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1 Introduction

Propensity score matching is widely used in evaluation to estimate average treatment effects
when selection is on observables. The propensity score plays such a fundamental role since it
enables using one-dimensional nonparametric regression techniques for estimating treatment
effects, even with many confounding variables. Rosenbaum and Rubin (1983) showed that, if
treatment assignment is ignorable (i.e. selection is on observables), matching on the probability
of treatment receipt estimates the average treatment effect consistently. Hence, instead of
matching on all covariates X, matching on this one-dimensional probability is sufficient, and

this dimension reduction has been used in many evaluations.!

In this paper, it is argued that the nonparametric technique of propensity score matching
is more versatile and not restricted to treatment evaluation only. It is shown that propensity
score matching can be used to estimate a covariate-distribution adjusted mean even if selection
is on unobservables. The justification of propensity score matching does not hinge on a condi-
tional independence assumption. Propensity score matching can not only be used to estimate
the mean, but also to estimate the density and distribution function of the counterfactual out-
come variable. These results extend also to the case of non-random sampling (stratified sam-
pling and/or choice-based sampling), when using weighted propensity score matching with an
appropriate estimator of the propensity score. With stratified sampling, the propensity score
estimator generally must take account of the sampling weights. Nevertheless, under certain
conditions on the stratification scheme, sampling weights can be neglected for the propensity
score, but need to be accounted for in the weighted matching estimator. Choice-based sam-
pling, on the other hand, can be neglected in any case.

These results are useful in at least three areas. First, propensity score matching can be
used in a wide range of applications to disentangle effects due to observables and due to
unobservables. For example, in the analysis of discrimination, propensity score matching can be
employed to distinguish between income differences due to different human capital compositions

and differences due to unobservables or discrimination. Such a nonparametric approach avoids

!See for example, Brodaty, Crépon, and Fougére (2001), Dehejia and Wahba (1999), Frolich, Heshmati, and
Lechner (2004), Gerfin and Lechner (2002), Heckman, Ichimura, and Todd (1997), Heckman, Ichimura, Smith,
and Todd (1998), Jalan and Ravallion (2002), Larsson (2003), Lechner (1999), Puhani (1999), Rosenbaum and
Rubin (1983, 1985) , Rubin and Thomas (1992, 1996) and Smith and Todd (2000).



the parametric assumptions of, for example, a Blinder (1973)-Oaxaca (1973) decomposition. It
also allows to examine the effects of observables and unobservables on the whole distribution.

Second, propensity score matching can be used to predict the counterfactual distribution of
Y if the distribution of X were changed but the relationship between Y and X remained un-
changed. Juhn, Murphy, and Pierce (1993), DiNardo, Fortin, and Lemieux (1996) and Gosling,
Machin, and Meghir (2000) analyzed the increasing wage inequality in the USA and UK. They
simulated the counterfactual wage distribution that would have prevailed if the distribution of
workers’ characteristics and other covariates such as the real value of the minimum wage had
changed over time but the relationship between these covariates had remained unchanged (or
vice versa). To simulate this counterfactual wage inequality, propensity score matching could
be used as well.

Third, propensity score matching is also applicable with difference-in-difference matching,
even when the selection bias does not remain constant over time for every value of X, as
assumed for example in Heckman, Ichimura, and Todd (1997) and Smith and Todd (2000). It
suffices if the average selection bias remains constant and can be estimated in a baseline period.
In fact, when multiple baseline periods are available, the average selection bias does not even
need to remain constant. It suffices if it can be predicted consistently from the estimated
average selection biases in the previous periods. E.g. if the selection bias grows at a constant
rate over time and two baseline periods are available, the growth rate of the average selection
bias can be estimated from the average selection biases estimated in the two baseline periods.
For example, in the analysis of longitudinal data, attrition is a frequent problem. If interest is
in the evolution of a cohorts’ characteristics over time (e.g. income, employment rate, health),
non-random attrition has to be taken into account. If data is missing at random conditional
on some covariates X (Little and Rubin 1987), adjusting for the distribution of X in the
baseline period (e.g. by propensity score matching) gives an unbiased estimate of the cohorts’
characteristics that would have been observed in the absence of any attrition. However, if data
are not missing at random (conditional on X ), this estimate would be biased. If all individuals
responded in the baseline period, the magnitude of the bias from using the matching estimator
could be estimated by pretending that all individuals attriting up to a time t were also non-
responding in the baseline period. Comparing the simulated baseline-period characteristics for

the attriters with the observed characteristics gives an estimate of the bias for the baseline



period. If this bias can be assumed to be constant over time, it can be subtracted from the
matching estimator at time ¢. If multiple periods without attrition are available, the average
selection bias can be estimated for all these periods and then be extrapolated to later periods.
Usually imputation methods or inverse probability weighting are used to deal with attrition

and non-response, but propensity score matching could be used as well.

In Section 2 the applicability of propensity score matching without assuming selection
on observables is shown. Section 3 analyzes the finite-sample properties of propensity score
matching and multivariate matching estimators. In Section 4, propensity score matching is
applied to analyze the gender wage gap of college graduates in the UK. It is examined to which
extent the gender wage gap can be explained by observed characteristics. By simulating the
whole counterfactual wage distribution, not only the mean wage gap is analyzed but also the
gender wage gap at different quantiles. Of particular interest is the contribution of ’subject
of degree’ (= field of major) to explaining the gender wage differences; a variable that is not
available in most datasets. It turns out that subject of degree contributes substantially to
reducing the unexplained wage gap, particularly in the upper tail of the wage distribution.
The huge wage differential between high-earning men and high-earning women is thus to a
large extent the result of men and women choosing different subjects in university. Section 5

concludes.

2 Propensity score matching without CIA

Let f;|s be the density of some covariates X in a particular population (denoted source pop-
ulation) and let Jz|t be the density of X in a target population. In many situations, one is
interested in the mean of an outcome variable Y in the source population if its covariates were

distributed as in the target population:

/ () - fopu(2)de, (1)

where mg(x) = E4[Y|X = =z] is the conditional mean of Y in the source population. A

nonparametric estimator of this covariate-distribution adjusted mean is the matching estimator



where D; € {s,t} indicates whether an observation i is drawn from the source or the target
population, n; is the number of observations in the target population and () is a nonpara-
metric estimator of Es[Y|X = z] = E[Y|X =z, D = s|.

For example, let the source population be women and the target population be men, and
let Y being wages and the variables X describing human capital endowment, then the adjusted
mean (1) would represent the counterfactual mean wage that women would receive if they had
the human capital endowment of men.

Estimation of the covariate-distribution adjusted mean plays a prominent role in treatment
evaluation for estimating average treatment effects when selection is on observables. For treat-
ment evaluation, one wants to compare the expected outcome with and without a particular
treatment.? Define YZ-O,Yi1 as the potential outcomes of individual i. Let D; € {0,1} indicate
whether an observation received treatment or not. The average impact of the treatment is of-
ten measured by the average treatment effect on the treated E[Y! — Y°|D = 1], which is not
identified (unless treatment was randomly assigned) since the counterfactual mean E[Y?|D =
1] is unidentified. If all variables that influenced treatment assignment as well as the poten-

tial outcomes are observed, then conditional on these confounding variables X, the potential

outcomes are stochastically independent (L) of D
YOI D|X. (2)

With this assumption, known as selection on observables (Barnow, Cain, and Goldberger 1981,
Heckman and Robb 1985), ignorable treatment assignment (Rosenbaum and Rubin 1983)
or conditional independence assumption (Lechner 1999), the counterfactual mean outcome
E[Y?|D = 1] is identified by adjusting the mean of ¥ among the non-participants (D; = 0)
for the distribution of X among the participants (D; = 1)

EYO|D =1] = / mo(2) - fopr(2)dz,

where mp(z) = E[Y|X = z,D = 0]. This expression is identical to (1), with the source
population being the non-participants and the target population being the participants.
Rosenbaum and Rubin (1983) showed that, if the conditional independence assumption (2)

is valid, then the potential outcomes are also independent of treatment assignment, conditional

2For example, a drug treatment, college attendance or participation in an active labour market programme.



on the propensity score:

YLD [p(X), (3)

where p(r) = Pr(D = 1|X = ). Hence, the conditional mean E[Y?|D = 1] can also be
estimated by matching on the propensity score
nitz mo (pi)

i:Dy=t
where g (p) is an estimator of mg (p) = E[Y?|p(X) = p, D = 0] and p; = p(X;). Imbens
(2000) and Lechner (2001) extended this result to the evaluation of multiple treatments
(e.g. varieties of treatments). Since the propensity score p(x) is one-dimensional, in finite
samples nonparametric regression of Y; on p; can be much less demanding than nonparametric
regression on X;, particularly when the number of confounding variables X is large. Because
of this ’dimension reduction’ property (Hahn 1998), propensity score matching is used in

many evaluation studies.?

However, the use of propensity score matching is not confined to treatment evaluation only,
and can be used in many other situations as well. This versatility is demonstrated in Theorem
1, which shows that matching on the propensity score is justified as an estimator of the adjusted
mean even when the conditional independence assumption (2) is not valid and selection is on
unobservables. Theorem 1 also shows that propensity score matching can not only be used for

estimating the adjusted mean but also its pdf and cdf.

Theorem 1:

Let (Y, X, D) € RxR* xR be random variables with Pr(D = s) > 0 and Pr(D =t) > 0. Let
§y|z,a(z, d) be a functional of the distribution of Y given X =z and D =d. Let &, 4(p, d) be
the corresponding functional given the propensity score P = p and D = d, where the propensity
score is defined as p(x) = Pr(D =t|X =z, D € {s,t}). Denote by f,s(x) the density of X
given D = s and let S = {z : fy () > 0} = {2 : p(x) < 1} denote the support of X in

the source population. Suppose that &, 4(, s) and £, 4(p, ) are both finite for all values of

3The properties of (propensity score) matching estimators of average treatment effects under the selection-on-
observables assumption (2) have been studied by Abadie and Imbens (2001), Hahn (1998), Heckman, Ichimura,
and Todd (1998), Hirano, Imbens, and Ridder (2003) and Lechner (2001). For a recent overview see Imbens
(2003).



reSandp< 1. If

B &0 alX,5) [P(X) = p, D = 5| = &pa(p,9) (4)
then
BléuaXs) D=1t = ElguaPs) D=1, (5)

where the expectation is taken with respect to the support S in the source population. (Proof

in appendix.)
Hence, matching on X

ny .
4

1 ~
- Z gy\x,d (XU 8)
t :D;=t
X,€8

and matching on the propensity score

1 ~
-5 Z £y|p,d (ph 5)

converge to the same limit, provided |, 4 and &, ,, 4 are consistent estimators. ny is the number

of observations with D; =t and X; € S.

The condition (4) is satisfied, for example, for the conditional mean £, 4(x,d) = E[Y|X =
z,D =d| and &y, 4(p,d) = E[Y|P = p,D = d]. It is also satisfied for the conditional density
Junction &y, g = fy|x,p=a and &y, 4 = fy|p,p=a, and for the conditional distribution function
Eyle,a = Fy|x,p=a and §y|p g = Fy|pD=d-

On the other hand, (4) is not satisfied for the conditional variance and for the conditional

quantiles, e.g. the median. Hence, if one were interested in the adjusted variance
/Var Y|X =x,D=s| fo(x)dr
or the adjusted median
/Median Y|X =z,D = s| f(x)dz,
matching on X would be consistent, but propensity score matching would not be.

The results of Theorem 1 are relevant, since it is often not only of interest to estimate the
mean of Y in a particular population if its covariates X were distributed as in an other popu-

lation, but also its whole distribution. The density function of Y in the adjusted population is



given by
/fyx,s(a7 CC) ' fgr|t($)d5C (6)

and its distribution function is

/Fyz,s(av'x) ’ fac|t(x)dx7 (7)

where fy|, s(a, ) is the conditional density function of Y in the source population evaluated at
x and Fy, ¢(a,) is the conditional distribution function. Since nonparametric estimation of
the conditional pdf f,, , and conditional cdf F,, ; suffers from a similar curse of dimensionality
problem as the estimation of the conditional mean ms (x), matching on the propensity score
may help here as well to reduce the dimensionality of the estimation problem. The propensity
score matching estimators for the adjusted mean, pdf and cdf are
1 .
s Z ms (pi)

t D=t
p; <1

1 ~
n_g Z fy\p,s (a’pi)

t iD=t
p;<l

1 .
n_S Z Fy\p,s (a’ pz) ’
U iD=t
p;<l
respectively, where m; (p) is a nonparametric estimator of mg (p) = EY|p(X) = p,D = s],
fy‘pys (a,p) is a nonparametric estimator of the pdf of Y at a in the source population given
the propensity score, and Fy‘p7s (a,p) is a nonparametric estimator of the cdf of Y given the
propensity score. Fy, (a, p) could be estimated, for example, by nonparametric regression of

1(Y < a) on the propensity score in the source sample.

Hence, propensity score matching may be useful in a variety of circumstances. In Section
4, propensity score matching will be used to analyze the gender wage gap. In the analysis of
race or gender discrimination, the Blinder (1973)-Oaxaca (1973)-decomposition has frequently
been used to decompose the mean wage gap. The underlying idea is to estimate which part of
the wage gap is due to observables and which part is due to unobservables (e.g. differences in
returns to human capital, differences in unobserved ability or motivation). The nonparametric

counterpart to the Blinder-Oaxaca decomposition is to simulate the counterfactual mean wage
/mm(:c) * fafw(T)d,
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where m, () is the mean wage for men with characteristics x and f,,, is the density of these
characteristics among women. This counterfactual represents the average wage women would
earn if they received the same returns to their skills as men. It also represents the wage that
men would earn on average if they had the human capital endowment of women.

However, it might not only be interesting to simulate the counterfactual mean, but also the
whole counterfactual distribution, i.e. the distribution of wages women would earn if they were
remunerated as men. Estimating the counterfactual wage distribution (6) is more informative
than only estimating the counterfactual mean. As Theorem 1 shows, propensity score matching

can be used for this purpose.

Another context where propensity score matching could be used is in accounting for survey
non-response and attrition in panel studies. Attrition is a serious problem in many longitudinal
surveys, where after several waves often only a fraction of the original respondents may be
located and willing to participate in the interview. The remaining sample may no longer be
representative of the population, since attrition is usually non-random. If one is interested in
how the population mean of some outcome variable Y, e.g. the employment rate, evolves over
time, one needs to control for non-random attrition to distinguish changes in the population
mean from changes in the sample composition. Consider a sample of observations (Y, X3),
where t indexes the survey wave. In the baseline period ¢ = 0, the sample is representative of
the population of interest. In the subsequent periods, (Y;, X;) is only observed for individuals
that did not attrit. Denote by D; = 1 if an individual remains in the survey, i.e. such that
(Y%, X;) are observed. In many surveys, a substantial fraction attrits after the first interview,
such that only (Yp, Xo) is observed for them. For estimating the population mean E[Y7] in
period 1, it is necessary to identify the mean E[Y;|D; = 0] in the attriting subpopulation. If
data is missing at random (Little and Rubin 1987) conditional on the Xy values in the base

period:* Y7 1L D1 |Xp, the mean among the attriters is identified by the adjusted mean
E[E[Y1|Xo, D1 =1] |D; =0] = /E[Yl’Xle = 1] fx,|p1=0(2)dx, (8)

where fx,p,—o is the density of X in the attriting subpopulation. However, even after con-

trolling for the characteristics Xy, attrition may not be random. Attrition is often related to

'1f E[Y;] at time ¢ > 1 is of interest, attrition may depend as well on the values Xo as on X1, .., X;—1. Then
the sequential nature of attrition in subsequent periods needs to be taken into account. This, however, is beyond

the scope of this paper. See for instance Lechner and Miquel (2002).



an individual’s attitude or propensity to moving, which may also affect the variable of interest
Y, for example earnings. An individual who does not feel bound to a certain neighbourhood
may have higher earnings, since he is more likely to take advantage of better job offers in other
geographic regions. In this case, the adjusted mean (8) would lead to a biased estimate of
the mean E[Y7|D; = 0] in the attriting subpopulation. The individual’s attitude to moving,
however, is likely to having affected Y also in period 0, implying that E[Yy|Xo, D1 = 1] #
E[Yy|Xo, D1 = 0]. Accordingly, the adjusted mean in period 0 would also be a biased estimate
of E[Yy|D1 = 0]:

/ E Yol X0, D1 = 1] fxy py—o(@)dz — E[YolDy = 0] = B #0. (9)

Since (Y, X) are observed for all individuals in the base period ¢t = 0, all terms in (9) are
identified and the bias B can be estimated. If the unobserved characteristics have a similar
effect in period 0 and 1, e.g. the effect of individuals’ attitude to moving on earnings, the bias
may be similar in period 0 and 1, and the mean E[Y7|D; = 0] in the attriting subpopulation

can be estimated via
EY1|D; = 0] = /E [Y1| X0, D1 = 1] fxo|p,=0(z)dz — B, (10)

where the bias is estimated from (9). This is a type of difference-in-difference estimator after
adjusting for some covariates Xy. An analogous expression can be obtained, if interest lies
in the estimation of the distribution function Fy;p,—o of Y1 in the attriting subpopulation.
If multiple baseline periods without attrition are available, the assumption that the bias is
identical in period 0 and 1 can be relaxed. It suffices if the bias in the period of interest can
be predicted consistently from the estimated biases in the baseline periods. This is further
discussed below.

The most frequent approach used to estimate the adjusted mean in (8) or in (9) and (10)
is weighting by the inverse of the probability to attrit. This inverse probability weighting is
analyzed for example in Horvitz and Thompson (1952), Horowitz and Manski (1998), Robins,
Rotnitzky, and Zhao (1995), Wooldridge (2002) and others. According to Theorem 1 also
propensity score matching could be used to estimate the adjusted means, where the propensity
score is the probability to attrit given Xy. Propensity score matching may have the advantage

over inverse probability weighting in small samples that it is less susceptible to values of the



propensity score close to 1, which may lead to almost zero denominators in the weighting

estimator.

This difference-in-difference matching is also often used in treatment evaluation. In eval-
uation settings where not all confounding variables can be observed, the conditional indepen-
dence assumption (2) is invalid and selection bias is introduced due to unobservables. Nev-
ertheless, propensity score matching can still be used to estimate the adjusted mean. After
adjusting for the differences in the X distributions, the remaining selection bias due to unob-

servables at time ¢ is
Bi= [ EWOIX 2,0 =0 frjpa(o)ds — E[YID = 1].

If data on the outcome variable are available before treatment starts (¢ < 0), the bias due to
unobservables can be estimated for these pre-treatment periods since all individuals are in the
untreated state: E[Y?|X, D = 1] and E[Y?|X, D = 0] are identified for 7 < 0. If the changes in
the average bias over time are smooth (e.g. bias grows at a constant rate) such that the bias B,
in period t can be predicted consistently from 3_1, 3_2, B_s... (predictable bias assumption),
the average treatment effect on the treated is identified. For example, in the evaluation of
active labour market programmes, administrative data on earnings and employment status are
often available for several years before treatment.

If pre-treatment data are available only for a single period 7, the treatment effect is identified
only if the bias is constant over time: B; = B.. (It is not necessary to assume that for every
value of x, the bias remains constant E [Y? —Y; |[X,D=1] = E[Y? - Y, |X,D =0], as it is
done in Heckman, Ichimura, and Todd (1997), Heckman, Ichimura, Smith, and Todd (1998)
and Smith and Todd (2000).)

Two further issues are relevant for using propensity score matching to estimate the adjusted
mean/pdf/cdf. First, the adjusted mean/pdf/cdf is only well defined with respect to the support

S of X in the source population. In the literature, it has often been assumed that
0<plz)<1 V. (11)

However, as Heckman, Ichimura, and Todd (1998) point out, in many empirical applications

this assumption is not appropriate. The support of X in the target population may often not
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be a subset of S, such that £, 4(z,s) is undefined for all z ¢ S. In this case, the adjusted
mean,/pdf/cdf is only identified with respect to the subpopulation of the target population
with z € §. With a (propensity score) matching estimator, this restriction can easily be
implemented by eliminating all target sample observations with X; ¢ S. Since the supports of
X in source and target population are unknown, S needs to be estimated. Heckman, Ichimura,
and Todd (1997) and Heckman, Ichimura, Smith, and Todd (1998) incorporate this support
restriction through a trimming rule. The density f,(X;) is nonparametrically estimated for
all observations i of the target sample. All observations with estimated density fm| s(Xi) =0
are eliminated® along with another 2% of the target sample observations with the smallest
estimated positive density values, see Heckman, Ichimura, Smith, and Todd (1998, p.1081).
This procedure, however, would also trim 2% or more of the observations even if the assumption
(11) were valid. An alternative approach, used for example in Nopo (2002), is to estimate S
by the empirical support of X in the source population: x is considered as being in S if there
is at least one observation j in the source sample with X; = z. Besides being inapplicable if
x contains any continuous variables, this approach may lead to a very conservative estimate of
the support. The number of target sample observations that are classified as being out of the
support S strongly depends on the coarseness of the definition of the X variables and decreases
with the number of observations in the source sample. Also the shape of the estimated support
may be very unreasonable: A 36-year old woman may be classified as being out of support,
while a 35-year and a 37-year old are not, simply because no 36-year old woman is observed in
the source sample. If the estimate of the adjusted mean with respect to S is interpreted as being
indicative of the adjusted mean in the whole population (as it is often done), a very restrictive
estimate of S reduces considerably the size of the subpopulation for which the adjusted mean
is estimated and thus reduces the usefulness of this estimate for interpretation and policy
conclusions.

A more formal approach to incorporating the support restriction consists in estimating
fz|s(Xi), e.g. by kernel density estimation, and to test f,s(X;) = 0 versus f;(X;) > 0 for
every observation ¢ of the target sample. The significance level « of the test determines the
probability that an out-of-support observation of the target sample is classified as within-

support. If the supports in source and target population have empty overlap, then 100(1 —a)%

®This can only occur when a bounded kernel is used.
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of the target sample observations would be deleted. In the case of complete overlap, the fraction
deleted depends on the power of the test. Since by definition f,s(X;) > 0 for every observation
j of the source sample, the power of the test can be examined by testing fx|s(Xj) = 0 also
for all the source sample observations. If for a reasonable number of source observations the
test does not reject, increasing the a-level might be appropriate. Since p(x) < 1 if and only
if z € S, testing p(X;) = 1 versus p(X;) < 1 for every target observation, is an alternative to
implementing the common support restriction. For calibrating the a-level, it can be used that
p(X;) < 1 by definition for every source sample observation.

The second issue concerns the estimation of the propensity score, which is usually
unknown in most applications. Since the estimation of the propensity score is by itself
a highly dimensional estimation problem, the practical value of the dimension-reduction
property of the propensity score is somewhat diminished. In practice, it may be that
inference is ”less sensitive to specifications of the propensity score than to specification of the
conditional expectation of the potential outcomes” (Imbens 2000). In addition, estimating
the propensity score by a logit or probit model may lead to very similar results as when using
more sophisticated nonparametric or semiparametric estimation techniques for the propensity
score (Heckman, Ichimura, and Todd 1997). Nevertheless, it is theoretically ambiguous
whether propensity score matching is superior to direct matching on the X covariates, since
even when the propensity score is known, matching on the X can be more efficient than
propensity score matching for estimating the treatment effect on the treated, see Heckman,
Ichimura, and Todd (1998). Hahn (1998) derived the semiparametric efficiency bounds for
estimating average treatment effects and showed that matching on the propensity score
is not necessary to achieve this bound.® Because of this ambiguity, a small Monte Carlo
simulation is conducted in Section 3, to compare the finite-sample properties of propensity

score matching and multivariate matching on X.

®Imbens (2003) points out an advantage of propensity score matching as regards the accuracy of asymp-
totic variance approximations, arguing that the asymptotic approximations may be more accurate with one-
dimensional nonparametric regression (as for using the propensity score) compared to higher-dimensional non-

parametric regression (as with multivariate matching).
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2.1 Propensity score matching with non-iid data

The previous discussion implicitly assumed the availability of random samples. In practice,
however, the available data is rarely randomly sampled. Survey data is often collected through
multi-stage stratified sampling or variable probability sampling procedures (see e.g. Imbens and
Lancaster (1996) or Wooldridge (1999)), leading to samples that are not directly representative
of the population(s) of interest. Certain groups, such as treatment participants, foreigners,
low-income individuals or residents of particular regions, are often deliberately oversampled.
Usually, sampling is non-random across strata but random within strata, and stratification
may be with respect to Y, X or D. Often sampling weights (proportional to the inverse of
the sampling probability) are provided, from which the true sampling probabilities can be
recovered, see e.g. Wooldridge (1999).

Stratified sampling also includes choice-based sampling, where non-random sampling is
with respect to D. Choice-based sampling occurs very frequently, for example, in treatment
evaluation where the treatment participants are usually oversampled relative to the number
of non-participants. It will also quite likely occur, when the source sample and the target
sample stem from separate surveys or data sources. With choice-based sampling, the ratio
of the number of observations in the source and the target sample does not correspond to
the relative size of the source and the target populations. When sampling is choice-based,
estimation of the propensity score will usually be biased (Manski and Lerman 1977).
However, as will be seen below, this is irrelevant for estimating the adjusted mean/pdf/cdf by
propensity score matching. Weighted propensity score matching is consistent even with this

biased propensity score.

0
yx|s

Stratification may be with respect to Y, X or D. Let be the joint population density of
Y and X in the source population and fgx‘ , be the population density in the target population.
Let f;x‘s and f;x| , be the sampling densities in the respective populations, and suppose that

the sampling densities are positive wherever the population densities are:

supp (f;}\d) = supp (fl?xu) for d € {s,t}.

Define the sampling weights w,,4(y, z|d) as

0

d
Wyz|d = i_l”‘, (12)

yx|d
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which are assumed to be known. These sampling weights are inversely proportional to
the fraction of the population with characteristics X,Y that is sampled. With variable
probability sampling, for example, an individual is drawn randomly from the population
and some preliminary characteristics (age, gender, income) are gathered. With a probability
Pr0(in sample|X,Y) depending on these characteristics, the individual is kept in the sample
and is further interviewed. Otherwise it is dropped from the sample. These probabilities are

inversely proportional to wyg|q

PrY (in sample| X, Y, D = d) .
Wy z|d

Besides stratification on Y and X, there may also be choice-based sampling (stratification
on D). Choice-based sampling occurs frequently in treatment evaluation where the treatment
participants are usually oversampled relative to the number of non-participants. Let P =
Pr%(D = t|D € {s,t}) be the true population measure of the target population (relative to the
source population). Let P} = Pr*(D = t|D € {s,t}) be the measure of the target population

under choice-based sampling. Let « characterize the odds-ratio:

t* sO
_ER 13
“T Py (13)

If & > 0, the target population is oversampled. If & = 0, there is no choice-based sampling.
The object of interest is, as before, the adjusted functional

B[, u(X,5) ID =1 (14)

where the superscript © in EY and in 52‘ .4 Symbolizes that the expectation and the conditional
functional are with respect to the true population distribution. To make the notation somewhat
less cumbersome, the following derivation refers only to the adjusted mean and abstracts from
the support problem, i.e. it supposes that the supports of X in the source and the target
population are identical. The necessary changes for the adjustment of other functionals, e.g.
the pdf or cdf, and for the incorporation of the support S are straightforward and would only
complicate the notation.

Theorem 2 shows that the adjusted functional (14) can be estimated by propensity score
matching from data sampled under the sampling distribution, provided the matching estimator

is properly redefined. Three modifications are required to obtain an estimator consistent under
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the population distribution. The weighted propensity score matching estimator

(15)

takes account of the sampling weights w; = wy,|4(Y;, X;|D;) in the target population. Second,

0

to take into account the sampling weights in the source population, a weighted estimator m

is required, for example weighted kernel regression’

Z%%'K(W>

j:Dj=s

<00\ _
my(p) Z w; K (I,],_h_p)

J:Dj=s

(16)

Third, the non-identical sampling needs to be taken into account in the estimation of the
propensity score, which could be estimated e.g. by weighted nonparametric regression or by
weighted Maximum Likelihood (Manski and Lerman 1977). The weights can be accounted for
in different ways. On the one hand, one could take account of the sampling weights and of
choice-based sampling. The resulting propensity score p°(x) would satisfy

fg\t(f’?) ’ Pt0
(@) P+ [ () - P

p(z) =

On the other hand, one could take account of sampling weights but neglect choice-based sam-
pling weights, yielding the propensity score
f E\t(w) i
70, B+ 0 @) Py
Completely neglecting both kinds of weighting would give the propensity score
f ;\t(f’f) i
(@) - Pr A fr (@) - Py

which would be estimated under the sampling distribution when weights are ignored. Under

P (x) =

pH(z) =

choice-based sampling (« # 0), both propensity scores p”* and p* are biased (with respect to
the population distribution).
Theorem 2 shows under which conditions propensity score matching with p°(x), p°*(z) or

p*(x) as propensity score can be used to estimate the adjusted mean. The first part of Theorem

"With nearest-neighbour regression, as discussed in the next section, incorporating the weights would be less

straightforward. This holds particularly for pair-matching.
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2 shows that the limit expression of the weighted propensity score matching estimator based on
the propensity score p°(x) is identical to the object of interest (14). The second part of Theorem
2 shows that this expression is identical when p%*(x) is used instead of p°(z). Hence, from this
perspective, choice-based sampling is irrelevant for consistency of the matching estimator and
can be neglected in the estimation of the propensity score.

The third part of Theorem 2 shows that in particular situations, also the propensity score
matching estimator with p*(x) as propensity score has the same limit expression. Then it is
irrelevant whether the propensity score under the population distribution or under the sam-
pling distribution is used. In this case, the propensity score can be estimated by conventional
(unweighted) estimation methods under the sampling distribution, completely neglecting strat-

ification and choice-based sampling. The relevant condition for this equivalence result is (20)
Pr Y (in sample| X, D = t) o< Pr? (in sample| X, D = s)
as a function of z, or equivalently

wx|t(x) X wz|s(‘r)>

where wy)q = fg a/ f; ¢ is the sampling weight with respect to X 8 This condition requires that
stratification with respect to x in the source sample is proportional to the stratification in the
target sample. This condition is satisfied, for example, when the same stratification design was
used for sampling the source sample and the target sample, e.g. when source and target sample

are sampled in the same survey.” Hence, if the stratification design is the same in source and

8The sampling weights can be expressed as Wyz|d = Wy|z,d * Wa|d, WheTe Wy q = f79|m,d/f;|m,d'
9Notice, however, that this proportionality condition refers to the marginal sampling probability with respect

to X only. Even if the sampling weights with respect to Y and X are the same in the source and target
population, they may differ with respect to X only. Consider the following example: Let Y be wages (high, low)
and X education (high, low) and source and target population are men and women, respectively. A variable
probability sampling scheme is employed, where first an individual is drawn and its wage is enquired. If the
individual is a low-wage earner, it is kept with 100% probability in the sample and is further surveyed. Otherwise
it is kept in the sample only with a probability of 20%. Hence, low wage earners are oversampled in the same

way in the male and female population:
Pr (in sample| X, Y, D = t) = Pr° (in sample| X, Y, D = s).
However, the marginal sampling probabilities with respect to X

/Pr0 (in sample|X,Y,D = d) - dFyjza
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target sample, any weights can be neglected in the estimation of the propensity score. (Le. a
simple logit model instead of a weighted logit model could be used.) The presence (a # 0) or
absence (o = 0) of choice-based sampling is completely irrelevant, only the stratification with

respect to X and Y is relevant.

Similar to Theorem 1, the first part of Theorem 2 shows that the probability limit of the
weighted propensity score matching estimator, which is based on the sampling distribution, is
identical to the adjusted mean under the population distribution.!’ The left-hand side of (18)
is the adjusted mean, which is the object of interest. The right-hand side is the probability

limit of the weighted propensity score matching estimator. To see this, note that the weighted

0
s

kernel regression m;(p) in (16) converges to

E* [Y ’ Wym|s’p(X) =p, D= 8]
B [Wyx\s|p(X) =p, D= S]

m(p) =

under appropriate conditions on the bandwidth sequence. With m2(p) converging to m2(p),

the limit of the weighted propensity score matching estimator (15) is

/ B* [Wyuup(X) = p, D = 1] -w2(p) - £ ()dp. (17)

This is just the expression on the right-hand side in (18) of Theorem 2, when p°(z) is used as

propensity score.

Theorem 2:

Let f£x| 4 be the population density of ¥ and X in the D = d population. Let f;‘x‘ 4 be
the sampling density, with supp( ;‘x‘d) = supp( £x|d). Let wy,q = fgx‘d/f;ﬂd be the known
sampling weights. Let p°(z) = Pr® (D = t|X = 2, D € {s,t}) denote the propensity score under

the population distribution and let p*(x) = Pr* (D =t|X =z, D € {s,t}) be the propensity

may differ if education and wages are related. Suppose that half of the men and half of the women are highly
educated. High-educated men earn low wages with 10% probability, while low-educated men earn low wages
with 50% probability. Women are paid lower wages than men, and the prevalence of low wage earners is 20%
among high-educated and 60% among low-educated women. The probabilities of being kept in the sample are:
28% (60%) for high (low)-educated men and 36% (68%) for high (low)-educated women. Since the sampling
probability ratio between source and target population for X =high-educated (36/28) is different from the ratio

for X=low-educated (68/60), the proportionality assumption is violated.
10Where for ease of exposition, it has been assumed that the supports of X are identical in source and target

population, such that the conditioning on § is no longer necessary.
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score under the sampling distribution. Let p®*(x) be the propensity score under the population
distribution but with choice-based sampling neglected. Let f;))o, Z?O* and fg* denote the densities
of p°, p and p*, respectively, under the population distribution, and let f;o, ;0* and fp.
denote the corresponding densities under the sampling distribution. The expectation operator
EQ refers to the population distribution and E* to the sampling distribution. Suppose that the
expected values of Y, X and the sampling weights W exist under the population and under
the sampling distribution. The following equivalences hold

a) for p°(z)

EY[E°[Y|X,D =s] |D =t|
E* [Y ’ Wym|s’p0(X) = 7D =
E* [Wyx|s|p0(X) =p, D= 5]

5]

~ [ B W) = p.0 = 1] Fpulo)dp. (18)

b) for p®*(z)

E* [Y ) Wym\s’po*(X) =p, D= 5]
E* [Wyac|s’p0*(X) =p, D= 8]

c) and if the stratification design is identical for source and target sample in the sense that

2\5(5‘7) _
f @

z|s

*
x\t(x
0
x|t

~—

(20)

~—

(x

is constant, then for p*(z)

E* [Y : Wyﬂc|s|p*(X) = p,D
E* [Wyx\s’p*(X) =p, D= S]

5]

— / E* [Wyapulp"(X) = p, D = 1] - e (1)

Proof in appendix.

3 Monte Carlo study

To analyze the properties of propensity score matching in finite samples, a small Monte Carlo
experiment is conducted, where different estimators of the counterfactual mean are compared.
Two simulation experiments are conducted: In the first experiment, the adjustment proceeds
with respect to 5 continuous X variables. In the second experiment, X consists of 10 binary
variables. The source and target populations are specified indirectly by first drawing the

X covariates and assigning them subsequently to the source (D = 0) and target (D = 1)
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Figure 3.1: Distribution of true propensity score in source and target population
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Note: Left figure: o2 = 30. Right figure: o2 = 100.

population. This process allows to analyze the properties for correctly specified and misspecified

propensity scores conveniently.

In the first experiment, the X covariates consist of 5 continuous variables. The first three
variables are jointly normal (with variances 2, 1, 1, respectively, and covariances 1, —1, —0.5),
X4 is uniformly distributed in (—3,3) and X5 is X%l) distributed. The source (D = 0) and

target (D = 1) sample are formed by assigning each observation according to
D:1(X1—{—2X2—2X3—X4—0.5X5+€ >0),

where ¢ ~ N(0,02). Two different values of 02 are examined (30 and 100) and Tables B.1 and
B.2 describe the distribution of X in the source and target population for these two values. In
the design with 02 = 30, the source and target population are very different, whereas they are
more similar when o2 = 100. This can also be seen from Figure 3.1, which plots the density of
the propensity score in source and target population. In the left graph (02 = 30 ), the densities
of the propensity score are more dissimilar than in the right graph (02 = 100). Hence, covariate
adjustment will be more difficult in the design with o2 = 30.

For the outcome variable Y (which is observed only in the D = 0 population), three designs

are examined:
Ydesign 1: 'Y = X1+ Xo+X3— Xy + X5+ u

Ydesign 2: Y =X1 4+ Xo4+0.2X3Xy — X5+ u
Ydesign 3: Y = (X1 + X2 + X5)? + u,
where u ~ N(0,1).
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For these different designs, samples of size 100, 400 and 1600, respectively,!* are drawn and

the adjusted mean
/mo(x) ) fr‘l(x)dx

is estimated. Three different types of estimators are considered: covariate matching estimators,
propensity score matching estimators and weighting estimators. Covariate matching estimates

the adjusted mean as
1 .
o Z mO(X’i)a
ny.
i:D=1
where 1o (z) is an estimator of E[Y|X = x,D = 0] obtained from the D = 0 sample. Ma-

halanobis matching estimates 1o (z) by first-nearest neighbour regression, where the distance

between two observations X7 and X5 is defined as
(X1 — X2) Q71X — Xo)

and  is an estimate of the covariance matrix of X.

Multivariate kernel matching estimates 7o(x) by nonparametric kernel regression
2 w;Yj
_ j:D=0

> Wwj

§:D=0

o(z)

where the weights w; = w(Xj, ) are obtained through a multiplicative kernel

5 Xj,k — Tk
k=1

where K is a kernel function, z; denotes the k-th component of x and h is a bandwidth value.
Two different kernel functions are examined in the simulations: Gaussian and Epanechnikov.
Since only a single bandwidth value is used, the X data are scaled beforehand to mean zero
and unit variance. The bandwidth is chosen by leave-one-out cross-validation in the D = 0

sample from a grid of 20 bandwidth values.!?

The propensity score matching estimators require first an estimate of the propensity score
for all observations. The propensity score is estimated by Probit regression of D on a set of

regressors. Table 3.1 shows the three different regressor specifications that are considered in

"' This is the total sample size. About half are in the source and half in the target sample, respectively.
'20.001, 0.001 - 1.7, 0.001 - 1.7%, ..., 0.001 - 1.7"%, oo.
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Table 3.1: Specification of the propensity score model

Regressors Corr(p,p)
Specification 1: const, X1, Xo, X3, X4, X5 1.00
Specification 2: const, X1, X2, X3, X4, X5 0.96
Specification 3: const,X%,X%, X3, X42,X52 0.80

Corr(p,p) is correlation of estimated propensity score with true propensity score (based on 108 observations).

the simulations. In the first specification, the model is correctly specified and the propensity
score is estimated consistently for each observation. The second and third specifications are
misspecified: the squares of some variables instead of the variables themselves are used as
regressors.'® These latter two models will give some indication about the sensitivity of the
propensity score matching estimators to misspecification of the propensity score model. As
a rough indicator of the extent of misspecification, the last column of Table 3.1 shows the
correlation of the true propensity score with the propensity score estimated by the above probit
specifications. As specification 1 is correct, the propensity scores are consistently estimated.
In specification 2, only one regressor is misspecified and the estimated propensity scores are
highly correlated with the true propensity scores. In specification 3, the misspecification is
more severe and the correlation between the true and the estimated propensity score is only
0.80.

With the propensity score p; estimated for all observations, the propensity score matching

estimators estimate the adjusted mean as

and differ in how the conditional mean mg(p) = E[Y|p(X) = p, D = 0] is estimated from the
D = 0 observations. Propensity score pair matching estimates my(p) by the outcome Y of the

nearest neighbour. Propensity score kernel matching estimates mg(p) as

> v K (4

N 7:D;=0
mo(p) = _
S K (pzh p)
7:D;=0

where the Gaussian and the Epanechnikov kernel are examined in the simulations. The band-

width & is chosen by leave-one-out cross validation in the D = 0 sample, using the same grid

13 This corresponds to a situation where the regressors enter linearly in the model, but enter with its square

root in the true propensity score.
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as with multivariate kernel matching.
Propensity score ridge matching, which was examined in Frolich (2004) and is based on the

ridge regression estimator of Seifert and Gasser (1996, 2000), estimates mg(p) as

. To Ty - (p—D)
mo(p) = 5 So+rhlp—p|

where S,(p) = (p — p)*K (E'hﬂ> and To(p) = Z Yj(p; — p)*K (2';&) and p =
j:D .D7=0
> piK (p] ) / Z K (p] ) The ridge parameter 7 is set to 5/16 for the Epanechnikov
ii'elz)rjn_e(i and 0.3535 fojrlzheOGaussian kernel, according to the 'rule-of-thumb’ of Seifert and Gasser
(2000).
Finally, a weighting estimator as suggested by Horvitz and Thompson (1952) and Hirano,
Imbens, and Ridder (2003) is examined. Propensity score weighting estimates the adjusted

mean as

~

1 .
DR A st
ni l—pj

j:D;=0

Since the ratio p; /(1 — p;) might be very large for some observations with very large estimated

propensity scores, also a trimmed version of the weighting estimator is considered:

— Z Y; - mln{ = c},

]DO

where the constant ¢ provides a ceiling to the ratio. Five different values for ¢ (2, 5, 10, 20, 50)

are examined in the simulations.

Tables 3.2 to 3.4 provide the simulation results for the Ydesigns 1 to 3. The upper panel
gives the results for different sample sizes for 02 = 30, the lower panel refers to o2 = 100.
For each estimator, the simulated bias, mean squared error (MSE), median squared error
(MedSE), mean absolute error (MAE) and median absolute error (MedAE) are given. The
first column refers to the Mahalanobis matching estimator, the second and the third column
to the multivariate kernel matching estimator with, respectively, Gaussian and Epanechnikov
kernel. The following columns represent various propensity score estimators. The first block
gives the results with a correctly specified propensity score. The other two blocks refer to the
misspecified propensity scores (see Table 3.1).

The propensity score based estimators are pair matching, kernel matching, ridge matching,

and weighting without trimming and with a ceiling of 5 and 20, respectively. The results for the
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propensity score kernel and ridge matching estimators are given for the Epanechnikov kernel.
The simulations were also performed with Gaussian kernel, but are not presented in the tables.
The results were similar, with the Epanechnikov kernel in general leading to slightly better
results. Also not presented in the tables are the results for the weighting estimator with ceiling
level 2, 10 and 50, respectively. A ceiling level of 2 often led to a very high bias. A ceiling
level of 10 or 50 usually gave results similar to those presented for a ceiling of 5 or 20. (The

additional results are available on request.)

The simulation results for the estimators which are not based on the propensity score
show that the multivariate kernel matching estimator with Gaussian kernel clearly dominates
Mahalanobis matching and multivariate matching with Epanechnikov kernel. The particularly
poor performance of the Epanechnikov kernel may be indicating that a more careful bandwidth
choice is necessary when using a bounded kernel in higher dimensional regression.

Comparing the different propensity score estimators with each other, under the correct
specification ridge matching most often performs best and clearly dominates pair matching. It
is also often more precise and less biased than kernel matching. The weighting estimator is
sensitive to the trimming level chosen and without trimming it often performs poorly. With
appropriate trimming'® it can be better than pair matching, but is almost always inferior
to ridge matching. This relative ordering of the estimators is largely preserved when the
propensity score is misspecified, with the differences being less pronounced, though, since the
bias is becoming the dominating component.

Finally, comparing the multivariate matching estimator (with Gaussian kernel) with
propensity score ridge matching, the sensitivity to the specification of the propensity score
is of main interest. Propensity score ridge matching clearly dominates when the propensity
score is correctly specified. Also with a limited misspecification (Specification 2), propensity
score ridge matching is often superior to multivariate matching (particularly with respect to
the median error measures). When the propensity score is heavily misspecified (Specification
3), however, propensity score matching can be much worse. Nevertheless, in particular
situations, propensity score matching can work well even with a misspecified propensity score,

as evidenced from Table 3.4 (Ydesign 3).

" However, so far no rule has been developed in the literature on how to select the optimal trimming level for

a given data set.

23



‘SuruwL) Yim pue Jnoyim sIojewnse Suny3rom aIe )M Pue M ‘M (JouIdy Aoxmuyoduedy yim yioq) Suryojewr 93pur 2109s Aysuadord pue Suryojewr

[ouray 2109s Aysuadoid ‘Furyojew-mred 2109s Aysuadold o1e o3pur pue [ouIoy ‘Ied "A[9ANoadsar Jouray Aoyuyoduedy pue ueissner) oy uisn siojewnsd SUIYOIeW dJBLIBAT) UL
oYy aIe edy pue ssnen) SJELBADNIA "I0OJEWNSd SUIYdIeW SIqOUB[EYRIA oY) ST [RYEIN “A[0AN00dsar ‘00T ‘0¢= ,*O pue 0091 ‘00F ‘00[=U sdzIs d[dures 10} s)NSar UOHE[NWIS :DJON

1’60l €60l 1°G0L €¢0L ¢'80L 8v0L 69l ¢0¢c G991 69 8 9Ll 66 16 00 2L 0L €0l 8vL V8L L'd¢ 3AVPaN
1’60l ¥'S0L 1°G0L 8'¢0L ¢'80L 0G0l 6L L0¢c 6L Ll 6V¢ 86l 9l L 8LL ¥6 8Ll 97l 969 V8l Gcc avin
vOLL 80LL ¥0LL 2901 ¢LLL 660l e Vv L' 6¢ 9 L€ oL 80 0L 90 VI oL 665 €€ L'G 3SPs
0chL 9¢LL 0¢clL L'60L S8LL L€l vy 69 vv¥ ¥ GL 8¢ ¢ 61 ¢¢ Vvl l'c G¢ L'vs €V <9 IS
1'G0L- ¥'G0L- 1°G0L- 8°€0L- ¢'80L- 0°GO0L- VOl- 1'0¢- VOl- 0LV L've- GLL- ¢0- 09 V0o v 060 ¢C0 969- ¢8l- ¥ic selg
0091=u
1’801 €801 1801 6901 0¢ClL ¥90L 06 19¢ 06 vec 1ee 7T9¢ L6l 9L G6L 08L Ll¢ e €eL VEE 6VE 3AVPaIN
L'0L €801 LZ0L L90L ¥'LLL 1901 Gl €8¢ 9Lt T 006G 61E 9¢c 01l¢c 8¢ v0C ¥¥e Vv 8'lL 8¢ 8ae avin
89LL ¢LLL 89LL ¢l €6¢l €¢Ell ¢9 89 €9 @G 60 69 6¢ L€ 8¢ <€ Gy G 8¢S L'l ¢l 3SPs
gl ¢eel veel €0ck yeck L9gl ¢ gL gLl €0k 99 64l 06 69 ¥6 G9 68 €l g65 Lyl 89l IS
L'/01- €80b- L20L- L'90L- ¥'LLL- 6°G0L- €8l- §'€c- ¢8l- L6l €¢e 8Ll el L8 V- 6¢ 89l €I L'V 8¢e 9vE- selg
00y=u
¢OlL G991 09LL vGlL €LLL 9¢€LL vey 6y vey vy €05 L8y ¢oy Gl vOy <L GEF 09 ¥8L €8y 999 3AVPaN
VOLL 291 29LL ¥olL GLLL 06LL ¥0G 18y 805 96y 199 G'8S g6y ¥ey <09 6¢r L8y vaS G8L 919 969 avin
L'GeL L'SEL 9vEL cTeel 9.LEL L'ecl 88l G/l 88l 08l €6 L€ ¢9l Lyl €9l 8¢l 68l C<C'I¢ ¥l9 €€ 0¢e 3SPS
L'6GL 1'65L 8651 L'6GL G'8GL 9V8lL ¥oy 6% ¢y 18 96y GYG 8ly G8 06y ¢¥0¢€ 96 96Y 08, 08¢ 66Y 3aSIN
L'GLL- ¢9bb- V'GLL- 9GLL- LU 8vLL- 6€c- €¢e- G€c- 91e 8Ly 8V LG L8l VG vGl- 9¢e 10L- Gl ¥y 196 selg
001=u
00l=¢"0
v'e8l 98l 78l G¢8l 608l L8l ge6e 1’9 Vo€ P¥¥e 0¢y G0¢ €8l 90§ 67 9¢b ¢SL 09l g9l voe 98¢ AVPAIN
€8l 6C8l €8l G¢8lL C'l8L vEsl ¢ee €99 1'.e 06e ey gee V'l 86y ¥9¢ 6Vl €1l 8l 060l L0E 6L avin
L'CEE ¥'EEe 8LEE 67¢eC 1'LCE vLEE 96, 0Gy <C¢€l 61L 98l €6 €e 96 <¢§ 91 €¢ 9¢ L'SEL €6 67l 3ASPaiN
1'86€ 99€E C'8EE G'GEE G0EE OIvE 98l 9G¥ 9L 8¥L LO0C VGl 69 +¥9 9¢b G¢€ Gv €¢ 86cl LoL LGl aSN
C'€8l- 6'¢8l- C'€8L- G'¢8l- C'L8L- v'E8L- 1’86~ €99~ 90¢- G¥e- €¢h 6lE- gel- 86y L'l- ¥y 8Ll- G- 0601~ L0E- 6L selg
0091=u
€98l 1’98l 198l G¥8L /L'l8L 88l 9 €0L 96y OLl¥ 6%5 9l 0ee 9¥s L'Ge L'ec ¥0E 00¢ el 0es 1SS AVPAIN
068l 8¥8L 0G8L 9¢8l 618l 6°¢€8l L8y 169 6¢S €ey ¢S5 €9 89¢ ¢¢§ 6y 08 9VE Vo€ 080l 12§ 299 avin
CLVE 6v¥e v8rE ¥ 0ve ¢0Ee €Gve 9¢c vey 9vec 89k 10€ €Ll 60L ZL6¢ 8¢l €9 <¢6 06 6€cl 18 v0¢ 3ASPaiN
v'0GE 8'L¥E CIGE C'G¥E 89EE 8¢€SE vle L'€§ 819 ¢9¢ 98¢ 8lE 86l L¥e G689 G¢l 9Ll 9I¢ ¢8cl 0¢e 89¢ aSN
0'G81- 8'v8L- 0'G8l- 9'€8l- 6°18L- 6€8l- 9ly- 069 L'ce- 666 8'€G €Ge- G/l 8¢5 0¢ 9¢k- V9 81 080L- 0¢S99 selg
00¥=u
868l L'88L 868l 098, 1'€8L €06l €69 698, Gl.L 8¢9 696, 619 1'l9 0%9 G€9 ey ¢85 ¥VS oclL €49 g6l AVPAIN
668l 8.8l €68l €98, 0¢8l 068l 09, ¥08 9¢€8 &1L 978 06, 989 ¥/9 ¥08 883 €99 189 9¢lL 2oL v'es avin
¢09¢ 1°99¢ €09 6'Gv€ €GEE ¢ L8y 919 LIS L0y <¢€9 V8¢ €l 0y €0y L¥C 6€ 96¢ €acl var €9 3ASPaiN
¢'e6E 1'8/€ 1'96€ 0'8.E 8'65€ G'lcv g8 ¥v8 ¥wyl €6GL 976 806 60L 6¢9 ¥6LL ¥¥s 8€9 18. vivk L[99 798 aSN
1’881~ 8°/8l- 6'88l- 6'G8L- 0°€8L- L'/8l- 6¢s 0L Vvy- 929 6'GL- 86 €8¢ 819 8Gl- G6¢ 6§05 ILle e€chi- 849 018 selg
00L=u
08=2"0
0ZM SGM M 9bpry [puiey Jied 0ZM GM M obpry [puiey Jied 0ZM SGM M obpry puiey Jied ed3 ssneo [eyep
¢ uoneoyoadg 81003 Aysuadoid Z uoneoiyoadg 21003 Aysuadoid | uoneayoads 21008 Aysuadold aleleAln

] U3ISp A 10J SO[qELIBA SNONUIIUOD G YIIM S}NSAI UOHR[NWIS :T°€ dqeL



“7'€ 9]qeL MO[aq 90N 99S

979 ¢89 9.9 18 €€ [/9 L9l ¥0¢ 691 89l 6¢ Tl €8 18 €8 €9 I8 [l 869 €8l 6l 3AVPaIN
879 ¥89 8.9 689 ¥eL 9.9 VaLb 90C VL VIL e 18l 86 ¥6 00L G. V¥6 L6 9%9 98l €6l avin
LSy S99y LSy ¥9y 8¢S 86y 8¢ <¢¥ 6¢ 8¢ <9 0¢€ L0 L0 L0 ¥0 L0 90 88y ¢€¢ L' 3SPs
89y L'y 89y 8Ly 8VS Viv 6¢€ ¢ 6¢ Lt 9 VY gL ¥ 91 60 ¥I €l 005 LY Gy IS
819 ¥'89- 8.9 G689 ¥€l- 9.9 €9l- G0¢- L9l- 69 V€ GlI- l'0- 09 00 OV V2o G- 9v9- G8l- 1'6L- selg
0091=u
8.9 ¥89 8.9 989 89/ 999 €¢C 8¢ +vic ¢lc L0E 0¢€c g9l LyL g9 c¢el ¢l L9l ¥¥9 vic V6l 3AVPaN
979 189 [/9 889 L. 699 6¥¢ €9¢ V'S¢ vee 8le 09¢ 66l ¢l ¢0c 86l 86l V6l 9%9 67 §0¢ avin
6Sy 89% 69y LIy 065 €Vb 06 LG 06 G¥ +v6 €6 L'c ¢¢ Lt 8L 6¢ 8¢ gy  9Y 98 3SPs
66y 605 66V €15 ¥€9 81§ 6 L6 v6 6L €€l 10l g9 9y ¢/ 6¢€ 09 66 90 €L v¢l IS
9.9~ 1'89- 9/9- 889 '/[J- L[99 GLl- 9¢c €Ll 00¢ 6G0¢ €6l Vb- 92 80 6¢ €V~ C¢ 9v9- L'l¢- §6¢- selg
00¥=u
0L 0L 0LVL L€L 188 669 vie ¢ve viIE 0¢€ €Ly 0y ¢¢e ¢8 ¢€¢€ L8 1'GE €YE L'19 v'sE 9GP 3AVPaN
el 0VL viIL TSL 998 GY. L'ty L'ee 8¢y G0y L0S Gly L'0b 8¢e 90y GY¥e GOy b G/9 96 88 avin
€089 009 V0SS V¥¥s 9LL 88y oyl L'l 0%l 60L €¢¢ <29l voL 6. vOL <¢8 ¢€¢b 8l 66y G¢l  80¢ 3SPs
8¥9 0v9 099 1L'eL 906 108 08 L€ 98 19¢ 69 GGt v8c 81l <Cle 06l 8% 88¢ €89 67C (e 3aSIN
089 €69~ 6.9~ 9¢l 698 689 90¢ 04L¢ v0C- V9 Gvy- €6¢ 9¢ Ll 0¢ 00~ ¢8C 68 ¢99- 6'¢e-  Gvb- selg
001=u
00l=¢"0
velL €¢ch vell €6LL Leeh LLLL v'le 869 LvE ¢¢CE €8¢ Ve evl Loy L8l €6 S0l 90l A N T 1 AVPAIN
8'8Ll L'cck 98LL G6LL 6'¢cl v8ll €le 889 I'vE e L'8e 8¢CE ¢9l vee Gilc 0L ¢€¢cL Ll 0€0l vaee  L'6e avin
gevl L'eyl Gevl c¢evl L'0GL G8EL Oyl L6€ 0¢b v¥O0L Lyl G0l e 9L g¢ 60 LI VI Leck velk 96l 3ASPaiN
Levl 1'0SL €¢vl vvvl ¥eGl 9¢vl b9l §6¢ €yl L2 G99 67¢l oy v9 v8 61 Vv¢ G¢ Leck vel L9l aSN
8'8LL- 1'¢¢cl- 98LL- G6LL- 6°CCl- v8LI- V'[E- 885 0lE- c¢ee- 98¢ G¢e- 8'll- ¥e6e- G0~ ¥e €8  €¢ 0¢0l- vee- L6t selg
0091=u
vell ¥ick v8lL ¥6ll ¥'8cl VLl €6y 809 ¢C9 ¢C6¢ 98y €GE 0¢c Loy 1oc ¢€8L Lcc 66l L0l 60y 189 AVPAIN
8'8ll 6'lclk €8LL 002l ¥'8cl 88l cvr 909 6Ly LIy €05 66 66 Gy <COy 61 1'9C €V¢ 6€0l 61y 989 avin
eovl ¥yl €0yl G¢vl 6¥9L 8LEL 90¢c 0. ¢€lc vsL 9¢€ vl €L 69 16 ¥€ VG 8¢ 6GLL L9l 8¢€e 3ASPaiN
99yl L'¢Sl 6Gvl vevl L'69L 86yl 96 ¥O0y 9€€ 9¢¢ L0E L€ gel G0¢c 16€ 6L LOL 86 6¢cl 0l v8e aSN
8'8LL- 6°Lck- ¢'8LL- 0°0Cl- ¥'8¢Cl- 8'8LI- 666 909~ L¢e- 80y 66y GLE- ¢Sl €y 6¢ Ltk Lee- Lol- 6'¢0l- 8- G895 selg
00¥=u
cecl 9¢el veel 8.k 6¢evl Lach ¥29 LS9 199 9¥s €GL €S I'8y 88F L6y 69¢ 96V Gl 80l 979 GG8 AVPAIN
glcl L'eelk 9lel 6'.¢h 8yl gegt L'e9 199 689 609 89. G€9 9¢S 96y 909 GV¥r ¢SG G6Y 90LlL 299 698 avin
L'VGL 8¢Sl ¢Sl €¢€9L €v0C G051 06 ¢ty viev 86¢ 995 1'6¢ L'€¢ 8¢ LV¥e 9€L 9¥¢ Tl 8¢cl Ll C¢l 3ASPaiN
99l ¢99L L1991 6'¥8L 86l L98l 8¥¢ 065 06, G€§ 89, 29 G0y €€¢¢ 688 Gl 6vyr 06€ gyl v99 188 aSN
6°0Cl- L'€¢ch- G0Cl- 9'L¢L- L'ivl- 0°¢Cl- 6Ly 6¥9 LVEy 6¢S L€l L6h G¢ec LSy v&l- L'le L9y 9€C ¢OLl- §v9- v'48- selg
00L=u
08=2"0
0ZM SGM M 9bpry [puiey Jied 0ZM GM M obpry [puiey Jied 0ZM SGM M obpry puiey Jied ed3 ssneo [eyep
¢ uoneoyoadg 81003 Aysuadoid Z uoneoiyoadg 21003 Aysuadoid | uoneayoads 21008 Aysuadold aleleAln

7 U3ISOp A 10} SO[qELIBA SNONUIIUOD G Y)IM S}NSAI UONB[NWIS :€'€ QL



“7'€ 9]qeL MO[aq 90N 99S

b9 G691 191 0¢k 16k 009l v:e ¢8 v. <¢9 66 (6 L9 99 9 ¥9 69 81 €le 1’8l 06l 3AVPaIN
Lol 991 V9L LT ¢6L VIl ¢8 06 €8 69 0L 90l ¢8 9L €8 LL 8L V6 L0e 6Ll 68l avin
9¢ L¢ 9¢ ¥I 9¢ 9¢ g0 L0 G0 vO0 0} 80 vo v0 0 ¢v0 G0 90 86 €€ 9¢ 3SPs
e ¢¢ Ve V¢ Iy 9¢ oL ¢v oL L0 gL Ll b 60 L1 60 60 Gl 66 G€ L'y IS
Lol- 991- L9~ €¢l- ¢6l- 86l 06 L/~ 6V YvI- 860 VO vo ¢ 90 8¢ €6 10 L'0¢- 6'Ll- 68l- selg
0091=u
L6l 66l L6l €L 0€ 60¢ gel 9¢L g€l 61 191 €9l ¢el yel c¢el 0¢h 6€L 09l €¢e Cve S 3AVPaN
86l 00c 86l ¢8 67 8¢C A1 1 A T A 2 VA A 41 99l 9¥L 0L 9%l ¥SIL €6l 0¢ce Vve Ll avin
e ¢¢ ¢ 0¢ €9 V¥ gL 61 8L I 9¢ IZ Ly &L L v 6L 9¢ ¥oL 86 9/ 3SPs
¢¢ €9 78 9% 99 VUL 6¢€ ve v €¢ v 19 6y ¥€ 89 ¢G¢€ g€ 19 Vil 71 g6 IS
Ll 98- 9/L- €6Gl- €¢7¢ 6Ll €9 L6 V9 0% <Zvl- L9 g0~ 96 100 ¥IL Lok € 0¢e- L'€c- €l selg
00¥=u
L'l 8lc Llc 66 9.¢ 0¢€ ¢ve 6€ €vec €€ L' 66¢ 6GC €¥¢ 19¢ 0¢€ 6€ 08¢ LG 61lE  L'LE 3AVPaN
00 L6¢ 00¢€ V8 €6 VOE ¢6Cc €l¢ v6Cc 99 99¢ 009¢ L't 1'8¢ 6€ 69 V9 9YE 96e VeE 68¢ avin
LLo8L L L9 9L 2ol 66 LG 66 ¥& 86 68 L9 69 89 ¢¢ L9 8! A A | 3SPs
oel vl o€l 9L 6L 80¢ 8yl ¢'lL g6l 0L 0L 8¢C €c¢c L¢k 00€ 911 €0L vO0c 09l 8vL 90¢ 3aSIN
G¢c vve- Gcc- €¢c 09¢ vee L0V L'Gk- v0lL- 6°¢l- 861 LLiI- Lre L ve 66 L VI gye- €le- 19e- selg
001=u
00l=¢"0
L'te C¢le ¢€ce L0E 8¥E 6lE €6l 0¢ce €8l Lyl 16l Gl L'el ¢6c L€l ¥0L ¢cl 67l eey Ve  L0g AVPaIN
vee L9¢ 0¢€ G0E 0¥e 61€ yel 81le v0Cc 09 1'0¢c V8l gyl 68 88l G¢l ¥eL LGl 9y €6 Lo avin
L0L 8¢l voL v¥e6e L¢k <0l e €0L €¢ <¢¢ Lt 1€ L'V 98 61 [ S A & 88l G9 v'6 3ASPaIN
A 2 O AL O S A 1 %% 8y 80, ¥8 8¢ 1§ 09 e 16 0¢€ G¢ 9¢ /L€t L8l 04 L'6 aSN
vee- L'9¢- L'le- v0e- 0ve- Gl 8LL- 81e- Lgl- Lelk- 06k Lvl- 90l 68 81~ G¢ L6 I'¥ 9ly- €6¢-  1'0g- selg
0091=u
1'9¢ ¥6¢ <C9¢ 16 GLE 19 66 €¥¢ 99¢ 9¢€C 18 69¢ 6¢c 9l Lvc vel l'eC ¢€7ac 8¢y €V¢ 66¢ AVPaIN
€6e 98¢ VeE P¥P¥e 69¢ <C9€ G/l 0¥¢ 80¢ ¥G¢ €8¢ 96¢ 86 G'le 0.8 LT Vv Llc 6cy 8¢  86¢ avin
bel 66l LeL €¢k 0vlk 0¢€l L9 8 VL 99 6L ¢l ¢g 0oL V9 e €9 09 L6l 811 66l 3ASPaIN
8yl 0L 06 <¢¥L ¥SL 89l 90l 6€L 6¢ €6 <¢0L L€l ¢0L ¢€¢b 9¢cl ¢8 S8 ¢l 66l L€l ¥8l aSN
cve- L'8¢- L€~ L'ee 89¢- Ly 8'6l- ¢'€e- 8vl- L8l 9G¢- 6Ll L'V ¢oe- 0L 06~ ¥8l- L'/ 8¢y~ G€e-  L'6¢- selg
00¥=u
L'y 8vw vy 9Ly 90y 6¢h €6e 80y 00r 9¥%c 6€€ 90¥ €8¢ L6 68 67¢€ P¥ee LLE vor O0vy 88 AVPaIN
LSy €Sy voy <Ccr Oy L8y Vv ¥y L'y 68E 89¢ 68y 8y €y 86y 98¢ V9 Viy ¢ov L'ty 609 avin
66l 10c 661 €L 991 <6l GGl 991 09L 0¢b G 99l Lyl LSL VSL 80 VL L€l 91c €6l 8¢ 3ASPaiN
€8¢ ¢9¢ L0€ 8¢ Llc 67¢E v0e €vec v8yr ¢€¢¢ v6lL G6E L'ee G¢€ 8v. 0¥ 86l GO 86 Lv¢ VvEe aSN
'8¢ '€y G8E- 6,6 1'8E- 6LE- V'9¢- v'le- V'€ §8¢ 90¢- 8€C 68l- 1'Ge- €€l- v 89 69l- ver- Ly L6y selg
00L=u
08=2"0
0ZM SGM M 9bpry [puiey Jied 0ZM GM M obpry [puiey Jied 0ZM SGM M obpry puiey Jied ed3 ssneo [eyep
¢ uoneoyoadg 81003 Aysuadoid Z uoneoiyoadg 21003 Aysuadoid | uoneayoads 21008 Aysuadold aleleAln

€ USISOp A 10} SO[qBLIEA SNONUNUOD G M S}[NSAI UOHB[NWIS :§°€ [qEL



In the second Monte Carlo experiment, X consists of 10 binary variables. With X being
discrete, it is now also possible to match exactly on all covariates, since the number of cells
spanned by X is finite. Exact matching proceeds by estimating mg(x) by the average of the
Y values in the cell defined by X. If the cell is empty in the D = 0 sample, the estimate is
undefined. Then, in the D = 1, sample the average of mg is taken for all values of X; where
the estimate is defined.

The multivariate kernel matching estimator is also adopted to this design. A kernel that
smooths over the dummy variables is used, as suggested in Racine and Li (2000). The kernel

weights are defined as

10
w(y.2) = [[ASs#0),
k=1

where A € [0, 1] is the bandwidth value.!® For A = 0, no smoothing over the discrete regressors
takes place and multivariate kernel matching is equivalent to exact matching. For A = 1, the
weights are all equal to one and the estimate corresponds to the sample mean.

The X covariates consist of 10 binary variables, taking the values —0.5 and 0.5 with equal
probability. X;..X1¢ are generated as the sum of a common component and an individual
component (both uniform random variables), taking the value 0.5 if this sum is greater than
one, and —0.5 otherwise. The correlation between X;..Xig is 0.34. The observations are

assigned to the source (D = 0) or the target (D = 1) sample by
D=1(XB+e >0),

where 3 = (v/0.5,v/1.5,1/2.5,..,4/9.5) and ¢ ~ N(0,02).16 Two different values of o2 are
examined (100 and 400), and Table B.3 shows the means of X in source and target population
for these two scenarios. Figure 3.2 displays the corresponding distributions of the propensity

score. In the scenario with the larger o2, the source and target population are more similar.

"The value X is chosen by leave-one-out cross-validation from the grid: 0, 0.05, 0.10, ..., 1.
1 This 8 vector was chosen to obtain a large cardinality of the support of the propensity score. Since with X

discrete, the propensity score <XT/E§) is also discrete. Were 3 chosen, for example, as a vector with identical
elements, X’ could take only 11 different values and the support of the propensity score would thus contain

only 11 points; this would not be a very realistic scenario.
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Figure 3.2: Distribution of true propensity score in source and target population
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Note: Left figure: o2 = 100. Right figure: o2 = 400.

The outcome variable Y is generated as

10
Ydesign 1: Y =Y Xp+u

k=1
5 10 5
Ydesign 2: Y =3 X — > X+ > XpXpys +u
k=1 10 k=6 k=1
Ydesign 3: Y =1n (Z (Xx+0.5) + 0.1> +u,
k=1

where u ~ N(0,1).

Three different specifications are also considered for the estimation of the propensity score,
shown in Table 3.5. Whereas the first specification is correct, the latter two are misspecified.
In specification 2, the interaction term XgX;( instead of the variable Xig is included in the
Probit model. In specification 3, the interaction term X; Xg instead of the variable Xg is used
as regressor, and also X9 X7 instead of X7 and so forth. The informational content is the
same in all 3 specifications, since X1y could be recovered from the regressors Xg and X9 X1 in
specification 2 (and analogously in specification 3).!7 The last column in Table 3.5 shows the
correlation of the true with the estimated propensity score. Whereas the bias in the estimated
propensity scores is rather limited in specification 2, the estimated propensity scores are more
seriously biased in specification 3.

Tables 3.6 to 3.8 give the simulation results for the three different Ydesigns. These tables
are similar in structure to the Tables 3.2 to 3.4, with the only differences being that there is

only one multivariate kernel matching estimator (without variants in the kernel function) and

17Specification 2 corresponds to a model where two variables A and B are included in a Probit model, but

where the true propensity score is of the type ®(8; A + 52%)7 i.e. depending on the ratio B/A.
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Table 3.5: Specification of the propensity score model

Regressors Corr(p,p)
Specification 1: const, X1, Xo, .., X10 1.00
Specification 2: const, X1, Xa, .., X9, X9X10 0.98
Specification 3:  const, X1, Xo, .., X5, X1 Xg, XoX7, X3Xs, X4Xg, X5X19 0.87

Note: See note below Table 3.1.

that exact multivariate matching enters as an additional estimator. (As before, the results
for propensity score kernel and ridge matching with Gaussian kernel and for the weighting

estimator with ceiling level 2, 10 and 50 are not presented and available upon request.)

Among the estimators not based on the propensity score, Mahalanobis matching is usually,
but not always, worse than multivariate matching. Exact matching performs much worse than
the other two estimators, particularly in terms of bias. Since exact matching discards all
observations for which no exact match can be found, in small samples it might occur that
the estimate is undefined as no matches might be found at all. If the bias and the average
absolute/squared error are presented in brackets in Tables 3.6 to 3.8, only those Monte Carlo
replications where the estimate was defined were used for calculating them.

Among the propensity score based estimators, the patterns are less clear cut as in the
Monte Carlo experiment with the continuous regressors. Although pair matching is still clearly
dominated by kernel and ridge matching, ridge matching is now slightly inferior to kernel
matching (although the differences are not large). For the weighting estimator, trimming
is not so crucial anymore since only few estimated propensity scores are close to one, see
Figure 3.2. Nevertheless, kernel matching still dominates weighting in most situations. These
findings roughly hold through with a misspecified propensity score. For the grossly misspecified
specification 3, however, the results do not show a consistent pattern (with pair matching often
performing very well).

Comparing multivariate matching with propensity score matching, we find that for the cor-
rectly and the slightly misspecified propensity score model (Specifications 1 and 2) propen-
sity score kernel matching always (and ridge matching almost always) dominates multivariate
matching. For specification 3, on the other hand, multivariate matching is usually superior to
propensity score matching. However, that this is not generally the case is demonstrated by

Table 3.8. For this design, propensity score matching with misspecified propensity score often
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performs better than multivariate matching.

The results of this (limited) Monte Carlo study do not allow for very general conclusions.
Nevertheless, some patterns regarding the ordering among the various estimators can be
extracted. Among the propensity score based estimators, pair matching is usually inferior to
kernel matching and ridge matching. Ridge matching performed slightly better than kernel
matching in the simulations with the five continuous variables, while this relationship was
reversed in the simulations with the ten binary variables. The weighting estimator was
susceptible to the trimming level and did not dominate any of the other estimators. Among
the estimators not based on the propensity score, Mahalanobis matching and particularly
exact matching were clearly inferior to multivariate kernel matching.

The relationship between multivariate kernel matching and propensity score matching,
unsurprisingly, depends on the degree of misspecification of the propensity score. With a
correctly or a slightly misspecified propensity score, propensity score matching was superior.
Even with a grossly misspecified propensity score, it was not always worse than multivariate
matching. From this perspective, propensity score matching provides a convenient and
practical approach to estimating covariate-distribution adjusted means. Nevertheless, the
simulation results also showed that in certain situations, propensity score matching can be
much worse than multivariate matching, particularly when recognizing that only a rather
simple nonparametric multivariate regression estimator (with a single bandwidth) has been
used in the simulation study. FEmploying more sophisticated multivariate nonparametric
estimators might be worthwhile, but is beyond the scope of this paper. Compared to
propensity score matching, implementing such a more sophisticated nonparametric estimator

with data-driven bandwidth choice for multiple bandwidths will be more demanding, though.
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4 Gender wage gap and propensity score matching

In this section, propensity score matching is applied to examine the gender wage gap in the
UK. The gender wage gap has been of long-standing political concern as an indicator of dis-
crimination against women. The fact that women are paid substantially lower wages than men
in many countries, may be the result of wage discrimination in the labour market. On the
other hand, part of this wage gap may be due to differences in education, experience and other
skills, whose distribution differs between men and women. To account for the latter, substan-
tial research has been devoted to simulate the counterfactual wages that men would earn if
they had the human capital endowment of women.!®

Most of this research attempts to decompose the average gender wage gap, following
the parametric approach of Blinder (1973) and Oaxaca (1973). In a Blinder-Oaxaca type
decomposition, separate (log) wage regressions are estimated for men (Y; = f,,X; + &)
and for women (Y; = (,X; + ¢;), where X are human capital variables characterizing
productivity. The average wage gap Y;, — Y, can be expressed as the sum of two components:
B (Xm — Xw) + (B, — Buw)Xw. The first part is attributed to differences in average
characteristics between men and women. The second part is due to differences in average
returns to the individual characteristics, which may reflect discrimination.'® 3, X, represents
the counterfactual wage for women if they were paid as men (i.e. if they received the same
returns to their human capital as men do). It also represents the counterfactual wage for men,

if they had the average human capital endowment of women.

Several recent studies have demonstrated that the functional form assumptions inherent
in the parametric Blinder-Oaxaca decomposition can give misleading results, see e.g. Barsky,
Bound, Charles, and Lupton (2001), Mora (2000), Nopo (2002), and they proposed nonpara-
metric methods for the analysis of the gender wage gap. The nonparametric approach differs
from the parametric approach in two aspects: First, the regression function is no longer speci-
fied as linear but left unspecified. Second, the counterfactual mean wage is simulated only for
the common support subpopulation. Nopo (2002) suggested the following decomposition: Let

my(z) = E[Y|X = z, D = w] denote the mean wage for women with characteristics z, and let

18For an overview see Blau and Kahn (1997) and Altonji and Blank (1999).
19Usually a constant term is included in X. The component of 3,, —3,, corresponding to the constant captures

the pay difference that neither can be attributed to different characteristics nor to different rewards.
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fw(x) denote the distribution of X among women. Define m,(z) and fp,(z) analogously for
men. Let S denote the common support of f,, and f,, and let S denote its complement. By
partitioning the male population into the subpopulation with characteristics belonging to the
common support and the subpopulation out of the common support, the average wage of men

can be written as:
EWYID=m] = EY|D=m] Py + EYID=m)- Py,

::gwm:mya—%mw+gﬂD=mM%m
= (g;mp =m] - B[Y|D = m]> P + E[Y|D=m],

where Pg|,, = Pr(X € §|D = m) = [ fy(x)dx is the measure of the set S under the distribution
S

fm- With an analogous expression for women, the total gender wage gap can be written as

EY|D=m|—-E[Y|D=w|=

(01D =) = £01D =] ) - Py = (V1D = vl = EIYID = ] ) - Py
+{§MD:M—§WW=w@-@m

The total gender wage gap consists of the wage gap in the common support subpopulation
(last term) and the wage gap in the subpopulation with X not in the common support (first
two terms). For the latter subpopulation, a nonparametric decomposition into an explained
and an unexplained part is not possible, since either m,,(x) or m(z) are undefined. These
two terms thus take into account the wage difference between men in and out of the common
support, and analogously for women.?’

For the common support subpopulation, the counterfactual wages can be simulated and
the gender wage gap can be decomposed into an explained and an unexplained part:

EWVID=ml=BYID = u] = [m(a)- (f5(0) = F(@)) dot [ () = mu@)- 5 (),
S S

20The second term in (22), for example, represents the expected wage increase for a woman with characteristics
out of the common support if her characteristics were changed to characteristics that are in the common support.
Nopo (2002) argues that these terms represent (at least partly) some form of pre-market discrimination, e.g.
in the access to education or in the set of occupational choices. If females cannot enter certain (well-paid)
professions (’barriers to entry’) or do not have access to college education, this would be reflected in the first
term in (22), which measures the average wage premium men receive for characteristics that women do not

possess at all.
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where fo(z) = fm(z)/Psjm and f5(z) = fu(z)/Ps), are the densities of X in the subpop-
ulations of men and women belonging to the common support.?! As in the Blinder-Oaxaca
decomposition, the first term represents the part of the gender wage gap (in the common sup-
port) that can be attributed to differences in the distribution of the human capital variables
between men and women. The second part is due to differences in the returns to these vari-
ables, which may (partly) reflect discrimination. Separating these two components requires
an estimate of the counterfactual wage that men would earn if they had the human capital

characteristics of women:

[mant@)- s @e (23)
S
This corresponds to 3,, X, in the Blinder-Oaxaca decomposition.

Decomposing the total gender wage gap thus proceeds in two steps. First, the subpopu-
lations of men and women belonging to the common support are estimated. Second, the ad-
justed mean wage (23) is estimated for the common support subpopulation.

This approach is used by Nopo (2002) to analyze the gender wage gap in Peru. Since
gender occupational segregation is very high in Latin America, the characteristics of men and
women have different supports. He proposes to use exact matching to estimate simultaneously
the common support and the adjusted mean wage (23). This approach, however, gives a
very conservative estimate of the common support region and is likely to be sensitive to the

discretization of continuous variables.??

In the application below, an alternative way to
estimate the common support is proposed and propensity score matching is used to estimate
the adjusted mean wage (23), because exact matching performed very poorly in the Monte

Carlo simulations.??

Recently, interest has arisen to examine not only the mean gender wage gap but also the

2T e. scaled such that they integrate to one.
22In addition, it might easily lead to a non-compact support region. A match might be found for a 36-year

old woman and also for a 38-year old, but not for a 37-year old woman. Classifying the latter as out-of-support
does not appear reasonable and reduces unnecessarily the size of the subpopulation for which the decomposition
of main interest can be made. Indeed, Nopo (2002) classifies 23% of male observations and 30% of female

observations as out-of-support.
2 Nopo (2002, Footnote 6) argues against propensity score matching on the grounds that ”the ’ignorability of

treatment’ assumption ... is not likely to be satisfied” in this context. However, as argued in Theorem 1, the

ignorability of treatment assumption is not a pre-condition for the justification of propensity score matching.
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whole distribution of wages paid to men and women. The basic idea is to simulate the counter-
factual distribution of wages that men would receive if they had the human capital distribution
of women. Simulating a counterfactual wage distribution by nonparametric methods has been
used prominently in DiNardo, Fortin, and Lemieux (1996), who analyzed the increasing wage
inequality in the USA and its relation to changes in labour market institutions. Originating
from the observed wage distribution in the year 1988, they simulated the density function of
wages that would have prevailed if labour market institutions (e.g. the distribution of work-
ers’ characteristics, real value of minimum wage etc.) had remained at their 1979 values, via
weighting the kernel density estimator by the ratio of the densities of X in 1979 and in 1988.%4
In the analysis of the gender wage gap, nonparametric methods have been used only since very
recently.?” Barsky, Bound, Charles, and Lupton (2001) analyze to which extent the wealth
gap between blacks and whites in the USA can be explained by differences in earnings. They
estimate the counterfactual density function of the wealth of whites if they had the earnings
distribution of blacks. This counterfactual density is estimated by weighting the kernel density
estimate by the conditional propensity of being black given earnings. Their estimation prob-
lem, however, is rather simple by being only one-dimensional, as there is only a single charac-
teristic (earnings) that needs to be adjusted for. Nopo (2002) also examines briefly the quantile
gender wage gap and seems to be the only study so far that uses nonparametric methods in
a multivariate context to examine the distribution of the wage gap. Through exact matching,
he estimates the counterfactual distribution function for women and derives the unexplained

wage gap at different quantiles.

In this paper, the gender wage gap among UK university graduates is analyzed with a

21 Other studies also simulated counterfactual wage distributions in a similar spirit, but relied on parametric
models. Juhn, Murphy, and Pierce (1993) used linear regression to investigate the role of worker characteris-
tics and returns in explaining the increasing wage inequality in the USA. Donald, Green, and Paarsch (2000)
compared the wage distributions in Canada and the USA and used a parametric proportional-hazards model
to simulate the wage distribution when combining the US wage structure with the distribution of covariates
(education, unionization, etc.) in Canada. Gosling, Machin, and Meghir (2000) used linear quantile regression
for constructing counterfactual wage distributions to examine the impact of specific variables on wage inequality
in the UK. In the treatment evaluation literature, Firpo (2003) estimates quantile treatment effects under the

ignorable-treatment assumption (selection on observables) via weighting by the propensity score.
% Gardeazabal and Ugidos (2001) use parametric quantile regressions to analyze the gender wage gap at

different quantiles and decompose the quantile wage gap into explained and unexplained parts.
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particular focus on the importance of the subject of study. Machin and Puhani (2003) pointed
out that the substantial wage differences between male and female graduates to a large extent
can be explained by the observation that men and women choose to study different subjects.
When including subject of degree in the Blinder-Oaxaca decomposition, the fraction of the wage
gap explained increases from less than a half to two thirds. Using the same data as Machin
and Puhani (2003), I will analyze subsequently the mean wage gap as well as its distribution
by propensity score matching.

Table 4.1 shows average hourly earnings, age and type of employment and the subject of
degree for men and women. The data are based on the UK labour force survey for 1996,
where observations with missing information on earnings or other key explanatory variables
were deleted. In the survey, university graduates were asked to report the subject of study of
their degree, where they could choose from 124 different subjects, of which 102 subjects are
observed in the data. In Table 4.1, for descriptive purposes, these 124 subjects are summarized
into eleven broader categories. Clear differences in the patterns of degrees between men and
women can be seen. Men are more likely to study physical and mathematical sciences and
engineering, while women are more likely to enrol in humanities, creative arts and education.

The average wage gap is 3.10 £ (or 0.208 in log units). Machin and Puhani (2003) conducted
various Blinder-Oaxaca decompositions to analyze this wage differential. In their preferred
specification,?® they control for age, age squared, part-time work, public sector employment, 10
regional dummies and 9 industry dummies. The estimated male counterfactual log wage 3,, X
is 2.37, hence 46% of the wage gap is explained by gender differences in these characteristics.
When accounting additionally for the subject of degree, the male counterfactual log wage is
2.33, implying that 66% of the wage gap is explained. (When the same analysis is performed
with respect to the wage instead of the log wage, the counterfactual wage is 14.03 £ when not
controlling for subject of degree and 13.30 £ when controlling for it. Hence, without controlling
for degree virtually nothing can be explained by the characteristics, while 23% is explained with

the degree.)

In the following analysis it is investigated, whether and how these results change when lack
of common support is taken into account and when the counterfactual is nonparametrically

estimated. In addition, the distribution of the wage gap is investigated. Restricting the analysis

26 Specification 2 in Machin and Puhani (2003).
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Table 4.1: Descriptive statistics and Subject of Degree

Variable Men  Women
Gross hourly wage in £ 14.01 10.90

log(hourly wage) 2.47 2.26

Age in years 39.1 36.3

Full-time employed 96.3 % 76.1 %
Employed in private sector 60.2 % 405 %
Medicine 45% 85 %
Biological Science 41 % 64 %
Veterinary Science 01% 02%
Agricultural Science 25%  22%
Physical and Mathematical Sciences 165% 7.8%
Engineering/Technology 185% 1.5%
Architecture and Planning 3.4 % 0.8 %
Social Sciences and Business 28.7% 261 %
Language Studies 3.6 % 114 %
Humanities, Creative Arts, Education 13.4 % 29.1 %
Not Classifiable Combined Studies 48 %  6.0%
Number of observations 2983 2183

Note: UK labour force survey 1996, data coded as in Machin and Puhani (2003).
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to the common support population requires estimating where the density fn,(z) or fu,(x) is
zero. As outlined in Section 2, a practical approach to estimating the common support is
to test where the propensity score Pr(D = w|X = x) is either zero or one. To this end, the

propensity score is estimated by a probit model
Pr(D=w|X =z) = (<5)

with age and age squared as continuous regressors and dummy variables for full-time employ-
ment, public sector employment, 9 regional dummies, 8 industry dummies and 101 subject of
degree dummies (in total 122 regressors).?” The estimation results are shown in Table C.1.
With 3 estimated, the propensity score can be computed for every observation as p; = ®(X/ 3)

The variance of p; is approximated by the delta method as
Var (p;) = ¢(X}3)? - X|Var(B)X;,

where a robust estimator for the covariance matrix Var(B) is used.?® The corresponding t-
statistic for testing whether p; = c is

pi—c

Var (P:)
With this statistic, for each observation it is tested, whether p; = 0 and whether p; = 1,
respectively (using critical values for a one-sided test).

Table 4.2 gives the mean of the estimated propensity scores and shows the number of
observations for which the test p; = 0 and p; = 1 rejects. At the significance level a = 0.05,
the hypothesis Hp : p; = 0 is rejected for 2515 men, which is 84% of the male observations.
For the women, Hy : p; = 0 is rejected for 2155 women or 99% of the female observations.
Hence, at the a = 0.05 level, 84 % of the male observations are classified as belonging to the
common support population, while the other 16% are classified as out of support. For women,
the rejection frequency should be close to 100%, since by definition p; > 0 if the observation ¢
is female.

The lower panel of Table 4.2 provides the corresponding results for the test Hy : p; = 1.

Here, the rejection frequency should be close to 100% for men, since p; < 1 if ¢ is male. Of

2TSince almost all regressors are dummy variables, this specification is rather flexible. Including additionally
a large number of interaction terms between subject of degree and the other variables in the model was not

possible because many of the subjects of study were studied by only a very few observations.

28 (Inverse of expected Hessian) - (Outer product of the gradient) - (Inverse of expected Hessian)
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Table 4.2: Testing for common support

Men Women
Mean of p; 0.29 0.60
Hy : p; = 0 rejected obs % obs %
at o = 10% 2743 92.0 2174 99.6
at o = 5% 2515 84.3 2155 98.7
at o = 1% 2222 74.5 2123 97.3
Hy : p; = 1 rejected
at a = 10% 2979 99.9 2148 98.4
at a = 5% 2967 99.5 2098 96.1
at o = 1% 2942 98.6 1931 88.5

Note: Upper panel: results for Ho : p; = 0; lower panel for Ho : p; = 1. Number of observations (obs) and
percentage of observations (%) for which Hy is rejected at the level a (one sided test).

the female observations, 96% are classified as within-support and 4% as out-of-support, at the
a = 0.05 level. As seen from the table, these figures clearly depend on the « level, where «
represents the probability that an out-of-support observation is classified as within-support.
If a larger « is chosen, more observations will be missclassified as within-support. On the
other hand, with a very conservative o, the common support population shrinks considerably,
such that the subsequent wage gap decomposition is representative only for a much smaller
subpopulation. Since the rejection frequency should be about 100% for women when testing
Hy : p; = 0 and for men when testing Hy : p; = 1, the observed figures can be used to calibrate
the a level. From this perspective, & = 0.05 seems to be a reasonable choice between retaining
a large subpopulation for the subsequent analysis and avoiding nonparametric extrapolation
out of support.

From the above analysis of the common support, 15.7 of the male observations but
only 3.9% of the female observations are classified as out-of-support. If the same analysis
is conducted when neglecting subject of degree in the estimation of the propensity score,
(almost) all observations are classified as within support. This indicates that women choose

from a smaller set of study subjects. Since the subsequent wage gap decomposition analysis
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Figure 4.1: Density of wages for in and out-of-support populations
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Note: Upper panel: wages for out-of-support subpopulations, lower panel: in-support subpopulations. Results

for men on the left, for women on the right.

has to be restricted to the common support population, Figure 4.1 compares the wages
between the common support and the out-of-support populations. In the upper half the
wage distributions for the out-of-support subpopulations are shown, while the lower half
presents the wages for the common support subpopulations. Results for men are on the left
and results for women on the right. For both sexes, the out-of-support subpopulation has
somewhat less density mass at higher wages than the in-support subpopulation. This is also
confirmed by the mean wages, which for men are 13.96 £ for the out-of-support subpopulation
and 14.01 £ for the in-support subpopulation; and for women 10.31 £ versus 10.93 £. The
differences between out and in-support populations are not very pronounced, though, such
that the following analysis, which is restricted to the common support population only, might
be roughly informative for the whole population.

The mean gender wage gap in the common support population is 3.09 £ (or 0.193 in log
wages) and is thus slightly smaller than for the full population. Figure 4.2 shows the distribution
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Figure 4.2: Distribution functions and quantile wage gap for common support population
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Left graph: cdf of wages for men and women; middle graph: absolute quantile wage gap (Qg|men — Qojwomen);

right graph: relative quantile wage gap (Qojmen/Q0|women)-

functions for male and female wages and the implied absolute and relative quantile wage gap.
The absolute wage gap at, for example, the 20% quantile is the difference between the wage
at the 20% quantile in the male distribution and the wage at the 20% quantile in the female
distribution.?? The relative wage gap is the quotient of these two wages. Figure 4.2 thus shows
that men at the 20% quantile earn about 1.2 £ (or 18%) more than women at the 20% quantile
of their wage distribution. For higher quantiles the wage gap is increasing not only in absolute

but also in relative magnitude.

To decompose the average wage gap for the common support population, the male coun-
terfactual wage is estimated by adjusting the male wages for the different distribution of the
propensity score among men and women. Figure 4.3 shows the distribution of the estimated
propensity score in the common support populations. The visible differences between men and
women clearly indicate the differences in the observed characteristics between the two sexes.
That these differences are largely due to different subjects of study becomes apparent from Fig-
ure 4.4, which plots the propensity scores when estimated without subject of degree. There the
distributions of the propensity score are much more similar, indicating the lower discriminating

power of the explanatory characteristics.

The adjusted outcome is estimated by various estimators and the results are shown in Table
4.3. The first rows display the results for the propensity score based matching estimators:
pair matching, kernel matching and ridge matching. The bottom rows show the results for
the propensity score weighting estimator with various trimming levels. These estimators are

implemented exactly as in Section 3. Besides these propensity score based estimators, also the

e. it is the horizontal distance between the two distribution functions in the leftmost graph in Figure 4.2.
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Figure 4.3: Distribution of the propensity score (in common support population)

Men Women

2.5
2.5

multivariate kernel matching estimator is examined. (Mahalanobis and exact matching are not
included as they performed worse in the Monte Carlo simulations.) Compared to Section 3, the
multivariate kernel matching estimator, needs to be adapted to accommodate both continuous

and unordered discrete regressors. Therefore, the kernel weights w(X;, x) are computed as

6
K ( xk) )\1( I kFTE) Al(Xj,k*?éxk),
H H e

where X contains the six explanatory variables in the following order: age, part-time
employment, sector of employment, region, industry, subject of degree. (K is the Gaussian
kernel.) The kernel weights depend on three bandwidths: h,A;, A2, where h controls
the smoothing over the continuous variable age, and A; controls the smoothing over the
categorical variables: type and sector of employment, region and industry. Finally, Ao
controls the smoothing over the subject of degree. With Ay = 0, only observations with
the same subject of degree would be used in the regression estimator. On the other hand,
setting Ao = 1 is equivalent to completely neglecting subject of degree (as in Table 4.4
below). The bandwidths are chosen by cross-validation from a grid of 5 x 5 x 5 values:
(0.01,0.04,0.16,0.64, 00) x (0.2,0.4,..,1) x (0.2,0.4,..,1).

Table 4.3 displays the estimated male counterfactual wage and the implied percentage of
the wage gap that is explained by the explanatory characteristics, (with bootstrap standard
errors in brackets). The numbers in the left half of the table are estimated with respect to
the hourly wage in £, while those in the right half refer to the log wage. The latter estimates
are given for comparability with the Blinder-Oaxaca decomposition, which is conventionally

conducted with respect to log wages. The results of the three propensity score matching
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Table 4.3: Decomposition of the mean gender wage gap (with subject of degree)

hourly wages (£)

adjusted mean % explained

log wages

adjusted mean % explained

Pair Matching 11.60 (0.53) 78 (18.2) 2.305 (0.030) 78 (15.6)
Kernel Matching 12.03 (0.31) 64 (10.8) 2.307 (0.022) 77 (11.6)
Ridge Matching 11.56 (0.35) 79 (12.2) 2.310 (0.024) 75 (12.7)
Multivariate matching  13.41 (0.24) 20 (8.8) 2.411 (0.011) 23 (4.4)

Weighting 13.19 (1.13) 27 (38.8) 2512 (0.149)  -29 (74.6)
Weighting (c=2) 0.59 (0.26) 143 (12.8) 1.843 (0.034) 317 (28.7)
Weighting (c=5) 10.95 (0.27) 99 (9.5) 2122 (0.029) 173 (18.8)
Weighting (c=10) 11.55 (0.32) 80 (10.6) 2.250 (0.035) 106 (18.4)
Weighting (c=20) 12.16 (0.49) 60 (16.4) 2.368 (0.050) 46 (24.6)
Weighting (c=50) 13.03 (0.86) 32 (29.2) 2.492 (0.093)  -19 (46.5)

Note: Bandwidths for hourly wages: Kernel (h=0.202), Ridge (h=14.06), Multivariate (h=0.64, A1=0.4, X\2=0.2).
For log wages: Kernel (h=0.119), Ridge (h=14.06), Multivariate (h=0.16, A1=0.2, A2=0.8). Standard errors in
brackets (simulated by 100 bootstrap replications).

estimators indicate that about 75 to 80% of the average wage gap can be explained by differences
in the explanatory characteristics, which is rather more than the parametric Blinder-Oaxaca
decomposition suggested. With respect to log wages, all three matching estimators give the
same result. With respect to wages in £, the percentage explained when using kernel matching
is somewhat lower. The different results for kernel and ridge matching are partly due to
the different bandwidths used. Whereas for kernel matching the cross-validation grid search
selected a bandwidth of 0.202 (0.119 for log wages), for ridge matching a very large bandwidth
of 14 was chosen. Nevertheless, when using ridge matching with the same bandwidths as
selected for kernel matching, the percentage explained with respect to wages in £ reduces to
69.4%, but increases to 79.1% with respect to log wages. Hence, the results are largely robust
to bandwidth choice.

These findings are in contradiction with the results of the multivariate matching estimator,

which suggests that only about 20% of the average wage gap are explained. However, the results

of the multivariate matching estimator do not seem to be very reliable as they are insensitive
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Figure 4.4: Distribution of the propensity score without subject of degree
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Note: Distribution of propensity score (without subject of degree) in the common support population.

to the inclusion of subject of degree as additional covariate, which is in stark contrast to the
findings of Machin and Puhani (2003) and the above analysis. It seems that cross-validation
grid search did not succeed in selecting appropriate bandwidths. This is further discussed with
Table 4.4 below.

The results of the weighting estimator are given in Table 4.3 for various ceiling levels. The
results are highly sensitive to the ceiling level and to whether the analysis is conducted with
respect to the wage or the log wage. With respect to the wage and depending on the ceiling
level, anything from 27% to 143% of the wage gap is explained.

To assess the explanatory power of the subject of degree, all estimations were repeated
without the subject of degree variable. When examining the common support without the
subject of degree variable, the support analysis yielded that all (but 3) observations can be
classified as in-support. (Results of the estimation of the propensity score are given in Table
C.2.) For being comparable with the previous analysis, however, the following estimations are
performed only with the subpopulation that also belongs to the common support population
when subject of degree is included. I.e. Figures 4.3 and 4.4 and Tables 4.3 and 4.4 are based on
exactly the same observations (also in the bootstrap). Figure 4.4 gives the distributions of the
propensity score when subject of degree is neglected. The differences between men and women
are now much less pronounced as when subject of degree was included (as in Figure 4.3).

Table 4.4 gives the estimation results of the average male counterfactual wage without
subject of degree. Kernel and ridge matching indicate that about 45% of the wage gap is

explained by these variables (age, part-time work, sector of employment, industry and region)
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Table 4.4: Decomposition of the mean gender wage gap (without subject of degree)

hourly wages (£)

adjusted mean % explained

log wages

adjusted mean % explained

Pair Matching 12.12 (0.82) 61 (25.9) 2.341 (0.028) 59 (14.8)
Kernel Matching 12.66 (0.47) 44 (10.2) 2.336 (0.020) 62 (10.2)
Ridge Matching 12.63 (0.50) 5 (11.3) 2.335 (0.022) 62 (11.1)
Multivariate matching ~ 13.40 (0.24) 20 (8.8) 2.411 (0.011) 23 (4.4)

Weighting 12.79 (0.62) 40 (15.2) 2.383 (0.059) 38 (29.0)
Weighting (c=2) 10.43 (0.53) 116 (17.7) 1.920 (0.040) 277 (25.9)
Weighting (c=5) 11.46 (0.57) 83 (15.8) 2121 (0.044) 173 (23.7)
Weighting (c=10) 12.28 (0.60) 56 (15.4) 2278 (0.044) 92 (22.2)
Weighting (c=20) 12.78 (0.62) 40 (15.4) 2.380 (0.054) 39 (26.7)
Weighting (c=50) 12.79 (0.62) 40 (15.2) 2.383 (0.059) 38 (29.0)

Note: Bandwidths for hourly wages: Kernel (h=0.070), Ridge (h=0.343), Multivariate (h=0.64, A;=0.4). For
log wages: Kernel (h=0.041), Ridge (h=0.070), Multivariate (h=0.16, A1=0.2).
(simulated by 100 bootstrap replications).

Standard errors in brackets

alone. Contrasting these results with Table 4.3, it is seen that subject of degree had contributed
substantially to explaining the gender wage gap. The results of the weighting estimator are as
sensitive to the ceiling level as before, but also indicate the substantial contribution of subject
of degree to the explanation of the gap. Only the results of the multivariate matching estimator
seem to indicate that subject of degree is completely irrelevant: The estimated adjusted means
are identical in Table 4.3 and 4.4, as well with respect to the wage as to the log wage. This
insensitivity also persists when choosing different bandwidth values. Only with a very small
bandwidth value A2 for the study subject do the results depend on the inclusion of the subject

of degree regressor.

to 12.69 £ (43% explained) and for log wages to 2.373 (43% explained).

With Ay = 0, the results of multivariate matching in Table 4.3 change
This indicates that
cross-validation did not succeed here in selecting suitable bandwidth values for multivariate
matching. Allowing for more bandwidth parameters (e.g. separate bandwidths for region and

industry) and a more extensive search grid would be an option, but is beyond the scope of this

paper.
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The previous analysis had shown that with subject of degree about 75% of the average
wage gap can be explained. Without subject of degree, this fraction is much lower. To analyze
the gender wage gap in more detail, we would like to compare the gap at different quantiles
and examine to which extent it can be explained by observed characteristics. To this end, the
distribution function Fy|p_,,(a) is adjusted for the different distributions of the covariates
among men and women. Noting that Fy|p_p,(a) can be written as E[1(Y < a)|D = m],
the gender gap in the distribution functions Fy|p_,,(a) — Fy|p—y(a) can be decomposed
analogously to (22). As with the mean wage gap, the decomposition in the common support
subpopulation is of particular interest, since the counterfactual simulation is possible only for
this subpopulation.

Let Fy|p—m,s(a) denote the distribution function among men with characteristics belonging

to the common support S. The adjusted distribution function for men F;§| pem.s(@) is

;|D:m,8(a) = /FYX,D:m(avx) : qu(x)dx,
S

where Fy|x p—p, is the conditional cdf given X. The adjusted cdf F}*,‘ Dem.s(@) represents the
wage distribution that would prevail among men if they had the human capital characteristics

of women. Writing the adjusted cdf in the following form

Cipems(@) = / E[L(Y<a) [X=x,D=m] fS(z)dz, (24)
S

a matching estimator of the adjusted cdf is
. 1 ~
YiD=m.s(@) = oy Z Fy|x,p=m (Xi)
WiD;=w,X;€S

where Fy‘ X,D=m (T) is a nonparametric estimate of the conditional cdf Fy|x p—,(a,r) and

S

o is the number of female observations with characteristics in the common support. The

n
conditional cdf can be estimated by nonparametric regression of the binary variable 1(Y < a)
on X in the male subpopulation belonging to the common support. As a result of Theorem 1,
the adjusted cdf can also be estimated by using the propensity score instead of X.

Figure 4.5 shows the estimated counterfactual cdf with propensity score ridge matching.
The top panel shows the results with subject of degree, the bottom panel for without subject
of degree. (Bandwidths are as in Table 4.3 and 4.4.) The leftmost graph shows the cdf of male

wages (bold), the cdf of female wages (long dashed) and the adjusted male cdf (dashed). The
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Figure 4.5: Decomposition of the quantile wage gap with propensity-score ridge matching
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Top panel: Adjustment with subject of degree; bottom panel: without subject of degree. Left graph: adjusted
cdf; middle graph: absolute quantile wage gap; right graph: relative quantile wage gap. Solid lines are unadjusted

and identical to Figure 4.2. Dashed lines are after adjustment.

middle and the rightmost graph display the absolute and relative quantile wage gap derived
from the estimated cdf. The solid lines are identical to Figure 4.2 and give the unadjusted
wage gap between the observed male cdf and the observed female cdf. The dashed line is
the wage gap after adjustment for the covariate distributions, i.e. the difference between the
adjusted male cdf and the observed female cdf. This line shows which part of the wage gap
is not explained. These figures clearly show that up to about the 25% quantile, differences
in the covariates almost fully explain the gender wage gap. For larger quantiles, however, the
unexplained wage differences become more pronounced.

Up to about the 50% quantile, these unexplained differences are of similar size with and
without subject of degree. Beyond the 50% quantile, however, subject of degree contributes
increasingly to explaining the wage gap, as well with respect to the absolute as to the relative
gap. At very high wages (above 90% quantile), the unexplained gap is less than 10% of female
wages when subject of degree is accounted for. However, when neglecting subject of degree,
the gap after adjustment is (almost) as large as without adjustment. Figures C.1 and C.2 show
the analogous results when propensity score pair matching or kernel matching are used. Those

results are largely similar and confirm the findings of Figure 4.5.
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These results show that the fraction of the wage gap that can be explained by observed
covariates depends on the position in the wage distribution. While at low quantiles, the wage
gap can be explained almost completely (even without subject of degree), at higher quantiles
the power of the regressors to explain the wage gap decreases. It is at these higher quantiles,
where the additional explanatory power of the subject of degree variable, whose substantial
contribution was already noted in the decomposition of the mean wage gap, becomes most

relevant.

5 Conclusions

In this paper, the versatility of propensity score matching has been demonstrated. First, it has
been shown that the justification of propensity score matching as an alternative to matching
on X does not depend on a conditional independence assumption; it can be used even when
selection is on unobservables. Propensity score matching can be used not only to estimate
the adjusted mean outcome, but also its density and distribution functions. These results also
extend to the case of non-random sampling (stratified sampling, choice-based sampling) under
appropriate modifications of a weighted propensity score matching estimator. A small Monte
Carlo study showed that propensity score matching may perform superior to matching on X,
but can be sensitive to misspecification of the propensity score model.

Propensity score matching was then applied to analyze the gender wage gap among college
graduates in the UK. It was found that subject of degree is an important variable to explaining
the wage differences between men and women. Its contribution appeared to be even greater
than the parametric Blinder-Oaxaca decomposition had suggested. When examining the wage
gap at different quantiles, it turned out that the explanatory power of subject of degree is
particularly relevant at the higher end of the income distribution. The huge wage differential
between high-earning men and high-earning women is thus to a large extent the result of men

and women choosing different subjects in university.
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A Appendix to Section 2

A.1 Proof of Theorem 1

To prove Theorem 1, it is first shown that ]fﬂz—:g = Tf_p% for p < 1 where P, = Pr(D =
t|D € {s,t})

By Bayes’ theorem

Pr (D = tlp(X) = p, D € {s,}) = 222=t) me <l{?=}(t/§? € {s.1})

By iterated expectations and the definition of the propensity score, it follows also that

Pr(D=tlp(X)=p,De{s,t}) = E[Pr(D=tX,Dec{st}) p(X)=p,D € {s,t}]
= E[p(X) [p(X) =p, D€ {s,t}] = p.

Both results together thus imply that

Tolp=t(p) - P _
fp\DE{s,t} (,0)

and

- P
Jpip=i(p) S for p < 1. (25)

fp\D:s(p) 1 p P

With this result, Theorem 1 can be proven. The left-hand side of (5) can be written as

B [&na(X,5) |D = 1]

B 1(z €S8)

- /£y|x,d(x’ 8) ’ fz\D:t(x)Pr(X cS ’D _ t) dx

B plz) Ps I(ze8)

- /£y|x,d(x’ 8) fz\D:s(x) 1 —p(x) P, PI‘(X cS |D — t) dx
since lf(paz)x) = f::z:: % for x € S by Bayes’ theorem.

- X)L b
=F |:§yx,d(X’ 5)1 _p(X) ‘D_ S:| PI‘(X S ’D:t)R‘,

Using iterated expectation gives

- F [E [fyx,d<x, TR IlX) = R0 = ] D= ] e
- E [%E €ra(X,8) p(X) = P,D = 5| |D = 5] X e SITSD 7
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The right-hand side of (5) can be written as

E [gy‘pyd(P, s)|D =t
- /éymd(p, s) - folp=t(p) Pr(;(z 311)): ) dp
= /§y|p,d(p7 s) - Jplp=s(P)7 f p%Pr(;(z ;11)): D
= E [§y|p,d(P7 s)- % D= S] Pr(P < lllzs? =1t)- D

by (25). Noting that Pr(X € S |D =t) = Pr(P < 1|D =t) by the definition of the propensity
score. Hence, the left-hand and the right-hand side of (5) are identical if condition (4) holds.

A.2 Proof of Theorem 2, Part A

The equality (18)

EY[E°[Y|X,D =] |D =t|

i} E*[Y Wl (X)=p,D=s]
- /E [Wyx|t|p0(X) =p, D= t] ' EE‘ [Wysz’pL()S) ): oD = 5] ] 'fpolt(/’)dp
is proven.
The propensity score under the population distribution is p%(z) = ;S|tPt0/ f9. The
propensity score under the sampling distribution is p*(z) = ;‘ 7/ fx. Define, similar to

Hahn (1998), the equivalence classes x(p) as the set of all (y,z) values where a deterministic
function of (y,z) takes the value p, such that the union of the equivalence classes corresponds
to the support of (Y, X). In particular, define x°(p) = {(y, ) : p°(z) = p} as the equivalence
classes with respect to the propensity score p°. Let x*(p) = {(y,x) : p*(z) = p} be the
equivalence classes with respect to p*. The measure of the set x*(p) under the sampling

distribution in the D = d population is

fule) = [ Fjalv,2) dyd.
x*(p)
The measure of x*(p) under the population distribution is

foalp) = /ffxu(y,x)dydw: /wyx|d(y7x)f;xd (y, z) dyda.

x*(p) x*(p)
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The corresponding measures for x%(p) are

fpopalp) = / fiola (9, @) dydz.

x°(p)

fgo\d(p) = / Wyz|d (9756) f;x\d (y7 ZL’) dydCC

X (p)

Now examine the term

E* [Wyeulp®(X) = p, D = 1]
= [ 0 2) - S )
x°(p)

By noticing that f;ﬂ tpo=p & ;‘x‘ ;

| wya(y, ) £, (y, z)dydz
i velt o)

for every (y,z) € x°(p), it follows:

x%(p) Y

And analogously for the source population:
Sois
* 0|s p)
E [Wym\s’po(X) = p’D = 8] = I:(‘—(p)

pOls
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Now consider the term

E* [Y - Wys|p"(X) = p, D = s]
- y : wyx\s(ya x) ' f;g:|s7pozp(y7 x)dydx
f Y- wyx\s(ya CC) ’ f;m|s(y7 :L‘)dyd:]?

f yac|s y’ dydCC

= Y- fg?x\s (y, ) dydax | fo5(p)

x°(p)
0 0
_ y- fyx(\)s (Z(U;CU) dyds - pE\S(P)
PO p) p0|s(p)
x°(p)
foo (p)
= fO dydz-212
/y Syolspo=p¥> T)dy = )
x°(p)
0
= E'[Y|p°(X)=p,D =s] f’f‘s(p) (28)
p0|s(p)

Taken (26), (27) and (28) together, gives

E* [Y ' Wyz\s|p0(X) p’D = 5] )
E* [Wyz\s’po( ) p’D

foo (p)
0 0 — — s> 7

= ;0|t(P) ' p ‘S( Y 0|s( 0) 'f;0|t(/’)dp

= /EO [YIp°(X) =p,D=s] - fro(p)dp=E° [E° [Y[p’(X) =P,D=s] |[D=t],

/E* [Wyx\t|p0(X) =p, D= t] )

where all expectation operators are now with respect to the population distribution. Hence,

Theorem 1 applies:
=E°[E°[Y|X,D=s] |D=t],

which proves the equality.
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A.3 Proof of Theorem 2, Part B
The equality (19) of Theorem 2 shows the equivalence of using p**(x) instead of p°(z):
E* [YWyacLs’po(X) :vaZS] *
* 0(X) — _ fo(p)dp
E [Wyx\s|p (X) =p, D= 5]

E* [Y ’ Wym|s|p0*(X) =p, D= S]
E* [Wyx\s|p0*(X) =p, D= 8]

/E'>k [Wyx\t’po(X) =p,D= t] ’

~ [ B Wl () = p.D = 1] - F(p)dp.

Since all but the last one of the derivations of the proof of Theorem 2 Part A can also be

performed analogously with respect to p (), it remains to be shown that:

/EO [Y 1P (X) = p, D =s] - fro-,(p)dp = /EO [Y1P°(X) = p, D =s] - frop(p)dp.  (29)

By definition of the propensity scores:

and 0
(@) fl®) Py
(@) @ E

Taking the ratio of both expressions gives

(V] 0 * D0
p*(x) 1—-p°(x) P} P
= —— = ]_
1—p%(z) pox) P p at+l (30)

with « defined in (13). This gives

pO* (:L‘)

po(:c) " a + 1 — ap®™(x)

Hence, there is a one-to-one correspondence between the propensity score p°(z) under the
population distribution and p®*(z), where choice-based sampling is neglected. Notice that the
correspondence is strictly positively monotonous.?? It follows that a direct mapping between

the distribution functions of p®(x) and p®*(z) exists:

0 _ 0 p
30The first derivative is 2oL — atl > which is always positive, because o + 1 is always positive,

dpV*(x) (a+1—ap0* (m))

see (13).
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because the sets of ( ,x) values where the indicator function is non-zero is identical in

O*M J‘l( ) gﬂtQh )dydx and in Fw\t(a+1—ap) = f]’( S a+1— ap)
fyx|t(y, x)dydx. With these results, the left-hand side of (29) can be written as

p - p? =S dp p
dFY, (—La - )
= /EO[Y|p = D:8:| Lot P2 dp
o+ 1 —ap’ dp
= /EO [Y |p () =u,D = 8] -fp0|t (u) du
where ©w = —£2— which is identical to the right-hand side of of (29). Hence choice-based
g

at+l—ap?’

sampling can be neglected for propensity score matching.

A.4 Proof of Theorem 2, Part C

To proof the equality (21) of Theorem 2, it must be shown that:

/ED Y|p*(X) = p,D =s]- f.:(p)dp = /EO [Y[P°(X) = p,D =] fro(p)dp.  (31)

With
p*(x) _ ;\t(x)P_{"
L=pr(@) @) B
the odds ratio is
prz) 1-9p°)  Fau(@) pr fo.(@) PO
L=pi@) %) @) P () B
s(2) £2,(2)
. x|t x|s o
= P@rn@ Y
= Y(a+1),

by assumption (20). The rest of the proof is identical to the proof of Theorem 2b, starting
from (30) with (a4 1) replaced by ~y (o + 1).
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B Appendix to Section 3

Table B.1: Distribution of X in source and target population, 02 = 30

Source population (D = 0) Target population (D = 1)
5% 25%  Median 5%  95% 5% 25%  Median 5%  95%
Xy | 271 -145 -0.59 0.25 145 -1.36  -0.17 0.67 1.52  2.76
Xo | -191 -1.01 -0.40 0.21  1.08 -1.02  -0.16 0.45 1.06 195
X3 | -1.07 -0.21 0.40 1.01 191 -1.94  -1.06 -0.44 0.16 1.02
X4 | -258 -1.10 0.45 1.80  2.77 =277 -1.82 -0.50 1.05  2.56
X5 | 0.00 0.11 0.50 146 421 0.00 0.09 0.41 1.18 341

Note: Percentiles of X in source and target population.

Table B.2: Distribution of X in source and target population, o2 = 100

Source population (D = 0) Target population (D = 1)
5% 25%  Median  75%  95% 5% 25%  Median  75%  95%
X1 | -2.64 -1.32 -0.41 0.50 1.80 -1.77 -0.47 0.44 1.35  2.67
Xo | -1.86 -0.92 -0.27 0.37 1.30 -1.28  -0.35 0.29 0.94 1.87
X3 | -1.30 -0.37 0.27 0.92 1.86 -1.87  -0.94 -0.29 0.35 1.28
Xy | 263 -1.24 0.31 1.71 275 =275 -1.72 -0.33 1.23 2.62
X5 0.00 0.11 0.49 142 4.11 0.00 0.09 0.42 123  3.54

Table B.3: Means of X in source and target population, o2 = 100 and 400

02=100| X; Xy X3 X4 Xs X¢ Xr Xs X X
D=0 013 -0.14 -014 -015 -0.15 -0.15 -0.15 -0.16 -0.16 -0.16
D=1 013 014 014 015 015 015 015 016 016 0.16
o2 = 400

D= 007 -0.08 -0.08 -0.08 -0.08 -0.08 -0.08 -0.09 -0.09 -0.09
D=1 0.07 008 008 008 008 008 008 009 009 0.09
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C Appendix to Section 4

Figure C.1: Decomposition of the quantile wage gap with propensity score pair matching
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Figure C.2: Decomposition of the quantile wage gap with propensity score kernel matching
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Table C.1: Probit estimation of the propensity score with Subject of Degree

Variable Estimate Std.error t-statistic Variable Estimate Std.error t-statistic
Const 2.10 0.34 6.13 Subject 46 0.78 0.22 3.57
Age /10 -0.23 0.16 -1.44 Subject 47 -0.09 0.21 -0.46
Age2 /1000 -0.12 0.20 -0.61 Subject 48 -0.21 0.29 -0.71
Full time work -1.24 0.07 -17.42 Subject 49 -0.01 0.15 -0.09
Private sector -0.15 0.06 -2.50 Subject 50 -0.15 0.15 -1.02
Region 1 0.05 0.12 0.44 Subject 51 -0.08 0.17 -0.45
Region 2 0.05 0.09 0.57 Subject 52 -0.20 0.30 -0.67
Region 4 -0.24 0.09 -2.53 Subject 53 -0.39 0.15 -2.54
Region 5 -0.07 0.09 -0.80 Subject 54 0.80 0.30 2.65
Region 6 -0.06 0.13 -0.45 Subject 55 0.20 0.45 0.46
Region 7 -0.03 0.06 -0.43 Subject 56 -0.55 0.39 -1.39
Region 8 -0.08 0.10 -0.87 Subject 57 0.34 0.29 1.19
Region 9 -0.09 0.1 -0.83 Subject 58 1.08 0.57 1.89
Region 10 -0.02 0.09 -0.26 Subject 59 0.70 0.16 424
Industry 1 -0.34 043 -0.80 Subject 60 0.49 0.60 0.82
Industry 2 -0.30 0.17 -1.79 Subject 61 -0.29 0.31 -0.94
Industry 4 -0.27 0.1 -2.53 Subject 62 0.92 0.24 3.87
Industry 5 -0.13 0.1 -1.20 Subject 63 0.95 0.30 3.12
Industry 6 -0.59 0.17 -3.48 Subject 64 1.41 0.47 2.97
Industry 7 -0.19 0.10 -1.87 Subject 65 0.13 0.16 0.83
Industry 8 -0.23 0.12 -1.91 Subject 66 0.60 0.39 1.52
Industry 9 -0.15 0.07 217 Subject 67 0.30 0.34 0.90
Subject 5 -0.02 0.16 -0.12 Subject 68 -0.64 0.37 1.7
Subject 6 -0.08 0.50 -0.16 Subject 69 -0.01 0.24 -0.03
Subject 7 0.36 0.29 1.25 Subject 70 -0.51 0.45 -1.15
Subject 8 -0.55 0.38 -1.46 Subject 71 0.55 0.26 2.10
Subject 9 042 0.25 1.68 Subject 72 0.44 0.20 217
Subject 10 -0.15 0.40 -0.38 Subject 73 0.10 0.24 0.41
Subject 11 1.60 0.33 493 Subject 74 0.59 0.45 1.31
Subject 12 0.38 0.20 1.96 Subject 75 0.68 0.14 4.87
Subject 13 0.20 0.32 0.62 Subject 76 0.54 0.15 3.70
Subject 14 -0.54 0.37 -1.45 Subject 77 0.66 0.24 277
Subject 16 0.45 0.34 1.33 Subject 78 017 0.22 0.76
Subject 17 0.04 0.20 0.19 Subject 79 -0.29 0.36 -0.80
Subject 18 0.46 0.27 1.66 Subject 80 -0.20 0.22 -0.90
Subject 19 0.84 043 1.93 Subject 81 -0.22 0.25 -0.87
Subject 20 -0.50 0.33 -1.50 Subject 82 -1.54 0.35 -4.46
Subject 21 0.68 0.26 2.65 Subject 83 0.52 017 3.02
Subject 22 -0.47 0.16 -2.94 Subject 84 -0.16 0.17 -0.94
Subject 23 -1.26 0.26 -4.83 Subject 85 0.08 0.77 0.10
Subject 24 0.7 0.55 1.29 Subject 86 0.94 0.20 4.62
Subject 25 -0.24 0.26 -0.90 Subject 87 0.54 0.41 1.31
Subject 26 0.28 0.22 1.28 Subject 88 0.76 0.25 3.06
Subject 27 -0.11 0.16 -0.72 Subject 89 0.60 0.28 2.1
Subject 28 0.29 0.46 0.63 Subject 90 0.59 0.20 3.02
Subject 29 -0.76 0.18 -4.21 Subject 91 0.24 0.32 0.75
Subject 30 -1.03 0.40 -2.54 Subject 92 0.51 0.65 0.79
Subject 31 -1.06 0.24 -4.40 Subject 93 -0.05 0.59 -0.09
Subject 32 -1.55 0.28 -5.49 Subject 94 0.08 0.29 0.28
Subject 33 -0.93 0.24 -3.87 Subject 95 -0.05 0.45 -0.11
Subject 34 -1.68 0.34 -4.91 Subject 96 -0.63 0.52 -1.21
Subject 35 -0.66 0.27 -2.48 Subject 97 -0.84 0.44 -1.91
Subject 36 -0.67 0.68 -0.99 Subject 98 0.13 0.23 0.58
Subject 37 -0.87 0.34 -2.56 Subject 99 -0.23 0.42 -0.54
Subject 38 -0.71 0.26 -2.76 Subject 100 0.01 0.33 0.03
Subject 39 -1.26 0.39 -3.23 Subject 101 1.07 0.35 3.05
Subject 40 -0.24 0.31 -0.78 Subject 102 0.87 0.21 4.07
Subject 41 -0.45 0.19 -2.39 Subject 103 0.34 0.38 0.89
Subject 42 0.74 0.20 3.65 Subject 104 0.54 0.34 1.56
Subject 43 0.59 0.26 2.25 Subject 105 1.29 0.64 2.01
Subject 44 0.61 0.24 2.51 Subject 106 0.55 0.25 2.19
Subject 45 0.05 0.75 0.07

Note: 5166 observations, 5043 degrees of freedom, robust covariance matrix used, adjusted R?2=0.311.



Table C.2: Probit estimation of the propensity score without Subject of Degree

Estimate Std.error t-statistic
Const 212 0.30 6.96
Age /10 -0.13 0.15 -0.91
Age squared/1000 -0.20 0.18 -1.11
Full time work -1.30 0.07 -19.29
Private sector -0.35 0.05 -6.82
Region 1 0.08 0.11 0.72
Region 2 0.06 0.08 0.77
Region 4 -0.19 0.09 212
Region 5 -0.03 0.09 -0.29
Region 6 -0.08 0.11 -0.73
Region 7 0.01 0.06 0.10
Region 8 -0.07 0.09 -0.84
Region 9 0.00 0.11 -0.01
Region 10 -0.05 0.08 -0.60
Industry 1 -0.50 0.36 -1.39
Industry 2 -0.72 0.14 -5.03
Industry 4 -0.72 0.09 -7.99
Industry 5 -0.06 0.10 -0.59
Industry 6 -1.17 0.14 -8.36
Industry 7 -0.17 0.09 -1.86
Industry 8 -0.46 0.11 -4.12
Industry 9 -0.28 0.06 -4.61

Note: 5166 observations, 5144 degrees of freedom, robust covariance matrix used, adjusted R%2=0.185.
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