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Abstra
tThis 
ontribution deals with the apparent diÆ
ulties when solving anoptimization problem with random in
uen
es by the use of multistagesto
hasti
 linear programming. It names spe
i�
 numeri
al solution te
h-niques whi
h are suitable for 
oping with the 
urse of dimensionality, within
reasing s
enario trees and asso
iated large-s
ale LPs. The fo
us lieson 
lassi
 de
omposition methods whi
h are natural 
andidates to applyparallelization te
hniques. In addition, an alternative approa
h is sket
hedwhere the repla
ement of optimization runs by optimality 
he
ks leads toan eÆ
ient handling of 
onse
utive dis
retization steps given some stru
-tural requirements are ful�lled.Keywords: Multistage Sto
hasti
 Linear Programming, Dis
retization,Large-S
ale Linear Program, Numeri
al Te
hniques



1 Introdu
tionA huge number of operational and planning problems is 
hara
terized by se-quen
es of de
isions over time. As though this stru
ture of a
ting over time { inthe sense of taking optimal or, at least, \good" de
isions w.r.t. some 
onstraints{ would not be 
omplex enough, one often is additionally fa
ed with a sto
hasti
evolution of parts of the problem's parameters: pri
es, sales, produ
tion 
osts orinterest rates are only a few examples of relevant future information whi
h is veryrarely already known today. Whenever possible, the today's and future de
isionsshould take into a

ount this un
ertainty and respond to the realizations of therandom variables involved.Then, the resulting model for optimal de
ision making is a multistage sto
hasti
program given the following assumptions are ful�lled:- These distributions are una�e
ted by the de
isions taken.- De
isions have to be taken on past information only, i.e. de
isions made to-day 
annot depend on information re
eived tomorrow or any day thereafter(so-
alled nonanti
ipativity).- A �nite number of de
ision stages is 
onsidered.As to the third item, �nitely many stages do not demand for a �nite horizon of theproblem to be formulated; for instan
e, the problem may in fa
t be 
hara
terizedby an in�nite planning horizon, but this 
ir
umstan
e has to be in
orporated inthe model by a �nite number of stages.It is possible that in some { perhaps most pra
ti
al { situations a distributionlaw of the sto
hasti
 in
uen
es may not be known. In su
h 
ases, one 
an 
hoosean approximating distribution to a
hieve results whi
h normally are superiorto a substitution of the random parameters by single best estimates or meanvalues. Anyway, at the end, one needs a 
on
rete probability distribution (an apriori known one, a subje
tive idea, an approximating one or whatsoever) be
auseotherwise one 
ould just formulate the sto
hasti
 program without a 
han
e todetermine a solution. For this reason, in the following we will assume that theprobability distributions of sto
hasti
 in
uen
es in all stages are known.In general, it is the expe
ted value of an interesting quantity whi
h will bemaximized or minimized subje
t to some 
onstraints. Throughout this paper, we
on�ne ourselves to multistage sto
hasti
 programs with �xed re
ourse for tworeasons: �rst, these programs proved to be an adequate tool re
e
ting the 
om-plexity of real-life situations and, se
ondly, in the last de
ades a wide theory andpowerful solution pro
edures have been developed. Furthermore, the obje
tivefun
tion is assumed to be linear in the de
ision variables so that we are dealingwith multistage sto
hasti
 linear programs (MSLP) with �xed re
ourse. For easeof simpli
ity, we take the te
hnology matri
es T t to be known as well, but they
an di�er from stage to stage denoted by the supers
ript t.2



When sto
hasti
 in
uen
e is given by 
ontinuous distributions, one of the most
ommon { and in fa
t promising { approa
hes is to dis
retize the support of thesedistributions. Of 
ourse, although we 
on
entrate on dis
retization approa
hes,we do not wish to 
on
eal the existen
e of alternative methods: for instan
e,approximation of the original distributions 
an also be a
hieved by simpler { butstill 
ontinuous ! { distributions (see e.g. Birge and Walla
e [7℄, Birge and Wets[8℄, Walla
e [34℄, and Birge and Qi [6℄). However, dis
retization always leads tos
enario trees depi
ting the sto
hasti
 evolution. On the one hand, this over
omesthe obsta
le of numeri
al integration in high dimensions 
orresponding to therandom variables be
ause an MSLP with a �nite number of s
enarios still has adeterministi
 equivalent linear program. On the other hand, su
h a MSLP in itsextensive form mostly is given by a really large-s
ale linear program; normally,the latter does not appear a

essible to manipulations su
h as basis fa
torizationsfor extreme or interior point methods (see e.g. Birge and Louveaux [4℄, Chapter5, for fa
torization in the two-stage 
ase). Up to a 
ertain size, these large-s
aleLPs are solvable by dire
t methods like simplex-based or interior point methodswith a

eptable 
omputational e�ort. When the size of an LP sets limits to theappli
ation of dire
t methods, promising indire
t methods are given by methodswhi
h are based on de
ompositions, on some form of Lagrangian relaxation, andon uses of separability.Anyway, the solutions based on s
enarios and, hen
e, on approximating dis
reteprobability measures are solutions of approximate programs; they 
an only serveas approximate solutions of the original '
ontinuously distributed' MSLP. Thus,one normally aims at a su

essive improvement of the approximate solution untilan a priori approximation quality1 is rea
hed. This leads to a 
y
le of 
onse
utiveapproximation steps � whi
h are { hopefully { tra
table until the approximationquality desired is a
hieved.To summarize, two aspe
ts are 
ru
ial to \solve" an MSLP with 
ontinuousunderlying distributions.(i) The dis
retization s
heme is responsible for quality of the s
enarios, and itdetermines the type of result one 
an get based on these s
enarios.Does one a
hieve probabilisti
 or deterministi
 bounds on the true2 expe
tedobje
tive value ? And are the s
enarios representative for the sto
hasti
evolution of the un
ertain 
omponents (in 
ase of probabilisti
 bounds), orare they adequately determined to a
tually provide bounds, respe
tively ?(ii) Depending on methodologi
al aspe
ts of the approa
h utilized and/or thedis
retization s
heme, one is for
ed to dispose of a more or less powerful(dire
t or indire
t) solution method. In general, it holds: the higher thenumber of s
enarios to be dealt with, or the better the demanded approxi-1Still to be de�ned!2with regard to the original 
ontinuous joint distribution3



mation quality, or the larger the single LPs to be solved in approximationstep �, the sooner one gets into trouble with one's solution method.There are many ways to approa
h this two-sided medal: for instan
e, (1) use alarge 
rude s
enario sample in 
onjun
tion with a sophisti
ated { e.g. parallelized{ method to solve the 
orresponding large-s
ale LP, or (2) sele
t a few \good"s
enarios so that one 
an 
ope with the arising LPs by the use of an ordinary'
ommer
ial' dire
t method, or (3) something in between, e.g. embed an advan
edsampling method into a well-tried de
omposition method.In order to treat more formally the alternate pro
edure 
onsisting of observingrandom events and taking de
isions, we state a mathemati
al formulation of a {slightly simpli�ed { multistage sto
hasti
 program in the next se
tion. This fa-
ilitates the introdu
tion of some te
hni
al terms and helps to make the subje
ta

essible to readers who are not familiar with multistage sto
hasti
 program-ming. Afterwards, Se
tion 3 states informally well-known existing te
hniques(with a fo
us on de
omposition) and deals with an alternative approa
h designedto handle sequen
es of approximating programs. The paper ends up with somesummarizing 
on
lusions.2 Multistage Sto
hasti
 Linear Program withFixed Re
ourseUsing a dynami
 programming type of re
ursion, we 
an write an MSLP in thefollowing form:for t = H; : : : ; 2 de�ne ba
kwardsQt(xt�1; �t(!)) := min 
t(!)xt(!) + E�t+1[Qt+1(xt; �t+1(!))℄ (1)s.t. W txt(!) = ht(!)� T t�1xt�1xt(!) � 0 ;with terminal value fun
tion given byQH+1(�; �) � 0:The interesting minimal obje
tive value and the today's optimal de
ision 
anthen be obained by solving the problemmin z(x1) := 
1x1 +Q2(x1) (2)s.t. W 1x1 = h1x1 � 0:In 
ase of unboundedness below or infeasibility of the program (1) Qt(xt�1; �t(!))is set to �1 or +1, respe
tively. The expe
tation fun
tional Q2(�) of the value4



fun
tion Q2(�; �) in (2) is de�ned asQ2(x1) := EP �2 [Q2(x1; �)℄ = Z�2 Q2(x1; �2) dP �2(�2) (3)= Z
Q2(x1; �2(!)) dP (!) = EP [Q2(x1; �2)℄ (4)with Q2(x1; �2(!)) := min 
2(!)x2(!) +Q3(x2) (5)s.t. W 2x2(!) = h2(!)� T 1x1x2(!) � 0:Sometimes the expe
tation fun
tionals Qt are named expe
ted value fun
tions,too (see e.g. Kall and Walla
e [23℄, p. 148). In the following, we refrain froma di�erentiation from 'normal' value fun
tions; depending on the situation andnotation it will be
ome 
lear if it 
on
erns the evaluation of an expe
tation ornot. O

asionally, in literature the term re
ourse fun
tion is used instead of avalue fun
tion; but the reader should be aware that sometimes de
ision rules orpoli
ies � 7! x(�) are also named re
ourse fun
tions (see e.g. Wets [35℄, p. 566,or Ro
kafellar and Wets [28℄, S. 171).In (3), �2 denotes the support of �2; 
on
erning the de�nition of P , see below.Integrals in the form of EP �2 [�℄ are given by the sum of their positive and negativeparts, with positive (negative) parts to be de�ned as +1 (�1) when the integraldiverges or the integrand takes the value +1 (�1) on a set of stri
tly positivemeasure.3 
1 and h1 are known ve
tors out of IRn1 and IRm1 , respe
tively. Forall stages t = 2; : : : ; H the random ve
tors �t := (
t;ht) ful�ll�t = (
t;ht) : (
;�t) �! (IRnt+mt;Bnt+mt) (6)! 7�! �t(!) = � 
t(!)ht(!) � =: � 
tht �with �t � �t+1 �-algebras relative to 
 (t = 2; : : : ; H � 1); herein, (6) standsfor the (�t;Bnt+mt)-measurability of �t.4 Ea
h �-algebra �t 
onsists of thoseevents that are 'known' at time t. Let P be a known probability measure on themeasurable spa
e (
;�H). Be
ause of the monotone in
reasing �-algebras �t {in the sense of set in
lusion { the (
;�t; P ) are well-de�ned probability spa
esfor all t = 2; : : : ; H.3Cases of simultaneous o

urren
e of �1 and +1 are handled by the 
onvention (�1) +1 = +1 (see e.g. Wets [37℄, p. 312), i.e. infeasibility in one subproblem 
annot be 
ompensatedby unboundedness below in another subproblem.4Bn (n 2 IN) designates the Borel �-algebra on IRn, i.e. the �-algebra whi
h is generatedby all open subsets of IRn. 5



(The distribution of �t is assumed to be independent of past realizations. Ifthis assumption is given up,5 then the problem formulation must 
ontain furtherinformation in the form of observed realizations of the random ve
tors up to timet. In order to keep the problems on a tra
table level and to avoid an overloadednotation, herein we will assume sto
hasti
 independen
e between stages.As to the de
isions, we additionally demand the (�t;Bnt)-measurability of xtfor all t; this ensures the nonanti
ipativity of the de
isions to be taken. xt�1denotes the states of the system and EP �t [�℄ the expe
ted value w.r.t. the indu
edprobability measure P �t (t = 2; : : : ; H). The value fun
tions Qt(�; �) and expe
-tation fun
tionals Qt(�) of stages t > 2 are de�ned analogously to Q2(�; �) andQ2(�), respe
tively; �t designates the support of �t.Sin
e the most 
ommon way to treat su
h a multistage sto
hasti
 linear pro-gram is to solve (approximating) dis
retized versions of the MSLP under 
onsid-eration, the next se
tion starts with the formulation of a deterministi
 equivalentprogram given a �nite number of random out
omes. Afterwards, various typesof solution te
hniques are stated rather verbally with a fo
us on well-known de-
omposition methods and an alternative approa
h developed re
ently.3 Solution Te
hniquesWhen deriving approximate problems by dis
retization, the multistage problemstru
ture obviously results in the following e�e
t: an in
rease of the numberof de
ision stages leads to an exponential in
rease in problem size even if thenumber of realizations in ea
h stage remains 
onstant. To underline this e�e
t,one 
ould think of the following example: in a sto
hasti
 programming problemwith 10 stages, 10 random variables per stage and only 10 random out
omes persto
hasti
 dimension (i.e. a rather small sample of only 100 realizations of the10-dimensional distribution on ea
h stage, whi
h 
an hardly obtain a suÆ
ientestimation quality), one would have to deal with 1020 s
enarios { a problem sizewhi
h obviously is not tra
table on a today's 
omputer platform within a

eptabletime although the high-dimensional integration is redu
ed to a �nite summation,5Take note of the fa
t that relaxing the sto
hasti
 independen
e 
annot be done without any
ompensation but only in favour of some weaker kind of regularity 
ondition like, e.g., lineardependen
y (see Wets [36℄, pp. 202f, 205).

6



as is shown in the following formulation of problem (1) - (2) in a dis
retized form:min 
0xo + S1Ps=1 ps1 (
s1)0xs1 + S2Ps=1 ps2 (
s2)0xs2 + : : :+ SHPs=1 psH (
sH)0xsHs.t. Axo = bT s1 xo +W1 xs1 = hs1(s = 1; : : : ; S1)T s2 xv(2;s)1 +W2 xs2 = hs2(s = 1; : : : ; S2). . . . . . ...T sH xv(H;s)H�1 +WH xsH = hsH(s = 1; : : : ; SH)xo � 0 ; xst � 0 ; 1 � t � H ; 1 � s � St
(7)

Herein, xo := x1o and xst (t = 1; : : : ; H; s = 1; : : : ; St) indi
ate the today's de
i-sion and the de
ision in the future node (t; s), respe
tively.6 v(t; s) designates thestate index of the ante
edent node a

ording to the underlying s
enario tree, i.e. itholds v(t; s) 2 f1; : : : ; St�1g for all t; s.7 But even for lower-dimensional prob-lems with less stages, random variables and realizations, the above-mentioned
urse of dimensionality has to be over
ome by powerful solution te
hniques. Asalready said, up to a 
ertain size of the DEP (7), 
ommer
ial or a
ademi
 di-re
t methods 
an be applied su

essfully without taking advantage of the spe
ialproblem stru
ture, i.e. just using well-tried sparse simplex methods or interiorpoint methods.An alternative way to 
ope with larger DEPs is to exploit the spe
ial stru
tureof multistage sto
hasti
 programs in the implementation of interior point algo-rithms.8 For instan
e, using su
h an approa
h Yang and Zenios [39℄ were able tosolve test problems with up to 2.6 million 
onstraints and more than 18 millionvariables. In general, interior point algorithms turned out to be very e�e
tiveto solve large-s
ale sto
hasti
 programming problems, likewise whether imple-mented to dire
tly exploit problem stru
tures or when applied to solve master-and subproblems within a de
omposition method.Be
ause of the road of su

ess of de
omposition methods and their widespreadusage, Subse
tion 3.1 brie
y deals with the idea and realization of these ap-proa
hes. Afterwards, Subse
tion 3.2 presents another kind of `de
omposing' a6The stage index t = 1; : : : ; H is now written as subs
ript in order to simplify the notation.7with s used as state index, St indi
ating the total number of nodes (states) on stage t, andpst denoting the probability of node (t; s).8Sin
e a detailed treatise of this subje
t is out of the s
ope of this paper, the reader is referredto e.g. Birge and Qi [5℄, Yessup, Yang and Zenios [22℄, or Czyzyk, Fourer and Mehrotra [9℄.7



large-s
ale program into smaller subproblems within the handling of subsequentapproximation steps.3.1 De
omposition MethodsConsidering a two-stage linear re
ourse problem with a �nite number of se
ond-stage realizations, then one 
an always form the two-stage extensive form. Itsprimal (dual) formulation has a blo
k (blo
k angular) stru
ture, so that it seemsnatural to take advantage of this stru
ture by performing a Benders [1℄ de
om-position of the primal or a Dantzig-Wolfe [12℄ de
omposition of the dual, re-spe
tively. Benders' method has been extendend in sto
hasti
 programming totake 
are of feasibility aspe
ts and is known as L-shaped method by Van Slykeand Wets [33℄: a
tually, it is a 
utting plane te
hnique whi
h builds an outerlinearization of the re
ourse fun
tion; the idea 
onsists of sequentially addingfeasibility 
uts whi
h determine the e�e
tive domain fx1 j Q2(x1) < +1g, andoptimality 
uts whi
h are linear approximations to Q2 on its e�e
tive domain.For a detailed s
heme of the L-shaped algorithm and enhan
ements like multi
utversions or bun
hing of realizations, the interested reader is referred to Birge andLouveaux [4℄, Chapter 5. Furthermore, a variety of variants and extensions exist:e.g., adding a nonlinear regularized term to the obje
tive (regularized de
ompo-sition by Rusz
zy�nski [31℄), or using sequential bounding approximations withinthe L-shaped method (see Birge [2℄ or Birge and Louveaux [4℄, pp. 296 �).As was already mentioned before, a potential disadvantage of sampling approa
hesis that some 
omputational e�ort might be wasted on optimizing when the ap-proximation is not a

urate; an approa
h to avoid su
h diÆ
ulties is to 
ombinesampling with another algorithm without 
omplete optimization. An obvious
andidate is to embed sampling into L-shaped method. Two well-known exam-ples of su
h a 
ombined approa
h are given by (1) an importan
e sampling basedapproa
h by Dantzig and Glynn [10℄ and Dantzig and Infanger [11℄, and (2) thesto
hasti
 de
omposition approa
h by 9. The �rst approa
h uses importan
e sam-pling to redu
e varian
e when deriving ea
h 
ut based on a large sample. In these
ond one, a single sample is employed to derive many 
uts; the latter are lessa

urate and eventually drop away with in
reasing iteration number.Generalizations of the 
lassi
 two-stage L-shaped method to the multistage
ase have been done by Louveaux [24℄ who performed this extension for multistagequadrati
 problems, and by Birge [3℄ for the multistage linear 
ase. The latteris also known as nested L-shaped or nested Benders de
omposition. The basi
idea is { analogously to the two-stage 
ase { to pla
e feasibility and optimality
uts; but now, optimality 
uts are pla
ed on the period t value fun
tion Qt+1(xt)for all t, and by feasibility 
uts one a
hieves solutions xt that have a feasible
ompletion in all des
endent s
enarios. Again, the 
uts represent 
onse
utive9see Higle and Sen [21℄ 8



(outer) linearizations of the value fun
tions Qt+1; 
onvergen
e to an optimalsolution in a �nite number of steps is due to the polyhedral 
onvex stru
ture ofthe Qt+1. However, despite of many similar features between the nested and thetwo-stage L-shaped method, there are some di�eren
es and pe
uliarities; we willonly mention two of them:(i) In the nested de
omposition pro
edure, many alternative strategies are pos-sible with regard to determining the next subproblem to solve, in parti
ularon whi
h stage t a subproblem will be solved. A so-
alled fast-forward-fast-ba
k10 sequen
ing proto
ol proposed by Wittro
k [38℄ seems to be supe-rior to other sequen
ing proto
ols like \fast-ba
k" or \fast-forward" (seeGassmann [17℄ and Morton [26℄).(ii) The two-stage method always produ
es 
uts whi
h are supports of the valuefun
tion Q2 if the subproblem is solved to optimality. In 
ontrast to this,the nested method working with the above-mentioned \fast-forward-fast-ba
k" proto
ol does not automati
ally generate a true support, i.e. 
utsmay lie stri
tly below the value fun
tion to be approximated.Similar to the two-stage 
ase, signi�
ant enhan
ement is possible for the nestedmethod by eÆ
ient bun
hing (or sifting); see Birge [3℄ or Gassmann [17℄.De
omposition methods whi
h are based on an Augmented Lagrangian 
an befound in Rusz
zy�nski [32℄, Rosa and Rusz
zy�nski [29℄ or Mulvey and Rusz
zy�nski[27℄. For parallelization aspe
ts 
on
erning de
omposition see e.g. Rusz
zy�nski[30℄.It should be noti
ed, that a multistage sto
hasti
 program does not automat-i
ally demand for the appli
ation of the nested method. Even in the multistage
ase one 
an utilize the 
lassi
 two-stage Benders de
omposition as is done inGondzio and Kouwenberg [19℄: they divide 6-period problems into a \�rst stage"problem from today up to time Hsub�1 and a set of \se
ond stage" subproblemsfrom time Hsub up to the horizon H. Applying the two-stage Benders de
ompo-sition whi
h employs the interior point solver HOPDM11 to optimize the masterproblem and the se
ond stage subproblems, they were able to solve a problemwith 25 million 
olumns and 12.5 million rows in less than 5 hours { admittedlyby massive parallelization using up to 13 pro
essors.On the one hand, this impressive result points out that the hope to solve trulylarge-s
ale deterministi
 equivalent linear programs be
ame a 
ertainty. On theother hand, this does not at all 
lose the gap between demand and reality: thequestion still remains in how far this really helps to \solve" an original MSLPwith a 
ontinuous underlying distribution. For instan
e, in the above-mentionedprogram with 25 million 
olumns the 
orresponding s
enario tree 
onsisted of10i.e. the algorithm pro
eeds from stage t in a spe
i�
 dire
tion { either t+1 (\forward") ort� 1 (\ba
k") { until it 
an no longer pro
eed in that dire
tion11see Gondzio [18℄ 9



136 = 4'826'809 s
enarios, namely a tree with 7 de
ision stages and 13 bran
hesper node. Taking into a

ount that 6 random 
oeÆ
ients are in
luded in thisspe
ial ALM model, the amount of 13 realizations does not appear that large.Of 
ourse, sophisti
ated methods 
an be employed to 
onstru
t spe
i�
 eventtrees whi
h reprodu
e some properties of the underlying distributions; e.g. tree-�tting 
an be utilized to �t the �rst few moments of the underlying distributions(e.g. mean, standard deviation, skewness and kurtosis { depending on the numberof realizations). But this only in
reases the 
on�den
e in the quality of theapproximating dis
rete probability measure in the sense that one is \near" to theoriginal distribution; one 
an at most expe
t that this helps to improve the qualityof the solutions. It does not really help to quantify a solution quality in terms ofprobabilisti
 bounds (
on�den
e intervals) or deterministi
 bounds on the trueoverall obje
tive value. Statements on probabilisti
 bounds 
an only be given bystatisti
al reasoning based on the sample size, and an evaluation of deterministi
bounds requires spe
ial dis
rete support points. The next subse
tion deals with aspe
i�
 dis
retization s
heme { whi
h has turned out to be an adequate te
hniquegiven some stru
tural properties of the multistage sto
hasti
 program are ful�lled{ in 
onjun
tion with a numeri
al pro
edure to handle sequen
es of approximatingdeterministi
 equivalent linear programs: the 
hoi
e of the dis
rete support pointsguarantees to evaluate upper and lower deterministi
 bounds on the true overallobje
tive value, and the numeri
al pro
edure 
an 
ope e�e
tively with the large-s
ale LPs whi
h arise when one tries to su

essively improve these bounds.3.2 Progressive Re�nement Approa
h and Bary
entri
 Ap-proximationConsider the general MSLP (1) - (2) stated in Se
tion 2 with an underlying 
on-tinuous joint distribution. When the problem has some { not very restri
tiveand rather te
hni
al { properties12, then the value fun
tions Qt(xt�1; �t(!)) inall stages are saddle fun
tions with a 
onvex behaviour w.r.t. xt�1 and ht, anda 
on
ave behaviour w.r.t. 
t. This saddle stru
ture is exploited by the so-
alledbary
entri
 approximation s
heme in the following way: upper and lower approx-imations of the value fun
tions at ea
h stage are 
onstru
ted leading to upperand lower s
enario trees and asso
iated large-s
ale LPs. The optimal obje
tivevalues of these `upper' and `lower' LPs provide deterministi
 bounds on the trueoverall obje
tive value of the original MSLP with its 
ontinuous distribution.Furthermore, they enable to state and lo
alize the ina

ura
y (in the sense of thedistan
e between the upper and lower approximate obje
tive values) w.r.t. the
urrent approximations.Usually, one's aim is to improve the quality of the approximations built upso far whi
h is done by su

essive re�nements of the support of the underlying12For a detailed treatise see e.g. Frauendorfer [13℄[14℄[15℄10



distributions; in doing so, these supports are more and more dis
retized whi
hleads to more rami�ed s
enario trees and gives a better depi
tion of the futuresto
hasti
 evolution. On balan
e, the pro
edure of su

essively raising the num-ber of dis
retization points is inevitably linked to sequen
es of ever in
reasing13large-s
ale LPs whi
h all have to be solved in order to tra
k the development ofthe a

ura
y a
hieved.Consider a s
enario tree representing a deterministi
 equivalent program afterhaving 
arried out a sequen
e of � re�nements of the support of the underlyingprobability distributions (where we 
on�ne ourselves to re�nements in the rootnode only, i.e. partitioning always takes pla
e w.r.t. the support of se
ond-stagedistributions). This re�nement is restri
ted to the root node for two reasons:First, this kind of re�nement results in a largest possible in
rease of the numberof s
enarios and thus represents the most 
hallenging 
ase sin
e the 
orrespondingLPs enlarge to the same extent. Se
ondly, this immense growth of the s
enariotree stands for a very exhaustive in
orporation of potential dynami
s of the un-
ertain quantities and 
an be assumed to result in a strong improvement of theapproximation a

ura
y.14 The upper part of Fig. 1 gives an exemplary imageof su
h a re�ned s
enario tree when the unre�ned tree 
onsisted of an ordinarybinary tree. Having 
arried out a further re�nement step �+1 { in the sense thatthe 
hosen part of the support will be split { the subtree 
ontained in the upperframed box will vanish and has to be repla
ed by new subtrees representing thenew dis
retization points. If, for ease of simpli
ity, we think of a simple split ofthe partial support into two pie
es, then the new parts are given by the two lowerdashed boxes. Take note of the fa
t that, naturally, one 
an obtain new subtreeswhi
h are of exa
tly the same form as the vanishing part (for instan
e when ea
hof the two new partial supports is represented by the same number of dis
retiza-tion points). We will 
ome ba
k to this fa
t when dealing with the need to solvethese new subproblems on the operational level by means of a 
ommer
ial LPsolver. For every re�nement step � the s
enario tree a
hieved is asso
iated witha linear program LP �1 where the subs
ript 1 indi
ates the stage of the root nodeand the supers
ript � the number of re�nements 
arried out so far. Consideringnow the se
ond-stage problems LP �2;s (with s = 1; : : : ; S� both numbering thenodes on the se
ond stage from left to right and re
e
ting the di�erent states ofthe system on that stage, i.e. the spe
i�
 dis
retization points of the support of�2), the next re�nement step � +1 leads to the following situation in our spe
i�
example of Fig. 1:- The overall linear program LP �1 is repla
ed by LP �+11 . The new number ofse
ond-stage nodes is given by S�+1 := S� + 2.13At least, if no s
enario aggregation pro
edures are applied or \important" s
enarios aresele
ted.14E.g., as to the bary
entri
 approximation s
heme, this latter reasoning 
an be found indetail in Marohn [25℄, Chapter 5. 11



� j
Figure 1: Changing parts of a s
enario tree per re�nement- The two old se
ond-stage subproblems, say LP �2;s? and LP �2;s?+1, are repla
edby LP �+12;s? ,LP �+12;s?+1, LP �+12;s?+2 and LP �+12;s?+3.- All the other old se
ond-stage subproblems LP �2;s; s 2 f1; : : : S�g n fs?; s?+1g, remain un
hanged and form the rest of the subproblems LP �+12;s .Usually, when employing whatever solver to optimize the large-s
ale LPs LP �1 , thefollowing straightforward pro
edure is hardly suitable for 
oping the re�nement
y
le:1. Build up LP 01 and 
onvey problem to the solver. Solve LP 01 and get optimalsolution x1;0. Set � = 1.2. Carry out re�nement step �. Build up LP �1 and 
onvey problem to thesolver. Solve LP �1 and get optimal solution x1;�. Set � = � + 1.3. IF � < Max15 and x1;� does not ful�ll a 
ertain pre
hosen stopping-ruleGOTO 2. ELSE STOP.Naturally, this approa
h 
an be modi�ed in the sense that the deterministi
equivalent program is solved after every kth (k > 1) re�nement only. However,when the main interest is to tra
k the improvement of single re�nement stepsor to stop as soon as the stopping 
riterion is ful�lled, one 
annot avoid solvingthe large-s
ale LP asso
iated with ea
h re�nement. Having in mind the so-
alled
urse of dimensionality, the bottlene
k of this approa
h obviously is given bysolving these expanded large-s
ale LPs.15Max indi
ating the maximal number of re�nement steps12



It is this 
omputational burden whi
h 
an be over
ome by the progressivere�nement approa
h (PRA), whi
h redu
es the numeri
al e�ort by trying to verifythat the formerly obtained optimal solution is still optimal after the very lastre�nement step. In oder to give a brief des
ription of the 
ourse of events withinthe PRA, we will state a form of a meta-algorithm (i.e. only some modules aregiven with details hiding behind bla
k-boxes termed, e.g., 'Evaluate' or 'Update'):Progressive Re�nement Approa
h1. Set � = 0.2. Build up LP �1 and 
onvey problem to the solver. Solve LP �1 and get optimalsolution x1;�.IF � = Max or x1;� ful�lls a 
ertain pre
hosen stopping-rule STOP.3. Solve all LP �2;s with x1;� �xed in the RHS. Evaluate (sub-)gradient g� of zat x1;�.4. Set � = � + 1.Carry out re�nement step �. Build up new subproblems LP �2;s and 
onveysubproblems to the solver. Solve subproblems.5. Update last evaluated (sub-)gradient g��1 to the 
urrent one g�. Che
koptimality, i.e. try to show that �g� 2 NX1(x1;��1).16IF positive: Set x1;� = x1;��1.IF � < Max and x1;� does not ful�ll a 
ertain pre
hosenstopping-rule GOTO 4.ELSE STOP.ELSE (i.e. negative) GOTO 2.It should be noti
ed that the optimality 
he
k in step 5 utilizes an only suÆ
ientoptimality 
ondition, i.e. a negative optimality 
he
k does not mean that theoptimal �rst-stage de
ision 
hanges from re�nement step � ! � + 1. Hen
e,a negative optimality 
he
k 
an 
ause a wasted e�ort to 
arry through steps 2and 3, only to �nd out that the optimal �rst-stage de
ision did not 
hange atall. Fortunately, when applying the PRA to two di�erent multistage problemformulations (
oming from the area of running �nan
ial produ
ts), the empiri
alresults showed that this last-mentioned 
ase o

urs very seldom, if ever.The re�nement method utilized must ne
essarily possess some rather heuristi
properties: with the ongoing re�nement pro
ess, the repla
ed parts of the s
e-nario tree have to be
ome smaller and smaller relative to the whole s
enario tree;additionally, all parts besides the repla
ed part have to remain totally un
hanged16NX1(x1;��1) denotes the normal 
one to the feasibility region X1 of x1 at the previouslya
hieved optimal solution x1;��1. 13



(ex
ept the node probabilities of all se
ond-stage nodes whi
h are allowed to be
hanged). Otherwise the PRA 
annot be expe
ted to save mu
h numeri
al e�ortand, hen
e, valuable 
omputation time. The bary
entri
 dis
retization s
heme�ts these requirements.Altogether, the ne
essary handling of sequen
es of \re�ned" LPs { a

ording toa bary
entri
ally dis
retized support { 
ould be shown to be manageable by thePRA with a

eptable e�ort, at least with regard to two spe
i�
 pra
ti
al prob-lems of running �xed-in
ome produ
ts: Depending on the problem 
hara
teristi
s(number of stages and random variables, lower or upper approximation, et
.) upto several hundreds of partitions of the se
ond-stage support 
an be 
arried outwithin an elapsed CPU time of half an hour.17 Quite 
ontrary to the `traditional'approa
h to solve every re�ned LP �1 as a whole: there, only a few re�nementsteps are possible within a 
omparable period of time.The main advantage is given by a very small number of new subproblems LP �2;swhi
h additionally have the same problem dimensions, so that within the simplexalgorithm an e�e
tive start from an advan
ed basis 
an be employed. Be
ause ofthe (mostly) small number of subproblems to be solved in a re�nement step { andbe
ause of the hot-start possibility keeping the simplex algorithm time for thesubproblems in an order of magnitude of some se
onds {, parallelization is not soessential for a su

essful handling of the re�nement 
y
le. Of 
ourse, to solve thesubproblems in parallel 
ould be implemented without further ado. However, weassume that a real a

eleration of the 
omputation will only be a
hieved in 
aseof a negative optimality 
he
k (i.e. when the solution formerly a
hieved 
ould notbe veri�ed to be still optimal after the very last re�nement step) be
ause then allsubproblems arisen so far have to be solved again;18 but the latter situation wasonly rarely observed in the two problem statements 
onsidered. Comprehensivenumeri
al results with regard to CPU time and a more detailed presentationof the pra
ti
al problems (funding 
onventional Swiss mortgages and investingsavings a

ount deposits) 
an be found in Haarbr�u
ker [20℄, and Frauendorferand Haarbr�u
ker [16℄.4 SummaryA variety of suitable methodologies, numeri
al te
hniques and optimization toolsexists to deal with multistage sto
hasti
 programs. For instan
e, determinis-ti
 equivalent programs { 
orresponding to approximating or originally dis
reteprobability measures { 
an be solved with well-tried dire
t methods (
ommer
ialor a
ademi
 solvers) or sophisti
ated indire
t methods (de
omposition, sto
hasti
de
omposition, Lagrangian-based approa
hes). In order to a
hieve su
h approx-17even on small Unix workstation with a moderate memory of 256 MB RAM18regardless of the diÆ
ulty that in those 
ases the (presumably very large) overall linearprogram LP �1 has to be solved, too 14



imating dis
rete probability measures and asso
iated s
enario trees, a multitudeof dis
retization pro
edures 
an be applied: sampling (Monte Carlo { possiblyin 
onjun
tion with varian
e-redu
ing te
hniques, EVPI-based importan
e sam-pling, and many others), sele
ting some kind of \good" s
enarios" providingdeterministi
 bounds (e.g. bary
entri
 approximation, se
ond-order s
enario ap-proximation), generating representative s
enarios, and so on. In some 
ases, sam-pling/dis
retization pro
edures 
an be embedded in or at least 
ombined with theabove-mentioned dire
t or indire
t methods whi
h often leads to eÆ
ient numeri-
al te
hniques. Another way to de
rease 
omputation time is given by te
hniqueswhi
h aim at smaller s
enario trees, like s
enario aggregation or s
enario redu
-tion te
hniques.As has been already mentioned, when one utilizes su
h a sophisti
ated method ofa pie
e or 
ombines some good modules in an eÆ
ient way, it is quite possible, forinstan
e, to solve very large-s
ale deterministi
 equivalent programs with up to25 million 
olumns and nearly 13 million rows in a parallelized manner in a fewhours, or to handle sequen
es of hundreds of su

essively dis
retized programs.On balan
e, two aspe
ts play { and will play! { a key role to 
ope su

essfullywith MSLPs whi
h model pra
ti
al problem situations (i.e. rather high- than low-dimensional problems): to keep the gap between the original and the approximatedistributions as 
lose as possible, and in the meantime to keep an eye on thenumeri
al solvability of the 
orresponding large-s
ale LPs.

15
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