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1 IntroductionIn various applications decision makers are required to take uncertain future intoaccount. In particular, today's decisions have to be taken without knowing pricesor resources.Let the uncertain evolvement of data over a �nite planning horizon [0; T ] be de-scribed as a multidimensional discrete-time stochastic process (!t; t = 0; : : : ; T )on a common Borel space (
;BM ) with 
 � IRM compact. In many pro-blem statements both prices and demand or supply of resources are stocha-stic and induce speci�c structural properties of the value functions involved.This motivates us to decompose the multidimensional discrete-time stochasticprocess (!t; t = 0; 1; : : : ; T ) into two stochastic parts, one referring to prices(�t; t = 0; 1; : : : ; T ), the second (�t; t = 0; 1; : : : ; T ) to demand or supply of re-sources, i.e. !t = (�t; �t).Let P represent the (regular) joint probability distribution of ! := (!0; : : : ; !T ).The associated regular conditional distributions with respect to !t are denotedPt(�j!t�1) for t = 1; : : : ; T . All these have compact support. The time points t =0; 1; : : : ; T at which decisions ut 2 IRn are taken, are supposed to be prede�ned.Setting � := (�0; : : : ; �T ) and � := (�0; : : : ; �T ), a corresponding mathematicalprogram is written formally asmin R
 hPTt=0 �t(ut; �t)i dP (�; �)s:t: ft(ut�1; ut) � ht(�t); t = 0; 1; : : : ; T: (1)The convention is that negative subscripts of variables indicate decisions of thepast, negative subscripts of the stochastic data indicate data of the past, both ofwhich represent the input data at the present stage t = 0; in particular, stochasticdata with subscript 0 are currently observed data and, hence, deterministic.In (1), the cost �t(�) at t are determined by observation �t and decision ut. Thefeasibility region for ut 2 IRn is supposed to depend on ut�1 and on the obser-ved outcome �t; ft(ut�1; �) is a vector-valued function in ut and represents thedemand for resources, the components of ht(�t) are the supply components of theresources at t. Decisions ut have to be selected at t after (�t; �t) is observed, butprior to the observations (�t+1; : : : ; �T ) and (�t+1; : : : ; �T ). According to this rule,nonanticipative or measurable decisions have to be determined, which minimizesthe expected value of the overall cost and which satis�es the constraints.The feasibility set, viewed as a constraint multifunction in �, is supposed tobe strictly nonanticipative and convex compact-valued with a nonempty interiorfor every �. This ensures that for any nonanticipative and feasible decision utthere exist interior feasible and nonanticipative decisions ut+1; : : : ; uT for any2



sequence of outcomes (�t+1; : : : ; �T ) (see Rockafellar and Wets 1976/1978 [45],[46]and Frauendorfer 1996 [23]).Standard dynamic programming arguments yield optimal value functions �t(�)corresponding to periods t = 0; : : : ; T (see e.g. Bertsekas 1995 [2], [3]). Thisallows to write the stochastic multistage programm as a sequence of nested two-stage programs. Start at period T with �T+1(�) := 0 and de�ne backwards fort = T; : : : ; 0:�t(ut�1; �t; �t) := min�t(ut; �t) + R
t+1 �t+1(ut; !t+1)dPt+1(!t+1j�t; �t)s:t: ft(ut�1; ut) � ht(�t): (2)In case �t(ut; �t) are continuous convex-concave saddle functions, ft(�) is convexvector-valued, ht(�) is linear-a�ne in �t, and in case the conditional probabilitydistributions Pt+1(�j�t; �t) depend linearly on (�t; �t) and are una�ected by thedecisions taken, then it has been proven that for t = 1; : : : ; T the value functions�t(ut�1; �t; �t) are continuous saddle functions, convex in (ut�1; �t) and concavein �t with respect to their domains. Under these conditions, referred to as theconvex case below, primal and dual solvability of the convex programs is ensuredin (2). For details it is referred to Rockafellar and Wets 1976 [45], Frauendorfer1994/1996 [22] and [23].For the ease of exposition it will be helpful to use for (2) the notation�t(ut�1; �t; �t) := min [�t + Et�t+1](ut; �t; �t): (3)One major challenge with (1) is the nested minimizations and multidimensionalintegrations of implicitely given value functions. Unlike many control type formu-lations, no analytical expressions can be expected within the stochastic multistagesetting due to the non-smoothness of the value functions. For overcoming thesedi�culties numerically in the convex case we discretize the stochastic processeswith respect to their outcomes taking into account the subdi�erentiability of thevalue functions.Let the conditional probability measures Pt(�j!t�1) be successively discretized fort = 0; � � � ; T , yielding discrete conditional probability measures Qt(�j!t�1) withcorresponding support At(!t�1). This way, a scenario tree A and the associatedpath probabilities Q(!) are given according toA := f! 2 
j!t 2 At(!t�1); 8t � 1g;Q(!) := QTt=1Qt(!tj!t�1): (4)Let the projections of A onto [0; t] be denoted At. Clearly, any stochastic pro-cess, which is discrete in both time and state, is representable as scenario tree.3



It is easily seen when the conditional probability measure Pt+1(!t+1j�t; �t) is dis-crete with �nite support, that the stochastic two-stage programs in (2) has blockstructure. Then (1) may be written as a mathematical program with a dynamicblock structure and high sparsity, whose size depends on the number of scena-rios within the tree. This indicates why the solvability of stochastic multistageprograms strongly bene�ts from sophisticated algorithms. Recent works inclu-de Rockafellar and Wets 1991 [47], Wets 1989 [51], Gassmann 1990 [27], Birge1985/1994/1995 [5],[7],[6], Mulvey and Ruszczy�nski 1995 [38], Mulvey, Vanderbeiand Zenios 1995 [40], Zenios 1991 [52], Robinson 1991 [44], Ruszczy�nski 1993[49],[48], Dantzig 1990/1993 [13], [14], Edirisinghe and Ziemba 1994/96 [18], [17],[19], Kall, Ruszczy�nski and Frauendorfer 1988 [32], Infanger 1992/1994 [30],[31],Ermoliev and Wets 1988 [20], Kall and Wallace 1994 [34], Kall and Stoyan 1982[33], Wets 1989 [51], Hiller and Eckstein 1994 [29].However, one has to be aware of the fact that discretizing the conditional proba-bility measures is a simpli�cation of the real dynamics, which may have severeimpact on the goodness of the surrogate problem. It is not di�cult to de�neconditions based on which the discretization has to be re�ned, to ensure weakconvergence of the discrete measures to the real probability measure and, hence,epi-convergence of the minimizers. But, due to the fact that the number of sce-narios grows exponentially, the quality of discretizations has to be monitoredcarefully. For example, applying Monte-Carlo simulation to the conditional pro-bability measures with a sample size of 105 in each of 6 stages results in a scenariotree with 1030 possible scenarios. Su�ering from the curse of dimensionality thecorresponding deterministic equivalent program is numerically unsolvable. In theconvex case, barycentric approximation allows design distinguished scenario treesthat provide information on how accurate the real dynamics are approximated.We discuss issues on how to re�ne the scenario trees taking into account thenested optimization and integration of the value functions. Hence, this workprovides improvements within algorithmic procedures that solve stochastic mul-tistage linear programs.The paper is organized as follows: Section 2 introduces a multistage �nanceproblem and releases its structural properties, which may be exploited within there�nement process. Section 3 reviews brie
y barycentric scenario trees and theapproximation of the value functions which help overcome the di�culties withnested minimizations and multidimensional integrations. Section 4 representsthe major part of this work and investigates how the error evolves along thescenario tree backwards in time, and measures to what extent error arises fromintegration. Section 5 concludes.
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2 Application in bankingAn example from banking is given to illustrate the application of multistagestochastic linear programming. Besides linearity, further structural propertiesare inherent in many �nancial problem statements and, hence, facilitate theirsolvability. Herein, we consider funding of non-�xed rate mortgages which faceinterest rate and prepayment risk. This constitutes an important problem forcorporate �nancial managers of Swiss banks due to the risks these managers areexposed to.Non-�xed rate mortgages o�er the clients to �nance their mortgages at currentmarket rates which strongly correlate with the current interest rate level. Itshould be noted that the national bank not only monitors the mortgage ratebut also de�nes some cap in case the market interest rates are too high. Thisis intended to protect the clients and, on one hand, reduces the credit risk forthe bank, on the other hand, additional risk is faced with respect to the fundingmechanism. In Switzerland, it happened over a rather long period within thelast decade that the mortgage rate the clients had to pay was even less thanthe one-year-borrowing rate at which the bank funded a considerable part oftheir business. In such an interest rate environment the clients clearly prefer thevariable rate mortgages. This increases the volume and the funding costs andtherefore the risk the bank is exposed to. If the interest rate level is low, it hasbeen observed that the mortgage rate is kept above a certain 
oor, causing �xed-rate mortgages to fall even below the non-�xed ones. As a natural consequence,clients change their liabilities to the �xed-rate mortgages, causing the non-�xedrate volume to decrease in an environment where banks would have the possibilityto fund their non-�xed rate business at low costs. This type of risk is known asprepayment risk. Summarizing these dynamics from the view point of bankingindustry, one observes that the pro�tability of non-�xed rate mortgages su�ersfrom a high interest level as well as from a low interest level.The challenge of funding non-�xed rate mortgages is seen in optimizing themonthly funding activities taking into account the stochasticity of interest ratedynamics and mortgage volume. Depending on the asset and liability structure ofa bank, the non-�xed rate mortgages are funded to a certain extent with bonds ofdi�erent maturities. The range of these maturities may vary between one monthand 10 years. Taking into account the liquidity with respect to which the variousmaturities are traded, it is observed that short term bonds, say bonds with amaturity of up to 1 year, may be borrowed in a considerably larger volume thanbonds with a maturity beyond 2 years. In addition, the short term rates aremuch more volatile than long term rates.The funding problem, referred to below, has been introduced in Frauendorfer1996 [24] and is discussed with respect to interest rate models in Frauendorfer5



and Sch�urle 1997 [26]. Herein, this problem is investigated with respect to itssolvability.Let D := f1; 2; : : : ; Dg be the set of prescribed times at which bonds mature.Taking into account the liquidity within the various maturities, only a subsetDS � D is regarded for funding. Furthermore, it is assumed that the bonds areheld until maturity, so that changes in the price of a bond during the holdingperiod may be relaxed. The volume of bonds borrowed at time t = 0; : : : ; T withmaturity d 2 D is denoted vd;+t ; vdt represents the total volume of bonds withmaturity d at time t. Clearly, vdt is determined byvdt = vd+1t�1 + vd;+t t = 0; 1; : : : ; T ; 8d 2 DS;vdt = vd+1t�1 t = 0; 1; : : : ; T ; 8d =2 DS:The total funding volume at t is given withxt = Pd2D vdt t = 0; : : : ; T:Its evolvement over time is determined with the stochastic change �t 2 IR;xt = xt�1 + �t t = 1; 2; : : : ; T:The term structure dynamics may be represented by a �nite-dimensional discrete-time stochastic process �t 2 IRK; t = 0; : : : ; T . Let the accrued interest paymentsof an unit borrowed with maturity d be denoted �t(�t; d). Setting vt := (vdt ; d 2D); v+t := (vd;+t ; d 2 DS) allows for writing the accrued interest paymenets asinner product within IRjDSj:< �t(�t); v+t >= Xd2DS �t(�t; d) � vd;+tThe stochastic multistage linear program which minimizes the expected presentvalue of interest payments reads asmin Z
 TXt=0 < �t(�t); v+t > dP (�; �)vdt � vd+1t�1 � vd;+t = 0 8t; 8d 2 DSvdt � vd+1t�1 = 0 8t; 8d =2 DSxt � Pd2D vdt = 0 8txt � xt�1 = �t 8tvd;+t � 0; vdt ; xt 2 IR nonanticipative 8t; 8d 2 D: (5)
Observe that the left-hand side of the constraints (5) is deterministic. This factrequires that the stochastic interest payments, that clearly depend on the fun-ding decision, has to be incorporated in the dynamis of �. To preserve convexity6



one has to relax the stochastic dependency of the volume change on the deci-sions. Then probability measures must be una�ected by the decisions taken.The stochastic interest payments appear in the objective, only. If, in addition,the conditional probabilities Pt(�j�t�1; �t�1) depend linearly on the observation inperiod t � 1, the convexity of the stochastic multistage program (5) is preser-ved and the value function of stage t associated with (5) are saddle functionsconcave-convex in (�t; �t) (see Frauendorfer 1994/1996 [22], [23]).The underlying saddle structure of the value functions motivates the applicationof the barycentric approximation (see Figure (1) and section 3), which optimizesthe discretization of the stochastic interest rate and volume processes.
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Figure 1: Bilinear approximation of the value functionAn illustration of a scenario tree is given in Figure 2.It is further noted that +1 and �1 are the only non-zero coe�cients of the matrixon the left-hand side of (5). The submatrices associated with the various stagest = 1; : : : ; T remain unchanged and are of high sparsity. In addition to the lowdimensions of the term structure representation, the dynamics of the stochasticright-hand side is characterized by a one-dimensional discrete-time process. Allthese properties increase the solvability of the underlying problem considerably,as these are exploited by sophisticated algorithms.Due to the achieved progress in the methodological developments within ma-thematical programming stochastic programming has received increasing atten-tion in �nance. At this place it is referred to the successful and valuable con-tributions of Dantzig 1990/1993 [13], [14], Ziemba 1975/1986/1992/1994/1997[57], [36], [55], [9], [56], [42], Dempster 1997 [11], Klaassen 1997 [35], Dupa�cov�a1991/1992/1997 [15], [16] [1], Mulvey 1992/1994/1996/1997 [41], [37], [39], [56],7
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Figure 2: Scenario tree for 2-stage funding problem with interest rate curve beingdriven by three maturities.[42], Zenios 1991/1992/1993/1995/1996 [52], [53],[54], [55], [12] [28], [50], [43],Hiller and Eckstein 1994 [29], and Cari~no et al. 1994/1995/1997 [9], [10], [8].3 Barycentric scenario treesIn the dynamic formulation (2),R �t(ut�1; �t; �t)dPt(�t; �tj!t�1): (6)has to be evaluated within the nested optimization, which encounters a seriouschallenge. As said, in the convex case the value functions are saddle functionsin (1). This motivates the application of the barycentric approximation techni-que, which not only helps carry out the nested optimization, but also providesinformation on how accurate the real dynamics are mapped.In this section, the barycentric approximation technique is shortly reviewed, illu-strating how the multidimensional integration is bounded from above and below.For details it is referred to Frauendorfer 1992/1996 [21], [23].Since supports are compact, the stochastic outcomes !t := (�t; �t) may be covered8



by a ��simplex1 
t := �t � �t for t = 1; : : : ; T . Taking into account thedependency of (�t; �t) on (�t�1; �t�1), one may select the ��simplicial coverageconditioned on !t�1 = (�t�1; �t�1), 
t(!t�1) := �t(!t�1)� �t(!t�1).To a given scenario tree A of the form (4) and its projections At for t = 1; : : : ; T ,a �-simplicial partition of the support of !t may be selected for any !t�1 2At�1(!t�2):Ct(!t�1) := f
t;it(!t�1)j [Itit=1 
t;it(!t�1) = 
t(!t�1) � supp Pt(�j!t�1);
t;i0t(!t�1) \ 
t;i00t (!t�1) = ;; 8 i0t 6= i00t ; it = 1; : : : ; Itg: (7)We call the resulting set process C := (Ct(!t�1); t = 1; : : : ; T ) a �-simplicial co-verage process consistent with A i� At(!t�1) � 
t(!t�1) for all !t�1 2 At�1(!t�2);t = 1; : : : ; T .For the ease of exposition, we �rst consider a partition Ct(!t�1) consists of one�-simplex, i.e.: Ct(!t�1) := 
t(!t�1) := �t(!t�1) � �t(!t�1). �t(!t�1);�t(!t�1)are regular simplices in IRK; IRL with associated vertices at;� and bt;�; � =0; : : : ; K; � = 0; : : : ; L: Below, ��(�t) and ��(�t) denote the barycentric weightsof �t and �t with respect to the simplices �t(!t�1) and �t(!t�1).The conditional probability measure Pt(�j!t�1) induces mass distribution Mt;�with corresponding generalized barycenter�t;� := P� bt;� R ��(�t)���(�t)dPt(�t;�tj!t�1)R ��(�t)dPt(�t;�tj!t�1) (8)on the (L-dimensional) simplices fat;�g � �t(!t�1).2 For � = 0; : : : ; K let themass Mt;�(fa�g � �t(!t�1)) := R ��(�t)dPt(�t; �tj!t�1) (9)be assigned to (at;�; �t;�). As for � = 0; : : : ; K the mass distributions Mt;� addup to a conditional probability distribution, one gets a discrete conditional pro-bability measure Qlt(�j!t�1) on �t(!t�1)� �t(!t�1).Due to symmetry, the conditional probability measure Pt(�j!t�1) induces massdistributions Mt;� with associated generalized barycenters�t;� := P� at;� R ��(�t)���(�t)dPt(�t;�tj!t�1)R ��(�t)dPt(�t;�tj!t�1) (10)on the (K-dimensional) simplices �t(!t�1) � fbt;�g. Again, for � = 0; : : : ; L letthe mass Mt;�(�t(!t�1)� fbt;�g) := R ��(�t)dPt(�t; �tj!t�1) (11)1A �-simplex is a set whose closure is representable as a Cartesian product of simplices.2In the notation it is omitted for simplicity that the vertices and generalized barycentersdepend on !t�1. 9



be assigned to the points (�t;�; bt;�). Analogously, for � = 0; : : : ; L the massdistributions Mt;� add up to a conditional probability distribution, yielding adiscrete conditional probability measure Qut (�j!t�1) on �t(!t�1)� �t(!t�1).As it becomes obvious from (8),(9),(10) and (11), the advantagous feature froma computational viewpoint is that generalized barycenters and their probabilitiesare completely determined by the �rst moments of �t and �t, and by the crossmoments E(�t � �t).It has been proven in Frauendorfer 1992 [21] that in the convex case the expressionin (6) is approximated from below and above by(Elt�t)(ut�1; !t�1) := R �t(ut�1; !t)dQlt(!tj!t�1) �� (Et�t)(ut�1; !t�1) := R �t(ut�1; !t)dPt(!tj!t�1) �� (Eut �t)(ut�1; !t�1) := R �t(ut�1; !t)dQut (!tj!t�1) (12)This technique has been termed barycentric approximation and can easily beapplied to a partition of the form (7). For details it is referred to Frauendorfer1992/1994/1996 [21], [22] and [23].Let be de�ned Alt(!t�1) := supp Qlt(�j!t�1);Aut (!t�1) := supp Qut (�j!t�1): (13)Clearly, Al0 = Au0 = !0. Starting with a partition C l1(!0) = Cu1 (!0), the associatedbarycentric approximation yields Ql1(!0) andQu1(!0) and the associated supportsAl1(!0) and Au1(!0). Hence, the partitions C lt(!t�1) and Cut (!t�1) are selectedwith respect to the support of Qlt(�j!t�1) and Qut (�j!t�1) in an inductive manner.This way, the barycentric scenario trees and the associated path probabilities aregiven in analogy to (4):Al := f�lj�lt 2 Alt(�lt�1); 8t � 1g; (14)Ql(�l) := TYt=1Qlt(�ltj�lt�1); (15)and Au := f�uj�ut 2 Aut (�ut�1); 8t � 1g; (16)Qu(�u) := TYt=1Qut (�ut j�ut�1): (17)At;l; At;u denotes the projection of Al; Au onto [0; t], and �l = (�l0; : : : ; �lT ); �u =(�u0 ; : : : ; �uT ) the associated barycentric scenarios. Note that due to the constructi-on the barycentric scenario trees, Al; Au and the associated �-simplicial coverageprocesses C l; Cu are consistent. 10



Substituting in (1) the probability measure P by its discretizations Ql and Quyields the associated stochastic multistage programsmin R hPTt=0 �t(ut; �t)i dQl(�; �)s:t: ft(ut�1; ut) � ht(�t); t = 0; 1; : : : ; T; (18)and min R hPTt=0 �t(ut; �t)i dQu(�; �)s:t: ft(ut�1; ut) � ht(�t); t = 0; 1; : : : ; T: (19)The associated value functions are given through the dynamic formulation t(ut�1; �t; �t) := min�t(ut; �t) + R  t+1(ut; !t+1)dQlt(!t+1j�t; �t)s:t: ft(ut�1; ut) � ht(�t); (20)and 	t(ut�1; �t; �t) := min �t(ut; �t) + R 	t+1(ut; !t+1)dQut (!t+1j�t; �t)s:t: ft(ut�1; ut) � ht(�t); (21)with  T+1(�) = 	T+1(�) := 0.It has been proven in Frauendorfer 1994 [22] that (20) and (21) provide lowerand upper approximates for the value function �t(ut�1; �t; �t) with  t(ut�1; �t; �t)and 	t(ut�1; �t; �t), i.e: t(ut�1; �t; �t) � �t(ut�1; �t; �t) � 	t(ut�1; �t; �t): (22)Solving (18) and (19) yields policies ul := (ul0; ul1; : : : ; ulT ) and uu := (uu0 ; uu1 ; : : : ; uuT )where ult; uut denote the decisions made after �t;l 2 At;l; �t;u 2 At;u; (t =1; : : : ; T ) is observed. Hence, upper and lower approximations of the value func-tions may correspond to di�erent policies. Both  t(�) and 	t(�) epiconverge to�t(�) in case the weak convergence of the conditional discrete probability mea-sures Qlt(�j�lt�1); Qut (�j�ut�1) to Pt(�j�lt�1); Pt(�j�ut�1), respectively, is ensured fort = 1; : : : ; T . This requires that the sub-�-simplices of the coverage processesbecome arbitrarily small with respect to their diameters. In the following sectionwe discuss in what way this convergence can be monitored, taking into accountthat lower and upper approximation refer to di�erent policies and di�erent co-verage processes.
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4 Error analysisAs mentioned in the introduction, the di�culty in solving stochastic linear mul-tistage programs is seen in the nested optimization and multidimensional integra-tion of implicitely given value functions. Discretizing the conditional probabilitymeasures in the barycentric sense helps to overcome these di�culties and, in theconvex case, provides approximate policies for the underlying problem includingbounds on the optimal expected value. However, lower and upper approximationof the value functions refer to di�erent scenario trees and associated consistent�-simplicial coverage processes, which only coincide with respect to the data att = 0. For assessing how the inaccuracy of the approximation evolves over time,based on which the re�nement process can be monitored e�ciently, additionalinformation has to be determined.For the ease of exposition, the following notations are used:(Elt	t)(ut�1; !t�1) := R 	t(ut�1; !t)dQlt(!tj!t�1)(Eut	t)(ut�1; !t�1) := R 	t(ut�1; !t)dQut (!tj!t�1)(Elt t)(ut�1; !t�1) := R  t(ut�1; !t)dQlt(!tj!t�1)(Eut  t)(ut�1; !t�1) := R  t(ut�1; !t)dQut (!tj!t�1) (23)
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inner approximation at the minimizer ult of the outer approximation provides afurther bound on �t(ult�1; �lt), i.e.:
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# ref. upper bound lower bound accuracy0 6694.96 5906.92 11.77 %1 6694.96 6268.61 6.37 %2 6694.96 6269.41 6.36 %3 6694.96 6305.73 5.81 %Table 1: Lower and upper bounds for the �rst 3 re�nementsWe derive in what way �t(�lt) contributes to �t(�lt). This comes immediate from�t(�lt) = 	t(ult�1; �lt)�  t(ult�1; �lt) �� [�t + Eut	t+1](ult; �lt)� [�t + Elt t+1](ult; �lt) == Eut	t+1(ult; �lt)� Elt t+1(ult; �lt) == Eut	t+1(ult; �lt)� Elt	t+1(ult; �lt) + Elt	t+1(ult; �lt)� Elt t+1(ult; �lt) == �t(�lt) + P�lt+12Alt+1(�lt) �t+1(�lt+1) � qlt+1(�lt+1j�lt) =: �t(�lt): (33)
According to the above relation, �t(�lt) is an upper bound for the error incrementfrom period t+ 1 to period t conditioned on �lt. Note that�t(�lt) = �t(�lt) + P�lt+12Alt+1(�lt) �t+1(�lt+1) � qlt+1(�lt+1j�lt) = �t(�lt) (34)holds in case ult is a minimizer of [�t +Eut	t+1](�; �lt). This implies that the errorincrement is due to integration of 	t+1(ult; �lt). If, additionaly, 	t+1(ult; �lt) isbilinear, then �t(�lt) = 0 and�t(�lt) = P�lt+12Alt+1(�lt) �t+1(�lt+1) � qlt+1(�lt+1j�lt) = �t(�lt): (35)The above relations are illustrated on a 3-stage funding problem for the ease ofunderstanding.The optimal value of the lower approximation is 5906:92 and of the upper appro-ximation is 6694:96, the accuracy is 11.77% (see table 1). Three re�nements havebeen performed which have decreased the relative error to 5.81%. It is observedthat the upper bound remains unchanged with respect to these re�nements. Thisis due to fact that in the underlying funding problem the inner approximation	t(�) of the value function �t(�) has been bilinear over t = 2; 1; 0, for which casethe nested integration and minimization of 	t(�) is exact, and, hence, the upperbound and the corresponding minimizers remain unchanged.17
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Figure 14: Error bounds �t�1(�lt�1) of 3-stage scenario tree of lower approxima-tion[18], [17], [19], are applicable. However, note that contrary to the two-stagestochastic programs, the recourse function of the nested two-stage formulationwithin the multistage problem is only approximately available by the implicitelygiven inner and outer approximation. This fact certainly has to be taken intoaccount and requires further investigations.5 ConclusionsThis work contributes to the solvability of stochastic multistage linear programs,which su�ers from the nested optimization and multidimensional integration ofimplicitely given value functions. In the convex case, which holds if the conditio-nal probability distributions depend linearly on the past and remain una�ectedby the desicions taken, structural properties help to overcome numerical di�cul-ties to a certain extent. In particular, applying the barycentric approximationtechnique yields distinguished scenario trees. The solution of the associated de-terministic equivalent programs provides lower and upper bounds of the minimalexpected costs given the entire planning horizon [0; T ]. The approximate policiesrefer to di�erent scenario trees and, hence, may di�er so that the inaccuraciesbeyond t � 1 cannot be assessed immediately. The inner and outer approximati-on of the value function are implicitely given and may only be compared as longthey refer to the same history. Due to the convexity of the value function withrespect to the decisions, it has been realized that the outer approximation ensu-res the minorization of the minimum values subject to the stages t = 0; 1; : : : ; T .This has been the basis to focus on the corresponding scenario tree Al, and, thento evaluate the upper bound with respect to each node of that tree. This way the19
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