if a
low default probability is given and the policyholders are aware of such risk, the willingness to pay a premium
decreases substantially.

Wakker et al. (1997) analyze the willingness to pay an insurance premium and underlie either a default-free insurance or a
1 percent default probability. The authors demonstrate with a direct survey that the existence of 1 percent default probability
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leads to a premium reduction of the median of more than 20 percent to compensate the potential default. Zimmer et al. (2009)
generate similar results based on an online questionnaire. For a 0.3 percent default probability, the mean premium decreases
by 14 percent related to a default-free insurance. A 4.9 percent default probability leads to a mean reduction of 26 percent. The
findings of Zimmer et al. (2018) also illustrate the substantial decrease in policyholders’ willingness to pay a premium in the
context of probabilistic insurance.1 Table 1 summarizes the above-mentioned empirical research.

Based on the analyzed empirical research, the question becomes how the willingness to pay a premium and default risk are
related. Derived from the insights of Zimmer et al. (2009), Lorson et al. (2012) formulate a logarithmic regression to describe
the relation between default probability DPij (which describes the default risk) and the premium reduction pRmean. More
concretely, DPij is understood as the probability that an insurance contract between insurer i and policyholder j results in a
default

pRmean DPijð Þ ¼ 0:0419 ln DPijð Þ þ 0:3855 8DPij 0; 1ð �: (1)

Thus,

pmean DPijð Þ ¼ 1�pRmean DPijð Þ ¼ 1� 0:0419 ln DPijð Þ þ 0:3855
� �

(2)

is defined as the mean premium pmean, which is paid dependent on DPij. Lorson et al. (2012) argue that this type of regression
is a good fit for small default probabilities. However, the empirical study of Zimmer et al. (2018) shows that an exponential
regression is more suitable to explain the dependency between default probability and mean premium. In the following sec-
tions, we use the exponential regression for two reasons. First, the amount of examined default probabilities is higher in
Zimmer et al. (2018) than in Zimmer et al. (2009). Second, the interval between the analyzed default probabilities is equal in
Zimmer et al. (2018). More precisely, the default probability increases by 1 percentage point per investigated level. In contrast,
the examined default probability jumps in Zimmer et al. (2009) among 0, 0.3, or 4.9 percent. This nonlinear default probability
development makes it difficult for policyholders to become cognizant of their actual willingness to pay. Our exponential
regression is based on the results of the mean premium

pmean DPijð Þ ¼ exp �23:75DPijð Þ: (3)

This implies that for a default probability of 0 the premium is equal to 100 percent. However, the assumption of no default
probability is not realistic. The recent financial crisis has shown that even organizations and financial products with the highest
ratings exhibit an inherent default probability (cf., e.g., Lehman Brothers and collateralized debt obligations [CDOs; see, e.g.,
Harrington 2009; Brownlees and Engle 2017]). Figure 1 illustrates the logarithmic regression of Lorson et al. (2012) and our
exponential regression, which is derived from Zimmer et al. (2018).

TABLE 1
Empirical Research about Default Probability and Insurance Premium

Wakker et al. (1997) Zimmer et al. (2009) Zimmer et al. (2018)

Default probability (%) 0, 1 0, 0.3, 4.9 0, 1, 2, 3
Median/mean Median: Mean: Mean:
Premium reduction (%) higher 20 (1) 14 (0.3), 26 (4.9) 25 (1), 38.04 (2), 50 (3)
Technique Direct survey Online questionnaire Laboratory experiment
Participants (no.) Students (230), No target audience; Students (117),

money managers (75) invited via e-mail (719) employee (28), other (36)
Type of insurance Fire insurance, car insurance,

international investment
Household insurance Theft insurance

1When a hazard or damage occurs, the probabilistic insurance pays off only with a probability smaller than 1 (see Kahneman and Tversky 1979;
Wakker et al. 1997). A probabilistic insurance can be induced by the insurance company itself, which structures the insurance contract in a way that there
is a payoff only with a probability lower than 1 or an inherent default probability (e.g., caused by systemic risk) leads to a probabilistic insurance.
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2.3. Price-Demand Function and Optimal Insurance Premium on the Underwriting Level
Initially, we analyze the relation between price-demand function and optimal insurance premium on the underwriting per-

spective to clarify our basic idea. In this regard, it is important to mention that the results of an underwriting level are typically
not optimal from the insurer’s perspective, which we will show later. Subsequently we develop a model in which the premium
depends on the default probability DPij as well as a price-demand function PDF.

We consider a price-demand function of insurer i and set i to 1 because we analyze in the next section the asset liability
model of one specific insurance company. Including this notation, following Gatzert et al. (2012) and Einav and Finkelstein
(2011), first a linear price-demand function is in focus to clarify our approach. Afterward, we extend the model to nonlinearity
(see, e.g., Caginalp 2005; Zimmer et al. 2018). The price-demand function exhibits the following form:

pPDF
Xn
j¼1

x1j

 !
¼ pr�h

Xn
j¼1

x1j; (4)

where pPDFðPk
j¼1 x1jÞ ¼ 0 and k � n. Furthermore, pr is the reservation price,2

Pn
j¼1 x1j is the demand, where n represents the

number of demanders, and h determines the negative slope of the graph, which remains constant. The expected cost function

E c
Xn
j¼1

x1j

 ! !
¼ pa (5)

is not influenced by the number of insurance contracts and describes which premium is needed to compensate the expected
costs of insurance (see also Gatzert et al. 2012). Hence, we consider risks that are homogeneous with respect to their distribu-
tion function. In the first step, we maximize the expected underwriting profit EðPrÞ, which can be generated through the pre-
mium-cost relation. Derived from the current economic situation, we suppose a risk-free interest rate of 0. With
xN :¼Pn

j¼1 x1j, optimal demand xopt and optimal premium popt can be determined through

dE Pr xNð Þ� �
dxN

¼ d pPDF xNð ÞxNð Þ
dxN

� d E c xNð Þð ÞxNð Þ
dxN

¼! 0: (6)

Thus, the optimal point isv

xopt ¼ pr�pa
2h

; popt ¼ pr�h
pr�pa
2h

¼ pr þ pa
2

; (7)

and this is a maximum for h> 0 because d2EðPrðxNÞÞ
dxN 2 < 0. However, in the linear case, the optimal premium-demand combination

only enables realizing 50 percent of the potential expected underwriting profit
Ð xS
0 ðpPDFðxNÞ � EðcðxNÞÞÞ dxN , where xS is the

point of intersection between pPDFðxNÞ and EðcðxNÞÞ. This insight is independent of h and holds for pr > pa. Theoretically, it
would be optimal to adapt the premium continuously to the demand quantity to reach the whole integral between pPDFðxNÞ

FIGURE 1. Default Probability and Mean Premium.

2We denote the reservation price pr as the point at which the potential customers start to buy the insurance contract (see also Gatzert et al. 2012).
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and EðcðxNÞÞ.3 However, a continuous premium adaptation is not realistic in practice.4 Nevertheless, it is possible to increase
the total expected underwriting profit as a consequence of using heterogeneous premiums.5 For instance, when an insurer
chooses the right two additional premiums given the optimal homogeneous premium, the total expected underwriting profit
increases by 50 percent. The two additional premiums are determined as

phigh ¼ pr þ prþpa
2

2
; plow ¼

prþpa
2 þ pa

2
: (8)

Here phigh maximizes the additional expected underwriting profit of the integral
Ð xopt
0 ðpPDFðxNÞ � poptÞ dxN , where popt builds the

lower bound since this premium level is already realized. Moreover, the additional expected underwriting profit ofÐ xS
xoptðpPDFðxNÞ � EðcðxNÞÞÞ dxN is maximized by plow. As a result of the linearity, the additional expected underwriting profit that
results from phigh and plow is equal. The following formula describes the dependency between expected underwriting profit and het-
erogeneous premiums that maximize EðPtotal

r Þ when each additional premium level builds on the previous optimal premiums:6

E Ptotal
r

� �
¼ E Popt

r

� �þXm
l¼1

bl
1
4

� �l

E Popt
r

� �
; (9)

where bl denotes the number of areas with equal size and can exhibit values from 0 to 2l; bl increases until 2
l before l increases

by 1. Heterogeneous premium levels are plevel ¼ 1þPm
l¼1 bl. Figure 2 shows how much of the potential expected underwrit-

ing profit can be generated by introducing different premium levels.
The idea is to absorb the willingness to pay a certain premium. From the perspective of perfect competition, such an increase in

the potential profit is impossible. However, imperfect information restricts the degree of competition in the insurance market (see
also Rothschild and Stiglitz 1976). Information asynchronicity (asymmetry over time) can result from either the market side (e.g.,
market access or nontransparent markets) or the insurer-customer relationship (e.g., various risk attitudes of individuals7 (see also
Ellsberg 1961; Tversky and Wakker 1995), adverse selection (see Rothschild and Stiglitz 1997), or moral hazard (see Holmstr€om
1979)) and leads to a heterogeneous willingness to pay. For instance, Zimmer et al. (2018) demonstrate that a heterogeneous will-
ingness to pay a premium is omnipresent and thus should be implemented from the insurer’s point of view to maximize profits.

FIGURE 2. Potential Expected Underwriting Profit and Premium Levels.

3Such a process is also known as price discrimination (see, e.g., Pindyck and Rubinfeld 2013).
4Continuous premium adaptation typically reduces the acceptance of policyholders, induces reputational risks and additional transaction costs, and may

not be achievable because of regulatory requirements.
5The pertinent literature considers heterogeneous consumers and beliefs in the context of asset pricing and strives for equilibrium models (see, e.g.,

Constantinides and Duffie 1996; Brav et al. 2002; Basak 2005). Moreover, Crocker and Snow (2013) examine risk classification with
heterogeneous agents.

6When heterogeneous premiums are set independently of the optimal homogeneous premium, it is partly possible to reach higher expected underwriting
profits. On the other hand, a deviation from the optimal homogeneous premium implies the risk that the expected underwriting profit decreases if the
intended number of premium levels cannot be reached induced by, for instance, regulatory requirements. We examine in the following a stepwise optimal
price setting. Hence, an additional premium level builds on already set premiums.

7For instance, the risk preference of individuals varies with the underlying degree and source of uncertainty (see also Ellsberg 1961; Tversky and
Wakker 1995).
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2.4. Interaction among Default Probability, Price-Demand Function, and Insurance Pricing
After we analyze the relation between default probability and premium as well as price-demand function and optimal pre-

mium, in the next step we combine both examinations. With DPA :¼ DP1j ¼ ::: ¼ DP1n; pPDFmean is described as

pPDFmean DPA; xN
� �

¼ pr�hxN
� �

exp �23:75DPAð Þ; (10)

where pPDFmean is strictly monotonic decreasing for an increasing DPA. Thus, the optimal point is

xopt� ¼ exp �23:75DPAð Þpr�pa DPAð Þ
2h exp �23:75DPAð Þ ; (11)

popt� ¼ exp �23:75DPAð Þpr þ pa DPAð Þ
2

: (12)

The optimal demand with default probability xopt� is smaller than without default probability xopt since it holds that

xopt� < xopt;

exp �23:75DPAð Þpr�pa DPAð Þ
2h exp �23:75DPAð Þ <

pr�pa
2h

;

1<
1�DPA

exp �23:75DPAð Þ :

The exponential function overcompensates the linear function as long as the default probability does not converge to 1. If
the default probability converges to 1, the linear function can overcompensate the exponential function. However, because of
solvency requirements, we consider low default probabilities, and hence it holds that xopt� < xopt. Furthermore,

popt� < popt;

exp �23:75DPAð Þpr þ pa DPAð Þ
2

<
pr þ pa

2
;

as paðDPAÞ< pa and exp ð�23:75DPAÞ< 1. Therefore, it is important to consider the default probability in regard to the opti-
mal premium. Moreover, the price-demand function and the default probability are necessary to understand policyholders’
behavior adequately. Our previous analysis clarifies that the premium is not a constant factor, which is ex ante given (as it is
considered, e.g., in Kahane and Nye 1975). In the next section, we will implement the insights according to the dependency
among the premium, default probability, and price-demand function in an asset liability framework to emphasize the necessity
in the context of risk and insurance management. Before we define the asset liability framework, we provide additional
insights induced by a general consideration.

We compare in the next step a scenario under default and nondefault, where xS remains constant with a varying default
probability. Moreover, we analyze how the reservation price under default prðDPAÞ has to change to reach equality between
the potential expected underwriting profit of the nondefault and the default case. In formal terms, we have

ðxS
0

pPDF xNð Þ � E c xNð Þð Þð Þ dxN ¼
ðxS
0

pPDF xN ;DPA
� �

�E c xN ;DPA
� �� �� �

dxN ;

ðxS
0

pr � hxN � E c xNð Þð Þ� �
dxN ¼

ðxS
0

pr DPAð Þ � h DPAð ÞxN � 1� DPAð ÞE c xNð Þð Þ� �
dxN ;

prx
S� 1

2
h xSð Þ2�E c xSð Þð ÞxS ¼ pr DPAð ÞxS� 1

2
h DPAð Þ xSð Þ2� 1�DPAð ÞE c xSð Þð ÞxS;

pr DPAð Þ ¼ pr þ h DPAð Þ�hð Þ 1
2
xS�DPAE c xSð Þð Þ:
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Hence, the reservation price under default, which leads to the same potential expected underwriting profit as under nondefault,
is affected by the reservation price under nondefault, the change of the slope, as well as the reduction of the expected costs.

3. ASSET LIABILITY MODEL FRAMEWORK
For our analysis, we develop a one-period model for nonlife insurance companies that includes assets AtðDPA; xNÞ and

liabilities LtðDPA; xNÞ to derive the equity capital ECtðDPA; xNÞ.8 Including the fact that our model is generated for one period,
the following relation results when taking the limited liabilities of shareholders into account:

EC1 DPA; xN
� �

¼ max A1 DPA; xN
� �

�L1 DPA; xN
� �

; 0
� �

: (13)

A1ðDPA; xNÞ is the stochastic value of assets at time 1, where it stems from the product of assets at time 0 and the value
change between t¼ 0 and t¼ 1. Given a complete and frictionless capital market, we have with

PV A1 DPA; xN
� �� �

¼ A0 DPA; xN
� �

; PV L1 DPA; xN
� �� �

¼ L0 DPA; xN
� �

(14)

a market equilibrium, where PVðL1ðDPA; xNÞÞ stands for the present value of the liabilities (stochastic in t¼ 1). The initial cap-
ital A0ðDPA; xNÞ is subdivided in the equity capital EC0 as well as the premium pPDFmeanðDPA; xNÞxN at t¼ 0:

A0 DPA; xN
� �

¼ EC0 þ pPDFmean DPA; xN
� �

xN : (15)

This equation holds if one premium level exists. We will later implement heterogeneous premiums. Our model extends the
ideas of Eckert and Gatzert (2018) and assumes that the willingness to pay is also affected by a price-demand function. In
general, our premium levels are higher than the risk-neutral equilibrium premium as a result of the assumed price-demand
function. The expected liabilities EðL1ðDPA; xNÞÞ consist of the expected indemnity payments EðC1ðDPA; xNÞÞ at t¼ 1:

E L1 DPA; xN
� �� �

¼ E C1 DPA; xN
� �� �

¼ E c1 DPAð Þ� �
xN ; (16)

where C1ðDPA; xNÞ denotes the indemnity payments of all homogeneous risks. Furthermore, we suppose that EðC1ðDPA; xNÞÞ
is strictly monotonic decreasing in DPA. More precisely, with an underlying probabilistic insurance, the probability is inherent
that the insurance does not pay the claims of the policyholder, and hence EðC1ðDPA; xNÞÞ is reduced. According to the price-
demand function, we described the expected cost function EðcðxNÞÞ as a constant factor in Section 2. Indemnity payments gen-
erate costs, and thus we define these indemnity payments as costs to be considered when selling an insurance contract.
However, such indemnity payments are connected with uncertainty. Considering this fact, we define EðC0

1ðDPA; xNÞÞ as the
expected value of the indemnity payments for t¼ 1 from the perspective of t¼ 0 and furthermore n, which explains the
expected indemnity payment difference between t¼ 0 and t¼ 1. n> 0 exhibits an unexpected increase in indemnity payments
from the perspective of t¼ 0 and includes the risk of error arising from forecasting and diagnostic risk (see, e.g., Kriele and
Wolf 2014).9 Hence, in formal terms, we define

E C1 DPA; xN
� �� �

¼ E C0
1 DPA; xN
� �� �

þ n: (17)

Based on these insights, we follow our previous definition and describe the expected cost (indemnity payment) function
Eðc1ðDPAÞÞ as independent of xN. Furthermore, we take into consideration that the default probability influences the costs.
We need an estimation of the indemnity payments for t¼ 1 from the perspective of t¼ 0 to calculate which premium might be

8We believe the simplification of a two-points-in-time model is acceptable in the case of nonlife insurance contracts since most contracts do have a
yearly duration. However, at t¼ 1, some of the incurred claims may not be finally settled (incurred but not reported claims IBNR and incurred but not
settled claims IBNS). Hence, our used claim distribution in t¼ 1 includes paid claims as well as reserved claims (taken into account with their present
value in t¼ 1). For further research according to long-term insurance business, see, e.g., Albrecher et al. (2016, 2018).

9Forecasting risk is connected with an incorrect projection of past data to forecast the future, while diagnostic risk leads to an incorrect distribution
function. For instance, the distribution function of the past exhibits only an inadequate amount of data or the environment varies in a way that the
distribution changes (e.g., because of extreme risk). Moreover, n focuses on the negative deviation of the expectations (i.e., higher costs for the insurer).
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profitable and which not. As a result of uncertainty, the threat exists that an estimated profitable premium results in an unprofit-
able case.

In a next step, we introduce our option pricing framework. The values of assets AtðDPA; xNÞ and liabilities LtðDPA; xNÞ fol-
low geometric Brownian motions. Under a real-world probability measure P, assets and liabilities are denoted by

dAt DPA; xN
� �

¼ lAAt DPA; xN
� �

dt þ rAAt DPA; xN
� �

dWP
At
;

dLt DPA; xN
� �

¼ lLLt DP
A; xN

� �
dt þ rLLt DPA; xN

� �
dWP

Lt
;

(18)

where the Wiener processes are correlated with dWP
At
dWP

Lt
¼ q dt. lA and lL describe the drifts, while rA and rL determine the

volatility of the stochastic processes. We further consider a risk-neutral martingale Q, which leads to the drifts being described
by the risk-free interest rate r. For the sake of simplicity, we assume that under the real-world probability measure P, the drift
is equal to the drift under Q (risk-neutral market). Hence, it holds that EPð�Þ ¼ EQð�Þ :¼ Eð�Þ. At time t¼ 1, we reach the fol-
lowing solutions for the stochastic differential equations (see, e.g., Bj€ork 2009):

A1 DPA; xN
� �

¼ A0 DPA; xN
� �

exp r�r2A=2þ rA WA1�WA0ð Þ
� 	

;

L1 DPA; xN
� �

¼ L0 DPA; xN
� �

exp r�r2L=2þ rL WL1�WL0ð Þ
� 	

;
(19)

with L0ðDPA; xNÞ ¼ EðL1ðDPA; xNÞÞ exp ð�rÞ. In this article, we examine an insurer that maximizes the overall net present
value between t¼ 0 and t¼ 1. Hence, we receive

arg max
DPA2 0;1ð �;xN2N

NPV EC1 DPA; xN
� �

�EC0

� �
;

where

NPV EC1 DPA; xN
� �

�EC0

� �
¼ PV EC1 DPA; xN

� �� �
�EC0: (20)

Using the Margrabe-Fischer option-pricing formula based on two geometric Brownian motions (see Margrabe 1978; Fischer
1978), derived from Equation (13), the present value of the equity capital EC1 is described as

PV EC1 DPA; xN
� �� �

¼ E exp �rð Þmax A1 DPA; xN
� �

�L1 DPA; xN
� �

; 0
� �h i

¼ A0 DPA; xN
� �

U d1ð Þ�L0 DPA; xN
� �

U d2ð Þ;
(21)

where

d1 ¼
ln

A0 DPA;xNð Þ
L0 DPA;xNð Þ

� �
þ r2

2

r
; d2 ¼ d1�r; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2A þ r2L�2qrArL

q
: (22)

Moreover, U describes the standard normal cumulative distribution function. The idea here is to analyze how different premiums
influence an insurer’s overall level. In this context, it is important to mention that the optimal demand for underwriting net present
value maximization NPVðEðPrðDPA; xNÞÞÞ (premiums minus expected costs; see Appendix A) varies from the optimal demand for
overall net present value maximization (without n)10 NPVwðEC1ðDPA; xNÞ�EC0). We state in Appendix A the detailed net present
value formula on the company’s level and for the underwriting profit for linear as well as convex price-demand function, which we
use to calculate the optimal demand numerically. Furthermore, we show in Appendix A that EC0 induces the deviation of the net
present value calculation, and, hence, the optimal demand between the overall and underwriting perspective varies. Thus, the results
of a partial model are in general not optimal from the overall asset liability perspective. According to insurance practice, we derive

10The optimal demand is calculated based on the expectations for t¼ 1 from the point of view of t¼ 0. Since n is only ex post known, it does not
affect the optimal demands from the underwriting and overall perspective, which are determined in t¼ 0, but the optimal net present values are influenced.
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the insight that an insurer should not maximize the underwriting net present value because of the nonoptimality. Instead, it should
concentrate on overall net present value maximization to reach optimality for the insurer. As a result of this insight, we focus in the
following part on the overall perspective. Taking into account that the highest net present value is reached when the default probabil-
ity is minimal given the line of reasoning by using the results of Zimmer et al. (2018), we consider a variation of default probabil-
ities in our analysis and compare between the different default probabilities how the net present value maximizing parameters of our
model change. Furthermore, the convex price-demand function exhibits the following form:

pPDF;conmean DPA; xN
� �

¼ pr
gxN þ 1

exp �23:75DPAð Þ; (23)

where pPDF;conmean is strictly monotonic decreasing for an increasing DPA and g describes the slope.

3.1. Heterogeneous Premiums
In the presented model, we have focused on a homogeneous premium for all insurance customers. The optimal premium

poptOP, which can be derived through price-demand function and expected cost function, leads to the optimal overall net present
value under the condition that only one premium exists and correct expectations. However, as we have seen in Zimmer et al.
(2018), the willingness to pay for a homogeneous insurance product is highly heterogeneous. This insight is supported by the
understanding of imperfect information in the insurance industry (see, e.g., Rothschild and Stiglitz 1976, 1997; Holmstr€om
1979). Based on these findings, we extend our previous model and introduce different premium levels plevel. As mentioned
before, we consider a stepwise optimal price setting. More concretely, each additional premium level is optimal to maximize
the overall net present value under correct expectations. For the one-premium case, the optimal total premium is

Ptotal ¼ poptOP DPA; xoptOP

� �
xoptOP: (24)

For heterogeneous premiums, the total premium is defined as

Ptotal
� ¼

Xh
e¼1

DP plevele ; xlevele

� �
; (25)

where Ptotal
� � Ptotal and h describes the maximal premium levels. In the case of heterogeneous premiums, the demand is equal

to the sum of the demand, which is generated with different premium levels. As mentioned earlier, heterogeneous premiums
do not include only the chance to reach higher aggregated premiums. When the expected costs Eðc01ðDPAÞÞ are substantially
lower than the expected costs Eðc1ðDPAÞÞ, it can happen that the additional premium level is >Eðc01ðDPAÞÞ and
<Eðc1ðDPAÞÞ. Figure 3 illustrates the heterogeneous premiums (three premium levels) and the underwriting profit under cor-
rect expectations.

FIGURE 3. Heterogeneous Premiums under Linear and Convex Price-Demand Function.
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3.2. Constraints
In the next step, we define the constraints under which we consider our asset liability model. According to our first con-

straint, we introduce an internal solvency requirement that determines whether a certain premium level can be realized. The
policyholders adapt their willingness to pay to the reported default probability DPA. Since the actual default probability has to
be smaller or equal to the reported default probability to protect policyholders and to avoid default probability discrimination,
DPA exhibits an upper bound for the default probability. In other words, when the actual default probability is smaller or equal
to the reported default probability, the solvency constraint is satisfied. Our solvency requirement is structured as

P A1 DPA; xN
� �

< L1 DPA; xN
� �� �

� DPA; (26)

where

P
A0 DPA; xN
� �

exp r�r2A=2þ rA WA1�WA0ð Þ
� 	

L0 DPA; xNð Þ � exp r � r2L=2þ rL WL1 �WL0ð Þ
� 	 < 1

 !
;

P exp rA WA1 �WA0ð Þ � rL WL1 �WL0ð Þ þ r2L=2� r2A=2
� 	

<
L0 DPA; xN
� �

A0 DPA; xNð Þ

 !
;

P rA WA1 �WA0ð Þ � rL WL1 �WL0ð Þ < ln
L0 DPA; xN
� �

A0 DPA; xNð Þ

 !
� r2L=2þ r2A=2

 !
:

With Wiener processes that follow N(0,1) and uncorrelated assets and liabilities, we reach

U
ln

L0 DPA;xNð Þ
A0 DPA;xNð Þ

� �
�r2L=2þ r2A=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2A þ r2L
p

0
B@

1
CA � DPA: (27)

The internal solvency constraint implies that a high asset liability ratio is needed to reach low default probabilities.
In addition, we introduce the constraint that in the homogeneous case the number of premium levels plevel is equal to 1, and

in the heterogeneous case, the number of premium levels is less than or equal to 3 (see Fig. 3). We use this constraint to differ-
entiate the heterogeneous case clearly from a continuous premium adaptation. In addition, we argue that such a continuous pre-
mium adaptation is not economically adequate for several reasons. First, heterogeneous premium levels lead to classification
costs (see, e.g., Gatzert et al. 2012). Second, underlying a reputational risk is that policyholders recognize different premium
levels and as a result change insurance company.

3.3. Excursus: Remarks with Respect to a Normative Price-Demand Function
Our previous considerations clarify for the assumed relation between default probability and willingness to pay that an

insurance company strives for a default probability of 0. In a next step, we will analyze whether for the normative price-
demand function the insurer exhibits the incentive to reach the lowest possible reported default probability if policyholders
cannot replicate future cash flows and thus are paying under correct expectations more than the fair price for their insurance
contract. We consider l-r preferences with risk-averse policyholders (a> 0). The preference function is structured as follows
(see, e.g., Rymaszewski et al. 2012):

/ w1ð Þ ¼ E w1ð Þ� a
2
r2 w1ð Þ; (28)

where Eðw1Þ denotes the expected wealth of the policyholder in t¼ 1 and r2ðw1Þ the variance of the wealth in t¼ 1. Under full
coverage, setting the preference function of the wealth without insurance /ðwNI

1 Þ equal to the preference function of the wealth with
insurance /ðwI

1Þ, where /ðwI
1Þ :¼ wI

1 ¼ w0�p and wNI
1 ¼ w0�c, we derive the following relation for the premium p:

p ¼ E cð Þ þ a
2
r2 cð Þ: (29)
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The initial wealth w0 does not affect the premium. Induced by full coverage, E(c) represents the expected indemnity pay-
ments and r2ðcÞ the variance of the indemnity payments. Moreover, with a rising a, the willingness to pay increases. The pol-
icyholder with the highest willingness to pay exhibits a risk parameter of a1 and the policyholder with the second highest
willingness to pay is described by a2. Assuming linearity for the risk parameter, we can determine a normative price-demand
function with these two points. Thus, in formal terms we reach

p ¼ E cð Þ þ a1
2
r2 cð Þ� a1

2
� a2

2

� �
r2 cð Þ xN�1ð Þ: (30)

Given the premium relation, we suppose that in dependency of the default probability the expected indemnity payments are
denoted as EðcðDPAÞÞ ¼ EðcÞð1�DPAÞ and the indemnity payments variance as r2ðcðDPAÞÞ ¼ r2ðc� ð1�DPAÞÞ :¼
r2ðcÞð1�DPAÞ2. Based on comprehensive numerical computations, we analyze how the overall net present value changes by a
default probability affected normative willingness to pay under stable risk attitudes. Therefore, we examine two effects that influence
the overall net present value (see Eq. [21]). The values of the standard normal cumulative distribution functions vary by the default
probability since the ratio of assets and liabilities changes and assets minus liabilities are also influenced. We use A0ðDPAÞ and
L0ðDPAÞ as starting points for the assets and liabilities and reach for a given demand

A0 DPAð Þ
L0 DPAð Þ ¼

EC0 þ xN E cð Þ 1�DPAð Þ þ a1
2
r2 cð Þ 1�DPAð Þ2� a1

2
� a2

2

� �
r2 cð Þ 1�DPAð Þ2 xN�1ð Þ

� �
xNE cð Þ 1� DPAð Þ

¼ EC0

xNE cð Þ 1� DPAð Þ þ 1þ
a1
2
� a1

2
� a2

2

� �
xN�1ð Þ

� �
r2 cð Þ 1�DPAð Þ2

E cð Þ 1� DPAð Þ :

(31)

Since

EC0

xNE cð Þ 1� DPAð Þ >
EC0

xNE cð Þ

and

a1
2 � a1

2 � a2
2

� �
xN�1ð Þ

� �
r2 cð Þ 1�DPAð Þ2

E cð Þ 1� DPAð Þ <

a1
2 � a1

2 � a2
2

� �
xN�1ð Þ

� �
r2 cð Þ

E cð Þ ;

A0
L0

can be smaller, greater, or equal to A0ðDPAÞ
L0ðDPAÞ depending on the effects. Moreover, the reservation price is reduced

by EðcÞDPA þ ða1� a2
2 Þðr2ðcÞ�r2ðcÞð1�DPAÞ2Þ and the expected indemnity payments decrease by EðcÞDPA, while the

maximal demand, which can be sold for the intersection point between costs and price-demand function, remains
constant. Thus, when we maximize the net present value, A0�L0 >A0ðDPAÞ�L0ðDPAÞ. Uðd1Þ�ðd2Þ can be greater, smaller, or
equal to Uðd1ðDPAÞÞ�Uðd2ðDPAÞÞ depending on the available relation between assets and liabilities (see also Appendix B).
For instance, if Uðd1Þ�Uðd2Þ<Uðd1ðDPAÞÞ�Uðd2ðDPAÞÞ relatively improves the net present value under default probability
NPVðDPAÞ, while A0�L0 >A0ðDPAÞ�L0ðDPAÞ leads to a higher net present value under no default probability, NPV, a trade-
off between both effects results. Although we reach for all our numerical computations that NPV>NPVðDPAÞ, we cannot
exclude that for at least one combination NPVðDPAÞ > NPV might be possible.

4. NUMERICAL EXAMPLES
4.1. Scenario under Correct Expectations

In the following section, we provide additional insights into the model by means of different numerical examples. We vary
the one-year reported default probability (0.01, 0.5, 1 percent), premium levels (1, 2, 3), price-demand function (linear, nonlin-
ear [convex]), and the scenario (correct expectations, cost shift). According to the default probabilities, since no default-free
insurer exists in practice, we consider a reported default probability of 0.01 percent, include the maximal default probability
under Solvency II (Value at Risk [VaR] confidence interval of 99.5 percent; see, e.g., EIOPA 2014), and include a higher
default probability in contrast to the others.
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4.1.1. Input Parameters
First, we describe a scenario with correct expectations, which means that the expected indemnity payments (from the per-

spective of t¼ 0) EðC0
1ðDPAÞÞ, which represent the costs, do not deviate from the expected indemnity payments EðC1ðDPAÞÞ.

In other words, for this scenario, n¼ 0 and the environment is stable over time.11 According to the input parameters, we
mainly refer to Eling et al. (2009) and Zimmer et al. (2018) but also include other data to enable comprehensive computations.
Eling et al. (2009) consider a German nonlife insurance company which is medium-sized and focuses on automobile as well as
property-casualty insurance. In the numerical example of Eling et al. (2009), the expected value of the stochastic claims after
reinsurance is e1.171 billion. As we include a price-demand function in our model, we do not regard the expected claims as
fixed. Instead, we assume they increase with higher demand and decrease with lower demand. Furthermore, we set the actuari-
ally fair premium pa, which is needed to compensate the expected costs of insurance, as e1000 per contract (nondefault case).
Zimmer et al. (2018) show that the reservation price pr is more than a factor of 5 of the fair premium. In contrast, we calculate
more defensively and take factor of 3 (e3000) as the maximum willingness to pay (nondefault case). In the case that the under-
lying insurance company sells the contract for the optimal premium popt under underwriting profit maximization, xopt ¼ 1:171
million because the expected costs per contract are e1000. As a result of linearity in the price-demand function, h is
8:5397� 10�4. Moreover, the equity capital at t¼ 0 is 1.25 billion. We further consider a correlation between the Wiener proc-
esses of 0. In addition, the standard deviation of the stochastic asset process is assumed to be 0.05 and the standard deviation
of the liability process to be 0.4. Derived from the current economic situation, the risk-free interest rate is set to 0. Table 2
shows the input parameters.

4.1.2. Linear Price-Demand Function
First, we underlie a linear price-demand function, which is illustrated in Table 2. Afterward, we also consider a convex

price-demand function and compare the results. Subsequently, we will focus on the solvency constraint. Under correct expecta-
tions, n¼ 0, which means that the expected costs per demand unit never exceed the premium. We numerically determine the
optimal demands for different premium levels under overall net present value maximization. Table 3 clarifies that an increase
in default probability reduces the net present value substantially. For the one-premium case, between 0.01 and 1 (0.5) percent
default probability, the optimal premium decreases by 15.99 (8.36) percent. In addition, for the same relation, the net present
value is even reduced by 39.68 (21.18) percent. This results from the fact that an increasing default probability decreases the
willingness to pay and the demand simultaneously. Furthermore, for a scenario under correct expectations, an increase in the
number of premium levels increases the net present value substantially. Moreover, it is possible to overcompensate the 0.5 per-
cent default probability when choosing the right premium levels. For instance, comparing the one-premium and three-premium
level, for 0.01 (0.5; 1) percent default probability, the net present value increases by 50.13 (50.22; 50.34) percent. Hence, the

TABLE 2
Input Parameters for the Correct Expectation Scenario

Default probability (%) DPA 0:01; 0:5; 1
Price-demand function (default case) pPDFmeanðDPA; xN� Þ ð3000�8:5397� 10�4xN� ) exp ð�23:75DPAÞ
Premium levels plevel 1, 2, 3
Equity capital EC0 1.25 billion
Expected indemnity payments paðDPAÞ ¼ Eðc01ðDPAÞÞ 1000ð1�DPAÞ
Correlation between Wiener processes q 0
Deviation between expected
indemnity payments over time

n 0

Standard deviation of the stochastic
liability process

rL 0.4

Standard deviation of the stochastic
asset process

rA 0.05

Risk-free interest rate lA ¼ lL ¼ r 0

Note: For plevel¼ 1, xN� and xN are equal. When plevel is 2 or 3, xN� ¼ xlevele , where e can be 1, 2, or 3 (see Fig. 3). In contrast, xN is the
sum of the demand which is realized with different premium levels.

11Time stability exists, which assumes that fundamental conditions of the world do not or only slightly change over time. Thus, “the past is a
statistically reliable, and hence unbiased, guide to the future” (which is Davidson’s definition of the objective probability environment; Davidson 1991,
130). We will show in the scenario under cost shift why such an assumption can be critical for insurance companies.

HETEROGENEOUS PREMIUMS FOR HOMOGENEOUS RISKS? 287



results of our model are close to the theoretical considerations of Figure 2. Figure 4 shows the net present value as influenced
by default probability and heterogeneous premiums.

For the examined default probabilities, the optimal demand for underwriting net present value maximization varies from
optimal demand under overall net present value maximization by at most 5.37 percent. Underwriting net present value maxi-
mization refers to the relation of premiums minus expected costs (see Appendix A). An overall perspective for an insurer is
necessary to sell the optimal quantity. Moreover, Uðd1Þ and Uðd2Þ decrease with a higher default probability and a lower pre-
mium adaptation plow, while both increase with a higher premium adaptation phigh. In addition, the gap between Uðd1Þ and
Uðd2Þ increases with a lower premium adaptation. Therefore, a lower premium adaptation leads to a higher net present value
than a higher premium adaptation (e.g., according to 0.01 percent default probability, e1491.76 results in a higher net present
value than e2493.64).

4.1.3. Convex Price-Demand Function
The pertinent literature often assumes a linear price-demand function (see, e.g., Einav and Finkelstein 2011; Gatzert et al.

2012). In contrast, Zimmer et al. (2018) show that a convex function describes the relation between premium and demand
appropriately. Hence, in the following part we consider a convex price-demand function, which is defined in Equation (23),
and compare the results with the linear case. With pr, pa, and the maximal demand (twice the optimal demand in the linear
case under underwriting profit maximization), which we have determined in the previous subsection, we develop a convex
price-demand function and obtain g ¼ 8:5397� 10�7. As a result, pr, pa, and maximal demand are equal for the linear and
convex price-demand function. Furthermore, as a consequence of these identical points and the convexity,

Ð xS
0 ðpPDF;conðxNÞ �

EðcðxNÞÞÞ dxN <
Ð xS
0 ðpPDF;linðxNÞ � EðcðxNÞÞÞ dxN and xoptcon < xoptlin as well as poptcon <poptlin (one-premium case). For three premi-

ums, a lower and a higher premium adaptation are still optimal.

TABLE 3
Linear Case: Net Present Value in Dependency of Default Probability and Premium

plevel DPA (in %) Premium Demand (million) Uðd1Þ Uðd2Þ NPVðEC1�EC0Þ (million)

1 0.01 1994.40 1.172 0.9985 0.9950 1166.23
2 0.01 1994.40, 1491.76 1.172, 0.590 0.9940 0.9824 1459.73
3 0.01 2493.64, 1994.40, 1491.76 0.586, 0.586, 0.590 0.9962 0.9882 1750.87
1 0.5 1827.63 1.103 0.9982 0.9939 919.17
2 0.5 1827.63, 1404.47 1.103, 0.558 0.9923 0.9784 1151.56
3 0.5 2245.86, 1827.63, 1404.47 0.5515, 0.5515, 0.558 0.9948 0.9846 1380.75
1 1 1675.52 1.025 0.9979 0.9931 703.48
2 1 1675.52, 1324.66 1.025, 0.521 0.9909 0.9750 882.13
3 1 2020.65, 1675.52, 1324.66 0.5125, 0.5125, 0.521 0.9934 0.9811 1057.64

FIGURE 4. Linear PDF under Correct Expectations: NPV and Premium Levels.
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Table 4 clarifies the outcome under a convex price-demand function. In contrast to the linear case, as a result of convexity,
the interval between different premium levels varies substantially. For instance, the interval between optimal premium (one-
premium case) and plow is much lower than the interval between an optimal premium (one-premium case) and phigh.
Moreover, the demand of plow is higher than the demand of the other premiums (three-premium case). We will see in the next
subsection that the higher quantity of plow increases the vulnerability against rising indemnity payments. Concerning the one-
premium case, between 0.01 and 1 (0.5) percent default probability, the optimal premium decreases by 11.44 (5.83) percent
and the net present value by 44.67 (24.42) percent. Hence, the relative net present value reduction is even higher than in the
linear case, although the relative reduction of the optimal premium is lower. Under a default probability of 0.01 percent, com-
paring the one-premium and three-premium levels, the net present value increases by 65.03 percent. Moreover, for 0.5 (1) per-
cent default probability, the net present value rises by 63.47 (61.86) percent between the one-premium and three-premium
levels. This is more than in the linear case. With a higher default probability, Uðd1Þ and Uðd2Þ increase since the ratio of asset
and liabilities increases. In addition, considering the examined default probabilities, the optimal demand for underwriting net
present value maximization differs from the optimal demand under overall net present value maximization by at most 18.75
percent. As a result of convexity, the impact of EC0 is stronger than in the linear case. Figure 5 illustrates the development of
net present value with heterogeneous premiums and default probability.

For the linear as well as the convex case, Uðd1Þ and Uðd2Þ are close to 1 as a result of the high asset liability ratio, which is
necessary to fulfill the solvency constraint. For the cost shift, the difference between Uðd1Þ and Uðd2Þ increases and hence
affects the net present value.

TABLE 4
Convex Case: Net Present Value in Dependency of Default Probability and Premium

plevel DPA (%) Premium Demand (million) Uðd1Þ Uðd2Þ NPVðEC1�EC0Þ (million)

1 0.01 1727.29 0.858 0.9989 0.9962 624.46
2 0.01 1727.29, 1302.85 0.858, 0.661 0.9903 0.9735 829.77
3 0.01 2274.28, 1727.29, 1302.85 0.370, 0.488, 0.661 0.9933 0.9808 1030.52
1 0.5 1626.51 0.747 0.9993 0.9972 471.96
2 0.5 1626.51, 1263.02 0.747, 0.552 0.9923 0.9782 623.39
3 0.5 2081.15, 1626.51, 1263.02 0.328, 0.419, 0.552 0.9944 0.9835 771.53
1 1 1529.73 0.640 0.9996 0.9982 345.54
2 1 1529.73, 1224.19 0.640, 0.452 0.9946 0.9840 453.49
3 1 1902.71, 1529.73, 1224.19 0.285, 0.355, 0.452 0.9959 0.9873 559.28

FIGURE 5. Convex PDF under Correct Expectations: NPV and Premium Levels.
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4.2. Scenario under Cost Shift
In this subsection, we will focus on a scenario under cost shift. In the scenario under correct expectations, we have

described the situation as stable over time. Hence, the past can be used as guide for the future. However, our business world
and its environment are changing rapidly. Therefore, the future is widely unstable. We analyze how incorrect estimations of
the expected costs influence our asset liability model. Thus, we underlie a deterministic shift in the expected costs and examine
the effect on the net present value of heterogeneous premiums. We assume that the deterministic shift n increases the expected
costs per demand unit by 50 percent. All other input parameters remain the same as before.

4.2.1. Linear Price-Demand Function
First, we analyze how the net present value is affected by the deviation of the expected indemnity payments, and afterward

we take the solvency requirement into consideration. Figure 6 clarifies how the net present value is influenced by the change
in the expected costs depending on the default probability and premium level. For the two-premium level, we consider both
the higher and lower premium adaptation. Instead, in Figure 4, we focus on the one that results in the higher net present value.
In the case under correct expectations, the net present value of the higher and lower additional premium varies only slightly. In
contrast, in this case, we want to illustrate that choosing a different premium level affects the net present value substantially.

As a result of increasing expected indemnity payments, it is intuitive that each insurance contract, which is sold below such
indemnity payments, is connected with a decline in net present value. However, considering this relation, at first glance it
might be surprising that even a lower premium adaptation where plow <Eðc1ðDPAÞÞ results in our analysis in a higher net pre-
sent value for a default probability of 0.01 (0.5) percent. We can explain this development with the difference between Uðd1Þ
and Uðd2Þ. For r> 0;Uðd1Þ is greater than Uðd2Þ, and hence the assets are more strongly weighted than the liabilities.12

Moreover, a lower premium adaptation increases the gap between Uðd1Þ and Uðd2Þ. Hence, as illustrated in Figure 6, the
increasing gap between Uðd1Þ and Uðd2Þ overcompensates plow <Eðc1ðDPAÞÞ. Nevertheless, this relation is not necessarily
present. With an increasing r and a lower ratio of A0ðDPA;xNÞ

L0ðDPA;xNÞ, the difference between Uðd1Þ and Uðd2Þ increases and vice versa
(see Appendix B). Furthermore, we recognize for a default probability of 0.5 percent, although both two-premium levels lead
to a higher net present value than a homogeneous premium, three premiums are worse than the two-premium level (high). This
effect is induced by the increasing asset liability ratio in comparison to the two-premium level (low). Under a 0.01 (0.5, 1) per-
cent default probability, choosing the higher premium adaptation for the two-premium level is connected to a positive devi-
ation in the net present value in relation to the lower premium adaptation by 245.15 (222.99, 202.01) million. In addition, the
three-premium level is the best alternative for a default probability of 0.01 percent, and for 0.5 (1) percent default probability,
the higher premium adaptation should be realized.

4.2.2. Convex Price-Demand Function
The net present value deviation under a 0.01 (0.5, 1) percent default probability between phigh and plow is 264.87 (226.30,

191.50) million and decreases with a higher default probability. In addition, for a convex price-demand function, plow gener-
ates higher demand under stable conditions than higher premium levels (three-premium case). Hence, a lower premium adapta-
tion under a convex price-demand function is riskier than under a linear price-demand function and leads to higher

FIGURE 6. Linear PDF under Cost Shift: NPV and Premium Levels.

12For a very low stochastic process standard deviation, Uðd1Þ and Uðd2Þ are approximately equal (see Appendix B).
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vulnerability against increasing expected costs. A 1 percent default probability and a lower premium adaptation yields a nega-
tive net present value. phigh consequently leads to the best results under a cost shift. Figure 7 illustrates that it is possible to
overcompensate a 0.5 percent default probability when choosing the right heterogeneous premiums.

In summary, the underlying example and the implications clarify that heterogeneous premiums improve the net present value
when correct expectations are present and are resilient against a cost shift when choosing the right heterogeneous premiums.

The following problem is inherent for net present value maximizing insurance enterprises. In our scenario under correct
expectations, an additional lower premium plow leads to a higher net present value than an additional higher premium phigh.
Hence, if only two-premium levels are feasible, each insurer has the incentive to realize the additional lower premium.
However, this premium is connected to the risk that conditions change to a scenario under cost shift, and thus a higher pre-
mium adaptation would be substantially better. When one insurance enterprise decides to ignore the potential risk of lower pre-
miums and realizes the profit, a competitive advantage for this company would emerge as long as correct expectations are
present. As a result, all other insurance companies are driven to do the same to strengthen their own market position relative to
others. However, when the scenario switches from correct expectations to a cost shift and the market participants behave as
described, an unfavorable outcome results. This theoretical structure of action is known as a prisoner’s dilemma.13

4.2.3. Solvency Requirement
As we have demonstrated, a higher default probability reduces the net present value substantially under the assumptions

taken in this article. However, a solvency requirement, as presented here, is useful to minimize the possibility that the actual
default probability is higher than the reported default probability. In fact, solvency requirements restrict the risky behavior of
an insurance company and enable an insurance enterprise to find an appropriate balance between return and risk. Thus, the cus-
tomers are protected as a result of the constraints (see also Eling et al. 2007). Apart from this theoretical use of solvency
requirements, we will consider in a next step whether our solvency constraint is fulfilled under correct expectations and for the
cost shift. In this context, we emphasize that a deviation in the expectations of costs over time is critical for the usefulness of
solvency requirements. We list the reported default probabilities and the actual default probabilities in Table 5 and Table 6. If
the reported default probability DPA is smaller than the actual default probability in the linear (convex) case DPlin (DPcon), the
solvency requirement is violated.

From Table 5, we see that the solvency constraint is not fulfilled for the reported default probability of 0.01 percent under a
linear as well as convex price-demand function. Moreover, several lower premium adaptations and the three-premium level
also do not satisfy the constraint. Hence, the lower premium adaptation shows a higher vulnerability concerning the solvency
constraint. Our solvency constraint exhibits a strong focus on the inherent threat of lower premium adaptation. For the cost
shift, only under 1 percent default probability, the convex case satisfies the constraint for the higher premium adaptation (see
Table 6). In all other cases, the solvency requirement is violated. A positive aspect that we derive is that solvency requirements
restrict the risk to a certain degree and define a solid maximal default probability.

However, when we consider that the cost shift is not known from time t¼ 0, the information that several premium-default
combinations are not in line with the solvency condition does not influence the decisions of the insurer in t¼ 0. The insurer’s

FIGURE 7. Convex PDF under Cost Shift: NPV and Premium Levels.

13A prisoner’s dilemma stems from the noncooperative behavior of market participants and collectively leads to an inappropriate outcome. For research
on the noncooperative behavior of market participants, see, e.g., Nash (1951).
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decisions are based on expectations about the costs in t¼ 1 from the point of view of t¼ 0. Hence, only the premium-default
combinations, which are in conflict with the solvency constraint from the perspective of t¼ 0, affect the insurer’s behavior.
This insight clarifies that an unexpected shock influences the costs of the insurance company, while the solvency constraint
does not have an appropriate answer because it is based on the expectations from the perspective of t¼ 0. Of course, the future
is only to a certain degree predictable. Therefore, a deviation from expectations is possible and probable. Including this fact in
an internal solvency framework, stress testing is an appropriate tool to analyze a miscalculation of distribution parameters.

False estimations of costs are often induced by external impacts (e.g., natural disasters (see, e.g., Lewis and Murdock 1996;
Harrington 2009), political risks (see, e.g., MIGA 2014; Braun and Fischer 2018), or cyber attacks (see, e.g., Biener et al.
2015; WEF 2016)). Thus, it is important to develop an integrated approach that includes the external development, such as a
market analysis, in the internal solvency considerations. Furthermore, it is necessary to develop early warning systems (see,
e.g., Brockett et al. 1994) and directly implement changes of the business environment in the solvency constraints to minimize
miscalculations. Moreover, forward-looking models, which anticipate future outcomes and focus on liability risk drivers,
should be employed (see Swiss Re 2016). Nevertheless, solvency requirements are still a framework of action that does not
guarantee the successful development of an insurance enterprise. In addition, for instance, loss reserves (see, e.g., Dus and
Maurer 2003) are necessary to be able to pay the claims in t¼ 1, but an increase in loss reserves over a level, defined by the
solvency constraint, to compensate a potential rise in claims does not solve the problem of uncertainty and also leads to a
lockup of more capital than needed under correct expectations. Instead, it is more sensible to focus on the origins of deviations
between expectations over time.

In summary, we have shown in our numerical examples that the net present value decreases substantially with a higher
default probability. Under correct expectations, heterogeneous premiums can compensate such a net present value reduction to
a certain degree, and thus heterogeneous premiums are profitable under stable conditions. When a cost shift occurs, a higher
premium adaptation still improves the net present value, where a lower premium adaptation is beneficial only when a premium
greater than expected costs or plow <Eðc1ðDPAÞÞ is overcompensated by the difference of Uðd1Þ and Uðd2Þ. Solvency require-
ments suggest a solid maximal default probability; however, in dynamic environments, the expected costs (based on the past),
which are part of the solvency constraint, may not represent the reality. Hence, the solvency requirement does not protect or
only provides delays in protecting against dramatic changes.

5. ECONOMIC IMPLICATIONS
5.1. Default Probability: Eminent Threat or Potential for Insurance Companies?

As we have defined earlier, a probabilistic insurance can either be induced by the insurance company itself, which sells
insurance contracts with a payoff probability lower than 1, or an inherent default probability (e.g., caused by systemic risks)
results in a probabilistic insurance. Our previous analysis clarifies that the substantial decrease in policyholders’ willingness to
pay a premium with an increasing default probability does not provide an incentive for the insurance company to structure

TABLE 5
Correct Expectations: Reported and Actual Default Probability (%)

plevel 1 2 (high) 2 (low) 3 1 2 (high) 2 (low) 3 1 2 (high) 2 (low) 3

DPA 0.01 0.01 0.01 0.01 0.5 0.5 0.5 0.5 1 1 1 1
DPlin 0.15 0.08 0.61 0.39 0.19 0.11 0.78 0.53 0.21 0.13 0.92 0.67
DPcon 0.11 0.06 0.99 0.68 0.08 0.05 0.79 0.57 0.05 0.03 0.55 0.42

TABLE 6
Cost Shift: Reported and Actual Default Probability (%)

plevel 1 2 (high) 2 (low) 3 1 2 (high) 2 (low) 3 1 2 (high) 2 (low) 3

DPA 0.01 0.01 0.01 0.01 0.5 0.5 0.5 0.5 1 1 1 1
DPlin 2.47 1.54 6.71 4.89 2.91 1.95 7.89 6.06 3.21 2.30 8.84 7.11
DPcon 1.96 1.25 9.25 7.19 1.52 1.05 7.94 6.38 1.04 0.76 6.24 5.18
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insurance contracts in a way that a payoff probability lower than 1 exists (see also Wakker et al. 1997; Zimmer et al. 2009,
2018). Therefore, insurance companies try to minimize the underlying default probability. However, in the systemic financial
world, an inherent default probability is present and hence must be reported. If the policyholders are aware of such a default
probability, they typically adapt their willingness to pay. As shown in our numerical examples, the potential premium, which
can be generated under a default probability, is substantially lower than under nondefault. Thus, a higher default probability
reduces the profit that can be achieved through insurance contracts. Hence, an increasing default probability induced, for
instance, by unstable conditions under which businesses operate represents an eminent threat for insurance enterprises.

In contrast, our asset liability model also suggests that if a perceived default probability underlies, the potential also exists
to improve the premiums as a consequence of the high willingness to pay for a reduction of default probability and the striving
for certainty (see also Kahneman and Tversky 1979; Tversky and Kahneman 1992). Therefore, for instance, the insurance
industry has the incentive to offer additional insurance contracts that pay if the first insurance contract does not pay the claims.
Of course, the second insurance also exhibits an inherent default probability. Nevertheless, policyholders’ striving for certainty
combined with the high willingness to pay leads to the profitability of this approach.

In practice, according to the default probability, insurance contracts are highly inflexible over time. More precisely, when at
t¼ 0 we find an underlying reported default probability DPA and this default probability changes over time to DPB, it would
lead to adapting the premium to DPB. However, this is not common in the insurance industry, although the default probability
represents an important parameter of the insurance contract. In other words, policyholders gain from a decrease in default
probability over time (after they have signed the contract) and are disadvantaged when the default probability increases over
time (if such changes have not been rightly anticipated by the policyholders). Even if an insurance contract is not affected by a
changing default probability, the behavior of policyholders might be influenced by such a variation. For instance, when the
default probability increases over time, some policyholders switch insurer as a consequence of a lower willingness to pay for
the underlying default probability.

5.2. Heterogeneous Premiums: A Way to Achieve Customer Centricity
In fact, insurance customers are heterogeneous, and heterogeneous customers consequently exhibit a heterogeneous willing-

ness to pay even when homogeneous risks are present (see also Zimmer et al. 2018). Hence, taking into consideration that
such a heterogeneity is omnipresent, for three reasons it is suboptimal for an insurance enterprise to use a homogeneous pre-
mium. First, a homogeneous premium ignores the higher willingness to pay of a bundle of customers. Thus, a gap exists
between the willingness to pay and the actual acquired premium. Second, individuals with a lower willingness to pay than the
homogeneous premium indicates do not have the possibility to buy an insurance contract. Third, which is derived from the two
reasons above, the customer is not the focus. Instead, a decoupling between the behavior of the customer and the insurance
company is present.

In contrast, heterogeneous premiums minimize the gap between higher willingness to pay and the actual acquired premium
and enable individuals with a lower willingness to pay to buy the insurance, which results in higher demand and, therefore, a
focus on the customer. Hence, heterogeneous premiums lead to a shift of the mind-set of an insurance enterprise. The insur-
ance enterprise adapts the insurance premium to the willingness to pay rather than policyholders’ willingness to pay to the
insurance premium (which is only possible downward). As a result, customer centricity enables the insurance company to
increase its profits, as measured by the net present value calculus. As we stated earlier, the customer centricity has to be within
the profit restrictions under which the business operates.

According to the practicability of heterogeneous premiums in practice, this might be challenging at first glance. Given a set
of different premiums for a homogeneous insurance product, we do not question that an individual who acts under bounded
rationality (see Simon 1957) prefers the product with the lowest premium because each individual behaves rationally within
his or her limitations. However, we see a high potential for the practicability that stems from the limitations of each individual
combined with the fact that individuals accept satisfying results (see Simon 1955). In other words, it is possible for the insurer
to realize premiums that are substantially higher than the fair premium. In combination with the limitation that no potential
policyholder has perfect information, heterogeneous premiums are applicable. Hence, this results in a collective improvement
for insurance companies through heterogeneous premiums. Furthermore, our approach clarifies that no insurance company has
an incentive to maximize the transparency of the insurance market. A higher level of transparency restricts the realization of
heterogeneous premiums and therefore the potential profit. However, when we take a closer look at other industries, such as
the food industry,14 heterogeneous prices even work under a high degree of perceived transparency.

14We refer, for instance, to a homogeneous product that is sold in the supermarket for heterogeneous prices, which is very common in our daily life.
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Another reason why we hold the view that heterogeneous premiums are possible to implement is the increasing relevance
of digitization. Each potential policyholder has a digital footprint, and such data are useful to improve the understanding of
consumer behavior and thus the willingness to pay.

6. SUMMARY AND CONCLUSION
In this article, we develop an asset liability model that includes the interaction of default probability, price-demand function,

and insurance premiums. Therefore, we do not consider the premium as a constant factor that is ex ante given and the insurer
is not a pure price taker. Instead, different strategies to generate underwriting profit, from the relation of premiums minus
costs, substantially influence the overall net present value of an insurer. In this context, we introduce heterogeneous premiums
in consequence of policyholders’ heterogeneous willingness to pay and compare the results with the outcome under a homoge-
neous premium. Furthermore, we separate between higher and lower premium adaptation in regard to heterogeneous premi-
ums. Moreover, we include an internal solvency restriction in our model. The numerical examples illustrate the net present
value development under homogeneous and heterogeneous premiums with varying default probabilities when correct expecta-
tions and a cost shift are present.

Our findings include several economic implications. First, an increase in the default probability (if transparent) decreases
the willingness to pay substantially and therefore restricts the potential to improve the return on capital. An inherent default
probability consequently exists as a result of our systemic financial world. From the initial point that such an inherent default
probability is present, policyholders’ striving for certainty can be regarded as a threat but also a potential. While an increase in
default probability describes the threat, taking the high willingness to pay for a default probability reduction into consideration
clarifies the potential. For instance, it results in an incentive to offer additional insurance contracts that pay the claims when
the first insurance contract does not.

Second, we illustrate that heterogeneous premiums are useful to improve the net present value of an insurer under a linear
as well as a convex price-demand function. It is inadequate from the perspective of the insurance company for policyholders to
adapt their heterogeneous willingness to pay to a homogeneous premium (which is only possible downward). Instead, adapting
the premium level to the heterogeneous willingness to pay is appropriate. We further emphasize that such a heterogeneous pre-
mium adaptation is supported by limitations of the customers (e.g., missing information) and the acceptance of satisfying
results. While in our scenario under correct expectations a higher and lower premium adaptation are profitable, under a cost
shift a lower premium adaptation is only profitable when the premium is higher than the expected costs or the effect of a pre-
mium lower than expected costs is overcompensated by the difference in the standard normal cumulative distribution func-
tions. A higher premium adaptation is still beneficial.

Third, we recognize that an internal solvency constraint must be structured as a forward-looking approach, which antici-
pates the future to identify liability risk drivers, to minimize the gap between cost expectations over time. In this context, an
integrated approach is useful to combine internal and external insights. Fourth, the optimal demand under overall net present
value maximization varies from the net present value maximization of an isolated premium minus costs consideration. Hence,
in practice, an overall perspective should be the focus to achieve the best results from the company’s point of view.
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APPENDIX A. OVERALL AND UNDERWRITING NET PRESENT VALUE
A.1. Linear Price-Demand Function
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A.2. Convex Price-Demand Function
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APPENDIX B. STANDARD NORMAL CUMULATIVE DISTRIBUTION FUNCTIONS, ASSET LIABILITY RATIO, AND
STANDARD DEVIATION OF THE STOCHASTIC PROCESSES

FIGURE B.1. Influence of Asset Liability Ratio and Standard Deviation of the Stochastic Processes. Note: The standard deviation of the stochastic processes
refers to Equation (22).
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