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Abstract

Two recent articles Lynch and Tan (2011) and Benzoni et al. (2007) show that

optimal policies can be on reasonable level over the life-cycle if one takes into ac-

count dynamic labor income. This paper examines the economic framework of LT

and BCG in complete markets. Based on our analytic results we show that the two

models are closely related and that the BCG model can be considered as a special

case of the LT model. Moreover, we introduce a two factor model with a cointegra-

tion factor that guarantees a long-run equilibrium between the stock and the labor

market. We show that under the presence of a cointegration factor, the importance

of a second factor decreases.
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Modeling optimal consumption and portfolio choice in the presence of a non-financial

income stream such as labor income is a challenging task. In general, a future income

stream implies additional wealth for an individual and hence, her behavior becomes

unrealistically extreme, i.e. current consumption is higher than current income and risky

investment is a multiple of financial wealth. Moreover, the models generally state that

risky investment should be higher for young individuals1. However, empirical studies

do not show such clear age effects2. In contrast, Benzoni et al. (2007) even state that

empirical studies suggest that risky asset holdings are typically low for young individuals,

and then either are increasing or hump-shaped over the life-cycle.

Furthermore, the importance of life-cycle investment is already high and is likely to

rise over the coming years. In fact, recent years have shown a shift from defined-benefit

(DB) plans to defined-contribution (DC) plans3. As a consequence, individuals must

increasingly rely on their own saving and investment decisions to fund their life-time

consumption.

Two recent articles Lynch and Tan (2011, hereafter LT) and Benzoni et al. (2007,

hereafter BCG) show that consumption and risky investment can be on reasonable level

over the life-cycle if one takes into account dynamic labor income4. LT consider time

variation in the moments of labor income while BCG consider cointegration between

the labor and the stock market. These article have in common that they focus on

rather complicated life-cycle models with multiple realistic features and have to rely

1For an early example with deterministic labor income, see Merton (1971). For more recent examples,

see Viceira (2001) or Huang et al. (2008).
2See Campbell (2006) or Curcuru et al. (2009).
3An empirical survey by Tower Watson shows that DC assets accounted for 44% of global

pension assets, compared with 35% in 1999. http://www.towerswatson.com/assets/pdf/3761/

Global-Pensions-Asset-Study-2011.pdf

4Another related paper is Munk and Sørensen (2010). They model labor income dynamics that

depend on the short interest rate and their focus is on combined long-term bond-stock holdings.
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on numerical methods. In this paper we will approach these models with analytical

methods. The purpose of the first part of this paper is not to study every multiple

feature of the BCG and the LT model, but to study their basic frameworks in detail. We

will be able to reproduce results from the aforementioned studies and offer considerably

more theoretical insights and implications for numerical calibration based on empirical

research. However, for the sake of analytical traceability we have to consider more

restrictive assumptions, i.e. complete markets.

Our main contributions are as follows: (i) We show that the model of BCG and LT

are closely related. In fact, the model of BCG can be considered as a special case of

the more general model by LT. (ii) We find a closed-form solution for the future income

stream. This formula allows to interpret the value of future income over states and a

detailed interpretation of the optimal policies over time and states. (iii) The two studies

contain some critical issues that are not discovered and discussed, probably, because of

the complexity of their models. Most notably, (a) in the LT model only labor income

growth converges to a long-run equilibrium. In that sense, a shock to the economy has

a permanent impact on labor income and the development of the labor and the stock

market can be very different, which seems not in line with economic theory5. (b) In the

BCG model, labor income and the stock market have a long-run equilibrium, but their

model implies strong restrictions on the parameter values of the different processes in the

economy. We show that only strong cointegration is able to generate low risky investment

for young individuals but implies unreasonably strong variation in labor income growth.

On the other hand, weak cointegration implies more realistic variation in income growth

but leads to high risky investment for young individuals.

In the second part of this paper, we combine the models of LT and BCG in a two

5For example, it is well-known that under a Cobb-Douglas production function, the share of labor

income and capital income on total output are constant.
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factor model that includes desirable properties of both models. Specifically, the model

includes an economically meaningful long-run equilibrium between the labor and the

stock market as in BCG and, in addition, has the higher flexibility of the LT model.

In contrast to models that have to be solved by numerical methods, the inclusion of

additional state variables does not lead to computational difficulties and the precision

of the results are not affected. Our main contribution for the second part is as follows:

We show that for long-run horizon the presence of cointegration between the labor and

the stock market decreases the importance of the second factor. The statement remains

valid even if cointegration is weak. Hence, we believe that ignoring possible cointegration

and focusing on factors with only temporary effect could lead to a misspecification of

the economy and misleading optimal policies would result. For these reasons, we stress

the importance of future research in the direction of financial and stock market coin-

tegration and/or a clear macroeconomic theory in order to reliably study consumption

and portfolio decisions over the life-cycle.

The remainder of this paper is as follows. In Section 1, we present the basics of

the simplified LT and BCG model in complete markets. In Section 2, we compare the

analytical valuation of human capital in both models and extend the model to a two

factor model. The analytical properties of the optimal policies are discussed in Section

3. The final Section concludes. Mathematical derivations as the solution of the HJB-

equations and other non-trivial derivations are provided in the Appendices A.1 - A.3.

1 Model Basics

In the first part we review the model of LT and BCG in continuous time under complete

markets. The financial market consists of a risky and a riskless asset. Specifically, the
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riskless asset follows

dB (t)

B (t)
= r0dt (1)

The risky assets dynamics are given by

dS (t)

S (t)
= (r0 + π0) dt+ σsdZ (t) (2)

with r0 ≥ 0, π0 > 0 and σs > 0. It should be noticed that the financial market

is one-to-one similar to the classical Merton (1969) model and does not account for

time-varying investment opportunities. BCG consider the same financial market model

and LT consider this specification as a modification of their basic model. In the basic

model, they assume that the risky assets premium varies with the same state variable

as labor income. Including a term π1X(t) in the drift term of (2) would not affect the

analytical solvability but makes the model more tedious to solve and additional insights

are limited6. Moreover, Moos (2011b) shows that the sensitivity of the optimal policies

under time-varying income growth and expected returns is highly unrealistic unless time

variation in expected returns is low. For these reasons, we skip this issue. In addition,

this specification can be justified from an empirical point of view as well. In fact, the

empirical results of Table 1 in LT show that the coefficient for return predictability of

the dividend yield is not even statistically significant at the 10 percent level7.

1.1 The LT Economy in Complete Markets

In the LT model, the individual faces an income stream with the following dynamics

dY (t)

Y (t)
= (y0 + y1X (t)) dt (3)

where X(t) is a state variable, which is specified below. For the sake of analytical solv-

ability we assume that the income stream is locally riskfree, i.e. there is no diffusion risk

6See Moos (2011b).
7For a critical overview of the empirical evidence for return predictability in stock markets, see Goyal

and Welch (2008). Based on this work, it seems reasonable to neglect stock return predictability.
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but the growth rate varies over time. As an alternative and in line with the assumption

of complete markets, we could include a diffusion term ρsyσydZ (t) with ρsy ∈ {−1, 1}.

We skip this issue for two reason. Firstly, empirical surveys do not show such clear

short-run correlations between the stock market and labor income8. Secondly, the effect

of state variable risk on the optimal policies is more clear without this extension. In

other words, without this diffusion term, the optimal policies are only affected by state

variable risk of the labor income stream9. Finally, LT model also state dependent labor

income volatility and find that this channel is of high importance for their result. Nev-

ertheless, the main result of their paper, lower risky investment for young individuals, is

valid without this extension. For this reason and since this extension is not part of the

BCG model, we neglect this issue. Finally, including stochastic volatility would make

interpretation of the results more difficult10.

There is one single state variable X(t) with the following dynamics

dX (t) = −κ
(
X (t)− X̄

)
dt+ ρsxσxdZ (t) (4)

with κ ≥ 0, X̄ ≥ 0, σx > 0 and ρsx ∈ {−1, 1}. The notation of (4) is standard in the

dynamic portfolio choice literature11.

Admittedly, the complete market assumption does not match reality one-to-one.

Nevertheless, several papers have shown that the results of exactly solvable special cases

are qualitatively similar to cases with non-perfect correlation12. Hence, we expect that

the qualitative results hold for more general cases as described in LT and BCG.

Furthermore, LT chose the dividend yield as the state variable and the dividend yield

8See, for example, Fama and Schwert (1977) or Bottazzi et al. (1996).
9For further details, the reader is referred to Moos (2011b).

10A continuous time version of this model in complete markets and a detailed discussion can be found

in Moos (2011a) Chapter 3.
11See, for example, Kim and Omberg (1996), Wachter (2002) or Campbell et al. (2004).
12See Cocco et al. (2005), Huang et al. (2008), Huang and Milevsky (2008), Bick et al. (2009) and

Dybvig and Liu (2010).
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has a correlation to equity close to −1. Thus, the assumption ρsx = −1 is, in this case,

not too restrictive. Indeed, the reported correlation of the state variable and the risky

asset in Table 1 of LT is given by −0.8835. Moreover, the regression of the dividend

yield on labor income growth in Table 1 of LT is highly significant. However, we want

to stress that for the remainder of this paper we do not interpret the factor of the LT

model as the dividend yield but simply as a factor that relates labor income growth to

the stock market.

In addition, if labor income volatility is rather low, the locally riskfree labor income

case σy = 0 is certainly a reasonable approximation. Alternatively, the model can be

thought of a representative agent model where the short-run labor income risks of the

economy are low. Hence, it can be stated that despite these assumptions, the results of

the model are not only of theoretical interest, but have implications for realistic cases.

Finally, these assumptions come with an advantage besides the interpretability of

closed-form solutions. In fact, in the case of ρsy /∈ {−1, 1} and σy > 0, current financial

wealth has to be higher than the reserves for the future subsistence consumption. This

would be an unrealistic assumption, especially for young individuals who generally have

a low financial wealth.

1.2 The BCG model in complete markets

BCG deduce the dynamics of the stock as a claim to the following dividend stream

dD (t)

D (t)
= gddt+ σddZ (t)

Furthermore, it is assumed that the market price of risk for Z (t) is given by θ ≡ π0
σd
.

Thus, the dynamics of the pricing kernel for the dividend stream follows

dΛ (t)

Λ (t)
= −r0dt− θdZ (t)
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The price of the risky asset can be derived with the general asset pricing formula in

continuous time13

P (t) =
1

Λ (t)
Et

[∫ ∞
t

Λ (s)D (s) ds

]
(5)

The solution of (5) is given by

P (t) =
D (t)

r0 + σdθ − gd

The constancy of the dividend-price ratio φ ≡ D (t) /P (t) = r0 +σdθ− gd = r0 +π0− gd

implies that the stock price dynamics and dividend dynamics are identical. In fact,

the constancy of the dividend-price ratio implies cointegration not only between labor

income and but cointegration between the gain process (capital gain plus dividends)

with an additional deterministic drift. The gain process follows

dS (t)

S (t)
=
dP (t) +D (t) dt

P (t)
= (gd + r0 + σdθ − gd) dt+ σddZ (t)

= (r0 + π0) dt+ σsdZ (t) (6)

where σs = σd and the dynamics are identical to (2). In contrast to LT, instead of

specifying the dynamics of labor income directly, BCG start with the specification of

the cointegration between labor income and the stock market. BCG define the log-

income-dividend ratio as

X̃(t) ≡ ln

[
Y (t)

D(t)

]
− yd

where yd is the long-run mean of the log-income-dividend ratio. Then, BCG assume

that the dynamics of X̃(t) are given by

dX̃ (t) = −κX̃ (t) dt+ ρsxσxdZ (t) (7)

where we have to assume ρsx ∈ {−1, 1} because of the complete market assumption. It

should be noticed that in the base case of the numerical calibration of BCG14 ρsx =

13See, for example, Cochrane (2005).

14From BCG p. 2145: ρsx = −σv3/
(√

σ2
√
v2

1 + v2
3

)
= −v3/

√
v2

1 + v2
3 = −0.16/

√
0.052 + 0.162 =

−0.9545.
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−0.9545, which is close to −1 and hence, this assumption is not too restrictive.

The dynamics of labor income can be found by the application of the Itô-lemma

dY (t)

Y (t)
=

(
r0 + π0 − φ+

1

2
σ2
x + ρsxσsσx − κX̃ (t)

)
dt+ (σs + ρsxσx) dZ (t) (8)

Two points should be noted from (8). Firstly, (8) has the same structure as (3) with

X(t) = X̃(t), y0 ≡ r0 + π0 − φ+
1

2
σ2
x + ρsxσsσx, y1 ≡ −κ

Hence, it is straightforward that the models can be solved by the same methods. This

statement will even become more clear in the next section, where we adapt the BCG

notation to the notation of LT. Secondly, in the cointegration model of BCG in complete

markets, labor income is locally riskfree under the additional assumption15 σs = −ρsxσx.

Finally, it should be noticed that the simple dividend-stock price model is clearly not

in line with the empirical literature. BCG are aware of this issue and in return, BCG

state (p. 2130):

“We note that this simple model predicts the counter factual result that the

volatility of the dividend growth rate, σ, is identical to the stock return volatil-

ity. We emphasize, however, that only the stock return volatility is relevant

for the agent’s portfolio decision. As such, we fix σ to match historical stock

return volatility in our calibration below.”

However, this statement is only partially correct. Indeed, it is well known that the

unconditional volatility of (7) is given by

σX̃ ≡
√
σ2
x

2κ

Under the additional assumption of locally riskfree labor income (in complete markets)

or no contemporaneous correlation between labor income and the stock (in incomplete

15This is exactly the assumption of BCG in their basic model parametrization in order to ensure that

labor income and stock returns are contemporaneously uncorrelated.
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markets) as assumed by BCG, σx = σs. Thus, the state variable has a variation com-

parable to stock variation and not comparable to dividend variation. As a consequence,

the time-varying part of labor income κX̃ (t) becomes high in magnitude. In the nu-

merical calibration of BCG, the time-varying part of labor income growth varies from

(−0.0459, 0.0459) within one standard deviation of the state variable16. More precisely,

the time-varying part of labor income growth measured by

κσX̃ =

√
κ
σ2
x

2

grows in the square root of κ and it becomes clear that variation in income growth can

only be low if cointegration is weak. As will be shown below, this property implies that

if cointegration is weak (low κ), the model is not able to generate low risky investment

for young individuals and if cointegration is strong (high κ), variation in income growth

is unreasonably high. This property is clearly a drawback of the BCG model. On the

other hand, the basic cointegration framework is theoretically appealing.

1.3 The Connection Between the LT and the BCG Model

In this step we unify the notation for the gain process and labor income of both models.

For this purpose, we derive the BCG model a second time from an other direction.

Instead of working with the income-dividend ratio, we will work with the income-gain

process ratio

X̃(t) = ln

[
eηt

Y (t)

S(t)

]
16For the numerical calibration of BCG σX̃ =

√
(v2

1 + v2
3) / (2κ) =

√
(0.052 + 0.162) / (2 · 0.15) =

0.3061 ⇒ ±κσX̃ = ±0.0459.
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where η can be chosen that X̃(t) represents still the income-dividend ratio.

= ηt+ ln

[
Y (t)

D(t)

D(t)

S(t)

]

= ηt+ ln

[
Y (t)

D(t)

]
− ln

[
D(0)

S(0)

]
+ (gd − r0 − π0) t

= ηt+ ln

[
Y (t)

D(t)

]
− ln

[
D(0)

S(0)

]
− φt

It should be noticed that compared to the income-dividend ratio, the income-gain process

ratio has an additional drift with the size of the dividend yield, which is intuitive from

(6). Without loss of generality, we can assume that D(0) = S(0) and hence, for η = φ,

X̃(t) is the income-dividend ratio17. The advantage of this notation is that we get rid

of one variable (dividends) for optimization. However, it should be noticed that η can

be chosen freely and the link via dividends is not necessary and we can interpret X̃(t)

simply as a variable that measures ratio between the gain process and labor income in

the presence of a deterministic drift, which could represent a risk premium. In analogy

to LT, we assume that labor income follows

dY (t)

Y (t)
=
(
y0 + y1X̃ (t)

)
dt (9)

From the dynamics of the gain process (2) and the dynamics of labor income (9), we

derive the dynamics of the state variable X̃(t) with the application of the Itô-lemma

dX̃(t) =

(
y0 + η − r0 − π0 +

1

2
σ2
s + y1X̃ (t)

)
dt− σsdZ (t)

= y1

(
X̃ (t)−

r0 + π0 − 1
2σ

2
s − y0 − η

y1

)
dt− σsdZ (t) (10)

It should be noticed that there is only mean-reversion if y1 < 0. This is intuitive, as

the model implies that cointegration stems from the correction of labor income to the

stock market development. A stock market downturn leads to a higher log-income-gain

process ratio and income growth must decline in order to restore equilibrium.

17It should be noticed that BCG take implicitly also into account the possibility of a deterministic

drift between labor income and dividends. This can be seen from Table 1 in BCG.
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More importantly, the model of BCG can be fitted into the model of LT with some

constraints on the parameter. In fact, if

κ = −y1, X̄ =
r0 + π0 − 1

2σ
2
s − y0 − η

y1
, σx = −σs

the LT model captures the BCG model.

Hence, despite the different economic motivation of the two models, both models

share the same types of stochastic processes and can be solved by the same method.

From this perspective, it does not come as a surprise that both models generate similar

results. Moreover, we can conclude that the basic model of BCG is a special case of the

basic model of LT with some stronger restrictions on the parameters of the system risky

asset, labor income and state variable.

2 The Value of Human Capital

We assume that consumption c (t) at time t leads to an utility

u (c (t)) =
e−δt

1− γ
(c (t)− c̄)1−γ , γ > 1 (11)

The utility function is well known and belongs to the class of HARA utility. Both LT

and BCG consider only power utility, which is covered by setting c̄ = 0. The financial

market and the dynamics of labor income are chosen in analogy to LT and BCG and

are given as in Section 1.

We derive the optimal policies and the value of one unit of income in a infinite

horizon framework with life-time uncertainty18. Moreover, since the one factor models

are special cases of the more general two factor model, we derive the solution of the

life-cycle model for the two factor model.

18For the sake of readability the derivations are done in Appendix A.1.
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2.1 One Factor Model

Because of the assumption of complete market, the optimization problem of the more

general LT system (1), (2), (3) and (4) can be solved analytically and the value of one

unit of labor income is given as in Proposition 1:

Proposition 1 The value of one unit of labor income Y (t) is given by

k (τ,X) =

∫ τ

0
ed0(s)+d1(s)Xds (12)

where d1 (s) and d0 (s) are the solution to the following system of ordinary differential

equations

∂d1 (s)

∂s
= l0 + l1d1 (s) (13)

∂d0 (s)

∂s
= l2 + l3d1 (s) + l4d1 (s)2 (14)

with initial condition d0 (0) = d1 (0) = 0 and where

l0 ≡ y1, l1 ≡ −κ

l2 ≡ y0 − r0, l3 ≡ κX̄ −
ρsxσx
σs

λ0, l4 ≡
1

2
σ2
x

The solution of equation (13) with initial condition d1 (0) = 0 is given by

d1 (s) =
l0
l1

(
el1s − 1

)
= −y1

κ

(
e−κs − 1

)
(15)

Because of the simple form of d1 (s) and equation (14), the solution of d0 (s) is also

available in closed-from. Simple integration yields

d0 (s) =

(
l2 − l3

l0
l1

+ l4
l20
l21

)
s+

(
l3
l0
l21
− 2l4

l20
l31

)(
el1s − 1

)
+

1

2
l4
l20
l31

(
e2l1s − 1

)
(16)

The sensitivity of one unit of income across states is measured by

∂k (τ,X)

∂X
=

∫ τ

0
d1 (s) ed0(s)+d1(s)Xds (17)
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Furthermore, this expression will also be important for hedging demand of state variable

risk in labor income. From (17) it should be recognized that d1 (s) is the key for this

measure and thus it should be understood in detail. The following important properties

of the LT model should be noted19:

1. The solution to the linear differential equation (13) converges to a finite solution

d̄1 = −l0/l1. Nevertheless, as shown in Figure 1, for low values of κ, which means

high persistency of labor income growth,
∣∣d̄1

∣∣ =
∣∣y1

κ

∣∣ can become high in magnitude.

2. d1 (s) has the same sign as l0.

3. d1 (s) is monotone.

The proof for the properties can be found in Appendix A.3.

Insert Figure 1 about here.

The properties have an economic interpretation. In fact, the mean reversion property

of the state variable implies that labor income growth will return to its long-run growth

path. d1 (s) measures the sensitivity of the valuation of the income stream across states

and a bounded d1 (s) means that deviations are not valued too strongly. Furthermore, in

case of low mean reversion, d1 (s) becomes larger in magnitude, which is intuitive since

the individual anticipates that it will take longer until labor income growth returns to

the long-run growth path. The second property simply states that the valuation of labor

income increases (decreases) with the state variable if labor income growth increases

(decreases) with the state variable. The third property implies that the time horizon

matters, i.e. if the time horizon is low, d1 (s) is close to zero as the individual knows

that the short remaining time horizon implies only a limited time frame to exploit the

deviations from the long-run growth path.

19More details can be found in Moos (2011b).
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The additional parameter restriction of the BCG model imply

l0 ≡ y1, l1 ≡ y1

l2 ≡ y0 − r0, l3 ≡ y0 + η − r0 − π0 +
1

2
σ2
s − ρsxλ0, l4 ≡

1

2
σ2
s

Plugging in these parameter into the general solution leads to even simpler solutions for

d1 (s) and d0 (s) of the BCG model. Specifically,

d1 (s) = el1s − 1

= ey1s − 1 (18)

and

d0 (s) = (l2 − l3 + l4) s+ (l3 − 2l4)
1

l1

(
el1s − 1

)
+ l4

1

2l1

(
e2l1s − 1

)
(19)

Compared to the LT model, the BCG model has the following properties:

1. The solution to the linear differential equation (13) converges to an unambiguous

finite solution d̄1 = −l0/l1 = −1.

2. d1 (s) ≤ 0.

3. d1 (s) is monotone.

It should be noticed that for values of y1 close to zero, d1 (s) is close to zero unless

the time horizon is long. This is intuitive because a low y1 implies only a weak correction

of labor income growth on the stock market development.

One desirable property of the BCG model is that the stock and labor income are

cointegrated in the sense that the ratio has a stable long-run mean. In the more general

case of LT, the log-income-gain process ratio follows

dX̃(t) = y1

(
X (t)−

r0 + π0 − 1
2σ

2
s − y0 − η

y1

)
dt− σsdZ (t)
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and for the stability of this ratio, one has look at the system of two stochastic linear

differential equations

 dX̃(t)

dX (t)

 =


 a1

κX̄


︸ ︷︷ ︸

≡a

+

 0 y1

0 −κ


︸ ︷︷ ︸

≡A

 X̃(t)

X (t)



dt+

 −σs

ρsxσx


︸ ︷︷ ︸

≡b

dZ (t) (20)

where

a1 ≡ y0 + η − r0 − π0 +
1

2
σ2
s

It is well-known that the mean of

m (s) ≡ Et

[(
X̃(s) X (s)

)′]

is the solution to the following system of deterministic differential equations and the

following initial condition20

dm (s)

ds
= a+Am (s) , m (t) =

(
X̃(t) X (t)

)′

For the stability of this system, we have to check the eigenvalues21 of A. Since the second

column is zero, one of the two eigenvalues is zero. The second eigenvalue is equal to y1.

Although that the state variable is mean-reverting and converges to its long-run,

the log-income-gain process ratio does not have a long-run mean. The lack of an long-

run equilibrium is at odds with economic theory and we suggest that an economically

meaningful model should capture this issue.

Insert Figure 2 about here.

The result is illustrated in the phase plan analysis in the panel to the left of Figure

2. As can be seen, only X(t) will converge and X̃(t) meanders without a long-run

equilibrium. Summing up, in the LT model only income growth returns to a long-run

20See, for example, Duffie (2001) Appendix E.
21See, for example, Simon and Blume (1994).
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mean, while in the BCG model labor income growth and the log-income-gain process

ratio return to a long-run mean but there is a rather restrictive dependence between

income growth and the long-run equilibrium ratio.

2.2 Two Factor Model

A resolution to this issue is to combine the approaches of LT and BCG. Specifically, we

introduce a two factor model into the dynamics of labor income. It should be noticed

that the application of matrix notation implies that the solution is not restricted to the

two factor case. However, for the sake of simplicity we interpret the results in a two

factor framework with a cointegration factor similar to the factor in the BCG model,

which ensures an equilibrium between the stock and the labor market. The other factor

is a free factor, which is related to the risky asset22.

Admittedly, the assumption of complete markets implies a strong dependence of the

two factors and a direct calibration of the model on empirical data is not reasonable.

Nevertheless, we suggest that our results are of importance. In fact, several studies

showed that the results of models in incomplete markets are qualitatively similar to

the results of corresponding complete market models23. Moreover, numerical solution

approaches come along with several critical issues. For example, the boundary conditions

applied in the numerical solution of the BCG model are unknown and were found by

experimentation24. Moreover, optimization problem with multiple state variables suffer

from the curse of dimensionality, i.e. computational time is fast rising with the number

22It should be noticed that the model could easily be extended to a multi asset model with, for example,

an additional long-term bond as in Munk and Sørensen (2010). In such a framework, the free factor must

clearly not be a stock market factor but could be a bond market factor as, for example, the short interest

rate or a term spread. Hence, the model can be applied to a wide scope of optimization problems.
23See, for example, Cocco et al. (2005), Huang et al. (2008), Huang and Milevsky (2008), Bick et al.

(2009), Munk and Sørensen (2010) and Dybvig and Liu (2010).
24See Appendix A in BCG.
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of state variables and numerical stability of the results becomes more difficult. For these

reasons, we believe that well understood benchmark models are of high importance.

We assume that labor income follows

dY (t)

Y (t)
=
[
y0 + y′1X (s)

]
dt (21)

where y1 ≡
(
y11 y12

)′
and X (t) ≡

(
X̃(s) X (s)

)′
. This model is able to com-

bine the good properties of both models presented above. In fact, the cointegration

factor ensures that the model has an economically meaningful background, while the

free factor allows for more flexibility.

In the two factor case, the log-income-gain process ratio follows

dX̃(t) =

(
y0 + η − r0 − π0 +

1

2
σ2
s + y′1X (s)

)
dt− σsdZ (t)

and the system (20) adapts to

 dX̃(t)

dX (t)

 =


 a1

κX̄


︸ ︷︷ ︸

≡a

+

 y11 y12

0 −κ


︸ ︷︷ ︸

≡A

 X̃(t)

X (t)



dt+

 −σs

ρsxσx


︸ ︷︷ ︸

≡b

dZ (t) (22)

In analogy to above, we check the stability of the mean vector m (s). Since the eigen-

values of a diagonal matrix are equal to the diagonal elements of the matrix, the mean

of the system is stable if y11 < 0, which is exactly the assumption of BCG in their one

factor model. Of course, if y11 is close to zero mean reversion of the stock-income ratio

is low. The right panel of Figure 2 illustrates that X̃(t) will converge if y11 < 0.

For the remainder of this paper we assume that

y11 ≤ 0 (a.1)

As shown in Appendix A.1, in the two factor case, the value of the future income

stream is given by25.

25It should be noticed that the diagonal form of matrix A is not crucial for the results of Proposition
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Proposition 2 The value of one unit of labor income Y (t) is given by

k (τ,X) ≡
∫ τ

0
ed0(s)+X(s)′d1(s)ds (23)

where d1 (s) and d0 (s) are the solution to the following system of ordinary differential

equations

∂d1 (s)

∂s
= y1 + A′d1 (s) (24)

∂d0 (s)

∂s
= y0−r0 +

(
a′ − π0

σs
b′
)
d1 (s) +

1

2
b′d1 (s)d1 (s)′ b (25)

with d0 (0) = 0 and d1 (0) = 0 and where a, A and b are defined in equation (22).

The first equation (24) is a system of two linear differential equations, the second

equation (25) can be solved by integration. Since the first equation has the same eigen-

values as the system that is defining the mean vector, the solution converges under the

same conditions.

d1 (s) can be solved in closed-form, which is done in Appendix A.2. Specifically, the

solution is26

d1 (s) =

 ey11s − 1

− y12

y11+κ

(
1− e(y11+κ)s

)
e−κs

 (26)

It should be noticed that if either y11 or y12 is equal to zero, the solution collapses to

the solution of the aforementioned one factor models. Furthermore, the solution of the

part for the cointegration factor is one-to-one identical to above.

Because of the simple form of d1 (s), d0 (s) can be found in closed-form. Nevertheless,

the resulting formula is long and tedious. Moreover, for the sensitivity of the value of

human capital and the optimal policies on the state variable, d0 (s) is not of importance.

2. Hence, even more general system of state variables could be analyzed in this framework (with possibly

complex eigenvalues). For the sake of brevity we leave this issue for future research.
26It should be noticed that the case y11 +κ = 0 is well defined. For the sake of brevity, details for this

special case are omitted.
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For these reasons, we do not explicitly show the closed-form solution of d0 (s) and simply

state27

d0 (s) =

∫ τ

0

(
y0−r0 +

(
a′ − π0

σs
b′
)
d1 (s) +

1

2
b′d1 (s)d1 (s)′ b

)
ds

Since the solution of the cointegration factor is unchanged, the same properties as in

the BCG model are valid. For the free factor the evolution of d1 (s) is more interesting:

1. The solution of d12 (s) converges to zero.

2. d12 (s) has the same sign as y12.

3. d12 (s) is hump-shaped and reaches its minimum (y12 < 0) or maximum (y12 > 0)

at s∗ = ln(−y11/κ)
y11+κ .

4. Given the sensitivity of labor income growth on the free factor y12, the presence

of a cointegration factor decreases the importance of the free factor. In fact,

∣∣∣∣− y12

y11 + κ

(
1− e(y11+κ)s

)
e−κs

∣∣∣∣ ≤ ∣∣∣−y12

κ

(
e−κs − 1

)∣∣∣
The LHS (RHS) corresponds to the solution of the two (one) factor model.

The economic interpretation of the properties of the free factor is as follows. As

shown in the phase plan analysis, the first property takes into account that in the long-

run the level of labor income is exclusively determined by the cointegration factor. In

other words, for the long-run level of labor income the free factor is not of importance

and the convergence of d12 (s) to zero mirrors this property of the economy. As before,

the second property states that the valuation of future income varies directly with the

impact of the free factor on labor income growth. Indeed, although that the free factor

does not have an impact on the long-run level of labor income, the free factor has an

impact on the path of labor income to its long-run level. The third property shows that

27The closed-form solution is available from the author upon request.
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the free factor is most important for intermediate horizon. In fact, as in the one factor

model a change in X (t) has an immediate impact on the growth rate of labor income

and thus, d12 (s) rises in absolute terms for short horizons. On the other hand, as stated

in the first property, in the long-run only the cointegration factor is important for the

evolution of labor income and d12 (s) fades for long horizons. The combination of these

two effects lead to an extrema at an intermediate horizon. The forth property states

that the presence of a cointegration factor leads to a lower importance of the value of

human capital on the free factor for all horizons. This property takes into account that

even weak cointegration has an immediate impact on the growth path of labor income,

which relatively lowers the effect of the free factor on income growth.

The valuation of one unit of human capital shows the high importance of cointe-

gration factors relative to other factors. In fact, the two factor model shows that in

the presence of cointegration between the stock and labor market, the valuation of one

unit of income depends considerably on the cointegration factor. Moreover, ignoring a

cointegration factor and focusing on a factor with only temporary effect could lead to an

overestimation of the importance of this factor, which could lead to severe utility losses.

Based on these results, we suggest that further empirical research in the direction of

financial and stock market cointegration and/or a clear macroeconomic theory are of

high importance for life-cycle investment decisions.

3 Optimal Policies

3.1 One Factor Model

The optimal policies of the one factor models are stated in Proposition 3.
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Proposition 3 Investment into the risky asset is given by

α∗tA (t) =
1

γ

π0

σ2
s

Â (t)︸ ︷︷ ︸
αmt : “myopic”

−ρsxσx
σs

(∫ τ

0
d1 (s) ed0(s)+d1(s)Xds

)
Y︸ ︷︷ ︸

αht : “hedging”

for the LT model and given by

α∗tA (t) =
1

γ

π0

σ2
s

Â (t)︸ ︷︷ ︸
αmt : “myopic”

+

(∫ τ

0
d1 (s) ed0(s)+d1(s)Xds

)
Y︸ ︷︷ ︸

αht : “hedging”

in the BCG model, respectively.

Total wealth Â (X, t) = A (t)+k (τ,X)Y (t)+R is the sum of financial wealth, human

capital and the reserves that are necessary to cover future subsistence consumption, which

are given by

R = − c̄

r0

Optimal consumption is given by

c∗t =
Â (t,X)

h (τ)
+ c̄

where

h (τ) = γ

{(
1

∆r
− 1

∆e

)
e
−∆e

γ
τ

+
1

∆e

}
and

∆i ≡ (δ + λi)− (1− γ)

[
r0 +

1

2γ

π2
0

σ2
s

]
, i ∈ {e, r}

The proof is a special case of the proof of Proposition 4 and therefore omitted.

It should be noticed that the second part of the RHS of risky investment is hedging

demand for state variable risk in the future income stream. Indeed, the second part is

the first derivative of the value of one unit of human capital with respect to the state

variable

∂k (τ,X)

∂X
=

∫ τ

0
d1 (s) ed0(s)+d1(s)Xds

Hence, the following properties result
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1. In the BCG model, hedging demand is negative and reduces the demand for the

risky asset.

2. In the LT model, the sign of −ρsxd1 (s) determines the sign of hedging demand.

This follows from the fact that the sign of the first derivative of one unit of labor

income with respect to X (t) is equal to the sign of d1 (s), which is equal to the sign

of the sensitivity of labor income growth (y1) on X. Since the discussion from above

revealed that in the LT model d1 (s) can become high in magnitude if the state variable

is persistent, risky investment can be reduced substantially for long horizon (young

individuals), which may lead to no or even negative investment in the risky asset. Hence,

it can be stated that the analytical results confirm the main results of LT28 and BCG.

For the BCG model an even more precise statement with respect to the optimal risky

investment strategy can be made.

1. Compared to a model with no labor income, risky investment can only be reduced

if

1

γ

π0

σ2
s

< 1

This property explains the high sensitivity of the BCG model towards risk aversion29.

In fact, for low risk aversion parameter γ, 1
γ
π0
σ2
s

becomes greater than one and the positive

impact of additional income on risky investment is stronger than the negative hedging

desire. Moreover, from (18) it should be recognized that given a horizon, the closer y1 is

to zero, the closer d1 (s) will be to zero as well. Hence, the model is not able to generate

low or even negative equity exposure if the cointegration parameter y1 is close to zero30.

Moreover, for the sensitivity of myopic and hedging demand across states, we find

the following properties

28In the parameter set of LT y1 < 0 and thus d1 (s) is negative.
29See, Figure 10 in BCG and the statement in Benzoni and Goldstein (2010, p. 3).
30See, Figure 7 in BCG.
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1. In the BCG model, myopic demand unambiguously decreases with X (t) and hedg-

ing demand unambiguously increases with X (t).

2. In the LT model, the sign of d1 (s) determines the sign of the sensitivity of myopic

demand and the sign of −ρsx determines the sign of the sensitivity of hedging

demand.

Finally, for both models it should be noticed that

1. Consumption increases (decreases) if total wealth increases (decreases).

This property follows directly from the sensitivity of consumption and total wealth on

the state variable

∂c∗t
∂X

=
1

h (τ)

∂Â (t,X)

∂X
=

1

h (τ)

∂k (τ,X)

∂X (t)
Y (t)

and h (τ) > 0.

3.2 Two Factor Model

The optimal policies of the two factor models are stated in Proposition 4.

Proposition 4 Investment into the risky asset is given by

A (t)α∗t =
1

γ

π0

σ2
s

Â (t,X)︸ ︷︷ ︸
αmt : “myopic”

+

(
1 −ρsxσx

σs

)(∫ τ

0
d1 (s) ed0(s)+X(s)′d1(s)ds

)
Y︸ ︷︷ ︸

αht : “hedging”

Total wealth Â (t,X) = A (t)+k (τ,X)Y (t)+R is the sum of financial wealth, human

capital and the reserves that are necessary to cover future subsistence consumption, which

are given as in Proposition 3.

Optimal consumption is given by

c∗t =
Â (t,X)

h (τ)
+ c̄

where h (τ) is defined as in Proposition 3.
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It should be noticed that the qualitative properties of the two parts of optimal risky

investment are similar to the properties of the corresponding factor of the one factor

model. However, as shown in the discussion of Section 2.2 the impact of the free factor

is reduced because of the presence of the cointegration factor. As a consequence the

possibly high magnitude of d1 (s) is reduced in the two factor model. Thus, since d12 (s)

is of lower magnitude, both the level of hedging demand and the sensitivity of hedging

demand for this state variable is reduced and extreme results are less likely to occur.

As in the one factor model, optimal consumption depends directly on total wealth.

Hence, the properties are similar to the properties of total wealth and a discussion is

omitted.

It becomes clear that the close relation of the optimal policies on the value and

the sensitivity of one unit of income suggest that the statement at the end of Section

2.2 is even more important. In fact, our results suggest further empirical research in

the direction of financial and stock market cointegration and/or a clear macroeconomic

theory are or high importance in order to examine the life-cycle decisions of an individual.

Finally, our results also imply that not only cointegration between the labor and the stock

market but cointegration in other markets should be taken into account. For example,

Quan and Titman (1997) provide some evidence for cointegration between the stock and

real estate market. In combination with the high importance of real estate in wealth

accumulation over the life-cycle such consideration could also have a strong impact on

the optimal decisions of an life-cycle investor. We leave this issue for future research.

4 Conclusion

This paper examines the economic framework of LT and BCG in complete markets.

Based on our analytic results we show that the two models are closely related and that

the BCG model can be considered as a special case of the LT model. For these reasons,
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it seems natural that both models generate similar results.

The model of BCG includes a long-run equilibrium between the stock and the labor

market, which seems appealing from a theoretical point of view. We introduce a two

factor model with a cointegration factor similar to BCG and an additional factor with

the higher flexibility of the LT framework. We show that under the presence of a cointe-

gration factor, the importance of the second factor decreases. We conclude that long-run

equilibria are important for the life-cycle decisions. In fact, ignoring a cointegration fac-

tor and focusing on a factor with only temporary effect could lead to a misspecification

of the economy. As a consequence, recommendation based on such models could lead to

severe utility losses. In this sense, our results suggest that further empirical research in

the direction of financial and stock market cointegration and/or a clear macroeconomic

theory are of high importance in order to thoroughly study the life-cycle consumption

and investment decisions.

A Appendix

A.1 Solution of the Life Cycle Model

Since the one factor models are special cases of the more general two factor model, we

derive the solution of the life-cycle model for the two factor model.

The life of an individual consists of a phase of employment and a phase of retirement.

Insert Figure 3 about here.

As illustrated in Figure 3 the individual is active in the labor market from time 0 till

time T . Afterwards she retires. During the phase of employment the individual earns a

dynamic labor income (21), consumes and invests in a riskless and a risky asset. During

retirement, the individual has no non-financial income and has to ensure consumption

from accumulated financial wealth. During the phase of employment (retirement), there
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is a constant force of mortality λe (λr) and we assume λr ≥ λe ≥ 0.

The solution approach asks to work backwards from the end of the planning horizon,

i.e. it is necessary to solve the HJB-equation of the phase of retirement first. In a second

step, the problem of the phase of employment is solved and linked to the retirement

phase.

A.1.1 Phase of Retirement

For t ≥ T , it has to be noticed that during retirement consumption c (t) must exceed

the subsistence level c̄. For this reason, feasible consumption plans over the phase of

retirement exist under the assumption

Â (T ) = A (T )− c̄

r0
≥ 0 (a.2)

As will become more clear below, (a.2) ensures that at the beginning of the phase

of retirement financial wealth and pension benefits are sufficient to afford the future

subsistence consumption. The standard transversality condition

∆r ≡ (δ + λr)− (1− γ)

[
r0 +

1

2γ

π2
0

σ2
s

]
> 0 (t.1)

that is known from Merton (1971) adjusted for the hazard rate is obviously satisfied

since we assume γ > 1.

During the phase of retirement, the dynamics of financial wealth are given by

dA(t) = [(r0 + α (t)π0)A(t)− c(t)] dt+ α (t)σsA(t)dZ(t)

The corresponding HJB-equation is given by31

0 = Jt + sup
ct

[
e−δt

1− γ
(ct − c̄)1−γ − JAct

]

+ sup
αt

[
JAAαtπ0 +

1

2
JAAA

2α2
tσ

2
s

]

+JAAr0 − λrJ (27)

31For the sake of brevity, time subscripts of financial wealth are neglected.
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In the presence of a constant force of mortality, the adaption of the HJB-equation by the

term −λrJ is already shown by Merton (1971). The candidate for the value function is

J (t, A) =
h̄γe−δt

1− γ
(A (t) +R)1−γ (28)

where h̄ and R are constants that have to be determined.

Plugging in the relevant partial derivatives of (28) into the first order conditions and

into the HJB-equation (27) leads to

0 = − δ

1− γ
(A+R) +

γ

1− γ
h̄ (A+R) + r0 (A+R)− r0R− c̄+

1

2γ

π2
0

σ2
s

− λr
1− γ

(A+R) (29)

Equation (29) can be separated into terms linear in A, which yields

h̄ =
γ

∆r
, ∆r ≡ (δ + λr)− (1− γ)

[
r0 +

1

2γ

π2
0

σ2
s

]
and constant terms32, which leads to

R = − c̄

r0

A.1.2 Phase of Employment

For t ≤ T , we shall need the following assumption

Â(0) = A (0) +K (0) +R(0) ≥ 0 (a.3)

Assumption (a.3) guarantees the existence of feasible consumption plans. The assump-

tion is intuitive and states that the combination of initial financial wealth and income

has to be sufficiently large to afford the subsistence level of consumption33.

The solution for the phase of employment is more complicated and shown in detail.

Dynamics of financial wealth are given by

dA(t) = [(r0 + α (t)π0)A(t) + Y (t)− c(t)] dt+ α (t)σsA(t)dZ(t)

32Terms similar to A are directly set to zero.
33Moreover, it is easy to show that given (r, T ), for c̄ > 0 the (M (0) , Y (0)) set is restricted but not

empty. If c̄ = 0, (a.3) is always fulfilled.
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The HJB-equation is given by34

0 = Jt + sup
ct

[
e−δt

1− γ
(ct − c̄)1−γ − JAct

]

+ sup
αt

[
JAAαtπ0 +

1

2
JAAA

2α2
tσ

2
s + αtAσsJAX′b

]

+JAAr0 + JAY − λrJ + JY
(
y0 + y′1X

)
+ JX′ (a + AX) +

1

2
b
′
JXX′b (30)

The first order conditions are given by

c∗t =
(
e−δtJA

)− 1
γ

+ c̄ (31)

α∗tA = − JA
JAA

π0

σ2
s

− JAX′

JAA

b

σs
(32)

The candidate for the value function is given by

J (t,X, A, Y ) =
h(τ)γe−δt

1− γ
(A (t) + k (τ,X)Y (t) +R)1−γ

where we made a change in the time domain from t to τ ≡ T − t. R is a constant, h(τ)

is a function of time and k (τ,X) is a function of time and the two state variables that

have to be determined. The relevant partial derivatives are given by

Jτ = e−δ(T−τ)

{
γ

1− γ
hγ−1∂h

∂τ
Â1−γ +

δ

1− γ
hγÂ1−γ + hγÂ−γ

∂k

∂τ
Y

}

JA = e−δ(T−τ)hγÂ−γ , JAA = −γe−δ(T−τ)hγÂ−γ−1

JY = e−δ(T−τ)hγÂ−γk

JX = e−δ(T−τ)hγÂ−γ
∂k

∂X
Y

JXX′ = e−δ(T−τ)

{
−γhγÂ−γ−1 ∂k

∂X

∂k

∂X′
Y 2 + hγÂ−γ

∂2k

∂X∂X′
Y

}

JAX = −γe−δ(T−τ)hγÂ−γ−1 ∂k

∂X
Y

where Â ≡ A+ kY +R. Plugging in into the FOC (31) and (32) yields

c∗t =
Â

h
+ c̄

34For the sake of brevity, time subscripts of financial wealth, labor income and the state variables are

neglected.
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α∗tA =
1

γ

π0

σ2
s

Â− ∂k

∂X′
b

σs
Y

Plugging in into the HJB-equation (30) and multiplying by eδ(T−τ)h−(γ−1)Âγ leads to

0 = − γ

1− γ
∂h

∂τ
Â− δ

1− γ
hÂ− h∂k

∂τ
Y +

γ

1− γ
Â− hc̄+

1

2γ

π2
0

σ2
s

hÂ− h ∂k
∂X′

b

σs
π0Y

+h
(
y0 + y′1X

)
+ h

∂k

∂X′
(a + AX)Y +

1

2
hb
′ ∂2k

∂X∂X′
b

+hr0Â− hr0Y − hr0R+ hY − λe
1− γ

hÂ (33)

Separating (33) by Â yields

∂h

∂τ
= −∆e

γ
h+ 1 (34)

where ∆e ≡ (δ + λe)− (1− γ)
[
r0 + 1

2γ
π2

0
σ2
s

]
. (34) is a linear differential equation and the

general solution is well known35 with initial condition h (τ = 0) = h̄ = γ
∆r

.

h (τ) = γ

{(
1

∆r
− 1

∆e

)
e
−∆e

γ
τ

+
1

∆e

}

Separating (33) by Y yields the following partial differential equation

0 = −∂k
∂τ

+
(
y0 + y′1X

)
k − r0k +

∂k

∂X′
(a + AX)− ∂k

∂X′
b

σs
π0 +

1

2
b
′ ∂2k

∂X∂X′
b + 1 (35)

A candidate for the solution of (35) is

k (τ,X) ≡
∫ τ

0
ed0(s)+X(s)′d1(s)ds

where τ ≡ T −t with initial conditions36 d0 (s = 0) = 0 and d1 (s = 0) = 0. The relevant

35See, for example, Zwillinger (1998).
36These are the only initial conditions that solve (35).
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partial derivatives of k (t) are given by37.

kτ =

∫ τ

0

(
∂d0 (s)

∂s
+ X (s)′

∂d1 (s)

∂s

)
ed0(s)+X(s)′d1(s)ds+ 1

kX =

∫ τ

0
d1 (s) ed0(s)+X(s)′d1(s)ds

kXX′ =

∫ τ

0
d1 (s)d1 (s)′ ed0(s)+X(s)′d1(s)ds

Plugging in the relevant partial derivatives into (35) yields

∫ τ

0
ed0(s)+X(s)′d1(s)



−∂d0(s)
∂s −X (s)′ ∂d1(s)

∂s + y0 + X (s)′ y1

−r0 + a′d1 (s) + X (s)′A′d1 (s)

−π0
σs
b′d1 (s) + 1

2b
′d1 (s)d1 (s)′ b


= 0 (36)

It should be noticed that (36) can be separated into terms linear in X(t) and constant

terms and the following system of ordinary equations results

∂d1 (s)

∂s
= y1 + A′d1 (s)

∂d0 (s)

∂s
= y0−r0 +

(
a′ − π0

σs
b′
)
d1 (s) +

1

2
b′d1 (s)d1 (s)′ b

with d0 (0) = 0 and d1 (0) = 0. The first equation is a system of two linear differential

equations, the second can be solved by integration. Since the first equation has the same

eigenvalues as the system that is defining the mean vector, the solution converges under

the same conditions.

Finally, separating (33) by the constant terms gives

R = − c̄

r0

37It should be noted that for kτ , the following rule was applied:

f (a, b) =

∫ a

b

g (x) dx = G (a)−G (b)

⇒

∂f (a, b)

∂a
=
∂G (a)

∂a
= g (a)− g (b) + g (b) =

∫ a

b

∂g (x)

∂x
dx+ g (b)
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The results of Proposition 4 follow by plugging in the solutions into the FOCs (31) and

(32).

A.2 Solution of the SODE of the Two Factor Model

We look at a diagonal system of two linear ordinary differential equation
∂g11(s)
∂s

∂g12(s)
∂s

 =

 m1

m2

+

 M11 M12

0 M22


 g11 (s)

g12 (s)


with initial conditions g11 (0) = g12 (0) = 0. The second equation is an univariate linear

differential equation. The derivation of the solution is well-known and omitted. We

simply state

g12 (s) =
m2

M22

(
eM22s − 1

)
Plugging in the solution for g12 (s) into the first equation yields

∂g11 (s)

∂s
= m1 +m2

M12

M22

(
eM22s − 1

)
︸ ︷︷ ︸

≡f0(s)

+M11g11 (s)︸ ︷︷ ︸
≡f1

(37)

The general formula for the solution of a linear differential equation with time-varying

coefficients

∂d (s)

∂s
= f0 (s) + f1 (s) d (s)

is given by38

d (s) = eF (s)

∫
f0 (s) e−F (s)ds+ eF (s)K (38)

where

F (s) ≡
∫
f1 (s) ds

and K is the constant of integration.

For the specific equation (37) we get

F (s) = M11s (39)

38See, for example, Polyanin and Zaitsev (1995, p. 1).
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and

∫
f0 (s) e−F (s)ds = − 1

M11

(
m1 −m2

M12

M22

)
e−M11s +m2

M12

M22 (M22 −M11)
e(M22−M11)s

(40)

Plugging in (39) and (40) into (38) and setting taking into account the boundary condi-

tion g12 (0) = 0 leads to

K =
1

M11

(
m1 −m2

M12

M22

)
−m2

M12

M22 (M22 −M11)
(41)

Plugging in (41), leads to.

d1 (s) =

 1
M11

(
m1 −m2

M12
M22

) (
eM11s − 1

)
−m2

M12
M22(M22−M11)

(
eM11s − eM22s

)
m2
M22

(
eM22s − 1

)


By adapting equation (24) to the notation used in this Appendix and plugging in the

coefficients of equation (22), (26) can be found.

A.3 Proofs of Properties

A.3.1 One Unit of Income in the LT Model

Proof: The first property is obvious and follows from l1 = −κ < 0. For the second

property, it has to be noticed that in equation (15)

l−1
1

(
el1s − 1

)
> 0

The relation between d1 (s) and l0 follows immediately. For the proof of the third

property we need

∂d1 (s) /∂s = l0e
l1s

In connection with the second property it becomes clear that ∂d1 (s) /∂s and d1 (s) have

the same sign.
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A.3.2 One Unit of Income in the BCG Model

Proof: The first property is clear. For the second property, it has to be noticed that in

equation (18)

el1s − 1 ≤ 0

since l1 = y1 has to be negative in order to ensure cointegration. For the third property

∂d1 (s) /∂s = l1e
l1s < 0

A.3.3 One Unit of Income in the 2 Factor Model

Proof:

1. The second line of equation (26) can be rewritten as

− y12

y11 + κ

(
e−κs − ey11s

)
because −κ < 0 and y11 < 0, the term in the brackets converges to zero.

2. The second property follows from the fact that 1
y11+κ

(
1− e(y11+κ)s

)
and −e−κs are

unambiguously negative.

3. Setting the first derivative with respect to s

∂d12 (s)

∂s
= − y12

y11 + κ

(
−κe−κs − y11e

y11s
)

to zero yields s∗ = − ln(−y11/κ)
y11+κ > 0. In order to show the hump-shaped pat-

tern, we draw form the intermediate value theorem. Firstly, it has to be noticed

that ∂d12 (s) /∂s is continuous. Secondly, at s = 0 the first derivative has the

same sign as y12, for finite s the only point with ∂d12 (s) /∂s = 0 is s = s∗ and

lims→∞ ∂d12 (s) /∂s has the opposite sign of y12 and converges to zero.
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4. This property can be found by comparing the first derivative with respect to s of

the two factor model (LHS) and the one factor model (y11 = 0). From the second

property it is known that d12 (s) divided by y12 is non-negative. In fact,

d̃12 (s) ≡ − 1

y11 + κ

(
1− e(y11+κ)s

)
e−κs ≥ 0

Now, we have to show that the first derivative of this expression of the one fac-

tor model grows faster than the two factor counterpart. After simple algebraic

manipulations, we find that d̃2F
12 (s)− d̃1F

12 (s) has the same sign as

y11

(
e(y11+κ)s − 1

)
y11 + κ

≤ 0 (42)

It is crucial to notice that y11 + κ switches sign at y11 = κ, thus the second part

of the RHS of (42) is always non-negative. From y11 < 0 in the two factor model,

the result in (42) follows.

A.3.4 Optimal Policies in the 1 Factor Model

Proof: Since −1 < d1 (s) ≤ 0,

−∂k (τ,X)

∂X
< k (τ,X) , τ > 0

Optimal risky investment can be rewritten as

A (t)α∗t =
1

γ

π0

σ2
s

(A (t) +R) +

∫ τ

0

(
1

γ

π0

σ2
s

+ d1 (s)

)
ed0(s)+d1(s)XdsY

The first part corresponds to the case without labor income. The second part cannot be

negative if the term in the brackets is not negative.
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A.3.5 Optimal Policies in the 2 Factor Model

Proof: For myopic demand of the BCG model

∂αmt
∂X

=
1

γ

π0

σ2
s

(∫ τ

0
d1 (s) ed0(s)+d1(s)Xds

)
Y (t) < 0 (43)

because of the unambiguous negativity of d1 (s) in the BCG model. For hedging demand

∂αht
∂X

=

(∫ τ

0
d1 (s)2 ed0(s)+d1(s)Xds

)
Y (t) > 0

because of the unambiguous positivity of d1 (s)2.

For the sensitivity of myopic demand in the LT model the same formula as in (43)

can be applied. However, the sign of d1 (s) is ambiguous. For hedging demand

∂αht
∂X

= −ρsxσx
σs

(∫ τ

0
d1 (s)2 ed0(s)+d1(s)Xds

)
Y (t)

In analogy to above, the sign of −ρsx determines the sensitivity of hedging demand in

the LT model.
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Figure 1: Phase Plane Analysis of d1 (s)

This Figure shows a phase plane analysis of the linear differential equation ∂d1(s)
∂s

= l0 + l1d1 (s). In the

panel to the left (right) l1 < 0 (l1 > 0). d1 (s) converges to stable solutions d̄1 marked by circles. The

solid line shows the base case and the dash (dash-dotted) line show the cases where l1 approaches zero

and d̄1 become large in magnitude.
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(a)

X (t)

X̃
(t
)

(b)

X (t)

X̃
(t
)

Figure 2: Phase Plane Analysis of X (t) and X̃ (t)

This Figure shows a phase plane analysis of the system of two stochastic linear differential equations

(20) (left panel) and (22) (right panel). In the panel to the left (right), the log-income-dividend ratio

X̃ (t) does not converge (does converge) to a long-run mean.
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Retirement

Entry in the Labor Market

Phase of Employment Phase of Retirement

Figure 3: Life-Cycle

This Figure shows the life-cycle of an individual. The individual enters the labor market at time t and

retires at time T .
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