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Abstract

This technical appendix documents a three region model of the world economy.
Italy is represented in detail, the rest of the Eurozone is stylized, and the rest
of the world is largely exogenous. The model includes wage rigidity, endogenous
sovereign bond prices, balances sheet constraints and endogenous leverage of firms
and banks and sovereign debt dynamics with fiscal consolidation policies. It allows

for alternative monetary regimes with autonomous and common monetary policy.
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1 Model of a EZ Country

The model accounts for three regions with separate monetary policy in Italy and rest
of EZ. The RoW good is the numeraire. Two exchange rates are endogenous. Italy is

modeled in detail. The rest of EZ and RoW are much simplified.

1.1 Income, Prices and Demand

Income: Technology is linear homogeneous and subject to productivity shocks as speci-

fied in (46) below. Domestic output is

Y = Z, K& L~ (1)

Firms need labor which is a CES composite of differentiated services offered by spe-

cialized workers. A total amount of labor L, requires services Lj; of type j,

1 o/(o-1)
L, = [ / L§.‘;‘1>/"dj1 . o> 1. (2)
0

Firms minimize wage costs, ming_, fol w;iLjdj, subject to technology L, and wages wj;

set by households. By standard steps, demand functions for labor services are

1 1/(1~0) 1
Ljy = (wf fw)” L, wf = [/ w}t”dj} , / wj Ljpdj = wf L. (3)
0 0
Total costs are wlL; and w! is a nominal wage index.

Goods Demand: Income finances investment and consumption. Consumers buy a
composite quantity C; of domestic and foreign goods and must spend P,C,. The price
index P, is the minimum cost per unit of the composite good. Firms invest and must
acquire capital goods I, and spend P,I;. We assume that households and firms use the

same composite good and thus face the same price index B;.

Households of region i consume a basket of final goods C}’ from different regions. The

index j refers the origin country (production). We think of Italy ¢ (home), the rest of the

3



Eurozone e, and other countries o (RoW). In most cases, we suppress the index i so that

C = ("% denotes demand for the home good, and C* and C% are imports, giving utility

_ \1/0" iy (0T —1)/a" o”/(c"—1) . ) )

Cr= [Zj ()" (cF) } ;28 =1, je{ieo}. (4)
Expenditure minimization yields a price index P, and a budget Zj Ptij C’Zj where P
are demand prices paid by domestic consumers for home and foreign produced goods.
Consumption thus leads to goods demand

B o T _ } o 1_gr1/(1—0")
CZ]:SJ (pt/th) C,, P = [sty (Ptu) ]

) ZJ Ptijcij = ptCt (5)
Exchange rates relate import prices in domestic currency to the foreign producer prices

Pf and P° in foreign currency,
e __ _ie e 0 __ 10 1o) eo — 10/ _1ie
Pe=ef- P, P=¢ P e’=e’lef. (6)

Suppose i (Italy) uses Lire, e uses Euros and o Dollars. The exchange rate converts 1
Euro and 1 Dollar into e and ei® Lire. Lira prices for imports are Pj* and P/° where
foreign producer prices Py and P° are in foreign currency. The inverse rate converts 1
Lira into 1/ei¢ Euros and 1/¢i° Dollars. If the Eurozone e imports from Italy, it pays a
Euro price P;/e, given a producer price in Lire of P,. RoW pays a Dollar price P;/e%
for imports from Italy. By transitivity, the Euro Dollar exchange rate is ef° = €l° /e, i.e.,
one Dollar buys € Lire, and one Lira gives 1/e* Euros, so that one Dollar in the end

buys e Euros. When Italy is part of the Euro Area and shares the same currency with

the rest of the Eurozone, it faces a fixed exchange rate e = 1.

1.2 Consumption and Money Demand

The household is an extended family with individuals j € [0, 1], each offering specialized
labor services Lj; = NN, where N is household size and Ny, is labor supply per capita.

A household of type j is a monopolist over her specialized labor services. Once labor



earnings of each type is optimally determined, the family pools all income and chooses

consumption and money holdings.

Preferences for consumption C;, labor supply and real money balances M, are
V' =u (Cy, {Njs} N, My) + B, V] (7)

Consumption is a composite of home and import goods. Household size is N, and Nj; is
labor supply per capita of type j, giving thN in total. The family pools income. The

assumption on preferences eliminates intertemporal substitution in labor supply,

_ P 1 1+ _
f oo PV ~ _1[“N.. "Ndj
w=go tm o H=C0-2({Nu}), ®t5¢tnfo 1]11 - ®
oc¢ om n

Autoregressive shock processes induce fluctuations in labor supply, money demand and
the discount rate, my = (1 — p™) i + p™my_1 + €7, ¢, = (1 — p) b+ po,_, + €7 as well as
B, =1 —p)B+pBiq+ 6?. We record ups = ug, and

- —r\ Upg, T\ o rrac UN;, 1 =
ucy=Hy 7, uyy = (mt/]\/[t)cr ) L= (mt/Mt) He = - = (Nje/dy) N.

Ue + Ue +

Wage Setting: Firms demand specialized labor services of type j. Individual j faces
demand Lj; for her labor type. Being a monopolist, N;;N = L;;, she sets a wage to exploit
market power. Being one among many close substitutes, she takes the wage index wl and
aggregate labor demand L; as given. The demand schedule in (3), expressed per capita,
exhibits a constant wage elasticity,

_ wje ONje
N gt 8wjt

th = (th/wjt)ULt/N, o= > 1. (9)

For 0 — oo, demand is infinitely elastic, leading to standard labor supply choice. Instead

of wage setting, individuals would be forced to accept the market wage.

At any date, a random selection of workers, a fraction 1 — w, can set wages. The
remaining fraction w is stuck with a wage set in the past. In period ¢, an opportunity for
new wage setting arrives with probability f;; = 1 —w. The household will be stuck with
that wage with probability w’ for another i periods. With probability f;;; = (1 — w) W,
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she will still have to charge the same wage at date t +¢. These probabilities must add up
to one, 7o frari = Dino (1 —w)w' = 1.

Looking into the past, f;_;; = (1 —w)w’ is the probability that a wage was set in
period ¢ — 7 and is still binding today since it was never changed since then and remained

in place over 7 periods. Again, these probabilities add up to one,
froip = (1 - w) W', ZiZO Ji—iz = Zz‘zo 1-wuw' =1 (10)

Chances are identically and independently distributed. By the law of large numbers,
the probability of wage setting is equal to the fraction of workers that can adjust. In a
cross-section, employees (or their union) of type j have set wages either today or at some
earlier date. In period t — i, a fraction 1 — w has set a new wage, and of these, a fraction
fi—ir = (1 — w) w" has adjusted never since then and is stuck today with that same wage.
Given symmetry within vintages, a person of type j in period ¢ earns a wage

wy € Wiy = Wy, Wi1p=W{ |, Wio4=W o, ... Wi jt= wz}ia
1—w (1-ww (1—w)w? (1—w)uwt
Each vintage ¢ — ¢ includes many agents j. The control w; becomes a state for the next
period and all future ones until the next opportunity for wage setting arrives. To find the

value of this state, we introduce a state variable w;_;, see below. When a person of type

J sets an optimal wage in period ¢, she will earn a wage next period equal to

w;  with prob. w, wy_; with prob. w,

W41 = Wi—1,t = (11)
wy,,; with prob. 1 —w, w;  with prob. 1 —w.

Similarly, a person of vintage ¢ — 1 continues to earn w; ; when she cannot set a new
wage (with probability w), or she earns w; when she is given a chance to revise (with
probability 1 — w). The control variable w; becomes a state next period with probability

w, and the control w;_; is a state this period.

All agents j of the same vintage t — i are identical which gives the following identity.

Only the members of the newest vintage can set their optimal wage wy:

1 1+1/ T 7 — 1
P, = —1/n fo Ny 'Ndj _ N/¢t/n )
! 1+1/n 1+1/n £=izo

(1 —w)w' - NYdj. (12)
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Budget Constraint: The family smooths income risk and cares about total earnings.
Households pay wage and consumption taxes at rates 7, and 7§, and are able to reduce
tax liability by 7} due to tax avoidance. They receive social transfers E; and seignorage
TM and collect capital income Y (dividends, interest on government bonds etc., as listed

in 1.7 below) from all sources other than residual savings A;. The nominal budget is

1
At = (1 —|— Z.tfl) At,1 + / (1 — Tt) w]tNJtNdj + Et + ﬂ (13)
0
XA+ TM — (M, — My_y) — (14 75) BC,.
The dating convention is that stocks M; and A; are measured at the end of period so that

M,_1 and A;_; are beginning of ¢, or end of t — 1. Nominal money holdings M; ; and real

money balances are related by M,_; = M, _1P,_; and M, = M,P.,.
Optimization: Current utility depends on real money balances M; = M,/ P;. Noting
the value function V2, = V" (At, My, wi N ), the Bellman problem is

‘/;h = Vh (Atfla Mtflaw;fk—lN) = _max u (C_’ta {N],t} N7 Mt) + Bt‘/t}j-la

C, My, w}

subject to (9), (11), (13). The control wy refers only to types j in vintage ¢, Nj; € Ny,
which receive a new opportunity for wage setting. Define shadow prices A\;11 = dV;,1/dA;,

)\iw = dV;/dM;_, and dV;/dw; | = ;. Optimality conditions for C;, M;, w} are

C, ucy = Bidgr (1 +77) P,

M, Upre = By ()\t+1 - /\ﬁ1) Pta
— aNtyt — 8 (U);Nt,t)

w: : 0= uNt,tN— + ﬁt)\t+1 (]. - Tt) N awz(

dw; +w- Btufﬂa (14)

and envelope conditions for A, q, M;_1,w;_; are (see section 1.3 for w; and wy ;)

At71 A= ﬁt)\tﬂ (1 + Z'tfl) )

My )\iwzﬁt)\ﬂrla

% SONy 14 =0 (W Ny N
wiy oty = UNtfl,tNaw—t*il + A1 (1= 74) N% +w - By



Shift forward (14.iv) by one period, multiply by 3, (1 + 7¢) P;, rearrange terms to use
(i) on both sides and get the Euler condition

Ucy = By (L+1y) - Ucpyr, 1= (B, (1 + Tt))ac “Hi/Hyy1. (15)

The Fisher equation relates interest and inflation rates by r; &~ i; — m; or, more precisely,

1+ 1+7T_(1+7'§+1)Pt+1
L = any

1+7r = ,
K (147 P,

(16)

Saving 1 Euro reduces marginal utility today by us,/ [(1 + 7%) Pt} . One Euro gives 1+,
tomorrow, raising marginal utility by (1 + ;) ug 41/ [(1+ 7§41) Pry1].t Discounting back
and comparing with today’s utility loss gives the intertemporal allocation of H;. A higher

real interest tilts full consumption to the future and boosts savings today.

By (iv-v), AM = A/ (1 +1i,_,). Using this (shifted to t) together with the Fisher

equation in (ii) and combining with (i) gives the tangency condition for money demand,

om

UGr+ 14 - I+ 1/o¢
2 = —, M = My * - ]_ —I— Tc H . ].7
ucy,  (14+75) (1 +1y) ¢ ¢ it ( o) Hy (17)

Holding 1 Euro more money today raises marginal utility by wuy; ,/ P, but reduces current
consumption and marginal utility by ue ,/ [(1 + 7%) Pt] A higher consumption tax thus
leads households to shift from full consumption to money holdings. In addition, money
demand comes with an opportunity cost equal to the return that could have been obtained
if it were invested in the market at a rate i, or i;/ (1 +4;) in present value. Balancing

marginal gains and costs gives (17).

Return Structure: Households own firms and banks and hold deposits and sovereign

debt and receive capital income x7. Interest income on last period savings is i¢ ; and i{_,

on deposit and sovereign bond holdings. Dividends x* and \° reflect the equity returns

i¥ , and %, that households required in ¢ — 1. In period ¢, current savings are invested

in (residual) bonds, which yield income 1 + i; next period. Similarly, i¥, i, i and ¢ are

INote that i;_1 is interest accruing from beginning to end of period ¢, flowing from 1 Euro saved in

t — 1. In contrast, 1 4 7; generates income next period on 1 Euro saved today.



the required returns at the end of ¢, giving income 1 + ¢ next period etc. Investors are
indifferent to investing in these alternative assets if they are compensated for risk and

other characteristics with appropriate markups,

it = i+ 0, 0= (1—p") 0"+ 000+,
iy = a0y 0= (1=p")0" + 000, + e, (18)
o= 00, 0= (1-p") 0"+ )P0, + el

il = a0y, 0l =1-p"+ 00 +el.

Assets are perfect substitutes up to compensating return differentials which may be sub-
ject to shocks reflecting increasing perceived risk, loss of investor confidence etc. A natural

ordering is i¥, 1% > il > i > ¢ > i,.

1.3 Wage Setting

Labor supply follows from optimal wage setting in (14.iii). When receiving a new oppor-
tunity for wage adjustment, an agent can exploit local market power for her specialized
labor services, with three effects on optimal choice. By the first term, insisting on a
higher wage reduces demand for labor services and thereby reduces marginal effort cost
of labor supply. Second, a higher wage reduces disposable wage earnings and thereby end
of period financial wealth which raises future consumption with a discounted value 5, A1
per Euro. Third, by (11), setting a higher wage w;; = w; today also raises tomorrow’s
wage of that same agent by w; ;11 = w; with probability w (with probability 1 —w, she is
able to set a new wage), with a discounted value S,u; per unit. A similar interpretation

applies to the envelope condition (14.vi).

To derive the labor supply condition, we use the demand elasticity ¢ and substitute

for Mot — _Net s g d“gTN) = Ny +wf Lt = — (5 —1) Ny, in (14.ii). Multiply by
t t t t




*

]t,” use (i), divide by (o — 1) Nug, and substitute M RS;; = s

Ct

(1 - Tt) Uiik _ g MRS,, + wy wﬂtuc‘*,tﬂ M:+1/N
(1 + Tf) P o—1 ’ Niy UG ¢ (‘7 - 1) u¢e, t+17
*IN 1-— N, UFA * /N
wr/ _ g MRS, 1, — ( Tt)cwt_ 1 t* Lt +w5t Cirl M/ .
(0 =1 ue, o—1 (1+7) P | wi, ucy (0 —1)uc 1

Doing similar steps gives the second equation from the envelope condition (14.vi). The

Euler equation is % = 7 M . Define 1, ; = % and get the final solution
U=r)wi 9 yrps,, 4 Ui (19)
<1+T§)Pt o—1 f Ntt 1—}—7}7

(1 —7y)wi ] Ni—1y Pt
yo= MRS = -+ w :
He la—l L (1+7H) P | wiy 1+

Computations require N;; = (wf/w;)” Ly/N and Ny_q1, = (wf/wi_,)” Ly/N as well as

N, N1\ 7 £\ §
MRSt,t = L = <f> N MRS, 1,t = < ;M) N = <wu>:t > 'MRSt,t- (1)
t t t—1

Uc ¢

S 1-7 )w* Nt t+i *x *
Define X, ,., = | == MRS, ,,, — ATt Lt where the currently set wage w is
Rl o—1 b+t (1475, ) Py | Wi y 8¢ Wy

the same for all future periods ¢ + i. Shift forward (19.ii) one period, write the system

as 0 = Xpy + 5 and gy = Xy + 77719, and solve forward to obtain 0 =
1—1

> 50 Xtt+ilMi 4, see also the Appendix. The discount factor is Ay = [] ﬁ with
> 7=0

Ary=1. Use Yoy Xyl ii = —Xir and multiply both sides by 07—1%, giving

1_ *
L=7)wl . 9 rps, 3

) MRSy0s — (1= 7)) w] | Negy
1+7H)PF o-1 =

(1+T§+1) Piyi| N o

0—1

The marginal rate of substitution measures the opportunity cost of work which must
be compensated by a sufficiently high real wage. Given wage rigidity, households set a
wage today that on average just compensates for the opportunity cost of work, plus a
markup to exploit monopoly power. The average is taken over the expected period of

wage duration (the wage stays fixed until the next wage setting opportunity arrives),

t AVt,t+id

weighted by relative labor supply —:=*. Setting a constant wage w; thus leads to positive

o—1 (1 Tt+z)wt

rents - (1+T§+1)pt+i

— MRS, +; in some periods and negative ones in others, with the
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weighted average being zero. In a SS, labor supply and rents are constant over time,
so that wage setting implies zero rents in all periods, see (20) below. In general, the
optimality condition (19.i) gives MRS, ,y; = (Niiti/d; H)I/ ". Holding ¢,.; = ¢ constant
implies Nyv; 2 Ny & MRSi; 2 MRSy;. When labor gets relatively more scarce
and requires relatively more work in the future, households set a higher wage today to
compensate at least partly for higher future opportunity cost. On net, when labor gets
scarce in the future, future rents are positive and current rents negative, with optimal

wage setting reducing the deviation from the average.

Stationary Solution: In a SS, wages are constant, giving w; = w;_; = w;_;, which
also implies that M RS,_;; and N,_;; are the same for all vintages. Intuitively, wage
rigidity disappears in a SS. Substituting (19.i) into (ii) implies a static mark-up

(1—7)w* o
= = - MRS Y'=0. 20
A+ P o-1 s (20)

Similarly, if wages were flexible in all periods (w = 0), they would all be optimally set at
wi—ip = wy. Given w = 0, (19.i) gives a static wage mark-up, % = =% - MRS, so
that ", ; = i = 0.2 Although derived rather differently as part of the Bellman problem,

the solution exactly corresponds to Gali (2015), see the Appendix for details.

Aggregation: Wages and employment are heterogeneous. They differ by their vin-

tage but are symmetric within each cohort. To get the effect of new and old wages on
1/(1—0)

the wage index wl = [ fol wjl-;”dj} , we use the distribution of types j in (11) and

. . 1-0o P1— ..
arrange wages according to vintages, (wf) ~ =>,5, (1 — w) w'w, 7}, giving
A l-o 1-o l-o 2, 1-o
(wt ) =(l-ww, +w-(1-w) [wtfl,tfl TWW gy TWW_g T } :

A wage set at date t — 7 is constant thereafter until the next wage setting. The second

line thus uses w;_;; = w;_;;—1, and the definition of the wage index in ¢ — 1, which gives

\1-0o 1— L l1-0o
(wt ) =(l-w) w"+w- (wt—l) : (21)
2Intertemporal substitution in labor supply is shut off since MRS;; = f% = (th/gf)t)l/n is

independent of forward looking consumption. Using this, we obtain a symmetric static labor supply

w17
schedule N;; = ¢, [";71 %ﬂ which exclusively depends on the current real wage.
t
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The state wf ; and current wages w;, give the evolution of the wage index wf. Total

wage earnings are then wrL, = fo Wi -t]\_f dj.

fo j1t+1/ndj. Substituting

The disutility of work as defined in (12) is &, =
demand Nj; = (wf/w;:)” Le/N in (9) yields

(th) (1+1/n)e I/

4 ) ) 1— ) i —(1+1/n)o .
1 + 1/77 (¢tN) 1/77 ZZZO ( w) W (wt 7t)

1+1/77

.
Defining w! in parallel to (21) gives ®; = ];[ﬁt/; [(wE/wE)” Le/N] "7 and

(U_}tL)—(Hl/n)U _ (1 o w) (wt,t)_(H—l/n)a T (U_)tL,l)_(lH/n)a. (22)

Numerical Procedure: Computing (19) needs MRS;; = —1:;]: = (N /o)™ for
vintages j = ¢t and j = t — 1. Employment of a wage setter is Ntyt’: (wf/wf)aLt/N,
resulting in M RS; ;. Noting w;_1+ = w;_; similarly gives N;_;; = (th/w;‘_l)U Li/N and
MRS;_1,. The expected variable py, | thus gives w; from (19.i). Given the predetermined
variable w; ;, we compute an update p;” for the expected variable. Finally, composite

goods demand is C; = H; + ®; and follows from the intertemporal allocation H; and

aggregate effort cost of work ®; computed prior to (22).

1.4 Investment and Debt Financing

Financial Identities: Technology is stated in (1). Firms also incur installation costs J;,
i.e., they need I, 4+ J, composite goods to install I, units of new equipment,

k
Jt = %Kt—l ([_t/Kt—l - 5k - St)2 . (23)

Define Jg; = dKJ and Jry, so Jg; = —%wk (I:t/Kt,l — ok — st) (I_t/Kt,l + 0% + st) and
Jre = (It/Kt_l Sy L - st). Note ItJLt + Ki_1Jk+ = Ji by linear homogeneity. Firms
thus spend (Jt + I_t) P, on new capital goods.

Capital depreciates at a rate 6° + s, where s, represents losses due to bankruptcy.

Capital and debt accumulate by
Ki=IL+(1-6"—s) K1, B =N+ (1-6"—s)B_,. (24)
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Firms inherit assets and liabilities, P,_1K; ; = B! |+ EF |, equal to debt B!, and equity
EF |. We assume that firms repay debt with normal depreciation. Depreciation and lig-
uidation of bad loans diminish total assets by (5k + st) P,_1K,_,. In parallel, outstanding
debt shrinks by normal repayment and by debt relief in the bankruptcy process, in total
by ((5"7 + st) B! |.* With assets and debt shrinking by the same factor, equity also declines
by ((5’“ + st) E? |. However, due to changing capital goods prices P;, equity value changes
due to capital gains on surviving assets, (Pt — Pt—l) (1 — 6k — st) K;_1. All in all, equity

accumulates together with retained earnings N by
Ef =N+ (P —P1) (1—6" —s) Kooy + (1= 6" — s) BV, (25)
Using (24-25), the balance sheet changes by V (P,K;) = VB! + VE}, giving
PK,=B;+Ef = PBl =N +N. (26)

New loans N} and retained earnings N} finance spending P,I; on new equipment.

The loan rate zi reflects current credit market equilibrium. Installation costs J, P, are
financed out of cash-flow, defined as 7} = (1 —7}) (RY; — J;,P — wFL, — i\B}_,). The
fundamental financial identity 7% + N! = x* + P,I, + 6* B!, relates inflows and outflows,

leaving dividends of

X¥ = PY,— J,P,—wFL, —iB. | —*TF — B, + N - 6*B!_|,
T} = PYi—JiP—wiL —i,B,, (27)
b= (=) (BY = P = whL — it Bl,) = P+ N} = 6*B]_,.

We lump together corporate and personal taxes on capital income which gets taxed with a

tax rate 7F. The tax base T} allows for deduction of interest expenses on debt. Cash-flow

is used for dividends, debt repayment and retained earnings, 7 = x* + 6" B!_, + NF.

3The business sector consists of many independent firms that operate as separate legal entities pro-
tected by limited liability. When s;P,_1 K; 1 assets are liquidated, banks must write off credit s;B!_;.
They seize all assets of the firm and keep liquidation revenues to reduce effective losses, see below. Failed

firms, however, lose the entire equity capital.
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The debt capacity of firms is limited. Bank credit is in exchange for collateral, equal

to a fraction of total assets. We thus postulate a leverage constraint
B} <V BK,. (28)
The required return on equity exceeds the deposit rate, if > 4,. Given net dividends,

firm value V}* (in nominal terms) is

VE=xi + Vi (L +ir). (29)

OPTIMIZATION: Value function is V%, = V (K, Bl), the Bellman problem

V (Kt, Bé) = maxp, Nt r, X5+ [‘/til + pf - (kath — Bi)] / (1 + Zf) (30)
st. xy = (L—7))[RY,—J (L, Kit) P, —wfLy —iiB}_,] — BI, + N} — 6"B,_,,
Ky = Li+(1-6"—s)K1, Bl=N+(1-6—s)B,_,.
Define shadow prices V¥ /0K,_; = \F and 9V}¥ /B!, = —A.. Optimality conditions are
L : 0=(1—75) (PF —wl),
L+ 0=— (141 —77)Jr,) B+ (M + b B) [ (1+17) (31)
N ¢ 0=1— (N, +um)/(1+17).
Envelope conditions are
Kiow o N = 1=7)) (PFrs— JxiB) + (1= 6" — s) (A + Wi B) [ (L +13y),
By« XN=1=70)ib+6"+ (16" —s) (Myy + )/ (L+3F). (32)
CAPITAL STRUCTURE: Conditions (31.iii) and (32.ii) give A!. Substituting this
for AL, in (31.iii) gives the multiplier s,
N=0-7))ii+1—s,, pi=1+ij =N, =i —(1—751) 01+ 841 >0. (33)
Given interest rates i* > ¢!, the shadow price is positive. The debt constraint binds,
uf >0 = Bl=bPK,. (34)
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By the balance sheet, equity capital is Ef = (1 — b*) P,K,.
Investment: Multiply (31.iii) with ¥*P;, subtract from (ii) and divided the result by
P,. Reflecting Tobin’s Q-theory, we have 1 — b* + (1 — Tf) Jre = QF, or

f
A1

QF — (1 -0
(1+i) P’

. k =
(1—7F)y" B, Q=

I = |6+ s+ (35)

where )\{ = )\f 1 bkpt)\i +1- When the marginal value of equity capital, as measured
by QF, exceeds marginal retained earnings 1 — b*, net investment becomes positive and

augments the capital stock.

To obtain the current value of A/, multiply (32.ii) by b*P, and subtract it from
(i). Expand the Lh.s. by + (0" — b*) B_; A}, = 0, substitute A, from (33) in the term
(Pt — pt,l) beAL, use the definition of )\{ , and finally get

)\{ = (1 - Tf) (PtFK,t - JK,tPt - Z'ibk;ptfl) (36)
—(1—s) b Py + (1- P St) [kat + )\{H/ (1 —|—zf)} .
InaSsS, J;=Jx =0and QF = 1—bF, dictating \/ = (1 + zk) (1 — bk) P. Using this gives

(1+4%) (1 —0%) = (1 = 7%) (PFx/P —i'b*) — (1 — ) ¥ + (1 — 6* — 5), which eventually

results in the standard user cost formula,
PFi/P =@+ +s)/(1-7F), =i (1-0")+(Q-7"d-s) " (37

The real return on capital is equal to weighted funding costs. While the cost of debt is tax
deductible, the cost of equity is not and therefore gets inflated by the factor 1/ (1 — Tk).

VALUE FUNCTION: The value function satisfies
VE=MEK,_, - XB | =\NK,_,. (38)

To prove this, multiply envelope conditions by stocks, substitute the laws of motion for
(1-6"—s) Ki1 = Ky — I and (1 — 6" — s;) Bl_, = B! — N} and apply the optimality
conditions to the terms I, and N!. Finally note ftJLt + Ky 1Jgy = Jy and Ky 1 Fi; =
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Y; — Fr+L; by linear homogeneity and apply P.Fy; = wf:
WPE | N K
T L T L
B | MuBi

— St
+af 144

NI = (L=75) (PY: —w/Ly — L) — B+ p

)‘zleBLl = (1 - Tf) Z‘f‘,BLl + 51631%71 - Ntl + Mfl

Subtracting the two equations and noting dividends in (27) gives
VPK — B XK= N B;
1+ F 1+ f

AN K1 = NBi_y =i +1f (39)

By the capital constraint, the second term is zero. Comparing the forward solutions of this
and of (29) gives the first equality in (38). Noting capital structure B! | = b*P,_ K;

and the shadow price A/ = A\¥ — b P,_; \! establishes the second equality.

1.5 Fiscal Policy

The government issues long-term bonds and pays a fixed coupon rate 7. At the end
of t, agents invest in bonds and insist on a return 4{, accruing in period ¢ + 1. The
bond price must adjust to deliver this return. Bonds are repaid with probability u at
face value of 1 at the end of ¢ + 1, and continue with probability 1 — p. The price
Qjtis (14+14))Qjr =74 p+ (1 — p) Qjr41, referring to a vintage j bond issued at date
j < t. Bond prices are symmetric, );; = ;. New and old bonds have the same
repayment probability u, coupon rate 7 and expected return . Investing @, in a one
period bond gives value (1 + i) Q; at the end of ¢t + 1. The bond yields a coupon rate
7 next period, repayment of 1 with probability p at the end of ¢t + 1, and value Q11
if not repaid with probability 1 — u.* Expected duration is 1/u. Solving forward gives

_ I+ 1—p 1—p  1—p :
Q=15 iy (1 + 1 s + 1 e s s + ... ). In recursive form,

1+
W9+
4 Alternatively, write iYQ; =7+ (1 — Q) + (1 — ) (Q¢+1 — Q). The return next period on holding

I+i)Qe=1+p+(1—p)Qu1, Q= (40)

the bond consists of a dividend 7 plus expected capital gains: with probability u, the bond is repaid at
face value, giving a capital gain 1 — @Q;; with probability 1 — u, the bond is not repaid and is valued Q11
at the end of t + 1, giving a capital gain Q1 — Q.
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If the coupon rate is equal to the market rate 9, the bond price is ) = 1.

The quantity at the end of ¢ is Bf = Bfy + Bf |, + BZ,, + .... Of each vintage, a
fraction y is repaid which leaves a fraction 1 — p one period later, BY, = (1 — ) B, ;.

Debt Bf = By, + (1 — 1) [Bf_u_l + By, + B, + .. .| accumulates by
Bf =N+ (1-p) By, N =By, (41)
In a SS, new debt replaces old debt at a rate p, giving turnover N¢ = uBC.

The government raises tax revenue 7; and spends on productive services P,G,.> At
the end of ¢, it issues new debt N at a price Q;. The budget constraint restricts outflows

(interest on old debt plus repayment) to inflows (new debt and primary surplus) by

ZBﬁl + IUBtCil = QtNtG + StGJ S,:G =T, — PG, — E, (42)

BY = (14+2)B%, +(1—-Q,) NF —S¢.

Using (41) to replace (1 — u) BE, = Bf — NE gives the dynamic budget constraint. If
the required market return exceeds the coupon rate, long-term bonds sell at a discount
relative to one period bonds (Q; < 1). The lower revenue inflates end of period debt, if
NE is not adjusted. One period bonds (u = 1) issued at rate 7 = i} ; give Q; = 1. The
budget reduces to the standard form B = (1+4/_,) BZ, — S,.

In contrast to the quantity (42), the market value of debt is forward looking. Mul-
tiply bond pricing (40) by BE and get (1+44) QB = (14 p) BY + (1 — p) BE Q1.
Substituting for (1 — p) BE = Bf, — NS, and noting the budget in (42) gives

(1+4) QB =S¢y + Qi By, (43)

Solving forward gives the intertemporal budget constraint which requires that the current

value of debt is backed up by a present value of future surpluses.

Avoiding unstable debt requires a consolidation policy. We assume that the govern-

ment targets a long-run debt to GDP ratio b9 and aims to approach the long-run ratio

5Producing public services uses labor and capital. Assuming the same factor intensity as in private

production, we can model this as demand for domestic output only, without imports.
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with a desired adjustment speed, Q;BS — bIP,Y;. We thus specify a policy rule for the
‘structural’ component th of the primary surplus S¢ which excludes any temporary sur-
prise expenditures or revenues. Indeed, the Maastricht rules restrict the structural rather
than the actual deficit, and also specify a long-run debt to GDP ratio b?. The parameter

79 determines how fast debt is reduced (or increased) to reach the long-run target.

The consolidation policy thus specifies a structural surplus
SE =4+ pu+1—p)Qi—~Q) BY, — (1 =) PY,, 0<~7<1. (44)

To motivate the consolidation rule, use B = N + (1 — p) BY ; to replace new bond
issues N in the primary surplus in (42), Q;BE = (1 + u+ (1 — ) Q;) BS , — SE. Absent
fiscal shocks, structural and actual surpluses are identical, S¢ = S}G . The end of period
value of sovereign debt then exclusively depends on the target surplus th . Replacing
S'tG by the policy rule results in Q;BE = 19Q, B | + (1 — 49) b9P,Y;. When all variables

become stationary, the stabilization rule also makes debt converge to QB¢ — b/ PY .

The primary surplus target constrains taxes and spending. Spending policies are
PG =g -RY,— ¢ -5+, B =ée-wlL, —&-SF +ef. (45)

Productive spending consists of a normal level gP,Y;, reduced by spending cuts to finance
a share &7 of the required primary surplus. Social spending reflects a normal replacement
rate e of wage earnings. Spending cuts must contribute a share £° to budget consolidation.

In addition, we allow for unexpected spending needs £& and eF.

The parameters £° and &7 determine whether consolidation policy is tax or spending
based. If £ and &7 are low, budget consolidation is predominantly tax based while high
values indicate budget consolidation with spending cuts. When raising &7 and £°, the
government shifts budget consolidation from tax increases to spending cuts. Our approach
links to research by Alesina et al. (2015) on the effectiveness of tax versus spending based
budget consolidation. In the spirit of Barro (1990), we assume that a higher stock of
productive infrastructure K& (broadly defined) boosts factor productivity by Z;. The
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public capital stock accumulates by

K =G+(1-0)KS,, Zi=01-pZ(1+0° (K — K% /K)+pZi_1+e]. (46)

Higher tax rates discourage labor supply and investment, thereby reducing growth.
Public revenues stem from taxing wages, profits and consumption at rates 74, 7F and 7¢,

respectively. Given the profit tax base TF, tax revenue is

T, = 7 -wrLy+718.TF 4 7¢. BC, — T},

TN = (1 — pT) tRY, + p'T! | +¢T, (47)
o= -7, th=0.7F o=t 7

Revenue shrinks by tax base erosion, leading to tax losses 7). We assume that the tax
yield is reduced by #% of GDP in the long-run. More tax base erosion raises tax rates and
slows down growth. Finally, we introduce a scaler ¢; to implement tax based consolidation.
Initially, t* = 1. When the government needs more revenue, it may scale up all tax rates
by t;. A change in the tax structure, e.g., a shift from income to consumption taxes, could
also be implemented by first reducing the parameter 7 and then computing the budget

balancing increase in ;.

To sum up, consolidation policy sets a target for the structural surpluses S¢ in (44).
Structural spending does not include transitory spending shocks, PG, = gPY, — & StG
and E, = ewl Ly — §e§tG . The definition of the primary surplus thus gives the required
level of tax revenue that must finance structural spending plus a structural surplus, 7; =

th + PG, + E,. Upon substitution, required tax revenue is
T, =S¢+ PG, + E, = gPY, +ewlLy+ (1 — &9 — %) 5S¢, 89 =055 8 —cF. (48)

To generate the required tax revenue, the government must appropriately scale tax rates in
(47). Required tax revenue and tax rates can be lower if fiscal consolidation predominantly
rests on spending cuts. Importantly, spending shocks € and e are not immediately

financed with taxes but raise next period’s debt and are consolidated later on.
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The actual surplus is S¢ = T; — P,G; — E; and accounts for all spending, including
unsystematic spending shocks. Using P,G; = Ptét + th and E; = Et + 5{? together with
S'tG =T — Ptét — E~’t gives the second equation above and thereby pins down the actual
surplus. Given S, the budget (42) finally determines new bond issues N, leading to
end of period debt BE by (41). Sovereign debt B¢ is partly held by banks and partly
traded on the capital market. Banks acquire a quantity N7 of newly issued bonds, giving
total bond holdings of BY. The rest is placed on the capital market. Private investors are
willing to hold any residual quantity B; = B¢ — BY, as long as bonds offer the required

return 7.

1.6 Banking Sector

Bond Trading: Banks are price takers on bond markets. The government issues a share
1 — 3% of debt on bond markets and sells the remainder to banks, giving bond holdings
B} = 3B of banks. Banks can trade bonds at a price Q; independent of public debt
management. The stock of bonds Bf = BY,+B/ | ,+B/ ,,+. .. consists of many vintages.
At any date, the sovereign repays a fraction . Banks may also sell a common fraction 4,
and are left with a share 1 — y —§. Vintage s shrinks to B, = (1 — u — ) BY, ,, so that
Bl =B}, +(1—-pn—-9) (Bf_Lt_1 + B 5, 1+ ) Using N{ = B,

Bl =N/ +(1—p—=0)Bl,, VF=QN/+(1—-p—-0)VL,, 0<0<1—p (49

Similarly, V/ = Q;BY, +Q;-1B] 1 ; +Qi2B{ 5, +. .. is the book value of bonds reflecting

g
s

acquisition costs. Using again BY, = (1 —pu —0) BY, | gives the second equation. Two
limiting cases are informative. If § = 0, there would be no trading on the capital market.
Banks would simply hold on to bonds until maturity and receive repayment at face value.
Turnover of bond holdings and, in turn, convergence of market and book values would be

very slow. If 6 = 1 — u, banks would replace in each period the entire stock of outstanding

®New bond purchases are residually determined by Ny = Bf — (1 — pu —§) B} | with BY and B{_,

being a fixed share 3° of total stocks BE.
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bonds by new vintages. In this case, B = NY and V! = Q;B/, so that market and
book values are brought in line instantaneously. The bank would realize large losses when

selling of bonds with high book value at a low price.

Balance Sheet: Assets and liabilities are credit B!, bond holdings V?, equity E? and
deposits D;. The balances sheet is B! + VY = E? + D;. Stocks accumulate by

Bl=(1-06"—s)Bl_,+N}, Dy=D;1+N¢,

(50)
VI=QINf +(1—p—0)V2,, E}=E}  +N}— (5k +3t) Bl —(u+0) V2.

While a share 6" of loans gets regularly repaid, a share s, is bad. Banks must thus write
off part of the loans. In total, the loan volume and bank equity shrink by ((5k + st) B! .
The balance sheet thus gives a flow constraint VB! + VV? = VE? + VD, or

B +V =E'+D, = N +QN/=N’+N. (51)

In bankruptcy, a bank seizes all assets and can recover a share 1 — /; of the non-
performing loan.” In period ¢, net losses on bad loans are ¢;s;B! . Liquidation revenues
show up in the bank’s profit statement below. New loans N/ only go to viable projects,

thereby making loan accumulation of banks and (surviving) businesses identical.

The banking sector budget records inflows consisting of loan interest earnings i, B! |,
repayment 6" B!_,, liquidation revenues (1 — ¢;) s, B'_; in t on bad loans, coupon interest
plus repayment at face value (74 u) BY_; of bond holdings, revenues from selling off an
additional 5By ; at a price Q;, and new deposits NZ. Outflows are interest i’ ;D; | on

deposits, new lending N}, bond purchases Q; N/ and dividends Yy,

4By +6"B)_1 + (1 — ) s,B)_, + (1+p) B{_y + 6Q,Bf_, + N} (52)

=i Diy + N} + QiN{ + ;.
Use (51) to replace D;_; and N}. Define n{ = (1 + pu + 6Q;) B , — il ,V? , and get

N +xi=mi=(ip+ (1 =€) s+ 6" —il ) Bi_y +il B}, + . (53)

"The dating is discussed in detail in equation (69) below. Bank losses depend on firm leverage in ¢ — 1.
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The interest margin on bonds is captured by 7f. Bond earnings (7 + p + dQ;) BY_; reflect
coupon interest, repayment at maturity and revenues from selling off prior to maturity.

The book value V2 ; must be backed up by deposits and creates interest cost i¢ V7 ,.

Capital Constraint: Banks must satisfy minimum capital standards. Including

buffers, equity must be at least x? of loans and k¢ of sovereign bonds,
El > kBBl + k7. (54)

Once equity is fixed, deposits follow residually from the balance sheet identity. Antici-

pating a binding constraint, deposits are

Dy = (1—-r")Bj + (1 - s%) V. (55)

Optimization: Owners value steady dividends close to a benchmark ¥’. Deviations
create convex increasing adjustment costs z (Xg) in terms of output. When cutting divi-
dends below °, banks meet progressive resistance. Owners are also concerned about an

erosion of equity capital when a bank pays out too much:
b Loy b 2
2 (xi) = 5¢" (0 = X")- (56)

When banks pay a gross dividend 2, investors receive a net dividend x, — 2P, net

of agency costs measured in terms of output. Bank valuation is

VP=xt— 2P+ Vi (1+1). (57)

Banks invest in loans and bonds and choose retained earnings subject to the financing

constraint (54). Given the value function V? =V (B!_, E}_,), they must solve®

_ VA + g [BEP — kPBL— KOV
Vb _ b b P t+1 t t t t
; max X 2 (x7) P+ 7

Bl= N+ (1- 6" —s) B,
E'=E | + NP — ((5k + St) By —(n+0)Ve,.

8Bond holdings are not optimized. All terms relating to public debt are thus exogenous to the problem.
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Use dV?/B!_, = A, and dV}?/E? | = \¢. Get optimality and envelope conditions

l B, e
Arp1 — K71

Nl 0=
t 1 +Z§ )
_ ¢ -+ ,ue
b . _ t4+1 t
Nt . 0_—(1_Z£Pt)+TZ§,
By N=(1=2P) @@+ (1—6)s+0" —il ) (59)
)\l o KB,ue A€ + ,LLE
1— 5k _ t+1 t_ (sk t+1 t
+( ) 1+ (0" + 51) 1+t

e S\ Ayy 1
Ef L A= (1 — ZéPt) Z?_l + %Z?t
Lending: Combine with optimality conditions to rewrite (iii) and (iv),
A= (1—2D5) (i —tsi—ily), M= (1—-2bB)(1+i,). (60)
Use Ay, in (ii) to get pf = (1 — 2/ P,) (1 +42) — (1 — 2,1 Piy1) (1 4+ if). The shadow price
is positive in a neighborhood of a SS, u¢ = (ib — id) (1 — z’P) > 0, since i* > i? by the
equity premium and z’ roughly zero. The financing constraint is binding. To relate the

shadow price to the banks’ earnings potential, we substitute A, ; into (i),

py = X1 /7 = (1= 201 Prt) (igq — lipasin — 7)) /67, (61)
With a binding finance constraint, lending is a fixed leverage of free equity,

Bl = (E} — k°Vf) /KP. (62)

Dividends: Divide (59.i) by «? and add to (ii). Define a combined shadow price,
Ay1 = Ay + /K, and Tobin’s Q on retained earnings, @) = A}, ,/ (1 +4¢). Dividend

policy follows from 1 — 2/ P, = Q?,

X? = Xb + (1 - Q?) / (WR) ) Q? = )‘?+1 (1 + Z?) ) )‘?+1 = )‘f+1 + )‘i+1/“B>

N = (Uit (0 sy —if) 6] N (1), 63
To obtain the second equation, divide (59.iii) by x”, add to (iv), note puf = A.,, /k® by

(61) and apply the definition \? = X¢ + X\, /k®. Finally using 1 — 2P, = A0,/ (1+4%) and

rearranging gives the result.
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Using ¢+ N} = %, retained earnings are N} = 7 — "+ (Q% — 1) / (4"P,). If Tobin’s

QY > 1, equity is more valuable than other investments. Retained earnings increase.

Loan Pricing: By (63.i), % = (1+) \)/A),; — 1 =i | + (il — sy — i) /K5,

where 72 is an effective cost of equity. We obtain
kB (1= kP) iy s, B2 (NN - (6

The loan rate must match funding costs plus ¢;s; to cover marginal credit losses. In a SS,

AP =)L implies ? = 4°, giving

it =kP it (1= kD) il ls, =4t (65)

Shocks: The share of bad loans follows an autoregressive process
ss=1=p") (540" (Y =Y1) /YY) +p’si-1 + ;. (66)

The semi-elasticity o* determines the response to an output gap, ds = —o*-dY;/Y. When

the economy returns to the ISS, Y; = Y and & = 0, giving s = 5.

1.7 General Equilibrium

Monetary Policy: We analyze fluctuations around a steady state with constant money
supply and zero inflation. We specify a policy rule as in Ascari and Ropele (2013) and
Sargent and Surico (2011),°

) (}_//Y;)wyz

M= (L= ) MY e M e T =M M (6D

Money supply consists of a trend and a cyclical component. Depending on parameters

YY" and 9™, monetary policy aims to dampen fluctuations around potential output Y. If

9With common monetary policy, output and inflation sensitivities are uniform, ™ and ¥’ = Y.
With monetary autonomy, we allow Italy to choose a more aggressive policy with the output sensitivity

being a factor ¥° > 1 larger then in the rest of the Eurozone, ¥ = ¢'y)Y.
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current output is below potential output, ¥; < Y, money supply is increased by a factor
(}7/ Y})ww > 1, while the oppposite happens in a boom. Similarly, if actual inflation
exceeds the trend rate (m; > 0), money supply is scaled down by 1/ (1+7)"" < 0. The

opposite happens in a recession where m; < 0.

Aggregate Income: Nominal GDP is F,Y;. Income losses due to liquidation are
reflected in investment demand. Liquidation creates a market for used capital goods.
Supply (1 — Ek) s¢K;_1 depends on the liquidation rate. Demand for the composite good
absorbs newly produced and used equipment. In addition, bank owners incur dividend
adjustment costs z; in terms of forgone consumption, I; + J; + 2z = [P + (1 — Ek) e K 1.
Net demand [P consists of domestic goods and imports (as in 4-5). The investment

budget for new capital goods is P,IP = P,I; + PieIi® + PieI°. We record
th = jt + Jt + 2z — (1 - gk) Sth_l. (68)

The loss rates ¢; and ¢* on bad loans and on assets are linked. When liquidating s, K;_;
capital goods, banks can sell them at a discount on the market for used equipment and
earn P, (1 - E’“) s¢K;_1. Liquidation revenues define the loan recovery rate 1 — ¢; by the

budget (1 —¢;)s,Bi_; = P, (1—¢") s,K;_1. Using B_; = b*P,_1K, 1, the liquidation

budget is equivalent to 1 — ¢; = 1;5’“ Ffﬁl’ giving
5 K 1-(* B
l=1-P (1-(F =1-—=. 69
' ' ) B, vk P (69)

The loss and recovery rates reflect an equilibrium relationship and are taken as given by
banks. Since ¢* is fixed, a higher firm leverage b* reduces the recovery rate today. Quite

intuitively, loan recovery improves when used equipment is sold at higher prices P,.

Apart from wages and interest on internationally traded bonds, households collect
capital income ;' including dividends from ownership of firms and banks (net of dividend
adjustment costs) of x* and x? — 2, P; interest on deposits net of new deposit savings
i \D;_1 — N&; and net earnings on sovereign bond holdings. Specifically, households

absorb a quantity B! = BY — BY of bonds. Given a repayment rate y, bond holdings
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change by B! = N}'+(1 — p) B |. Investors receive income (7 + p) Bl | including coupon
interest and repayment at rates 7 and p, and spend Q;N!* to acquire new bonds where

NP = NEF + 6B | — N{. In total,

Xi=xX5+x0 — ab+ (i Dy — N + (14 p) B, — QiN/. (70)

Current Account: B{ is NFA (Bf < 0 is foreign debt) in domestic currency,
Bl = (1 +i,1) B, +TB:, TB,=PBE’ — P (C{+ 1) — P° (C{° + I}°) . (71)

The trade surplus T'B;, in domestic currency, is equal to the value of exports minus
imports. Exports reflect import demand of other regions. If Italy accumulates net debt

— B/, it must run a trade surplus to pay for interest, 7B = —iB7 in a SS.

In (71), net debt is denominated in domestic currency (Lira), and is exclusively held
by Eurozone investors.!® There is exchange rate risk. If an EZ saver invests 1 Euro at
home, she earns interest ¢y which accrues next period, giving 1 + 7. If she invests 1 Euro
in the Italian bond at the end of ¢, she gets ei¢ Lire which yield (1 + ;) €i® next period
and are converted back at a rate 1/e}% ;. Standard interest rate parity prevents arbitrage,
1+ = (1+1)e€/efs,. However, when countries are subject to default risk, investors
request a premium 9{ > 1. It is assumed to rise in line with debt to GDP ratios beyond

some benchmark, b{ > b/. Modified interest parity requires
(L+ie) eff /iy = (1+1) 07 (72)

The Italian bond yield in Euros must exceed the domestic return 1 + i§ by a factor «9{ .
Assets are perfect substitutes up to the premium 0{ . When the country’s debt ratio rises
(or NFA fall below the benchmark b/), investors start to worry about solvency and ask for a
higher premium. Conversely, the premium falls when a country accumulates NFA above
the benchmark level, making it a safe haven. In addition, we introduce autoregressive

shocks to capture sudden stop phenomena in foreign funding,

of = (L=p!) L4 (¢ )|+ ol el W =Bl AY). ()

100ur focus is on Italy and the Eurozone. We thus do not explain capital flows with RoW.
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In a SS, exchange rates are constant and i = i = 1/ to keep consumption flat. The
country premium must disappear, ¢/ — 1, so that b{ — bf. The model thus explains
fluctuations around a stationary foreign debt to GDP ratio. The sensitivity of the country

premium to the NFA position assures stability of savings in an open economy.

Market Clearing: Equilibrium requires market clearing
Y, =Ci+ G+ L, +E*, A =B, M=M/P. (74)

Demand for home goods stems from consumption, investment and exports. Households
absorb bank deposits and government bonds and hold shares in firms and banks and
receive net capital income x#* from these sources, as in (70). Any residual savings A; are
invested in net foreign assets (negative foreign debt). The last condition relates demand
for real money balances to money supply, M; = M7 /P,. Market clearing fixes the price
level P, = Mg /M;. There is no separate condition for labor market clearing since each

household type j is a ‘local’ monopolist and serves the entire market, NMN = Lj;.

Lemma 1 Walras’ Law: FExcess demands are related by

(At_Bg)_(l +ig—1) (Atq—B,f:l)vL(Mt — M)+ P, (Co+ G+ I+ Ef = Y;) =0. (75)

Proof. To compute x7* in (70), substitute dividends x¥ and % from (27,52). Use
BY, =Bl + B/, and N} = N + 6B/ , — N/ and consolidate terms. Next, use the
fiscal budget (42) to replace new bond issues Q; N and substitute for tax revenue 7T} as in
(48). Finally, we use (1—4,)s,B}_, = P, (1 —{*) s,K;-1 = P, (I, + J, + z — IP) which
holds by the realized liquidation budget in (68-69),

Xit =B (Y, —Gy) — BIP — E,— (1 — 1) w/Ly — T} + T P,C,. (1)

Use fol w;N;Ndj = wFL, and substitute x;* and TM = M7 — M | into the household
budget (13). Market clearing M, ; = M} ; holds identically in ¢ — 1, so that

Ar+ (My — M) = (1 +id4q) Apq + [Pt (Y, — Gy) — P, (ét + ];D)} . (ii)
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Rearrange (i), PY; + @141 = [PGy+ B (Co+ 1) | + [(Ar — A1) + (M, — M;)], to
find that GNP is domestic absorption plus savings (income expenditure identity). Expand
square bracket in (i) by exports P, E?, substitute budgets P,IP = P,I; + Pi¢Ii + Pi°[°
and P,Cy, and note the definition of the trade balance in (71) to obtain

P(Y,=G)— P (Ce+IP)=P (Y, - C,— G, — I, — E) + TB,. (76)

With output market clearing, the trade surplus is GDP minus domestic absorption. Com-
bine (ii) and (76) to eliminate absorption and use the current account (71) to replace T'B;.
This proves the result in (75). By Walras’ Law, one of the market clearing conditions is

redundant. Note that A, ; — Bf,l = (0 by previous period equilibrium. =

2 The World Economy

2.1 Rest of Eurozone

Households: Eurozone modeling is extremely simple. We postulate an autoregressive

income process for Eurozone GDP,
Ye=(1=p) Y+ Y, +¢" (77)

Households collect income, consume and save. Savings in domestic assets yield a return
1y_,. Italian bonds yield a country premium. To the extent that households are invested
in Italian bonds, they collect differential interest earnings X{ “ (defined below with the

current account). Wealth accumulation in Euros thus follows
Ay = (L) Ay +x] + PEYS + T — (M — Mi,) — PECy. (78)

Agents spend PfC¢ = PCE + PECE + PeCe where Pt = Pl /el and P& = P°ef are
local demand prices in Euros. One Dollar is worth ef” Euros. If a RoW good costs P°

Dollars, the price in Euros is Py° = P°{°. EZ consumers demand three goods, subject to

28



- r10"/(e"=1)
ce = [Zr( 67“)1/ o (C’eT) o' =b/e } . Minimizing expenditure yields a price index
Pg, demand C¢" for goods of region r, and total spending PfCY¥,
er er ( De er\9' ~e pe er er\yl—o /(="
Cir = s (Pe/PE) G Pr= | (BT (79)

Preferences for consumption Cy and real money balances M; are

(Cf)l—l/ac 1o (Mte) 1-1/c™

Ve =t (Cho Miy,) + BEV, up = 1—-1/o° () 1-1/o™

(80)
Real money demand is s.t. shocks m§ = (1 — p™)m® + p™m§_; +&;"°. We record
e 1/‘7 e e e\ /o™ e e e /e /o™ ¢ Aey\1/o°
-, =1/ (O ) Uprs = (mt/Mt) ) uM,t/ué,t - (mt/Mt) (Ct> :
Solution: The Bellman problem to be solved is
Ve(As |, My ) = maxce e u(CF,My) + BEV® (A7, My)  s.t.
A = (Vi) A+ X+ POYE + T — (M — My, — PGy

Define \;,, = dV/.,/dA; and A" = dV¢/dM¢ . Using My = Mg Pf, optimality condi-

tions for Cf, M¢ and envelope conditions for A¢ ;, Mf | are
Gy + ug, = BEAN,, P,
My g, = BE (X — M) P (81)
Af L o X =BEN, (1+1,),

My N = BEX,.

Shift forward (81.iii) by one period, multiply by BE,Pf, rearrange terms to use (i) on
both sides and get the Euler condition,

ueé,t =Ef(1+rf)- ueC’,tJrl = 1= (EtB (1+ Tte))g (éf/éf+1) - (82)
The real interest rate (depending on ezpected inflation) is
Ltrf=1+d)/(1+m5), 147 =P, /P (83)
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By (iii-iv), A" = X¢/ (1+45_,). Using this in (ii), combining with (i) gives the tangency

condition for money demand,

m

ue_ ‘e B 1 ‘e B o o
U, + 1 ¥

Equilibrium: The policy rule for money supply is

_ wy
s,e m m,ey e Ye/Ye m s,e m,e e s,e s,e
M= (1-p") ™Y 'ﬁ‘*’p M5 +e, TtM = M — M. (85)
t

The rest of the EZ is a creditor country and issues net foreign assets Bf “> 0. In
buying Italian external debt, see (71), it earns a premium 9,{ on cross-country investment,

as discussed in (73). The NFA position is denominated in Euros and grows by

Bl = (1+if,) Bl +x[°+TBf, TB;f=PE*—PfCy —PeC, (86)

XO= [+ i) ety /e = (T+idg)] BE.

Actual interest on holding Italian bonds is (1 +4; 1) el ,/ei®. Foreign assets thus earn
national interest if ; plus a differential reflecting cross-border investment risk. End of

period wealth adds up to (1+1_;) Bl 41 = [(1+i1) €fe, /ef] Bl.

With residual savings invested in Italian bonds Bf “, market clearing conditions are

YE=Cf+ B, AS =B/, M= M*/Ps, TMC =M - M. (87)

Lemma 2 (Walras’ Law) Excess demands are related by

(A = BI) + (M7 = M) + e (G + B = Y)) =0, (58)

Proof. Use T} = M — M in the household budget (78),
Af+ (M = M%) = (Mg = M) = (L4 4) A7 +xq° + PEYE = PGy (i)
Expand the r.h.s. by exports P¢E;°, substitute the budget PfC¢ and the trade balance,
PYYf — PECY = P (Y = Cf — E/°) + TB. (89)
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Given output market clearing, the trade balance is GDP minus absorption. Substituting

into (i) and using the current account (86) together with x/** gives

(45— BI) + (Mg = MP) + PE(CE + B = Y) (i)
(Mtefl - M;fl) + (1 + Z‘?fl) (Affl - Bgfl) = 0.

Since previous period market clearing holds by definition, this yields the result in (88).

By Walras’ Law, one of the market clearing conditions is redundant. m

2.2 Rest of the World

RoW consists of other countries (indexed by o). Since our focus is on Italy and the
Eurozone, we allow only for internal capital flows. Hence, net foreign assets of RoW are
zero and trade is balanced. The foreign final good serves as numeraire, the local price is

P° = 1. We postulate export demand functions for Italian and EZ exports to RoW,
Cyf=s"-(6?/P)” . O =5 () P)" . (90)
Now all export demands are specified, giving
Ef =08 +C%, EJ=ClE+ I+ 0% B =00+ I°+ 0. (91)
With zero net foreign assets, trade must be balanced
TB = P°E}° — PPCy — PP'CY' = 0. (92)
Lemma 3 (Walras’ Law) In the world economy, the sum of trade balances, converting
them into the same currency (e.g. Lire), must add up to zero,
TB; + €fTB; + ¢e,°TBy = 0. (93)

Since RoW is closed to external capital flows, global capital market clearing, expressed in

the same currency, requires
Ay + e A¢ = B + eiBl = 0. (94)
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Proof. Substitute the definitions of trade balances and of exports in (91) and use
Pie = e°pPg, Pi° = €°P° and PP = P/el, PP = P,/el°, and finally P = e%*Pf,
P = e° P, eice® = el and eifef® = ei° to get the result in (93). Imports of one country

are the exports of another, and the trade surplus of one is a deficit of another.

National capital market clearing requires A = Bf 7. To show world market clearing

in (94), substitute current accounts (71) and (86),
Bl +e'Bl* = (1+1i,1) (BZ_1 + eiilefl) +(T'B, +e°'TB) . (i)

Market clearing in t — 1 implies B/ | + ei® | B/, = 0. By (93), TB; + €T B¢ = 0 since

trade with RoW is balanced, T'By = 0, which gives global capital market clearing. m

2.3 Currency Union

Common Monetary Policy: In a currency union, there is only 1 monetary policy
subject to 1 money market clearing, and the exchange rate is fixed at ¢ = 1. We use
weights s =Y,/ (Y; +Y) and 1 — s} equal to the calibrated shares in total Eurozone
output. We define a ‘price index’ P and get

y _ Y
t

= v (95)

V=Y, +YS, Pl=s/P+(1-5)F, 1+wyz%, s

t
Potential output in the total Eurozone is Y* = Y 4 Y. Regional levels of potential output
are given by (68) and (85). Nominal GDP value is Y;*P" = Y, P, + Y Pf since s} Y;* =Y,

and (1—s)) Y =Yg

Money market clearing requires M** = M?® + M®*¢ = PM + P*M¢. The trend com-
ponent of money supply is M** = ¢™"Y" with a coefficient ¢"" = (PM + PeM e) /Y,

The common monetary policy rule includes trend and countercyclical components,

o N 70 ) A
M :(1—p)¢’Y~—W+,0 1 tE (96)
(1+7¥)

We allocate money supply M, = Mg + M;*° = P,M; + PfM¢ to accommodate money
demand in each region, M = P,M; and M;** = P¢M¢. In this case, seignorage income

cancels from household budgets and Walras’ Law holds separately for each country.
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Monetary Regimes: The binary variable EZ € {1,0} indicates the monetary
regime. Setting £Z = 1 implements the currency union with common monetary pol-

icy while EZ = 0 refers to the exit scenario with autonomous, separate policies:

stay in EZ (EZ = 1) exit (EZ =0)
M = EZ-PBM, + (1=EZ)- M;(67),
M* = EZ-P¢M¢ + (1—EZ)-M™(85), (97)
0 = EZ-(PM+ PeMg—M") + (1—EZ)-(PM, — M),
0 = EZ-(elc—1) + (1= EZ)- (PeMg — M ).

In both scenarios, we compute total money supply M,” as in (96), although it will only
be used in the EMU scenario. The column (EZ = 1) refers to common monetary policy.
The exchange rate is fixed at € = 1, and the area wide money market clears. The first
two elements in the column (FZ = 1) indicate that money supply flows to each region
according to money demand. The second column (EZ = 0) refers to an exit, switching
to two independent policies that separately determine M; and M, by the rules (67) and

(85). Each money market clears in isolation and the exchange rate el floats freely.

3 Appendix: Wage Setting

We show that (19) exactly corresponds to Gali (2015). Note that w; remains fixed until
the next opportunity arrives. Shift forward (19.ii) by one period and rearrange (i),
) (1 — Tt) wy o Niy N%UH
: 0=— — — MRS :
(9) [(1+75)Pt o—1 Y wr Ty

1— *
( :t—&-l)}ut o o MRS@t.H
(77i) Pn 71

w
Niit1 w Hito
wy L+ 70

(it) : i, =—

Substitute Tlm = Bt% from (15), multiply by ue,, and define viy; = ey 4185

, (1 —7¢)wy o N,
(Z) : OZ_[(I+T})PI:5_O—1MRSt’t w—t;ué,t_’_wﬁt'vt—i—la

1 _ *
( :t+1) Eut o g MRSt’t+1
(L+7¢4) Pon 01

Ntt

5 +1 _

o Ul +whiyg - Viga.
t

(ZZ) U1 = —




1—7¢)w? Ny tii .
Define X, ;y; = _Q-m)wi o _pzr RSy 1| =2 us ., and note that w! remains fixed.
o (147¢yi) Py 01 o W bt ¢

In general, the second equation is vey; = — Xy ¢y + B, ;W - Vi1 Keeping 3 constant and

solving forward establishes 0 = — Zz‘zo (ﬁw)i Xt t1i- Substitute X;:.; and note that w; is

constant (set today and unchanged thereafter) and cancels out,

1 _ *
U=rmwi 9 g,
(L+75) P 0—1

0= Zz’ZO <5w)i

N, tt+iUC t4i-

Setting taxes to zero, this exactly corresponds to equation 11 of Gali (2015, p. 168).
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