Neural Networks 108 (2018) 495-508

Contents lists available at ScienceDirect

Neural Networks

journal homepage: www.elsevier.com/locate/neunet

t.)

Check for
updates

Echo state networks are universal
Lyudmila Grigoryeva?, Juan-Pablo Ortega ™“*

2 Department of Mathematics and Statistics, Universitdt Konstanz, Box 146, D-78457 Konstanz, Germany
b Universitdt Sankt Gallen, Faculty of Mathematics and Statistics, Bodanstrasse 6, CH-9000 Sankt Gallen, Switzerland
¢ Centre National de la Recherche Scientifique (CNRS), France

ARTICLE INFO ABSTRACT

Article history: This paper shows that echo state networks are universal uniform approximants in the context of discrete-
Received 6 June 2018 time fading memory filters with uniformly bounded inputs defined on negative infinite times. This result
Received in revised form 26 August 2018 guarantees that any fading memory input/output system in discrete time can be realized as a simple finite-
Accepted 31 August 2018

dimensional neural network-type state-space model with a static linear readout map. This approximation
is valid for infinite time intervals. The proof of this statement is based on fundamental results, also
presented in this work, about the topological nature of the fading memory property and about reservoir
computing systems generated by continuous reservoir maps.

Available online 20 September 2018

Keywords:
Reservoir computing (RC)

Universality

Echo state networks (ESN)
Machine learning

Fading memory filters

Uniform system approximation

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Many recently introduced machine learning techniques in the
context of dynamical problems have much in common with system
identification procedures developed in the last decades for appli-
cations in signal treatment, circuit theory and, in general, systems
theory. In these problems, system knowledge is only available
in the form of input-output observations and the task consists
in finding or learning a model that approximates it for mainly
forecasting or classification purposes. An important goal in that
context is finding families of transformations that are both compu-
tationally feasible and versatile enough to reproduce a rich number
of patterns just by modifying a limited number of procedural
parameters.

The versatility or flexibility of a given machine learning
paradigm is usually established by proving its universality. We
say that a family of transformations is universal when its elements
can approximate as accurately as one wants all the elements of
a sufficiently rich class containing, for example, all continuous or
even all measurable transformations. In the language of learning
theory, this is equivalent to the possibility of making approxi-
mation errors arbitrarily small (Cucker & Smale, 2002; Cucker &
Zhou, 2007; Smale & Zhou, 2003). In more mathematical terms,
the universality of a family amounts to its density in a rich class
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of the type mentioned above. Well-known universality results are,
for example, the uniform approximation properties of feedforward
neural networks established in Cybenko (1989), Hornik (1991) and
Hornik, Stinchcombe, and White (1989) in the context of static
continuous and, more generally, measurable real functions.

A first solution to this problem in the dynamic context was
pioneered in the works of Fréchet (1910) and Volterra (1930) one
century ago when they proved that finite Volterra series can be
used to uniformly approximate continuous functionals defined on
compact sets of continuous functions. These results were further
extended in the 1950s by the MIT school lead by Brilliant (1958),
George (1959) and Wiener (1958) but always under compactness
assumptions on the input space and the time interval in which
inputs are defined. A major breakthrough was the generalization
to infinite time intervals carried out by Boyd and Chua in Boyd and
Chua (1985), who formulated a uniform approximation theorem
using Volterra series for operators endowed with the so called fad-
ing memory property on continuous time inputs. An input/output
system is said to have fading memory when the outputs associated
toinputs that are close in the recent past are close, even when those
inputs may be very different in the distant past.

In this paper we address the universality or the uniform ap-
proximation problem for transformations or filters of discrete time
signals of infinite length that have the fading memory property.
The approximating set that we use is generated by nonlinear
state-space transformations and that is referred to as reservoir
computers (RC) (Crook, 2007; Jaeger, 2010; Jaeger & Haas, 2004;
LukoSevicius & Jaeger, 2009; Maass, 2011; Maass, Natschldger, &
Markram, 2002; Verstraeten, Schrauwen, D’'Haene, & Stroobandt,
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2007) or reservoir systems. These are special types of recurrent
neural networks determined by two maps, namely a reservoir F :
RN x R" — RV, n, N € N, and a readout map h : RY — R that
under certain hypotheses transform (or filter) an infinite discrete-
time inputz = (..., 2z_1, Zg, Z1, .. .) € (R")? into an output signal
y € (R of the same type using the state-space transformation
given by:

Yo = h(x;), (b)

where t € Z and the dimension N € N of the state vectors x; € R
is referred to as the number of virtual neurons of the system. When
a RC system has a uniquely determined filter associated to it, we
refer to it as the RC filter.

An important advantage of the RC approach is that, under
certain hypotheses, intrinsically infinite dimensional problems re-
garding filters can be translated into analogous questions related
to the reservoir and readout maps that generate them and that are
defined on much simpler finite dimensional spaces. This strategy
has already been used in the literature in relation to the univer-
sality question in, for instance, Matthews (1992, 1993), Perryman
(1996), Sandberg (1991a, b) and Stubberud and Perryman (1997).
The universal approximation properties of feedforward neural net-
works (Arnold, 1957; Cybenko, 1989; Hornik, 1991, 1993; Hornik
et al., 1989; Hornik, Stinchcombe, & White, 1990; Kolmogorov,
1956; Riischendorf & Thomsen, 1998; Sprecher, 1965, 1996, 1997)
were used in those works to find neural networks-based families
of filters that are dense in the set of approximately finite memory
filters with inputs defined in the positive real half-line. Other
works in connection with the universality problem in the dynamic
context are Maass, Joshi, and Sontag (2007), Maass et al. (2002),
Maass, Natschldager, and Markram (2004) and Maass and Sontag
(2000) where RC is referred to as Liquid State Machines. In those
references and in the same vein as in Boyd and Chua (1985),
universal families of RC systems with inputs defined on infinite
continuous time intervals were identified in the fading memory
category as a corollary of the Stone-Weierstrass theorem. This
approach required invoking the natural hypotheses associated to
this result, like the pointwise separation property or the compact-
ness of the input space, that was obtained as a consequence of the
fading memory property. Another strand of interesting literature
that we will not explore in this work has to do with the Turing
computability capabilities of the systems of the type that we just
introduced; recent relevant works in this direction are Cabessa and
Villa (2016), Kilian and Siegelmann (1996), Siegelmann, Horne, and
Giles (1997) and references therein.

The main contribution of this paper is showing that a particu-
larly simple type of RC systems called echo state networks (ESNSs)
can be used as universal approximants in the context of discrete-
time fading memory filters with uniformly bounded inputs defined on
negative infinite times. ESNs are RC systems of the form (1.1)(a)-
(1.1)(b) given by:

{x[ =0 A1 +Cz+0), ()

{x[ =F(X-1.2), () (1.1)

Ve = Wxe. (b) (1.2)
In these equations, C € My, is called the input mask, { < RN
is the input shift, and A € My y is referred to as the reservoir
matrix. The map o in the state-space equation (1.2)(a) is con-
structed by componentwise application of a sigmoid function (like
the hyperbolic tangent or the logistic function) and is called the
activation function. Finally, the readout map is linear in this case
and implemented via the readout matrix W € My y. ESNs already
appear in Matthews (1992, 1993) under the name of recurrent
networks but it was only more recently, in the works of Jaeger
and Haas (2004), that their outstanding performance in machine
learning applications was demonstrated.

The strategy that we follow to prove that statement is a com-
bination of what the literature refers to as internal and external
approximation. External approximation is the construction of a RC
filter that approximates a given (not necessarily RC) filter. In the
internal approximation problem, one is given a RC filter and builds
another RC filter that approximates it by finding reservoir and
readout maps that are close to those of the given one. In the exter-
nal part of our proof we use a previous work (Grigoryeva & Ortega,
2018a) where we constructed a family of RC systems with linear
readouts that we called non-homogeneous state affine systems
(SAS). We showed in that paper that the RC filters associated to SAS
systems uniformly approximate any discrete-time fading memory
filter with uniformly bounded inputs defined on negative infinite
times. Regarding the internal approximation, we show that any RC
filter, in particular SAS filters, can be approximated by ESN filters
using the universal approximation property of neural networks.
These two facts put together allow us to conclude that ESN filters
are capable of uniformly approximating any discrete-time fading
memory filter with uniformly bounded inputs. We emphasize that
this result is shown exclusively for deterministic inputs using a
uniform approximation criterion; an extension of this statement
that accommodates stochastic inputs and LP approximation criteria
can be found in Gonon and Ortega (2018).

The paper is structured in three sections:

e Section 2 introduces the notation that we use all along
the paper and, more importantly, specifies the topologies
and Banach space structures that we need in order to talk
about continuity in the context of discrete-time filters. It
is worth mentioningdAl that we characterize the fading
memory property as a continuity condition of the filters that
have it with respect to the product topology in the input
space. In other words, the fading memory property is not a
metric property, as it is usually presented in the literature,
but a topological one. An important conceptual consequence
of this fact is that the fading memory property does not
contain any information about the rate at which systems
that have it “forget” inputs. We formulate several corollaries
of this fact that are very instrumental in the developments
in the paper. The situation is different for the so called
differentiable reservoir filters where the decay rate of the
weighting sequence with respect to which they have the
fading memory property plays an important role in the
analysis (see Grigoryeva and Ortega (2018b)).

e Section 3 contains a collection of general results in relation
with the properties of the RC systems generated by continu-
ous reservoir maps. In particular, we provide conditions that
guarantee that a unique reservoir filter can be associated to
them (the so called echo state property) and we identify
situations in which those filters are themselves continuous
(they satisfy automatically the fading memory property).
We also point out large classes of RC systems for which
internal approximation is possible, that is, if the RC systems
are close then so are the associated reservoir filters.

e Section 4 shows that echo state networks are universal uni-
form approximants in the category of discrete-time fading
memory filters with uniformly bounded inputs.

2. Continuous and fading memory filters

This section introduces the notation of the paper as well as
general facts about filters and functionals needed in the develop-
ments that follow. The new results are contained in Section 2.3,
where we characterize the fading memory property as a continuity
condition when the sequence spaces where inputs and outputs
are defined are uniformly bounded and are endowed with the
product topology. This feature makes this property independent of
the weighting sequences that are usually introduced to define it.
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2.1. Notation

Vectors and matrices. A column vector is denoted by a bold lower
case symbol like r and r' indicates its transpose. Given a vector
v € R", we denote its entries by v;, withi € {1, ..., n}; we also
write V.= (vj)ie(1.....n)- We denote by M, ,, the space of real n x m
matrices with m,n € N. When n = m, we use the symbol M,
to refer to the space of square matrices of order n. Given a matrix
A € M, , we denote its components by A; and we write A = (A;),
withi € {1,...,n},j € {1,...m}. Given a vector v € R", the
symbol ||v|| stands for any norm in R" (they are all equivalent)
and is not necessarily the Euclidean one, unless it is explicitly
mentioned. The open balls with respect to a given norm ||-||, center
v € R and radius r > 0 will be denoted by B.;(v, r); their
closures by By (v, r). For any A € M, m, ||A]l> denotes its matrix
norm induced by the Euclidean norms in R™ and R", and satisfies
(Horn & Johnson, 2013, Example 5.6.6) that ||A|l; = omax(A), with
omax(A) the largest singular value of A. ||A||, is sometimes referred
to as the spectral norm of A. The symbol ||-|| is reserved for the
norms of operators or functionals defined on infinite dimensional
spaces.

Sequence spaces. N denotes the set of natural numbers with the
zero element included. Z (respectively, Z and Z_ ) are the integers
(respectively, the positive and the negative integers). The symbol
(R™” denotes the set of infinite real sequences of the form z =
(...,2.1,20,21,...),Z € R"i e Z; (R"- and (R")?+ are
the subspaces consisting of, respectively, left and right infinite
sequences: (R"Y- ={z = (...,2_5,2_1,Zy) | 2z, € R",i € Z_},
(RM2+ = {z = (29,21,23,...) | 2; € R",i € Z,}. Analogously,
(D,)%, (D,)%-, and (D,)%+ stand for (semi-)infinite sequences with
elements in the subset D, C R". In most cases we endow these
infinite product spaces with the Banach space structures associated
to one of the following two norms:

e The supremum norm: define ||z||., = sup;¢; {l|z:||}. The
symbols £>°(R") and ¢3°(R") are used to denote the Banach
spaces formed by the elements in the corresponding infinite
product spaces that have a finite supremum norm.

e The weighted norm: let w : N — (0, 1] be a decreasing
sequence with zero limit. We define the associated weighted
norm | - ||, on (R")2- associated to the weighting sequence
w as the map:

Il s (RTY — R¥
z |zl = SéP{Hth—t”}-
teZ—

Proposition A.2 in Appendix A.11 shows that the space
@) = {z e (R |zl < oo},

endowed with weighted norm || - ||, forms also a Banach
space.

It is straightforward to show that ||z||,, < ||z|.,, for all z € (R")*-.
This implies that £*°(R") C £¢*(R") and that the inclusion map
(E2(R"), [Illoo) <> (€2(R"), lI-ll,,) is continuous.

2.2. Filters and systems

Filters. LetD, C R"and Dy C RN.We refer to the maps of the type
U : (D, — (Dy)* as filters or operators and to those like H :
(Dp)* —> Dy (or H : (Dp)** — Dy) as RN-valued functionals.
These definitions will be sometimes extended to accommodate
situations where the domains and the targets of the filters are not
necessarily product spaces but just arbitrary subsets of (R")Z and
(RN)Z like, for instance, £*°(R") and £2°(RN).

Afilter U : (D,)* — (Dy)” is called causal when for any two
elements z, w € (D,)” that satisfy thatz, = w, forany r < t,fora
givent € Z, we have that U(z);, = U(w),. Let T; : (D,)* — (D,)?
be the time delay operator defined by T,(z); := z;_.. The filter
U is called time-invariant (TI) when it commutes with the time
delay operator, thatis, T, o U = U o T, for any T € Z (in this
expression, the two operators T, have to be understood as defined
in the appropriate sequence spaces).

We recall (see for instance Boyd & Chua, 1985) that there is a
bijection between causal time-invariant filters and functionals on
(Dn)*~ . Indeed, consider the sets Fj, = and H, = defined by

Fip - = {U: (Dn)* — RY)" |
U is causal and time-invariant} , (2.1)
Hp, o = {H: (Dn)~ — R"}. (2.2)

Then, given a time-invariant filter U : (D,)? — (RV)?, we can
associate to it a functional Hy : (D,)*~ — RN via the assignment
Hy(z) := U(z%)y, where z¢ € (R™)” is an arbitrary extension of z €
(Dn)*~ to (Dn)”. Let W : Fy, 2 —> Hp vz be the map such that
¥(U) := Hy. Conversely, for any functional H : (D,)*~ — RNV,
we can define a time-invariant causal filter Uy : (D,)* — (RN)?
by Uy(z); .= H((Pz_ o T_;)(z)), where T_; is the (—t)-time delay
operator and P;_ : (R")* — (R")%- is the natural projection. Let
® : Hp,z- —> Fp,yz- be the map such that ®(H) = Uy. Itis
easy to verify that:

PYod = HH(D”)Z_ or, equivalently, Hy, =H,
for any functional H : (D,)*~ — RV,
PoW = HF(D e or, equivalently, Uy, =U,

for any causal Tl filter U : (D,)* — (RV)?,

that is, ¥ and & are inverses of each other and hence are both
bijections. Additionally, we note that the sets Fp jz— and Hyp, yz-
are vector spaces with naturally defined operations and that ¥ and
& are linear maps between them, which allows us to conclude that
Fp, - and Hp vz are linear isomorphic.

When a filter is causal and time-invariant, we work in many
situations just with the restriction U (D)= — (Dy)*-
instead of the original filter U : (D,)* — (Dy)* without making
the distinction, since the former uniquely determines the latter.
Indeed, by definition, for any z € (D,)* and t € Z:

U(z) = (T (U(z)))g = (U (T-(2)))o> (2.3)

where the second equality holds by the time-invariance of U and
the value in the right-hand side depends only on Pz_ (T_((z)) €
(Dy)%~, by causality.

Reservoir systems and filters. Consider now the RC system deter-
mined by (1.1)(a)-(1.1)(b) with reservoir map defined on subsets
Dy,Dy C RN and D, C R thatis, F : Dy x D, —> D}, and
h:Dy — RY. There are two properties of reservoir systems that
will be crucial in what follows:

e Existence of solutions property: this property holds when
for each z € (D,)” there exists an element x € (Dy)Z that
satisfies the relation (1.1)(a) for each t € Z.

e Uniqueness of solutions or echo state property (ESP): it
holds when the system has the existence of solutions prop-
erty and, additionally, these solutions are unique.

The echo state property has deserved much attention in the con-
text of echo state networks (Buehner & Young, 2006; Gallicchio
& Micheli, 2017; Jaeger, 2010; Jaeger & Haas, 2004; Manjunath
& Jaeger, 2013; Wainrib & Galtier, 2016; Yildiz, Jaeger, & Kiebel,
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2012; Zhang, Miller, & Wang, 2012). We emphasize that these
two properties are genuine conditions that are not automatically
satisfied by all RC systems. Later on in the paper, Theorem 3.1
specifies sufficient conditions for them to hold.

The combination of the existence of solutions with the axiom of
choice allows us to associate filters UF : (D,)? — (Dy)* to each
RC system with that property via the reservoir map and (1.1)(a),
that is, Uf(z); = x; € RN, forallt € Z. We will denote by
Ul : (Dy)* —> (Dq)* the corresponding filter determined by the
entire reservoir system, that is, Uf (z), = h (Uf(z)) ==y, € R%.
U,f is said to be a reservoir filter or a response map associated to
the RC system (1.1)(a)-(1.1)(b). The filters UF and U} are causal
by construction. A unique reservoir filter can be associated to a
reservoir system when the echo state property holds. We warn
the reader that reservoir filters appear in the literature only in
the presence of the ESP; that is why we sometimes make the
distinction between those that come from reservoir systems that
do and do not satisfy the ESP by referring to them as reservoir
filters and generalized reservoir filters, respectively.

In the systems theory literature, the RC equations (1.1)(a)-
(1.1)(b) are referred to as the state-variable or the internal rep-
resentation point of view and associated filters as the external
representation of the system.

The next proposition shows that in the presence of the ESP,
reservoir filters are not only causal but also time-invariant. In that
situation we can hence associate to U,f a reservoir functional H,f :
(Dn)2~ —> R? determined by Hf = Hy.-

Proposition 2.1. Let Dy C RN, D, C R*, and F : Dy x D, —> Dy
be a reservoir map that satisfies the echo state property for all the
elements in (D,)%. Then, the corresponding filter U : (D,)? —
(Dn)? is causal and time-invariant.

We emphasize that, as it can be seen in the proof in the ap-
pendix, it is the autonomous character of the reservoir map that
guarantees time-invariance in the previous proposition. An explicit
time dependence on time in that map would spoil that conclusion.

Reservoir system morphisms. Let N;,N,n,d € N and let F,
DN1 X Dn —> Dvahl : DN1 — Rd and F2 : DN2 X Dn —> DNZ'
h, : Dy, — RY be two reservoir systems. We say that a map
f : Dy, —> Dy, is a morphism between the two systems when
it satisfies the following two properties:

(i) Reservoir equivariance: f(Fi(X1, z)) = F,(f(x1), z), for all x; €
Dy,,and z € D,.
(ii) Readout invariance: h;(x,) = hy(f(x;)), for all x; € Dy;.

When the map f has an inverse and it is also a morphism between
the systems determined by the pairs (F,, hy) and (Fy, h1) we say
that f is a system isomorphism and that the systems (F;, h;) and
(F2, hy) are isomorphic. Given a system Fy : Dy, x Dy —> Dy;, hy :
Dy, — RYand a bijection f : Dy, —> Dy,, the map f is a system
isomorphism with respect to the system F, : Dy, x D, —> Dy,
h, : Dy, — RY defined by

Fy(X2,2) == f (Fi(f~'(x),2)), forall X, € Dy,,z € Dy,
hy(x2) = hi(f~'(x2)),

The proof of the following statement is a straightforward con-
sequence of the definitions.

(2.4)

forall x; € Dy,. (2.5)

Proposition 2.2. Let F; : Dy, x D, —> Dy,, hy : Dy, — R%and
F, : Dy, x Dp —> Dy, hy : Dy, — RY be two reservoir systems. Let
f : Dy, —> Dy, be a morphism between them. Then:

(i) Ifx' e (DNl)Z is a solution for the reservoir map F; associated

to the input z € (D,,)%, then the sequence x> € (DNz)Z defined by
x2:=f (xg),t € Z,is asolution for the reservoir map F, associated
to the same input.

(ii) If U,f} is a generalized reservoir filter for the system determined
by the pair (Fy, hy) then it is also a reservoir filter for the system
(F, hy). Equivalently, given a generalized reservoir filter U,i1 de-

termined by (F1, hq), there exists a generalized reservoir filter U,f;
determined by (F,, hy) such that U,f} = U,f;

(iii) If f is a system isomorphism then the implications in the previ-
ous two points are reversible.

2.3. Continuity and the fading memory property

In agreement with the notation introduced in the previous
section, in the following paragraphs the symbol U : (D)%~ —>
(D)%~ stands for a causal and time-invariant filter or, strictly
speaking, for the restriction of U : (D,)* —> (Dy)” to Z_, see
(2.3); Hy : (Dn)%~ —> Dy is the associated functional, for some
Dy € RN and D, C R". Analogously, Uy is the filter associated to a
given functional H.

Definition 2.3 (Continuous Filters and Functionals). Let Dy c RN
and D, C R" be bounded subsets such that (D)2~ C £>(R")
and (Dy)%~ C €°(RN). A causal and time-invariant filter U

(D)2~ —> (Dy)%- is called continuous when it is a con-

tinuous map between the metric spaces ((Dn)”", ||ll») and
((Ox)*~, Il )- An analogous prescription can be used to define
continuous functionals H : ((Dy)"~, |lloo) —> D, II-ID.

The following proposition shows that when filters are causal
and time-invariant, their continuity can be read out of their cor-
responding functionals and vice versa.

Proposition 2.4. Let D, C R" and Dy C R" be such that (D,)*~ C
£°(R") and (Dy)%= C £°(RN). Let U : (D)%~ —> (Dy)%Z- bea
causal and time-invariant filter, H : (D)%~ — Dy a functional, and
let ® and ¥ be the maps defined in the previous section. Then, if the
filter U is continuous then so is the associated functional ¥(U) =: Hy.
Conversely, if H is continuous then so is ®(H) =: Uy. Define now the
vector spaces

Fop- = {U 1 (Dn)*= —> £2(RY) |
U is causal, time-invariant, and continuous},  (2.6)
HY o = {H : (Dn)*~ — R" | H is continuous} . (2.7)

The previous statements guarantee that the maps ¥ and ® restrict to
the maps (that we denote with the same symbol) ¥ : Fz’gn)zf —
Hf;n)zf and & : HOB’H 5 — ]F(";n)h that are linear isomorphisms
and are inverses of each other.

Definition 2.5 (Fading Memory Filters and Functionals). Let w :
N — (0, 1] be a weighting sequence and let Dy C RN and
D, C R" be such that (D)%~ c £¥(R") and (Dy)%~ C £*(RN). We
say that a causal and time-invariant filter U : (D)%~ — (Dy)%-
(respectively, a functional H : (D,)”~ —> Dy) satisfies the fading
memory property (FMP) with respect to the sequence w when it
is a continuous map between the metric spaces ((D,)*~, |-Il,,) and
(W)™~ 1IIl,) (respectively, ((Dm)*~. II-Il,,) and (D, [I-)). If the
weighting sequence w is such that w, = A, for some A € (0, 1)and
all t € N, then U is said to have the A-exponential fading memory
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property. We define the sets

(o oy~ = 1U # (Dn)* —> (D)™ |
U causal, time-invariant, and FMP w.r.t. w}, (2.8)
H, o - = H 1 (Pn)*~ —> Dy |
H is FMP w.r.t. w}. (2.9)

These definitions can be extended by replacing the product set
(Dn)%~ by any subset of £*(RN) that is not necessarily a product
space. In particular, we define the sets

Fip o = {U s (Da)' —> L2(RY) |
U is causal, time-invariant, and FMP w.r.t. w}, (2.10)
Dy = {H: Dy — R" |
His FMP w.r.t. w}. (2.11)

Definitions 2.3 and 2.5 can be easily reformulated in terms of
more familiar e-8-type criteria, as they were introduced in Boyd
and Chua (1985). For example, the continuity of the functional
H : (D;)%~ —> Dy is equivalent to stating that for any z € (D, )%~
and any € > 0, there exists a §(¢) > 0 such that for any s € (D)%~
that satisfies that

1z — slloc = sup{liz: — s¢|I} < 5(¢),
teZ—

then ||Hy(z) — Hy(s)|| < e. (2.12)

Regarding the fading memory property, it suffices to replace the
implication in (2.12) by

Iz —sllw = sup{llze — scllw—¢} < 5(€),
tez_

then ||Hy(z) — Hy(s)|| < €. (2.13)

A very important part of the results that follow concern uni-
formly bounded families of sequences, that is, subsets of (R")”~ of
the form

Ky = lz e (R")" [zl <M forall te Z_],

for some M > 0. (2.14)

It is straightforward to show that Ky, C ¢>°(R") c ¢*(R"), for all
M > 0 and any weighting sequence w. A very useful fact is that
the relative topology induced by (£*(R"), ||-|l,,) in Ky coincides
with the one induced by the product topology in (R")*~. This is a
consequence of the following result that is a slight generalization of
Munkres (2014, Theorem 20.5). A proofis provided in Appendix A.3
for the sake of completeness.

Theorem 2.6. Let |-|| : R" — [0, 00) be a normin R", M > 0,
and let w : N — (0, 1] be a weighting sequence. Let dy(a,b) :=
min {|la — b||, M}, a, b € R", be a bounded metric on R" and define
the w-weighted metric DV on (R")2- as

DY(x,y) = sup {duxe, yw_} . x,ye®R")". (2.15)

teZ_

Then Dl‘uf’ is a metric that induces the product topology on (R")%~. The
space (R")%- is complete relative to this metric.

An important consequence that can be drawn from this the-
orem is that all the weighted norms induce the same topology
on the subspaces formed by uniformly bounded sequences. An
obvious consequence of this fact is that continuity with respect
to this topology can be defined without the help of weighting
sequences or, equivalently, filters or functionals with uniformly
bounded inputs that have the fading memory with respect to a
weighting sequence, have the same feature with respect to any

other weighting sequence. We make this more specific in the
following statements.

Corollary 2.7. Let M > 0 and let Ky = {z e ®MZ | |ze|l <
M forall t € Z_} be a subset of (R")*~ formed by uniformly
bounded sequences. Let w : N —> (0, 1] be an arbitrary weighting
sequence. Then, the metric induced by the weighted norm ||-||,, on Ky
coincides with D*M. Moreover, since D2 induces the product topology

onKy = (By.;(0, M) )Zf, we can conclude that all the weighted norms
induce the same topology on Ky. We recall that By (0, M) is the
closure of the ball with radius M centered at the origin, with respect

to the norm ||-|| in R". The same conclusion holds when instead of Ky
we consider the set (D, )?~, with D, a compact subset of R™.

Theorem 2.6 can also be used to give a quick alternative proof
in discrete time to an important compactness result originally
formulated in Boyd and Chua (1985, Lemma 1) for continuous time
and, later on, in Grigoryeva and Ortega (2018a) for discrete time.
The next corollary contains an additional completeness statement.

Corollary 2.8. Let Ky, be the set of uniformly bounded sequences,
defined asin(2.14),and let w : N — (0, 1] be a weighting sequence.
Then, (Ky, ||-1l,,) is a compact, complete, and convex subset of the
Banach space (£“(R"), ||-Il,,)- The compactness and the completeness
statements also hold when instead of Ky we consider the set (D,)*-,
with D,, a compact subset of R"; if D, is additionally convex then the
convexity of (D,)%- is also guaranteed.

It is important to point out that the coincidence between
the product topology and the topologies induced by weighted
norms that we described in Corollary 2.7 only occurs for uniformly
bounded sets of the type introduced in (2.14). As we state in the
next result, the norm topology in ¢*(R") is strictly finer than the
one induced by the product topology in (R")%-.

Proposition 2.9. Let w : N — (0, 1] be a weighting sequence
and let (¢“(R"), |I-Il,,) be the Banach space constructed using the
corresponding weighted norm on the space of left infinite sequences
with elements in R". The norm topology in £“(R") is strictly finer than
the subspace topology induced by the product topology in (R™)%~ on
£(R") C (RM)*-.

The results that we just proved imply an elementary property
of the sets that we defined in (2.8)-(2.9) and (2.10)-(2.11) that we
state in the following lemma.

Lemma 2.10. Let M > 0 and let w be a weighting sequence. Let
U : Ky — £°®R) (respectively, H : Ky —> RN) be an
element of ]F?M (respectively, H;g’M ). Then there exists L > 0 such that
U(Km) C K (respectively, H(Ky) C By (0, L)) and we can hence
conclude that U € Fy . (respectively, H € Hy ). Conversely, the
. . ; K ; w M:

inclusion Fy, x, C Fk (respectively, Hi,, x, C Hi,, ) holds true for
any M > 0. The sets Fie, and H,“(’M are vector spaces.

The next proposition spells out how the fading memory prop-
erty is independent of the weighting sequence that is used to define
it, which shows its intrinsically topological nature. A conceptual
consequence of this fact is that the fading memory property does
not contain any information about the rate at which systems that
have it “forget” inputs. A similar statement in the continuous time
setup has been formulated in Sandberg (2003). Additionally, there
is a bijection between FMP filters and functionals.

Proposition 2.11. Let Ky C (R")* and K, C (RN )Z‘ be subsets of
uniformly bounded sequences defined as in (2.14) and let w : N —>
(0, 1] be a weighting sequence. Let U : Ky —> K| be a causal and
time-invariant filter and let H : Ky — Bj.(0, L) be a functional.
Then:
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(i) If U (respectively, H) has the fading memory property with re-
spect to the weighting sequence w, then it has the same property
with respect to any other weighting sequence. In particular, this
implies that

w _ o’ w !’
Fiw .k, = Figyi, and  Hi, o =Hig,
for any weighting sequence w'.

In what follows we just say that U (respectively, H) has the fading
memory property and denote

FMP . mw FMP . mpw
Fryk, = Figyx, and Hi k= Higy x5

for any weighting sequence w.

The same statement holds true for the vector spaces Fy and Hy ,
that will be denoted in the sequel by Fil'" and H}", respectively.
(ii) Let ® and ¥ be the maps defined in the previous section. Then,
if the filter U has the fading memory property then so does the
associated functional ¥(U) =: Hy. Analogously, if H has the
fading memory property, then so does ®(H) =: Uy. This implies
that the maps ¥ and & restrict to maps (that we denote with the
. wFMP FMP . TrFMP FMP
same symbols) ¥ : Fy'" — My " and @ : Hyg " —> Fig
that are inverses of each other. The same applies to ¥ : IF,F("A;'P —
HMP and @ . HIMP — FIMP that, in this case, are linear
. M . M M
isomorphisms.

The same statements can be formulated when instead of Ky, and K, we
consider the sets (D,)?~ and (Dy)%-, with D, and Dy compact subsets
of R" and RV, respectively.

In the conditions of the previous proposition, the vector spaces
IE‘,%P and H,F(x" can be endowed with a norm. More specifically,
let U : Ky — £“(R") be a filter and let H : Ky — RN be a
functional that have the FMP. Define:

IUllo == sup {[IU(z)ll} = sup {SUP {||U(Z)r||}}v (2.16)
zeKy zeKy | teZ—
IHllo == sup {[IH(Z)[l}. (2.17)

zeKy

The compactness of (Ky, ||-]|,,) guaranteed by Corollary 2.8 and the
fact that by Lemma 2.10 U and H map into uniformly bounded se-
quences and a compact subspace of RV, respectively, ensures that
the values in (2.16) and (2.17) are finite, which makes (IE‘,F%P, MMl o)
and (Hmp, IIlls) into normed spaces that, as we will see in the
next result, are linearly homeomorphic. For any L > 0 these norms
restrict to the spaces Fi)', and Hi'" , which are in general not

linear but become nevertheless metric spaces.

Proposition 2.12. The linear isomorphism ¥ : (E‘f(x", |||.|||oo) —

(Hml’ |||'|||oo) and its inverse ® satisfy that

e (llos = UMl

leH)llo = IHllo. forany H e HQr.

forany U e FQY, (2.18)
(2.19)

These equalities imply that these two maps are continuous linear
bijections and hence the spaces gl}}‘f{x[’ lI-lle ) and (HIF%P |||.|||OO)
are linearly homeomorphic. Equivalently, the following diagram com-

mutes and all the maps in it are linear and continuous
v
(PP M lle) ———— (BRI
id id
F,F('\&PT l e

P
(PP Wloe) " (E" D)

For any L > O, the inclusions (F%?KL, ”l'l”oo) > (IE‘,%P, |||'|||oo)

and (BN loe ) = (NP, 111l ) (see Lemma 2.10) are con-

tinuous and so are the restricted bijections (that we denote with the
same symbols) & : (FP™, | ||-ll0) —> (HEP . [llls) and @ :
(R s o) —> (Fiolfy -l ) that are inverses of each other.

The last statement is a consequence of the following equalities:

e (U1) — ¥(U)lloe = IU1 — Uzl

forany Uy, Uy e FRT (2.20)
ll@(H1) — ®(H2)lloo = IH1 — H2ll
forany Hy, Hy € H' . (2.21)

The same statements can be formulated when instead of Ky, and K, we
consider the sets (D, )*~ and (Dy)?~, with D, and Dy compact subsets
of R™ and RV, respectively.

It is not difficult to see that as a consequence of Proposition 2.12
a weighted version of the norm (2.16) in the space of filters with
respect to a weighting sequence w is identical to |||, for any w.

3. Internal approximation of reservoir filters

This section characterizes situations under which reservoir fil-
ters can be uniformly approximated by finding uniform approxi-
mants for the corresponding reservoir systems. Such a statement
is part of the next theorem that also identifies criteria for the
availability of the echo state and the fading memory properties
(recall that we used the acronyms ESP and FMP, respectively). As
it was already mentioned, a reservoir system has the ESP when it
has a unique semi-infinite solution for each semi-infinite input.
We also recall that in the presence of uniformly bounded inputs,
as it was shown in Section 2.3, the FMP amounts to the continuity
of a reservoir filter with respect to the product topologies on the
input and output spaces. The completeness and compactness of
those spaces established in Corollary 2.8 allows us to use various
fixed point theorems to show that solutions for reservoir systems
exist under very weak hypotheses and that for contracting and
continuous reservoir maps (we define this below) these solutions
are unique and depend continuously on the inputs. Said differently,
contracting continuous reservoir maps induce reservoir filters that
automatically have the echo state and the fading memory properties.

Theorem 3.1. Let Ky C (RM)%- and K, C (RN)Z* be subsets of
uniformly bounded sequences defined asin (2.14) and let F : By.;(0, L)
x By.;(0, M) — By.(0, L) be a continuous reservoir map.

(i) Existence of solutions: for each z € Ky, there exists ax € K;
(not necessarily unique) that solves the reservoir equation associ-
ated to F, that is,

X; = F(X¢_1,2;), foralteZ_.

(ii) Uniqueness and continuity of solutions (ESP and FMP):
suppose that the reservoir map F is a contraction, that is, there
exists 0 < r < 1such that for allu, v € B.;(0, L), z € By.;(0, M),
one has

F(u,z) — F(v,z)|| <rllu—v].

Then, the reservoir system associated to F has the echo state
property. Moreover, this system has a unique associated causal and
time-invariant filter Ur : Kyy —> K| that has the fading memory
property, that is, Ur € IE‘,%‘?KL, The set Up(Ky) of accessible states
of the filter Ug is compact.
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(iii) Internal approximation property: let Fi, F, : By, (0,L) x
By.;(0, M) — By(0, L) be two continuous reservoir maps such
that F, is a contraction with constant 0 < r < 1 and F, has the
existence of solutions property. Let Ug,, U, : Ky —> K be the
corresponding filters (if F, does not have the ESP, then U, is just a
generalized filter). Then, for any € > 0, we have that

IF1 — E2lloo < 8(€)
= (1—r)e implies that ||Ur, — U, ||, <e. (3.1)

Part (i) also holds true when instead of Ky and K; we consider the
sets (D, )2~ and (Dy)?-, with D, and Dy compact and convex subsets
of R" and RN, respectively, that replace the closed balls B.;(0, M)
and By.;(0, L). The same applies to parts (ii) and (iii) but, this time,
the convexity hypothesis is not needed.

Define the set K.k, = {F : By (0, L) x By (0, M) —> By.(0, L) |
F is a continuous contraction}. Using the notation introduced in
the previous section, the statement in (3.1) and part (ii) of the
theorem automatically imply that the map

. FMP
E Ko ) —  (FE )

F — Ur
is continuous and by Proposition 2.12, the map that associates to
each F € K, , the corresponding functional Hp, that is,

(Ko -lo0)  —> (High i l-ll0)
F —> Hg,

Yo T :

is also continuous.

Proof of the theorem. (i) We start by defining, for each z € Ky,
the map given by

Fr. K —> K;
X > (FX); = F(Xe—1, Z).

We show first that 7, can be written as a product of continuous
functions. Indeed:

Fo=[] FC z)opax), (32)

teZ—

where the projections p; : K —> By.(0, L) are given by p;(X) = X;.
These projections are continuous when we consider in K; the prod-
uct topology. Additionally, the continuity of the reservoir F implies
that 7, is a product of continuous functions, which ensures that
J is itself continuous (Munkres, 2014, Theorem 19.6). Moreover,
by Corollary 2.7 and 2.8, the space K; is a compact and convex
subset of the Banach space (¢“(R"), | - ||.,) (see Proposition A.2),
for any weighting sequence w. Schauder’s Fixed Point Theorem
(see Shapiro, 2016, Theorem 7.1, page 75) guarantees then that
F, has at least a fixed point, that is, a point X € K that satisfies
F2(X) = x or, equivalently,

X = F(X;_1,2;), forallteZ._,

which implies that x is a solution of F for z, as required.

Proof of part (ii) The main tool in the proof of this partis a parame-
ter dependent version of the Contraction Fixed Point Theorem, that
we include here for the sake of completeness and whose proof can
be found in Sternberg (2010, Theorem 6.4.1, page 137).

Lemma. Let (X, dx) be a complete metric space and let Z be a metric
space. Let K : X x Z —> X be a continuous map such that for
eachz € Z, themap K, : X —> X given by K,(x) .= K(x,z)isa
contraction with a constant 0 < r < 1 (independent of z), that is,
dx(K(x,z),K(y,z)) <rd(x,y) forallx,y € X and all z € Z. Then:

(i) Foreachz € Z, the map K, has a unique fixed point in X.

(ii) The map Ux : Z —> X that associates to each point z € Z the
unique fixed point of K, is continuous.

Consider now the map

F: KL X KM —> K]_
x,z) +— (F(X,2)); =F(X1,2).

First, as we did in (3.2), it is easy to show that F is continuous
with respect to the product topologies in K, and K;, by writing it
down as the product of the composition of continuous functions.
Second, we show that the map F is a contraction. Indeed, since
by Corollary 2.7 we can choose an arbitrary weighting sequence to
generate the product topologies in Ky, and K;, we select w : N —>
(0, 1] given by w, = Af, witht € Nand A > O that satisfies
0 < r < A < 1.Then, forany X,y € K, and any z € Ky, we
have

I7(x, z) = F(y. 2)Il,, = Sup {IF(Xe—1, 2¢) = F(¥e-1,20) 277}
€EL—

IA

sup {[IXe—1 —ye—1ll ra7"}
tez.—

where we used that F is a contraction. Now, since0 <r < A < 1
and hence r /1 < 1, we have

- T A
sup {||Xt71 — Y-l TA t} = sup {IXe—1 — Ve_1ll A (t 1)7}
teZ_ e ;

A

r
= X ||X - y”w .

This shows that F is a family of contractions with constant r/A <
1 that is continuously parametrized by the elements in Ky. The
lemma above implies the existence of a continuous map Ug
Kum, II'll,) —> &K, lI-1l,) that is uniquely determined by the
identity

F (Up(z),z) = Up(z), forallz € Ky,.

Proposition 2.1 implies that Ur is causal and time-invariant. The set
Ur(Ky ) of accessible states of the filter Ur is compact because it is
the image of a compact set (see Corollary 2.8) by a continuous map
(see Munkres, 2014, Theorem 26.5, page 166).

Proof of part (iii) Let z € Ky, and let Ur, (z) be the unique solution
for z of the reservoir systems associated to F; available by the part
(ii) of the theorem that we just proved. Additionally, let U, (z)
be the value of a generalized filter associated to F, that exist by
hypothesis. Then, for any t € Z_, we have:
U, (2)e — Up, @)l = |F1(Ur, (2)-1, 2:) — F2(Ug,(2)i—1. 2.)
= ”Fl(UF](Z)t—l, ;) — Fi(Ug,(2)t-1, 2;)
+ Fi(Up,(2)i-1. ) — F2(Up, (2)-1. 22)
< ||Fi(Ur,(@)i=1. ) = F1(Up,(2)e-1. 22)||
+ |Fi(Ur,(2)-1, 2:) — F2(Ug,(2)i—1. 2.)
<1 |Up, (@)1 — Ug,(2)i—1 ||
+ |Fi(Ur,(2)-1. 2:) — Fa(Ug,(2)i—1. 2:) -

If we now recursively apply n times the same procedure to the first
summand of this expression, we obtain that

Uk, (2)c — Ug,(2)e]l < " Up, (2)t—n — Up,(2)e—n|l
+ ||Fi(Ur,(2)i—1. 2t) — Fa(Up, (2)i—1. 22)||
+1 | Fi(Ur, (2)—2. Ze—1) — Fa(Ur, (2)—2, Ze—1) |
+ " | Fi(Up, (2)e—n, Ze—ns1) — Fo(Up, (2)eon, Ze—na)|| - (3.3)



502 L. Grigoryeva, J.-P. Ortega / Neural Networks 108 (2018) 495-508

If we combine the inequality (3.3) with the hypothesis

”F] _F2||oo: sup {||F1(X,Z)—F2(X,Z)||}

XEBH_"(O,L), z€B)(0,M)
< 8(€):=(1—r)e,

we obtain

Uk, (2) — Uk, (2)llec = tSUZD {I1Uk,(2)c — Uk, (2)c11}

n

" se). (3.4)

<2Lr" 4+ (14 -+ 1" D8(e) = 2Lr" + ]

Since this inequality is valid for any n € N, we can take the limit
n —> oo and we obtain that

i(€)
1Ur,(2) = U, @lle <
Additionally, as this relation is valid for any z € Ky, we can
conclude that

H’Uﬁ = Up, H’oo = SL}}) {HUH(Z) - UFz(Z)HOQ} =€

= €.

asrequired. H

As a straightforward corollary of the first part of the previous
theorem, it is easy to show that echo state networks always have
(generalized) reservoir filters associated as well as to formulate
conditions that ensure simultaneously the echo state and the fad-
ing memory properties.

Werecall thatamap o : R — [—1, 1] is a squashing function
if it is non-decreasing, lim,_, .0 (x) = —1, and lim,_, .co(x) = 1.

Corollary 3.2. Consider echo state network given by

{xt =0 AXe1+Cz+8), (a)

ye = W, (b) (3.5)

where C € My, forsome N € N, ¢ € RV, A € Myy, W € Mgy,
and the input signal z € (D,)%, with D, C R" a compact and convex
subset. The function o : RN — [—1, 1]V in (3.5)(a) is constructed
by componentwise application of a squashing function that we also
call o. Then:

(i) Ifthe squashing function o is continuous, then the reservoir equa-
tion (3.5)(a) has the existence of solutions property and we can
hence associate to the system (3.5)(a)-(3.5)(b) a generalized
reservoir filter.

(ii) If the squashing function o is differentiable with Lipschitz con-
stant L, = supyr{lo’(x)|} < oo and the matrix A is such that
lAll, Ly = omax(A)L, < 1, then the reservoir system (3.5)(a)-
(3.5)(b) has the echo state and the fading memory properties
and we can hence associate to it a unique time-invariant reser-
voir filter.

The statement in part (i) remains valid when [—1, 1]V is replaced by
a compact and convex subset Dy C [—1, 1]V that is left invariant by
the reservoir equation (3.5)(a), that is, o (Ax + Cz + &) € Dy for any
X € Dy and any z € D,. The same applies to part (ii) but only the
compactness hypothesis is necessary.

Remark 3.3. The hypothesis ||A||, L, < 1appears in the literature
as a sufficient condition to ensure the echo state property, which
has been extensively studied in the ESN literature (Buehner &
Young, 2006; Jaeger, 2010; Jaeger & Haas, 2004; Manjunath &
Jaeger, 2013; Wainrib & Galtier, 2016; Yildiz et al., 2012; Zhang et
al.,, 2012). Our result shows that this condition implies automat-
ically the fading memory property. Nevertheless, that condition
is far from being sharp and has been significantly improved in
Buehner and Young (2006) and Yildiz et al. (2012). We point out
that the enhanced sufficient conditions for the echo state property
contained in those references also imply the fading memory prop-
erty via part (ii) of Theorem 3.1.

4. Echo state networks as universal uniform approximants

The internal approximation property that we introduced in
part (ii) of Theorem 3.1 tells us that we can approximate any
reservoir filter by finding an approximant for the reservoir system
that generates it. This reduces the problem of proving a density
statement in a space of operators between infinite-dimensional
spaces to a space of functions with finite dimensional variables and
values. This topic is the subject of many results in approximation
theory, some of which we mentioned in the introduction. This
strategy allows one to find simple approximating reservoir filters
for any reservoir system that has the fading memory property.
In the next result we use as approximating family the echo state
networks that we presented in the introduction and that, as we
see later on, are the natural generalizations of neural networks
in a dynamic learning setup, with the important added feature
that they are constructed using linear readouts. The combination
of this approach with a previously obtained result (Grigoryeva &
Ortega, 2018a) on the density of reservoir filters on the fading
memory category allows us to prove in the next theorem that echo
state networks can approximate any fading memory filter. In other
words, echo state networks are universal.

All along this section, we use the Euclidean norm for the finite
dimensional spaces, that is, for each x € R", we write ||x|| =
(Z?lef)l/z. For any M > 0, the symbol By.;(0, M) (respectively
By.;(0, M)) denotes here the open (respectively closed) balls with
respect to that norm. Additionally, we set I;, := By(0, 1).

Theorem 4.1. Let U : [~ —s (Rd)z’ be a causal and time-
invariant filter that has the fading memory property. Then, for any
€ > 0 and any weighting sequence w, there is an echo state network
{xr =0 (AX-1+C2z+98), ()

Vi = Wx.. (b) (4.1)

whose associated generalized filters Ugsy : I.~ —> (]Rd)z_ satisfy
that

U — Uesnlloo < €. (4.2)

In these expressions C € My , forsome N € N, ¢ € RV, A € My,
and W € Myy. The function o : RN — [—1, 1]V in (4.1)(a) is
constructed by componentwise application of a continuous squashing
function o : R —> [—1, 1] that we denote with the same symbol.
When the approximating echo state network (4.1)(a)-(4.1)(b) sat-
isfies the echo state property, then it has a unique filter Ugsy associ-
ated which is necessarily time-invariant. The corresponding reservoir
functional Hgsy : I~ —> RY satisfies that
IHy — Hesnlloo < €- (4.3)
Remark 4.2. Echo state networks are generally used in practice
in the following way: the architecture parameters A, C, and ¢
are drawn at random from a given distribution and it is only the
readout matrix W that is trained using a teaching signal by solving
a linear regression problem. It is important to emphasize that
the universality theorem that we just stated does not completely
explain the empirically observed robustness of ESNs with respect
to the choice of those parameters. In the context of standard feed-
forward neural networks this feature has been addressed using, for
example, the so called extreme learning machines (Huang, Zhu,
& Siew, 2006). In dynamical setups and for ESNs this question
remains an open problem that will be addressed in future works.

Proof of the theorem. As we already explained, we proceed by
first approximating the filter U by one of the non-homogeneous
state-affine system (SAS) reservoir filters introduced in Grigoryeva
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and Ortega (2018a), and we later on show that we can approximate
that reservoir filter by an echo state network like the one in
(4.1)(a)-(4.1)(b).

We start by recalling that a non-homogeneous state-affine sys-
tem is a reservoir system determined by the state-space transfor-
mation:

Xe = P(Ze)Xe—1 + q(2¢), (a)
4.4
{yf Wixe, (b) (44)
where the inputs z. € I, := By(0, 1), the states x, € RM,

for some N; € N, and W; € Mgy,. The symbols p(z) and q(z)
stand for polynomials with matrix coefficients and degrees r and s,
respectively, of the form:

p(z) = Z 2111 - ZMAL . A €My, Z€ly
S in€f0,...,r}
ip+--tin=r
q(z) = Z Z; MB;, Bi, . i, €My, 1, z€l.
i1,....in€{0,...,s}
ip+--+in<s
Let L > 0 and choose a real number K such that
L
0<K<——<1. (4.5)
L+1

Consider now SAS filters that satisfy that max,ej, omax(p(z)) < K
and maxXzej, 0max(q(z)) < K. It can be shown (Grigoryeva & Ortega,
2018a, Proposition 3.7) that under those hypotheses, the reservoir
system (4.4)(a)-(4.4)(b) has the echo state property and defines
a unique causal, time-invariant, and fading memory filter Uf‘;f :

If‘ —> (RY)%-. Moreover, Theorem 3.12 in Grigoryeva and Ortega
(2018a) shows that for any €; > 0, there exists a SAS filter Uy*

satisfying the hypotheses that we just discussed, for which
o] <

where Hy and H 4 | are the reservoir functionals associated to U and
U{,’Vq, respectlvely Proposition 2.12 together with this inequality

1mp11es that

H‘U Uil < e (4.7)

.

We now show that the SAS filter U",’Vq can be approximated by
the filters generated by an echo state network. Define the map

FSAS : B”.”(O, L) X In —> ]RN]

x2) > p@X+ ). (48)

with Bj.;(0, L) C RM and p and q the polynomials associated to the
approximating SAS filter Uﬁ,q in (4.7).

The prescription on the choice of the constant K in (4.5)has two
main consequences. Firstly, the map Fsps is a contraction. Indeed,
for any (X, z), (y, z) € Bj4(0, L) x I:

||Fsas(X, ) — Fsas(y, z)||
< lp(z)x — p)yl < IIp@)l, Ix—=yll <K [x -yl . (4.9)

The map Fsps is hence a contraction since K < 1 by hypothesis.
Second, ||Fsas |l < L because by (4.5)

{llp(z)x + q(2)|}

IFsaslloo = sup
(x,2)€By. (0.L)xIn

< sup
(x,2)€B).|(0,L)xIn

{llp@)ll> IXIl + llg(z)II} = KL+ K < L.

This implies, in particular, that the map Fsas maps into By (0, L)
and hence (4.8) can be rewritten as

Fsas : B”.H(O, L) x I, — B”.H(O, L).

Additionally, we set

L] = ”FSAS”oo < L. (410)

The uniform density on compacta of the family of feedforward
neural networks with one hidden layer proved in Cybenko (1989)
and Hornik et al. (1989) guarantees that for any €, > 0, there exist
N € N,G € Myn,,C € My n, E € My, v, and ¢ € RY, such that the
map defined by

Faw: Byy(0,L)xI, —> RM 4.11)
(x,2z) ——> Eo (Gx+Cz+¢), ’
satisfies that
IFan — Fsaslloo = sup {IFnn(X, 2) — Fsas(X, Z)I1}
XGBH_"(O,L),ZEIH
< €3. (412)

The combination of (4.12) with the reverse triangle inequality
implies that || Fyn|loo — IFsasllee < €2 OF, equivalently,

IFnlloo < IFsasllco + €2 (4.13)

Given that ||Fsas|ls, = L1 < L, if we choose ¢, > 0 small enough so
that L, + €; < L or, equivalently,

€ < L—L1, (414)

then (4.13) guarantees that ||[Fyn|loe < L, which shows that Fyy
maps into By.(0, L), that is, we can write that

Fan 2 By (0, L) x Iy —> By(0, L). (4.15)

The continuity of the map Fyy and the first part of Theorem 3.1
imply that the corresponding reservoir equation has the existence
of solutions property and that we can hence associate to it a
(generalized) filter Ug,. At the same time, as we proved in (4.9),
the map Fsps is a contraction with constant K < 1. These facts,
together with (4.12) and the internal approximation property in
Theorem 3.1 allow us to conclude that the (unique) reservoir filter
Ur, associated to the reservoir map Fsas is such that
< & /(1 =K).

mUFNN - UFSAS‘HOO (4.16)

Consider now the readout map hw, RV — R? given by
hw,(X) = W1x and let U s (L) — (RYY%- be the filter

given by U ( ) = W1UFNN(Z)t,t € Z . Analogously, define
h
UFSV:; 2 (I )Z- (RYY%- and notice that U = U}, Using these

observations and (4.16) vl\1/e have proved that fsor any 62 > 0 we can
find a filter of the type UF;;:] that satisfies that

‘Hup . W1

FNN

o = [IWill; |||UFSAS — Uk |||oo
< [[Whll; €2/(1 — K). (4.17)

Consequently, for any € > 0, if we first set €; = €¢/2 in (4.6) and
we then choose

, {e(l—K) L—L1}
€ :=min{ ——~, ,
2 [Whll, 2

inview of (4.14) and (4.17), we can guarantee using (4.7) and (4.17)
that

(4.18)

h
o - v

= [l - it

h
+ H‘U{;f — Ut
[e¢]

Fnn

[o]
€ n €
2 2
In order to conclude the proof it suffices to show that the filter

hw . . .
UFNN1 can be realized as the reservoir filter associated to an echo

IA

(4.19)
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state network of the type presented in the statement. We carry that
out by using the elements that appeared in the construction of the
reservoir Fyy in (4.11) to define a new reservoir map Fgsy with the
architecture of an echo state network. LetA := GE € My and define

FESN . DN X In —> RN

(x,z) +——> o@AX+Cz+Y). (4.20)
The set Dy in the domain of Fgsy is given by
Dy :=[-1, 11N N E~'(By,(0, L)), (4.21)

where E~1(B} (0, L)) denotes the preimage of the set B(0, L) C
RM by the linear map E : RY — RM associated to the matrix
E € My, n. This set is compact as E~Y(By.4(0, L)) is closed and
[—1, 1]V is compact and hence Dy is a closed subspace of a compact
space which is always compact (Munkres, 2014, Theorem 26.2).
Additionally, Dy is also convex because [—1, 1]V is convex and
E‘l(BM (0, L)) is also convex because it is the preimage of a convex
set by a linear map, which is always convex.

We note now that the image of Fgsy is contained in Dy. First,
as the squashing function maps into the interval [—1, 1], it is clear
that

Fesn (D, In) € [=1,1]". (4.22)

Second, for any x € Dy we have by construction that X €
E~1(By.;(0, L)) and hence Ex € By.(0, L). Since by (4.15) Fyy maps
into By.4(0, L), we can ensure that for any z € I,, the image
Fnn(EX, Z) = Eo (GEX+Cz+¢) = Eo (AXx+Cz+¢) € By (0, 1)
or, equivalently,

Fesn(X,2) = 0 (Ax+ Cz + &) € E~'(By(0, L)). (4.23)
The relations (4.22) and (4.23) imply that
Fgsn (Dn, In) C Dy, (4.24)

and hence, we can rewrite (4.20) as
FESN ZDN X In —> DN.

The continuity of the map Fgsy and the compactness and convexity
of the set Dy C RN that we established above allow us to use
the first part of Theorem 3.1 to conclude that the corresponding
reservoir equation has the existence of solutions property and that
we can hence associate to it a (generalized) filter Ug,,. Let W =
W1E € My, and define the readout map hgsy : Dy —> RY by
hesn(X) ;= Wx = W;EX. Denote by Ugsy any generalized reservoir
filter associated to the echo state network system (Fgsn, hgsy) that,
by construction, satisfies Ugsn(2)r := Resn(Urgy (Z):) = WURg (Z):,
foranyz e l,andt € Z_.

We next show that the map f : Dy = [—1, 1]N N E~(By(0, L))
—> By,(0, L) given by f(x) := Ex is a morphism between the
echo state network system (Fgsn, hgsy) and the reservoir system
(FNN, hwl)- Indeed, the reservoir equivariance property holds be-
cause, for any (x,z) € Dy x I, the definitions (4.11) and (4.20)
ensure that

f(Fesn(X,2)) = Eo (AX+Cz+ )
= Eo (GEX + Cz + &) = Fun(EX, z) = Fw(f(X), z).

The readout invariance is obvious. This fact and the second part in
Proposition 2.2 imply that all the generalized filters Ugsy associated
to the echo state network are actually filters generated by the
system (FNN, hw, ) This means that for each generalized filter Ugsy

) . ) h
there exists a generalized filter of the type UFILA;‘ such that Ugsy =

h
UF,\‘:,V\,I . The inequality (4.19) proves then (4.2) in the statement of

the theorem. The last claim in the theorem is a straightforward
consequence of Propositions 2.1and 2.12. W
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Appendix
A.1. Proof of Proposition 2.1

Lett € Nandlet T" : (D,)2 — (D,)? and TV : (Dy)2 —>
(Dy)? be the corresponding time delay operators. For any z €

(D,)?, let x € (Dy)? be the unique solution of the reservoir system
determined by F, that is,

x = Uf(2). (A1)
Then, forany t € Z,
(TY 0 U (2)) = X (A.2)

Analogously, let X € (Dy)? be the unique solution of F associated
to the input T](z), that is,

X = (UfoT!(z)),, forany teZ. (A.3)
By construction, the sequence X satisfies that

X =F (X—1,T}2z)) =F ®i—1,2—), forany t e Z.

It we set s := t — 7, this expression can be rewritten as

Xs1r =F Xs4-1,25), forany sez, (A4)

and if we define X; := X;. ., the equality (A.4) becomes
5(\5 =F 6(\5—17 z;),

which shows that X € (Dy)? is a solution of F determined by the
input z € (D,)?. Since the sequence X € (Dy)? in (A.1) is also a
solution of F for the same input, the echo state property hypothesis
on the systems determined by F implies that X = X, necessarily.
This implies that X,_, = X;_, forall t € Z, which is equivalent to
X; = X;_.. This equality guarantees that (A.2) and (A.3) are equal
and since Z € (D,)? is arbitrary, we have that

N oUF = UF o TP,

forany s e Z,

asrequired. H
A.2. Proof of Proposition 2.4

Suppose first that U is continuous. This implies the existence
of a positive function 8y(¢) such that if u,v € (D,)%- are such
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that |[u —v|, < dy(e€), then ||U(u) — U(V)|l,, < €. Under that
hypothesis, it is clear that:

[Hu(u) — Hy(V)Il = [|U(a)o — U(V)oll < sup {||U(a); — U(v):|l}

teZ—

= [[U(u) = U(W)llo <€,

which shows the continuity of Hy : ((Dn)Z—, ||-||OO) — (Dp, II:ID.

Conversely, suppose that H : ((Dn)”", [|-llc) —> Dn, Il is
continuous and let §y(e) > 0 be such that if |ju — v|[,, < Sy(€)
then ||H(u) — H(v)|| < €. Then, foranyt € Z_,

IUn () — Un(v)ll

= |H(P2_ o T_o)Xw)) = H(P5_ o T_)(W))| < e, (A5)

which proves the continuity of Uy. The inequality follows from the
fact that for any u € (D,)%-, the components of the sequence
(Pz_oT_¢)(u)are included in those of wand hence sup,;,_{|/(P7_o
T_(w)) |} < supse;_ (llus]l} or, equivalently, [[(P_oT (W)l <
[lu]| - This implies that if |[u —v|,, < &u(e) then ||T_(u) —
T_¢(V)]loo < Sy(€)and hence (A.5) holds. ®

A.3. Proof of Theorem 2.6

We first show that the map DM : (R")2- x (R")2~ — [0, 00)
defined in (2.15) is indeed a metric. It is clear that Dl‘uf’(x, y) > 0and
that DM(x, x) = 0, for any x, y € (R")2-. Conversely, if D¥(x, y) =
0, this implies that dy(X;, y)w—_; < sup,e; {du(Xe, yo)w_i} =
D"lﬁ’(x, y) = 0, which ensures that dy(X;, y;) =0, foranyt € Z_,
and hence X = y necessarily since the map d); is a metric in R"
(Munkres, 2014, Chapter 2, §20). It is also obvious that D’u"f(x, y) =
DM(y, x). Regarding the triangle inequality, notice that for any
X,y,z € (R")% andt € Z_:

du(Xe, Ze)w_¢ < du(Xe, Yo)w—¢ + du(Ye, Ze)w_;
< Dy (x.y)+ Dy(y. 2),

which implies that
Dl(x,z) = sup {du (X, z.)w_} < D}}(x,y)+ D (y, 2).

teZ—

We now show that the metric topology on (R)?- associated to
D"lf coincides with the product topology. Let X € (R")%- and let
BDM(X, €) be an e-ball around it with respect to the metric DV. Let
now N € N be large enough so that wy < €/M. We then show that
the basis element V for the product topology in (R")?- given by

V= xR"xR"x By, (X_n, €) x --- By (X_1,€) x By (Xo, €)

and that obviously contains the element x € (R")?- is such that
V C Bpy (X, €). Indeed, since for anyy € (R")?- and any t € Z_ we

have that dy(X;, y:) < M, we can conclude that

dy(Xe, ye)w_¢ < Mwy, forall t < —N.

Therefore, DYf(x,y) < max {Mw_y, dy(X_n,y-_n)wn, ..., dy
(X_1, ¥-1)w1, du(Xo, Yo)wo} and hence if y € V this expression is
smaller than € which allows us to conclude the desired inclusion
V C BDl\]ﬁ (x, €).

Conversely, consider a basis element of the product topology
given by U = [[,., U where U; = By, (%¢, €¢) for a finite set of
indices t € {o1,...,0}, ¢ < 1,and U; = R" for the rest. Let
€ = MiNe(a,,....or) {€cw—¢}. We now show that Byu(x,€) C U.
< DY(x,y) < ¢

Indeed, if y € Bpu(X, €) then dy(X,, y)w—, <

forallt € Z_.Ift € {ay,...,} thene < €w_; and hence
du(X¢, ye)w_; < €w_¢, which ensures that dy(x;,y:) < € and
hencey € U, as desired.

We conclude by showing that ((IR” V-, Df‘u”) is a complete metric
space. First, notice that since for any X, y € (R")”~ and any given
t € Z_ we have that

M
dulx,yo) < 22XV,

Wt
we can conclude that if {X(i)};cy is @ Cauchy sequence in (R")%-,
then so are the sequences {X;(i)};y in R, for any t € Z_, with
respect to the bounded metric dy. Since the completeness with
respect to the bounded metric dy; and the Euclidean metric are
equivalent (Munkres, 2014, Chapter 7, §43) we can ensure that
{x:(i)};cny converges to an element a; € R" with respect to the
Euclidean metric for any t € Z_. We now show that {X(i)};cy
converges to a == (a;);cz_ € (R")?, with respect to the metric
D’u"f , which proves the completeness statement.

Indeed, since the metric DM generates the product topology, let
U = []..; Ui be a basis element such that a € U and, as before,
U = BEM(at, ¢;) for a finite set of indices t € {aq,...,a:}, ¢ < 1,
and U; = R" for the rest. Let € = min {eg,, ..., €, }. Since for

eacht € Z_ the sequence X(i) =2 a;, then there exists N; € N
such that for any k > N; we have that ||x;(k) — a;|| < €. If we
take Ne = max {Ny,, ..., Ny, } then it is clear that x(i) € U, for all
i > N, asrequired. ®

A.4. Proof of Corollary 2.7

Notice first that for any X,y € Ky, we have that ||x; — y:|| <
2M, t € Z_, and hence

DM (x,y) = sup {dam(xe, yo)w_i }
teZ_

= sup {[Xc =yl w_¢} = X =yl .
teZ

Hence, the topology induced by the weighted norm ||-]|,, on Ky
coincides with the metric topology induced by the restricted met-
ric D2V |, xk,, Which, by Theorem 2.6, is the subspace topology
induced by the product topology on (R")%~ on Ky (see Munkres,
2014, Exercise 1, page 133), as well as the product topology on the
product Ky = (By.(0, M))Z’ (see Munkres, 2014, Theorem 19.3,
page 116). ®

A.5. Proof of Corollary 2.8

First, since Ky = (By.(0, M))Zf, it is clearly the product of
compact spaces. By Tychonoff's Theorem (Munkres, 2014, Chapter
5) Ky is compact when endowed with the product topology which,
by Corollary 2.7, coincides with the topology associated to the
restriction of the norm ||-]|,, to Ky, as well as with the metric
topology given by D2V |, . -

Second, since (Ky, ||-|l,,) is metrizable it is a Hausdorff space.
This implies (see Munkres, 2014, Theorem 26.3) that as Ky, is a
compact subspace of the Banach space (£“(R"), |-Il,,) (see Propo-
sition A.2) then it is necessarily closed. This in turn implies (Sim-
mons, 1963, Theorem B, page 72) that (Ky, ||-1|,,) is complete.

Finally, the convexity statement follows from the fact that the
product of convex sets is always convex. H

A.6. Proof of Proposition 2.9

Let d,, be the metric on ¢*(R") induced by the weighted norm
I, and let D,, := D} be the w-weighted metric on (R")?~ with
constant M = 1 introduced in Theorem 2.6 and defined using the
same underlying norm in R" as the one associated to ||-||,,. As we
saw in that theorem, the metric D,, induces the product topology
on (R")%-,
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Let now u € £¥(R") and let ¢ > 0.Let now v € £(R") be such
that d,,(u, v) < €. By definition, we have that

Dy, (u, v) = sup {di(x;, y)w_¢}
teZ—

tset%p {(min{|[x; — y¢ll, 1Nw_}

IA

sup {[Ix; — yellw—} = dy(u,v) <,

teZ—.

which shows that By, (u, €) C Bp, (u, €) and allows us to conclude
that the norm topology in £*(R") is finer than the subspace topol-
ogy induced by the product topology in (R")%-.

We now show that this inclusion is strict. Since the weighting
sequence w converges to zero, there exists an element ty € Z_
such that w_,, < €/2.Let A > 0 be arbitrary and define the
element v* € (R")*- by setting v; := Auy, and v := Au, when
t # tp. We now show that v* € Bp, (u, €) for any A > 0. Indeed,

Dy (u, v*) = min{[A — 1][lug ||, Bw_¢, < 1-w_y, < €/2 <e.

At the same time, by definition,
dy(u, v*) = | — 1]]Jug lw_g, < o0,

which shows that v* € ¢¥(R"). However, since |A — 1] {lug, [lw—,
can be made as large as desired by choosing A big enough, we
have proved that for any ball By, (u, €¢’), with ¢’ > 0 arbitrary,
the ball Bp, (u, €) contains always an element in £*(R") that is not
included in By, (u, €’). This argument allows us to conclude that
the norm topology in ¢*(R") is strictly finer than the subspace
topology induced by the product topology. ®

A.7. Proof of Lemma 2.10

The proof requires the following preparatory lemma that will
also be used later on in the proof of Proposition 2.11.

Lemma A.1. Let M > 0 and let w be a weighting sequence. Then:

(i) The operator Pz_ o T_; (Km, I11,) — (Ku, lI1l,) is a
continuous map, forany t € Z_.

(ii) The projections p; : (€2(R"), ||-Il,,) —> (R", [|-II), i € Z_, given
by pi(z) = z;, are continuous.

Proof of the lemma. (i) We show that this statement is true by

characterizing P;_ o T_; as a Cartesian product of continuous maps
between two product spaces endowed with the product topologies
and by using Corollary 2.7. Indeed, notice first that the projections
pi : (Km, lIll,) — By (0, M) are continuous since by Corollary 2.7
the topology induced on Ky, by the weighted norm ||, is the
product topology. Since P;_ o T_,; can be written as the infinite
Cartesian product of continuous maps Pz_ o T_; = ]_[i_:fp,» =
(...,Dt—2, Pt—1, P¢) itis hence continuous when using the product
topology induced by ||-||,, (see Munkres, 2014, Theorem 19.6).

(ii) Notice first that the projections p; e @® ), 1-1,) —
(R™, ||I-]]) are obviously continuous when we consider in £“(R")
the subspace topology induced by the product topology in (R")-.
The continuity of p; : (£*(R"), ||-ll,) —> (R", ||-|) then follows
directly from Proposition 2.9. v

We now proceed with the proof of Lemma 2.10. Let first H €
H . The FMP hypothesis implies that the map H : (Ky, |-Il,,) —
(RY, |I-]|) is continuous. Given that K, is compact by Corollary 2.8
then so is H(Ky) C RM. This in turn implies that H(Ky;) is closed
and bounded (Munkres, 2014, Theorem 27.3) which guarantees the
existence of L > 0 such that H(Ky) C By.;(0, L). The map obtained
out of H by restriction of its target to By (0, L) (that we denote with

the same symbol) is also continuous and hence H € H,“(’M K-

Letnow U : Ky — £%(RN)in IE‘,Z’M and consider the compo-
sition pg o U : Ky —> RN. The FMP hypothesis on U and the
continuity of pg : (£*(R"), [I-Il,) —> (R", [|-||) that we established
in the second part of Lemma A.1 imply that py o U is continuous.
This implies, together with the compactness of Ky, that we proved
in Corollary 2.8, the existence of L > 0 such that pg o U(Ky) C
By.1(0, L). Equivalently, for any z € Ky, we have that U(z), €
By.;(0, L). Now, since U is by hypothesis time invariant, we have
by (2.3) that

U(z), = (T (U(z)))o

= U(T_(z))g € By(0,L), t € Z_, since T_(z) € Ky,

which proves that U(Ky) C K;. The map obtained out of U by
restriction of its target to K; (that we denote with the same symbol)
is also continuous since (K, ||-]|,,) is a topological subspace of
(£“(R™), II-ll,,) and hence U € Fy K,» 3S required.

The inclusion Fy C E}?M &’espgctively, H, , C Hi,)isa
consequence of the continuity of the inclusion map (K, [|-|/,,) <
(€"(R"), |IIl,,) (respectively, (By-y(0, L), [|-]) = (™. |- ). m

A.8. Proof of Proposition 2.11

Proof of part (i) The FMP of U with respect to the sequence w
is, by definition, equivalent to the continuity of the map U
(Kut. [l,) — (Ke. II-ll,) (respectively, H = (K. [I-Il,) —>
(By-4(0, L), |I-11). By Corollary 2.8, this is equivalent to the continu-
ity of these maps when Kj; and K; are endowed with the product
topology which is, by the same result, generated by any arbitrary
weighting sequence.

Consider now U (K, 1-1,) —  (L2@®R™), [I-1l,,) in ]F}‘gM
(respectively, H : (Ky, [|I-]l,) — (R™, |-} in H,’fM ). By Lemma 2.10
there exists an L > 0 such that U (respectively, H) can be consid-
ered an element of Fy . (respectively, Hy ) by restriction of
the target. Using the statement that we just proved about the space
.k, (respectively, Hi ) we can conclude that U (respectively,
H) has the FMP with respect to any weighting sequence. Since,
again by Lemma 2.10, the inclusion Fy . C Fy (respectively,
HI%]M»KL C H,’Q’M) holds true for any M > 0, and any weighting se-
quence w, we can conclude that U (respectively, H) is continuous as
an element of ]F}‘gM (respectively, H}’{M) for any weighting sequence
w, as required.

Proof of part (ii) First, suppose that H : (Ky, [|-|l,,) — (B}(0, L),
[I-]) has the FMP and that this map is hence continuous. Given
that the associated filter Uy (Km, Ill,) — (K, 0I-1l,) can
be written as Uy = [],yH o (Pz_ o T_) we can also conclude
that it is continuous. Indeed, by part (i) of Lemma A.1, the map
Ho (]P’Zf o T_[), t € Z_, is a composition of continuous functions
and it is hence continuous. Additionally, the product [],7H o
(Pz_ o T—) : (K. IIIl,,) —> (Ki, II-Il,,) is also continuous because
the topology of (Ki, ||-||,,) coincides with the product topology
by Corollary 2.7 and hence the continuity follows from Munkres
(2014, Theorem 19.6), which shows that Uy has the FMP. Con-
versely, if U : (Ky, |I-l,) — (Ki, |IIl,,) has the FMP, so is the
case withHy = poo U : (Ku, II-ll,,) — (By(0, L), ||-]|) as it is the
composition of two continuous maps. These arguments show that
T(FMP ) ¢ H%{’KL and &(HMP, ) ¢ FEMP | and that the maps

KM’é(I\L/lP FMP fanfo FMP -l FMP
U R, —> Hg and @ @ Hen, —> Fien are hence

inverses of each other.

The parallel statement regarding the spaces Fi)' and Hi'* can
be easily established by mimicking the proof of part (i) using
Lemma 2.10. W
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A.9. Proof of Proposition 2.12

We prove the continuity of ¥ by establishing the equality (2.18).
Let U e Fi)'". By definition

I (U)lloe = sup {[1€(U)@)II} = sup {[[U(z)oll}- (A6)

zeKy zeKy

Since we have that
sup {|U(z)oll} < SUP{tSUP{”U(Z)t”}} = sup {lU@)llso} = Ul oos

zeKy zeKyy teZ— zeKy
this shows, together with (A.6), that
(Ul = UMl

which implies the continuity of ¥. Regarding (2.19), letH € H,F(xp
We have:

l®(H)lloo = sup {SUP {”(I)(H)(Z)t”}}

zeKy \teZ—

sup {sup {HH((PZ, o Tr)(l))”}}

zely \teZ—
< sup {|[H(Z)ll} = IH ]l
zeKy

which proves the continuity of ®. The inequality is a consequence
of the fact that the sequence (Pz_ o T_;)(z) € Ky. The equalities
(2.18)and (2.19) are a consequence of the two inequalities that we
just proved, together with the fact that Uy, = U and Hy, = H.The
equalities (2.20) and (2.21) are proved in a similar fashion.

A.10. Proof of Corollary 3.2

(i) Consider the reservoir map Fgsy : [—1, 11V x D, — [—1, 1]V
given by Fgsy := o (AX 4 Cz + ¢£). The statement is a direct conse-
quence of the continuity of Fgsy, the compactness and convexity of
[—1, 11N and D, and of part (i) of Theorem 3.1.

(ii) The result follows from part (ii) of Theorem 3.1 since the
hypotheses in the statement imply that the reservoir map Fgsy is
in those circumstances a contraction. Indeed, let x,y € [—1, 1]V
and let z € D,, then

lIFesn(X, 2) — Fesn(y, 2)Il = llo (AX+Cz+ &) — o (Ay + Cz + 0|
=L [All2 Ix =yl

Since by hypothesis L, |All, < 1, we can conclude that Fggy is a
contraction, as required. The norm ||-|| in the previous expression
is the Euclidean norm in R". The time invariance of the resulting
unique fading memory reservoir filter is a consequence of Propo-
sition2.1. MW

A

A1, (€“(R™), | - ||w) is a Banach space

Proposition A.2. Let w : N — (0, 1] be a weighting sequence and
let | - |lw : (R"Y%- — R+ be the corresponding weighted norm.
Then, the space (¢”(R"), | - ||.») defined by

(R = {z e (R")™ | Izl < oo},
endowed with weighted norm | - ||,, is a Banach space.

Proof. We first show that £%(R") is a linear subspace of (R")?-. Let
u,v € £*(R") and let A € R. Then,

lu+avi, = sup {llue + Avel| w—}
tez_

IA

sup {{luefl w_e + A |lve |l w_¢}
teZ_

IA

sup {[lug|l w—} + 2 sup {|Iv [ w—}
teZ— teZ—

= llully, + A VI, -

We now show that this space is complete. Let {u(n)}, .y C £“(R")
be a Cauchy sequence. This implies that for any € > 0, there exists
N(€) € N such that for all m, n > N(e) we have |lu(n) —u(m)|,, <
€. Hence, forany t € Z_,

llug(n) —u(m)| w—; < sup {llue(n) —u(m)l| w—c}

= [|lu(n) —u(m)||,, <e€. (A7)

This implies that taking for each fixed t € Z_ the value N(ew_;),
the sequences {u;(n)},cy in R" are Cauchy and hence convergent
to values u; € R". We now show that {u(n)},.y converges to
u € (R")%-. Using (A.7), take N(e/2) so that for all m, n > N(e/2)
and any t € Z_ one has |[us(n) — u.(n)|| w_¢ < €/2.1f we take the
limit m — oo in this inequality, we obtain

lu,(n) —w; || w_; <e€/2, forallteZ._.

This implies that

lu(n) —ull,, = sup {|lu(n) —uflw_} <€/2 <e,
teZ_

which proves that {u(n)}, .y converges to u, as required. It remains
to be shown that u € ¢*(R"), that is, that ||u]] < oc. In order
to show that this is indeed the case, let n € N be such that
lu —u(n)|| < e.This implies that

lall, — la@)ll, < Huall, — lu@)l,| < la —u@)], <e,

and hence |lu||,, < [[u(n)|,, + € < 0o, asrequired. W
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