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Abstra
tMultistage sto
hasti
 programs with 
ontinuous underlying distribu-tions involve the obsta
le of high-dimensional integrals where the values ofthe integrands again are given by solutions of sto
hasti
 programs. A 
om-mon solution te
hnique 
onsists of dis
retizing the support of the originaldistributions leading to s
enario trees and 
orresponding LPs whi
h are{ up to a 
ertain size { easy to solve. But in order to improve the a

ura
yof approximation, su

essive re�nements of the support result in rapidlyexpanding s
enario trees and asso
iated LPs. Hen
e, the solvability ofthe multistage sto
hasti
 program is limited by the numeri
al solvabilityof sequen
es of su
h expanding LPs. This work des
ribes an algorithmi
te
hnique for solving the large-s
ale LP of re�nement � based on the solu-tions at the previous ��1 re�nements. Numeri
al results are presented forpra
ti
al problem statements within �nan
ial appli
ations demonstratingsigni�
ant speedup (depending on the size of the LP instan
es).Keywords: Dis
retization S
hemes, Multistage Sto
hasti
 Linear Programs,Optimality Condition, Finan
ial Appli
ations, Bary
entri
 Approximation



1 Introdu
tionA huge number of pra
ti
al problem situations 
an be formulated as an optimiza-tion problem, i.e. 
an be redu
ed to the question of maximizing or minimizinga 
ertain quantity with respe
t to some 
onstraints. Passing over to MultistageSto
hasti
 Programming, additional important real-life 
hara
teristi
s like ran-dom data, dynami
 evolution over time and multiple de
ision points 
an be in-
orporated into the problem formulation. Then, in general, the expe
ted valueof the interesting quantity will be maximized or minimized. In this paper, we
on�ne ourselves to multistage sto
hasti
 programs with re
ourse for two reasons:�rstly, these programs have proved to be an adequate tool re
e
ting the 
omplex-ity of real-life situations; se
ondly, in the last de
ades a wide theory and powerfulsolution pro
edures have been developed. When sto
hasti
 in
uen
e is given by
ontinuous distributions, one of the most 
ommon { and in fa
t promising { ap-proa
hes is to dis
retize the support of these distributions. Of 
ourse, althoughwe 
on
entrate on dis
retization approa
hes, we do not wish to 
on
eal the ex-isten
e of alternative methods: for instan
e, approximation of the original dis-tributions 
an also be a
hieved by simpler { but still 
ontinuous! { distributions(see e.g. Birge and Walla
e [4℄, Birge and Wets [5℄, Walla
e [22℄, and Birge andQi [3℄). Dis
retization always leads to s
enario trees depi
ting sto
hasti
 evo-lution and thus over
omes the obsta
le of evaluating high-dimensional integralswhen determining expe
ted values. Naturally, the solutions obtained 
onsistingof (expe
ted) obje
tive values and optimal �rst-stage de
isions are solutions ofapproximate programs: they 
an only serve as approximating solutions of theoriginal '
ontinuously distributed' program.Improvement of the approximation is usually a
hievable via su

essive re�ningof the support of the approximating dis
rete (
onditional) probability measures.Ea
h of these re�nements in
reases 
onsiderably the size of the 
orrespondinglarge-s
ale linear program. Performing many re�nement steps thus leads to asequen
e of ever enlarging LPs. In order to tra
k the improvement of the ap-proximations every enlarged LP has to be solved, requiring a great deal of time.Throughout this paper we will assume su
h single LPs to be solved via so-
alleddire
t methods, i.e. standard optimization methods whi
h do not apply spe
iallarge-s
ale strategies like e.g. de
omposition or relaxation. In fa
t, the 
lassi
primal simplex algorithm was applied for the evaluation of the numeri
al resultsup
oming in se
tion 6. Readers interested in a brief survey on dire
t and alter-native methods are referred to Birge [1℄.Fortunately, there are pra
ti
al problem situations whi
h are 
hara
terizedby a 
ertain robustness of the optimal approximate �rst-stage de
ision x1? in thesense that x1? remains 
onstant over a 
ertain sequen
e of re�nements. Hen
e,in su
h 
ases there is no need to optimize anew every in
reased LP as a whole.Instead, it would be suÆ
ient to show the last obtained optimal x1? to be stilloptimal after one (or more) additionally realized re�nements; e.g. it would be2



suÆ
ient that x1? ful�lls a 
lassi
al optimality 
ondition: the negative subgradientof the obje
tive fun
tion at x1? is normal to the feasibility region of x1 at x1?.Provided the above-mentioned robustness and assuming a spe
i�
 
hara
teristi
of the dis
retization s
heme used, this veri�
ation of the suÆ
ient optimality
ondition { repla
ing the optimization of an in
reased LP as a whole { should bea promising way to redu
e numeri
al e�ort.Run-time investigation in this paper will use the Bary
entri
 Approximations
heme for generating s
enario trees. But sin
e the type of the dis
retizations
heme (e.g., sampling leading to probabilisti
 bounds for the true optimal ob-je
tive value or 
hosing spe
ial points out of the support leading to deterministi
bounds) used is not 
entral to the development of the theoreti
al framework 
on-
erning relevant (sub-)gradients or the optimality 
he
k, we postpone its brieftreatment to se
tion 5. Theoreti
al aspe
ts are 
ontained in se
tion 2 and arebased on a 
ommon notation of multistage sto
hasti
 problems with re
ourse tobe found, e.g., in the sto
hasti
 programming textbook by Birge and Louveaux[2℄. A des
ription of a pra
ti
al problem formulation in the area of running �xedin
ome produ
ts whi
h underlies the 
omputation runs will be given in se
tion 4.Se
tion 6 lists numeri
al results of the presented new approa
h w.r.t. 
omputationtime and speedup. The paper ends with 
on
lusions and a brief outlook.Note This paper summarizes major ideas from a do
toral thesis of one of theauthors (Haarbr�u
ker [14℄) written at the University of St. Gallen, Switzerland.2 Theoreti
al FrameworkThis se
tion starts with an introdu
tion of a multistage sto
hasti
 linear programwith re
ourse, using a widespread notation whi
h is di�erent from that notationused in original arti
les (see e.g. Frauendorfer [7℄[8℄[9℄) 
overing the Bary
entri
Approximation s
heme itself. This is done for two reasons: �rstly, at this point ofprogress, there will be neither formal nor logi
al 
onne
tions to the Bary
entri
Approximation s
heme; all 
onsiderations 
an be deta
hed from the dis
retizationmethod used; se
ondly, the notation used is a little more intuitive and hopefullysimpli�es the up
oming des
riptions.Throughout this paper, we deal with problems 
ontaining sto
hasti
ity in theobje
tive fun
tion and in the RHS only, i.e. there are no random data in the 
on-straint matrix. Se
tion 3 states a general optimality 
ondition out of nonlinear{ and not at all sto
hasti
 { optimization. A detailed transfer of this 
onditionto the previously stated multistage sto
hasti
 linear program (MSLP) is omitted.Instead, we sket
h a formulation of an optimality 
he
k whi
h is in line with theexisting literature. The general aim will be to avoid the time-
onsuming opti-mization runs within the traditional solution approa
h where { when fa
ed witha sequen
e of expanding s
enario trees and asso
iated linear programs { ea
h of3



the su

essively o

urring large-s
ale LPs is solved anew as a whole. Hen
e, op-timization runs will be repla
ed by a kind of optimality 
he
k, where the latterallows us to expe
t redu
ed CPU times for solving a sequen
e of in
reased LPsarising from a dis
retization s
heme. In subse
tion 2.2, we present an illustrativeview of the requirements whi
h have to be ful�lled in order to get this optimality
he
k as a sensible alternative to the traditional solution approa
h. Finally, thelast subse
tion des
ribes the traditional approa
h of solving a sequen
e of in
reas-ing approximating programs and introdu
es a promising new approa
h. This willbe done rather informally with a fo
us on verbal explanations; a more detailedtreatment of key elements like (sub-)gradients or normal 
ones is postponed tose
tion 3.2.1 Multistage Sto
hasti
 Linear ProgramUsing a dynami
 programming type of re
ursion, we 
an write a MSLP in thefollowing form:for t = H; : : : ; 2 de�ne ba
kwardsQt(xt�1; �t(!)) := min 
t(!)xt(!) + E�t+1[Qt+1(xt; �t+1(!))℄ (1)s.t. W txt(!) = ht(!)� T t�1xt�1xt(!) � 0 ;with terminal value fun
tion given byQH+1(�; �) � 0:The interesting minimal obje
tive value and the today's optimal de
ision 
anthen be obained by solving the problemmin z(x1) := 
1x1 +Q2(x1) (2)s.t. W 1x1 = h1x1 � 0:In 
ase of unboundedness below or infeasibility of the program (1) Qt(xt�1; �t(!))is set to �1 or +1, respe
tively. The expe
tation fun
tional Q2(�) of the valuefun
tion Q2(�; �) in (2) is de�ned asQ2(x1) := EP �2 [Q2(x1; �)℄ = Z�2 Q2(x1; �2) dP �2(�2) (3)= Z
Q2(x1; �2(!)) dP (!) = EP [Q2(x1; �2)℄ (4)with Q2(x1; �2(!)) := min 
2(!)x2(!) +Q3(x2) (5)s.t. W 2x2(!) = h2(!)� T 1x1x2(!) � 0:4



Sometimes the expe
tation fun
tionals Qt are named expe
ted value fun
tions,too (see e.g. Kall and Walla
e [16℄, p. 148). In the following, we refrain froma di�erentiation from 'normal' value fun
tions; depending on the situation andnotation it will be
ome 
lear if it 
on
erns the evaluation of an expe
tation ornot.In the above mathemati
al formulation, �2 denotes the support of �2; as tothe de�nition of P see below. Integrals in the form of EP �2 [�℄ are given as the sumof their positive and negative parts with positive (negative) parts to be de�nedas +1 (�1) when the integral diverges or the integrand takes the value +1(�1) on a set with stri
tly positive measure.1 
1 and h1 are known ve
tors outof IRn1 and IRm1 , respe
tively. For all stages t = 2; : : : ; H the random ve
tors�t := (
t;ht) ful�ll�t = (
t;ht) : (
;�t) �! (IRnt+mt ;Bnt+mt) (6)! 7�! �t(!) = � 
t(!)ht(!) � =: � 
tht �with �t � �t+1 �-algebras relative to 
 (t = 2; : : : ; H � 1); herein, (6) standsfor the (�t;Bnt+mt)-measurability of �t with Bn (n 2 IN) denoting the usual �-algebra generated by all open subsets of IRn. Ea
h �-algebra �t 
onsists of thoseevents that are 'known' at time t. Let P be a known probability measure on themeasurable spa
e (
;�H). Be
ause of the monotone in
reasing { in the sense ofset in
lusion { �-algebras �t all (
;�t; P ) are well-de�ned probability spa
es fort = 2; : : : ; H.Con
erning the de
isions, we additionally demand the (�t;Bnt)-measurabilityof xt for all t; this ensures the so-
alled nonanti
ipativity of the de
isions to betaken, i.e. de
isions made today 
annot depend on information re
eived tomorrow(or any day thereafter).xt�1 denotes the states of the system and EP �t [�℄ the expe
ted value w.r.t. theindu
ed probability measure P �t (t = 2; : : : ; H). The value fun
tions Qt(�; �) andexpe
tation fun
tionals Qt(�) of stages t > 2 are de�ned analogously to Q2(�; �)and Q2(�), respe
tively; �t designates the support of �t.Remark 2.1 :(i) The distribution of �t is assumed to be independent of past realizations. Ifthis assumption is given up,2 then the problem formulation must 
ontain{ apart from state information xt�1 { further information in the form of1Cases of simultaneous o

urren
e of�1 and +1 are treated by the 
onvention (�1)+1 =+1 (see e.g. Wets [24℄, p. 312), i.e. infeasibility in one subproblem 
annot be 
ompensated byunboundedness below in another subproblem.2Take note of the fa
t that relaxing the sto
hasti
 independen
e 
annot be done without any
ompensation but only in favour of some weaker kind of regularity 
ondition like, e.g., lineardependen
y (see Wets [23℄, pp. 202f, 205). 5



observed realizations of the random ve
tors up to time t. Sin
e the up
om-ing appli
ations in se
tion 4 are 
hara
terized by sto
hasti
 independen
ebetween stages, we refrain from in
luding su
h further information in theformulation for ease of notation.(ii) Both the te
hnology matri
es T t and the re
ourse matri
es W t are knownmatri
es with dimension mt � nt. Be
ause of its deterministi
 re
oursematri
es the model is named �xed re
ourse model. Hen
e, due to the de-terministi
 te
hnology matri
es, all sto
hasti
 in
uen
e in (1) and (5) isrestri
ted to the obje
tive fun
tion and the RHS of the 
onstraints. But itis left to the reader to assume sto
hasti
 in
uen
e on the te
hnology matri-
es as well (with appropriate adjustments of �t, �t and �t), leading to theterm T t(!). Again with regard to the appli
ations in se
tion 4, throughoutthis paper all te
hnology matri
es are generally written in deterministi
form.(iii) For the integrals stated so far to be well de�ned, the random ve
tors �t haveto ful�ll some further te
hni
al assumptions, be
ause measurability of thevalue fun
tions Qt+1(xt; �t+1(�)) 
annot be a foregone 
on
lusion (see Wets[23℄, p. 202). To ensure measurability, we therefore make two general as-sumptions whi
h are suÆ
ient to show the measurability of the Qt+1 (Wets[23℄, p. 202): (a) existing varian
e for all random variables 
ti and htk (i.e. forall 
omponents of �t) on all stages t, and (b) the 
losure of the 
onvex hullof the 
orresponding supports to be polyhedral 
onvex, i.e. expressible asan interse
tion of some �nite 
olle
tion of 
losed half-spa
es. Alternatively,the above-mentioned square-integrability of the 
omponents of �t 
ould berepla
ed by the demand for 
ompa
t supports �t for all t (see Wets [23℄,Cor. 4.2).3 2Given a 
ontinuous distribution of �t, one is fa
ed with the problem of multidi-mensional integration sin
e the value fun
tions are in fa
t expe
tation fun
tionals.A typi
al way to over
ome this burden is the redu
tion of �t to a �nite numberof states. At this point, it is of no interest whi
h te
hnique is used to dis
retizethe supports �t. Whatever s
heme is applied in order to determine states out of�t and asso
iated probabilities, the �nite support of su
h approximating dis
reteprobability measures leads to an alternative formulation of (5). Sin
e this willoften be used in the up
oming 
onsiderations, we state this formulation expli
itly:Q2(x1) = E�2 [Q2(x1; �2(!))℄ = SXs=1 p2sQ2(x1; �2s) (7)3In fa
t, these prerequesites are a bit too strong as they 
over even the 
ase of sto
hasti
te
hnology matri
es; then, of 
ourse, with the assumption extended to the 
omponents T tkj ofT t. 6



with Q2(x1; �2s) := min 
2sx2s +Q3(x2s) (8)s.t. W 2x2s = h2s � T 1x1x2 � 0:Herein, S is the total number of states in the se
ond stage whi
h are denoted by�2s ; let the p2s denote their asso
iated probabilities.2.2 Su

essive Dis
retizationConsider a s
enario tree representing a deterministi
 equivalent program afterhaving 
arried out a sequen
e of � re�nements of the support of the underlyingprobability distributions (where we 
on�ne ourselves to re�nements in the rootnode only, i.e. partitioning always takes pla
e w.r.t. the support of se
ond-stagedistributions). This restri
tion to re�ning in the root node is done for two reasons:�rstly, this kind of re�nement results in a largest possible in
rease of the numberof s
enarios and thus represents the most 
hallenging 
ase as the 
orrespondingLPs enlarge to the same extent. Se
ondly, this fast growth of the s
enario treestands for a very exhaustive in
orporation of potential dynami
s of the un
ertainquantities and 
an be assumed to result { to a 
ertain extent, as we will see lateron { in a strong improvement of the approximation a

ura
y; see Marohn [17℄,Chapter 5.The upper part of Fig. 1 gives an exemplary image of su
h a re�ned s
enariotree when the unre�ned tree 
onsisted of an ordinary binary tree. Having 
arriedout a further re�nement step �+1 (in the sense that the 
hosen part of the supportwill be split), the subtree 
ontained in the upper framed box will vanish and has tobe repla
ed by new subtrees representing the new dis
retization points. If, for easeof simpli
ity, we think of a simple split of the partial support into two pie
es, thenthe new parts are given by the two lower dashed boxes. Take note that, naturally,one 
an obtain new subtrees whi
h are of exa
tly the same form as the vanishingpart (for instan
e, when ea
h of the two new partial supports is represented bythe same number of dis
retization points). We will 
ome ba
k to this aspe
t whendealing with the need to solve these new subproblems on the operational levelby means of a 
ommer
ial LP-solver. For every re�nement step �, the s
enariotree a
hieved is asso
iated with a linear program LP �1 : subs
ript 1 indi
atesthe stage of the root node and the supers
ript � the number of re�nements
arried out so far. Considering now the se
ond-stage problems LP �2;s (with s =1; : : : ; S� numbering both the se
ond-stage nodes from left to right and re
e
tingthe di�erent states of the system on that stage, i.e. the spe
i�
 dis
retizationpoints of the support of �2), the next re�nement step �+1 leads to the followingsituation in our spe
i�
 example of Fig. 1:7



� j
Figure 1: Changing parts of a s
enario tree per re�nement- The overall linear program LP �1 is repla
ed by LP �+11 . The new number ofse
ond-stage nodes is given by S�+1 := S� + 2.- The two old se
ond-stage subproblems, say LP �2;s? and LP �2;s?+1, are repla
edby LP �+12;s? ,LP �+12;s?+1, LP �+12;s?+2 and LP �+12;s?+3.- All the other old se
ond-stage subproblems LP �2;s; s 2 f1; : : : S�g n fs?; s?+1g, remain un
hanged and form the rest of the subproblems LP �+12;s .Usually, when using whatever solver to optimize the large-s
ale LPs, the tradi-tional pro
edure is as follows:Traditional Approa
h1. Build up LP 01 and 
onvey problem to the solver. Solve LP 01 and get optimalsolution x1;0. Set � = 1.2. Carry out re�nement step �. Build up LP �1 and 
onvey problem to thesolver. Solve LP �1 and get optimal solution x1;�. Set � = � + 1.3. IF � < Max4 and x1;� does not ful�ll a 
ertain pre
hosen stopping-ruleGOTO 2. ELSE STOP.Naturally, this approa
h 
an be modi�ed in the sense that the LP is solved onlyafter every kth (k > 1) re�nement. However, when the main interest is to tra
kthe improvement of single re�nement steps or to stop as soon as the stopping 
ri-terion is ful�lled, one 
annot avoid solving the large-s
ale LP asso
iated with ea
h4Max indi
ating the maximal number of re�nement steps8



re�nement. Having in mind the so-
alled 
urse of dimensionality, the bottlene
kof this approa
h obviously is given by solving these expanded large-s
ale LPs. Itis this 
omputational burden whi
h will be over
ome by the new approa
h, re-du
ing the numeri
al e�ort by trying to show that the formerly obtained optimalsolution is still optimal after the very last re�nement step.Keeping in mind the drawba
k of the traditional approa
h, the se
ond andthird topi
s of the previously mentioned list be
ome important in two senses:�rstly, they motivate the idea of redu
ing the solving of ea
h re�ned problemas whole to a mu
h easier solving of just the new smaller se
ond-stage problemswith a subsequent (still to be determined!) optimality 
he
k. Se
ondly, theyreveal some rather heuristi
 properties that the re�nement method used mustne
essarily possess: with ongoing re�nement pro
ess, the repla
ed parts of thes
enario tree have to be
ome smaller and smaller relative to the whole s
enariotree; additionally, all parts besides the repla
ed part have to remain totally un-
hanged. Otherwise the new approa
h of solving just subproblems and 
he
kingoptimality 
annot be expe
ted to save mu
h numeri
al e�ort and, hen
e, valuable
omputation time.The ne
essity of these requirements be
omes 
learer when fo
ussing on theoptimality 
he
k itself: this is done in the following se
tion, where we transfera well-known optimality 
ondition out of nonlinear optimization to the here-formulated MSLP.3 Con
eption and Implementation of a newApproa
hHaving in mind that in many pra
ti
al problem situations the multistage sto
has-ti
 problem is periodi
ally solved, it is the root node de
ision x1 whi
h is of maininterest. Its asso
iated 
osts are given byz = 
1x1 +Q2(x1) (9)where Q2(x1) = SXs=1 p2sQ2(x1; �2s) :In order to approa
h the formerly mentioned task of an optimality 
he
k, oneneeds a suÆ
ient 
ondition proving an x1 to have minimum 
osts. The underlyingidea 
an be stated quite generally with the following theorem 
ontaining a generaloptimality 
ondition (see e.g. Ro
kafellar [18℄, p. 270):Theorem 3.1 :Let ' be a proper 
onvex fun
tion, and let C be a non-empty 
onvex set. In order9



that 
 be a point where the in�mum of ' relative to C is attained, it is suÆ
ientthat there exists a ve
tor x? 2 �'(
) su
h that �x? is normal to C at 
.Hen
e, rewriting z in (9) as a fun
tion of x1, it is obvious that z(x1) is a rathernatural 
hoi
e for the fun
tion '(x) in Th. 3.1. For ease of exposition, we skipa formal mathemati
al treatment whi
h would show that the fun
tion z and itsapproximations z� (in a slightly reformulated manner) ful�ll the assumptions ofTh. 3.1.Next, we introdu
e a new method as an alternative to the traditional approa
hstated at the end of the previous se
tion. At this point of progress, the alterntiveapproa
h is presented in form of a meta-algorithm only: a 
ourse of modules isgiven with details hiding behind bla
k-boxes termed, e.g., 'Evaluate' or 'Update'.In the following, the new method will be 
alled progressive re�nement approa
h.Progressive Re�nement Approa
h (PRA)1. Set � = 0.2. Build up LP �1 and 
onvey problem to the solver. Solve LP �1 and get optimalsolution x1;�.IF � = Max or x1;� ful�lls a 
ertain pre
hosen stopping-rule STOP.3. Solve all LP �2;s with x1;� �xed in the RHS. Evaluate (sub-)gradient g� of z�at x1;� , i.e. in the notation of Th. 3.1 a g� 2 �z�(x1;�).4. Set � = � + 1.Carry out re�nement step �. Build up new subproblems LP �2;s and 
onveysubproblems to the solver. Solve subproblems.5. Update last evaluated (sub-)gradient g��1 to the 
urrent one g�. Che
koptimality, i.e. try to show that �g� 2 NX1(x1;��1).5IF positive: Set x1;� = x1;��1.IF � < Max and x1;� does not ful�ll a 
ertain pre
hosenstopping-rule GOTO 4.ELSE STOP.ELSE (i.e. negative) GOTO 2.Remark 3.1 :(i) The advantage of the PRA is in
orporated into steps 4 and 5: only thenew se
ond-stage subproblems (remember Fig. 1) have to be solved andan optimality 
he
k has to be done. This will lead to signi�
ant savingsw.r.t. 
omputation time for two reasons: �rst, the subproblems be
ome5NX1(x1;��1) denotes the normal 
one to the feasibility region X1 of x1 at the previouslya
hieved optimal solution x1;��1. 10



smaller and smaller relative to the size of the whole problem; se
ondly,there are always only a few subproblems to solve { on 
ondition of adequate
on�guration of the dis
retization s
heme used.(ii) Of 
ourse, a tradeo� exists between the smaller 
omputational e�ort of solv-ing the subproblems and the additional e�ort of 
arrying out the optimality
he
k itself. If the latter takes too mu
h time, then on balan
e no overalltime saving will be a
hieved.(iii) Possible drawba
ks are given by step 3: whenever the optimality of theformer optimal de
ision x1;� 
ould not be shown, in addition to solving anewthe whole re�ned problem (see (iv)), all se
ond-stage subproblems have tobe optimized. Of 
ourse, with ongoing re�nement, the number of thesesubproblems 
an be
ome quite large and even amount to several hundred.Fortunately { as already mentioned in se
tion 1 { in the spe
ial problemwhi
h will be treated here, we empiri
ally observed that normally the rootnode de
ision remains 
onstant over longer sequen
es of re�nements. Hen
e,the 
ase where one is for
ed to solve all subproblems does not o

ur thatoften.(iv) When at an advan
ed phase of the re�nement pro
ess (i.e. having 
arriedout numerous re�nement steps) optimality 
ould not be shown, then oneruns into the same trouble as happens within the traditional approa
h: the
orresponding LP be
omes too large to be solved with a

eptable 
ompu-tational e�ort. 2(In the following, the re�nement index � will be dropped for notational simpli
ity;the reader should keep in mind that fun
tions z, Qt and Qt stand for approxi-mate fun
tions of the true ones.) As 
an be found in the literature, see e.g. Birgeand Louveaux [2℄, p. 129, a dis
rete support results in polyhedral 
onvex valuefun
tions Qt. Obviously, this leads to an only pie
ewise 
ontinuous di�erentia-bility of the value fun
tions Qt and, hen
e, of the fun
tion z, too. For la
k ofspa
e, we omit a formal 
ase di�erentiation between the di�erentiable and thenon-di�erentiable 
ase and just summarize its results: when 
arrying out 
om-putations on the operational level, one 
an always evaluate the same ve
tor gwithout being for
ed to test for di�erentiability of z, namelyg := 
1 � SXs=1 p2s (�2s)0 T 1 : (10)Herein, �2s denote the simplex multipliers in the optimum of the s-th se
ond-stagesubproblem. In the di�erentiable 
ase the ve
tor provides the (unique) gradient;in the stri
t subdi�erentiable 
ase, the same ve
tor provides a spe
ial 'extreme'11



subgradient.6 Only in theoreti
al notations, one has to distinguish between thegradient g := 
1 � SXs=1 p2s (�2s)0 T 1 = rz(x1) (11)in the di�erentiable 
ase and the (spe
i�
ally 
hosen) subgradientg = 
1 � SXs=1 p2s (�2s)0 T 1 2 f
1g+ SXs=1 p2s � �Q2(�; �2s)� (x1) � �z(x1) : (12)in the non-di�erentiable 
ase. (Similar 
on
epts relying on the same prin
ipleto speed up 
onvergen
e by means of subgradient approximation also appear ine.g. Rusz
zy�nski and Swietanowski [20℄ and Rusz
zy�nski [19℄: these papers pla
eemphasis on a regularized de
omposition approa
h instead of su

essive re�ne-ments.) Con
erning the task 'Update' in step 5 of the PRA, one has to evaluatethe new partial derivatives ddx1i (Q2(x1; �2s)), i.e. the partial derivatives for those swhi
h denote new states introdu
ed by the new re�nement. The rest of the partialderivatives doesn't have to be evaluated anew, given that the asso
iated subprob-lems remained un
hanged. The same holds for the nondi�erentiable 
ase, wherean obvious 'extreme' subgradient 
an be upgraded in exa
tly the same manner.Altogether, a 
onvenient update-handling of the (sub-)gradient is possible duringthe re�nement pro
ess.The next se
tion treats more detailed the optimality 
he
k in step 5 of thePRA and its 
on
rete handling on the implementation level.3.1 Optimality Che
k in DetailSo far, in (11)-(12) we have introdu
ed the (sub-)gradient g whi
h will be usedwithin the optimality 
he
k of the PRA, multiplied by �1 a

ording to Th. 3.1.It remains to fo
us on the other 
ru
ial element of the optimality 
he
k, i.e. theabstra
t normal 
one NX1(x1;��1). Dealing with the normal 
one to a feasibilityregion, we have to be
ome more formal 
on
erning the the de�nition of the fun
-tion z to be minimized over a 
onvex feasibility set. Let us re
all the des
riptionof a subproblem at stage t in an analogous form to (7)-(8), i.e.Qt(xt�1) = E�t[Qt(xt�1; �t(!))℄ = StXs=1 ptsQt(xt�1; �ts) (13)6By this 
on
entration on a single subgradient in 
ase of stri
t subdi�erentiability, we losesome power of the suÆ
ient 
ondition in Th. 3.1: instead of the equivalent 
ondition �'(
) \�NC(
) 6= ; we employ only a redu
ed version fgg \ �NC(
) 6= ;.12



with Qt(xt�1; �ts) := min 
tsxts +Qt+1(xts) (14)s.t. W txts = hts � T t�1xt�1xts � 0 :Furthermore, we de�ne { as is usually done { Qt(xt�1; �ts) in (14) to be +1 ifthe 
orresponding feasibility set fxts j W txts = hts � T t�1xt�1; xts � 0g is empty.The feasibility set for x1 in our minimization problem 
an then be written as theinterse
tion of the �rst-stage (deterministi
) 
onstraint setK1 := fx1 j W 1x1 = h1; x1 � 0g (15)and the se
ond-stage feasibility setK2 := fx1 j Q2(x1) <1g : (16)Although we name K2 a se
ond-stage feasibility set, it is in fa
t a future-stages'feasibility set up to time H be
ause of the de�nition of the fun
tion Q2: there
ursive de�nition in (13) and (14) provides that Q2 is 1, whenever the givende
ision x1 
annot be feasibly extended up to time horizon H for all s
enarios(under the assumptions of all dis
rete probabilities pts > 0 { otherwise redu
e thenumber of states { and the original problem to be bounded, whi
h is a
tually asensible assumption rather than a restri
tive one). Using these de�nitions, we
an rewrite the minimization problem with z(�) of (9) in a more detailed way asmin z(x1) := 
1x1 +Q2(x1) (17)s:t: x1 2 K1 \K2 :Determining K2 is a very diÆ
ult matter: be
ause of the transition of x1 intothe future by the te
hnology matri
es T t, all future sto
hasti
 RHS parts hts 
anin
uen
e today's feasibility set; hen
e, no simple way of determining K2 seemsto be obvious. Fortunately, from a theoreti
al point of view, it is not absolutelyne
essary to have a 
omplete des
ription of the region of �niteness K2:Knowing by de�nition of K2 that Q2(x1) = 1 if and only if x1 =2 K2, we 
anrewrite (17) as min z(x1) (18)s:t: x1 2 K1 :Hen
e, we 
an 
ir
umvent the need for a 
omplete des
ription of K2 and 
an
on
entrate on the normal 
one to the feasibility region K1 for x1. But we shouldbe aware that this impli
it use of our knowledgeQ2(x1) =1 , x1 =2 K2 expands13



the 
onstraint region from K1 \ K2 to K1 and thus redu
es the 
orrespondingnormal 
one: this be
omes 
lear regarding the property7NK1\K2;�(x1) = NK1(x1) +NK2;�(x1) (19)whi
h shows that using the program formulation (18) disregards the additive set
omponent NK2;�(x1) in (19) by just repla
ing it by the simple set f0g. Therefore,this relaxation 
an possibly entail 
ases where a previously evaluated optimalde
ision x1 will not be shown to be still optimal after the very last re�nementstep { although in fa
t it is. Nevertheless, having in mind the diÆ
ulties ofdetermining the se
ond-stage feasibility set, we a

ept this relaxation: it will beseen in se
tion 6 that su
h 'misleading' optimality 
he
ks o

ur very rarely.Re
alling (15), the normal 
one to the feasibility set K1 at a point x1? 2 K1is given by NK1(x1?) = 
one (A [ B) (20)with A := f� (W 1i�)0 j i = 1; : : : ; m1gB := f�ej j x1j ? = 0; j = 1; : : : ; n1g ;where W 1i� denotes the ith row of W 1, ej the jth 
anoni
al unit ve
tor in IRn1 andx1j ? the jth entry of the ve
tor x1?.8 To summarize, re
alling Th. 3.1, (11), (12),and (20), we 
he
k the optimality 
ondition�
1 + SXs=1 p2s (�2s)0 T 1 ?2 NK1(x1?) = 
one (A [B) : (21)A reader familiar with optimality 
onditions in the area of sto
hasti
 linear pro-grams with re
ourse will easily verify that 
ondition (21) is in line with resultsstated in the literature: see e.g. Birge and Louveaux [2℄, Se
tion 3.1.e, or Wets[25℄, pp. 596 �.Remark 3.2 :On the operational level, there exist several possibilities to 
he
k 
ondition (21).One way is given by dire
tly 
he
king if the negative (sub-)gradient �g lies in thenormal 
one. Hen
e, it is to 
he
k if the negative (sub-)gradient 
an be writtenas a non-negative linear 
ombination of the 
olumn ve
tors in A and B, i.e. if a7In the approximating programs the sets K2;� and K1 are polyhedral 
onvex, so that underthe sensible assumption K1 \ K2;� 6= ; (otherwise, the program would be infeasible) thisproperty follows from e.g. Ro
kafellar [18℄, Cor. 23.8.1.8
one (fa1; : : : ; ang) := fPni=1 �iai j �i � 0; i = 1; : : : ; ng indi
ates the 
onvex 
one gener-ated by fa1; : : : ; ang. 14



� := (�1; : : : ; �n)0 � 0 exists with �g = [A B℄� (where [A B℄ denotes the matrix
ontaining as 
olumns all ve
tors in A and B) ?This 
an be done by simply solving a LP with equality and non-negativity 
on-straints and an arbitrary obje
tive fun
tion. Of 
ourse, it is not the optimalsolution itself whi
h is of interest when solving the LP; it is rather the questionwhether the LP is feasible or not: having found a basi
 feasible solution, this so-lution provides a � forming �g as non-negative linear 
ombination, as was statedabove. Sin
e 
ommer
ial LP solvers (like e.g. CPLEX) do not always provide aspe
ial feasibility 
he
k, one 
an be for
ed to 
all the usual optimization routine.But anyway, as is well known, testing for feasibility is of the same 
omplexity assolving a LP; hen
e, the optimization should not result in a mu
h longer 
om-putation time 
ompared to a feasibility 
he
k unless an unne
essarily 
omplexobje
tive fun
tion has been 
hosen. However, as long as the matrix [A B℄ isnot too large, the optimization should be realizable without mu
h 
omputationale�ort.Another way of verifying if the negative (sub-)gradient �g lies in the normal
one is given as follows: 
he
k whether the (sub-)gradient g has non-positive in-ner produ
ts with all ve
tors in 
one (A [ B), in parti
ular with its generators.In order to do so, one would have to determine the polar matrix [A B℄? 
ontain-ing as 
olumns all generators of the polar 
one pol 
one [A B℄ := fu j u0h �0 for all h 2 
one [A B℄g. An algorithm for determining these generators 
an befound in e.g. Kall and Walla
e [16℄, p. 253�. 2In the next se
tion, we des
ribe a MSLP aimed at running �nan
ial produ
ts inan eÆ
ient manner. This MSLP has been developed in 
ooperation with a majorSwiss bank and is used at monthly intervals to evaluate an eÆ
ient fundingstrategy of non-�xed rate mortgages. It will underlie all up
oming 
onsiderationsand will be used to test the PRA.4 Finan
ial Problem StatementIn the following, we give a detailed des
ription for the problem of funding non-�xed rate mortgages. Consider a bank whi
h has to re�nan
e loans given to the
ustomers by taking up money of di�erent maturities in the money market. Thisleads to a stru
ture of maturing funds whi
h is 
urrent today, and every time(from now up to some time horizon H) when an amount of the liability stru
turematures, this amount again has to be re�nan
ed.Interest rates and funding volume 
hange sto
hasti
ally over time. (Thesto
hasti
ity of the latter is a spe
ialty of Swiss non-�xed rate mortgages: mort-gage takers are allowed to swit
h from non-�xed rate to �xed rate mortgages andvi
e versa; of 
ourse, they a
t depending on the 
urrent interest rate level. Ingeneral, a six months' noti
e holds for non-�xed rate mortgages.) The e
onomi
15



aim is a funding strategy for today minimizing the expe
ted present value of theoverall re�nan
ing 
osts from today up to period H. De
isions have to be madeat time points t = 1; : : : ; H. At t = 1 only the 
urrent interest rate 
urve andthe stru
ture of maturing funds vdo are known. �t is a ve
tor of risk fa
tors whi
ha�e
t the interest rates at time t, and �t denotes the un
ertain 
hange in thefunding volume at t. Dependent on �t, the dis
ounted a

rued interest paymentsfor re�nan
ing $ 1 in maturity d at time t are given by 'dt (�t). D := f1; : : : ; 12gdenotes a set of maturities in months; let Dliq � D be the set of standard matu-rities for whi
h the money market is suÆ
iently liquid. xdt indi
ates the amountof borrowing at time t with a maturity of d months (d 2 Dliq); the total vol-ume of borrowings at time t with a remaining d-month maturity vdt (d 2 D) isdetermined byvdt � vd+1t�1 � xdt = 0 t = 1; : : : ; H; d 2 Dliq;vdt � vd+1t�1 = 0 t = 1; : : : ; H; d 2 D n Dliq :At ea
h time t, the overall funding volume vt must equal the sum (over all d) ofexisting borrowings with a remaining d-month maturity, i.e.vt =Xd2D vdt t = 1; : : : ; H:The funding volume at t vt is given by the funding volume in the previous periodt� 1 in
reased by the sto
hasti
 volume 
hange �t:vt = vt�1 + �t t = 2; : : : ; TWith P denominating the joint multidimensional probability distribution of theunderlying sto
hasti
 pro
ess (�t; �t) the multistage sto
hasti
 problem reads asminZ HXt=1 Xd2Dliq 'dt (�t) � xdt dP (�; �)vdt � vd+1t�1 � xdt = 0 t = 1; : : : ; H; 8d 2 Dliqvdt � vd+1t�1 = 0 t = 1; : : : ; H; 8d 2 D n Dliqvt �Pd2D vdt = 0 t = 1; : : : ; Hvt � vt�1 = �t t = 2; : : : ; Hvt; vdt 2 IR nonanti
ipative t = 1; : : : ; H; 8d 2 Dxdt � 0 nonanti
ipative t = 1; : : : ; H; 8d 2 Dliq :The above-stated problem 
an be extended by introdu
ing upper and lower limitsfor the amount of borrowing at time t with a maturity of d months, xdt (d 2 Dliq).For ease of exposition, we omit this extension. A more detailed treatment of thisspe
ial funding problem 
an be found in Frauendorfer/Haarbr�u
ker [10℄, where16



a main fo
us lies on the underlying sto
hasti
 pro
esses driving the dynami
evolution of interest rates and of the total funding volume.Assuming �t and �t to be 
ontinuously distributed with supports �t and �t,respe
tively, for all t = 1; : : : ; H and 
hoosing �nitely many points out of thesetwo supports (in order to approximate the original problem), we 
an rewrite theabove problem in the form of a s
enario tree. Automati
ally, a s
enario treeimplies the required nonanti
ipativity so that the large-s
ale LP asso
iated withthe s
enario tree 
ontains nonanti
ipativity 
onditions only in an impli
it way.Hen
e, extra
ting the re
ourse matrix W 1 and the te
hnology matrix T 1 outof the above-stated multistage sto
hasti
 problem is straightforward and is onlystated in brief in the next subse
tion.4.1 Re
ourse and Te
hnology MatrixTaking a 
loser look at the above-stated 
onstraints, it 
an easily be seen thatthe re
ourse matrix W 1 is of the following shape:W 1 = 264 ��ej 2 IRDmax : j 2 Dliq� � IDmax0 �10Dmax10Dmax 0 375 (22)where Dmax := maxfd j d 2 Dg indi
ates the maximum maturity and Dliq�denominates Dliq in
reasingly ordered a

ording to the total order �. In and1n (n 2 IN) denote the n-dimensional identity matrix and the n-dimensional1-ve
tor, respe
tively. The te
hnology matrix T 1 is even simpler and given by
T 1 = 26666666664

0...... �I jDliqj�1O 00 0 � � � 00 0 � � � 0�1 0 � � � 0
37777777775 : (23)

The left zero blo
k is 
aused by the fa
t that tomorrow's e�e
ts of today's de-
isions are taken into a

ount by the state variables vd1 , and not by the de
isionvariables xd1. Hen
e, re
alling (�2s)0 T 1 to be a part of the overall (sub-)gradientin (11),(12), we get(�2s)0 T 1 = �(0; : : : ; 0| {z }jDliqj ; �2s;Dmax+2; �2s;1; : : : ; �2s;Dmax�1) ; (24)where �2s;i denotes the dual variable 
orresponding to row i on
e the se
ond-stagesubproblem s has been optimized. Sin
e in the mortgage problem statement17



only the �rst-stage de
ision variables xd1 (d 2 Dliq) have deterministi
 obje
tivefun
tion 
oeÆ
ients > 0, the 
ost ve
tor 
1 forming the inner produ
t 
1x1 in(11),(12) is given by 
1 := (
1Dliq� ; 0; : : : ; 0| {z }Dmax ):= �('d1(�1) : d 2 Dliq� ) ; 0Dmax� : (25)To summarize, (24) and (25) lead to the following (sub-)gradient g in a generalnotation (again, re
all (11) - (12)):g = 
1 � SXs=1 p2s (�2s)0 T 1 (26)= (
1Dliq� ; 0Dmax) + SXs=1 p2s �0jDliqj ; �2s;Dmax+2 ; �2s;1 ; : : : ; �2s;Dmax�1�= �('d1(�1) : d 2 Dliq� ) ; 0Dmax� + SXs=1 p2s �0jDliqj ; �2s;Dmax+2; �2s;1 ; : : : ; �2s;Dmax�1�Remark 4.1 :It should be noted that not all 
omponents of the (sub-)gradient g are in fa
timportant for 
he
king the 
ontaining-
ondition in (21). This 
an be seen asfollows: the normal 
one in (20) is now given by
one[A B℄ = 
one[W 10 �W 10 B℄ � IRn1 (27)with B again denoting the matrix of those 
anoni
al unit ve
tors 
orresponding tothe non-negativity 
onstraints whi
h are ful�lled with \=". The spe
ial stru
tureofW 1 (see (22)) now leads to the fa
t that 
one[A B℄ 
ontains a whole subspa
e ofIRn1. Hen
e, when one tries to form the negative (sub-)gradient �g as a positivelinear 
ombination of the 
olumns of [W 10 �W 10 B℄, those 
omponents of �gasso
iated with the above-mentioned subspa
e are not restri
tive at all: this fa
t
an be shown using permutation matri
es and orthogonal proje
tors, but we willomit its formal elaboration in this paper. However, taking into a

ount this fa
t,the 
he
k of the 
ondition in (21) 
an be written as0BBBBB� �
10Dliq�� SPs=1 p2s �2s;Dmax+2�� SPs=1 p2s �2s;d�1 : d 2 (Dliq n f1g)��0 1CCCCCA (28)
18



?2 
one [ prn12jDliqjfQ0W 10P 0g ; prn12jDliqjf�Q0W 10P 0g ; prn12jDliqjfBg ℄ ;where Q;P are properly-
hosen permutation matri
es, i.e. square matri
es withexa
tly one 1 in ea
h row and ea
h 
olumn and 0 anywhere else. f�g denotesthe set of all 
olumns of the en
losed matrix, and prn12jDliqj(�) denominates theorthogonal proje
tor onto the �rst 2 j Dliq j 
omponents of ve
tors in the IRn1.Computing the matrix produ
ts in (28) and applying the proje
tion operatorleads to the following mu
h more simpli�ed question:9� 2 IR�n : 0BBBBB� �
10Dliq�� SPs=1 p2s �2s;Dmax+2�� SPs=1 p2s �2s;d�1 : d 2 (Dliq n f1g)��0 1CCCCCA (29)
= � �I jDliqj O 1jDliqj I jDliqj O �1jDliqj prn1DliqjfBgI jDliqj �1jDliqj O �I jDliqj 1jDliqj O O � � ?In this, the spe
ial shape of the last verti
al blo
k �prn1jDliqjfBgO � stems from thefollowing fa
t: matrix B is of the formB = X g jDliq jODmaxbe
ause non-negativity 
onstraints only exist for the jDliq j de
ision variablesxd1 (d 2 Dliq), but not for the Dmax state variables vd1 (d 2 D). 2A
tually, it is this 
ondition (29) of remark 4.1 whi
h is translated into a smallLP (re
all remark 3.2 (ii)); the latter is then 
onveyed to CPLEX and { using anarbitrary but simple obje
tive fun
tion { solved by the ordinary primal simplexroutine in order to 
he
k for feasibility.So far, we have elaborated the relevant parts of the (sub-)gradient and thenormal 
one NK1(x1?) whi
h we need { in the framework of the spe
ial fundingproblem presented in se
tion 4 { to 
arry out steps 3 and 5 of the PRA introdu
edin se
tion 3. As was already mentioned in se
tion 2.2, in general ea
h re�nementmethod ful�lling some requirements should be appli
able in 
onjun
tion with thesuggested new approa
h. We will 
on
entrate solely on the bary
entri
 approxi-mation s
heme for two reasons: �rstly, it provides an appropriate dis
retization19



te
hnique, given that the multistage sto
hasti
 problem has 
ertain spe
ial prop-erties; se
ondly, in our experien
e it has turned out to be an adequate te
hniquein order to solve periodi
ally the real-life problem of re�nan
ing non-�xed ratemortgages. In the next se
tion, we take a brief look at bary
entri
 approximationitself.5 Bary
entri
 Approximation S
hemeWe do not 
laim to give an exhaustive des
ription of this spe
ial approximations
heme. We rather intend to 
larify the relations of the dis
retization te
hnique,the s
enario trees generated and asso
iated large-s
ale linear programs. For adetailed overview of the method, the interested reader is referred to Frauendorfer[7℄[8℄[9℄. A 
ompa
t treatment of the topi
 
an be found e.g. in S
h�urle [21℄;for a rather general formal exposition see Gaese [12℄. A spe
ial treatment of re-�nement issues within the bary
entri
 approximation s
heme is given in Frauen-dorfer/Marohn [11℄ and Marohn [17℄. For an illustrative approa
h 
on
erninggeneralized bary
enters { playing a key role in the bary
entri
 dis
retization te
h-nique { see e.g. Haarbr�u
ker [13℄. An overview of the methodologi
al idea for the2-stage 
ase 
an be found in e.g. Kall and Walla
e [16℄. The reader familiar withbary
entri
 approximation may skip this se
tion and pro
eed with the numeri
alresults set out in the next se
tion.Let �t � IRK and �t � IR be regular simpli
es 
overing the support of �t and �t(re
all se
tion 4). Choosing so-
alled generalized bary
enters of the �-simplex9�t��t (see e.g. Frauendorfer [8℄) as representatives of the support leads to upperand lower approximations (see Kall et al. [15℄, pp. 42 �) of the saddle-stru
turedvalue fun
tions Qt+1(�; �). The size of the asso
iated lower and upper approxi-mating s
enario trees depends on the dimensions of the regular simpli
es �t and�t, respe
tively. In our 
ase, these dimensions are dim�t = K and dim�t = 2for all t. This leads to approximating (unre�ned) lower and upper s
enario treeswith dim�t + 1 = K + 1 and dim�t + 1 = 1 + 1 = 2 sons per node, as well as(K+1)H�1K and 2H � 1 nodes in total, respe
tively.Now, su

essive re�nement of a tree in the root node means splitting one �-simplex �2 � �2 into two sub-�-simpli
es: Fig. 2 illustrates this situation wherean �-simplex ��� � IR2�IR is split (orthogonally) in two exemplary ways. Thesu

essive partitioning of the e�e
tive domains 
an be done in various ways. Inthe following, we fo
us only on the partitioning of �2 � �2 
overing the supportof the se
ond-stage random ve
tors; i.e. the s
enario tree is partitioned in theroot node. Altogether, one meets the requirement already shown in Fig. 1: onepart of the tree is repla
ed by two parts, ea
h having exa
tly the same form asthe vanishing part.9�-simplex is short for 
ross simplex, the 
artesian produ
t of two simpli
es.20



Figure 2: Splitting an�-simplex with generalizedbary
enters of � w.r.t. the verti
es of �Naturally, the above-stated enlargement of the two approximating s
enariotrees results in a similar enlargement of the asso
iated large-s
ale linear programs,sin
e ea
h new node leads to a new set of variables and 
onstraints. (Just those
onstraints given in (4), but no additional nonanti
ipativity 
onstraints sin
ethese are impli
itly given by the tree stru
ture.) In order to give an impressionof the order of magnitude of large-s
ale LPs to be solved, Table 1 spe
i�es thesize of an LP 
orresponding to an unre�ned lower s
enario tree and of an LP
orresponding to a lower tree after 4 re�nements in the root node, i.e. { in thenotation of se
tion 2.2 { the size of LP 1;0 and LP 1;4, respe
tively, is reported (forjD j= Dmax = 12 and jDliq j= 5).6 Numeri
al ResultsThis se
tion serves to investigate the appli
ability of the PRA stated in se
tion3: for this purpose, a 
omparison of run-time performan
e both of the traditionaland the new approa
h is listed, based on the �nan
ial appli
ation presentedin se
tion 4. Basi
 
onditions 
on
erning the run-time evaluation are statedin subse
tion 6.1. All original MSLP are su

essively re�ned in the root nodea

ording to the Bary
entri
 Approximation s
heme of se
tion 5 and solved bythe respe
tive approa
h, i.e. by the traditional or PRA approa
h, respe
tively.In order to 
over the variety of real life 
onstellations, we survey di�erentstru
tures of maturing volumes, time horizons, initial interest rate 
urves andnumber of sto
hasti
 variables in
uen
ing the interest rate dynami
s. Detailedresults 
on
erning the funding of mortgages are listed in subse
tion 6.2.21



0 Re�nements H=5 H=6 H=7 H=8rows 1'815 5'460 16'395 49'200dim�t = K = 2 
olumns 2'178 6'552 19'674 59'040nonzeros 6'050 18'200 54'650 164'000rows 5'115 20'475 81'915 327'675dim�t = K = 3 
olumns 6'138 24'570 98'298 393'212nonzeros 17'050 68'250 273'050 1'092'2504 Re�nements H=5 H=6 H=7 H=8rows 9'015 27'240 81'915 245'940dim�t = K = 2 
olumns 10'818 32'688 98'298 295'128nonzeros 30'050 90'800 273'050 819'800rows 25'515 102'315 409'515 1'638'315dim�t = K = 3 
olumns 30'618 122'778 491'418 1'965'978nonzeros 85'050 341'050 1'365'050 5'461'050Table 1: Problem sizes 
orresponding to the lower treefor di�erent horizons H and dimensions of �t6.1 Basi
 ConditionsThe hardware platform 
omprised a Sun Ultra 1 workstation with 256 MB RAMand UltraSpar
-IIi 143-MHz pro
essor as well as a Sun Enterprise 3000 server with1 GB RAM and UltraSpar
-II 250-MHz pro
essor.10 The 
ode developed inhousewas written in C++; 
ompiling options were given by �O�fast�DSY SSPARC.The operating system was Solaris 2.5.1, and linear programs were solved by theprimal simplex algorithm of CPLEX 6.0 with an optimality toleran
e parameter of1e�9 (
f. CPLEX [6℄, pp. 135, 292). As to other parameters of the primal simplexroutine and the presolver (in
luding the aggregator) of CPLEX, we 
hanged thedefault setting to a more adequate setting providing faster CPU times for solvingsingle LPs. This latter parameter setting was used for both the 'TraditionalApproa
h' and the 'Progressive Re�nement Approa
h' stated in se
tions 2.2 and3, respe
tively; i.e. the same parameter setting was utilized for solving LP �1 withinthe traditional approa
h as well as for solving all LP �1 and LP �2;s within the PRA.The dynami
s of the interest rates are generated by the so-
alled key rate modelwith either 2 or 3 key rates. For details of the underlying sto
hasti
 pro
esses,the reader is referred to Frauendorfer and Haarbr�u
ker [10℄.Measurement of all run times { whi
h are explained in detail in the following {was done using the C++ stru
ture RWTimer. Even net solution times withinCPLEX (like e.g. CPU time of the pure simplex algorithm in
luding prepro
ess-10In the following tables, we use the abbreviations 'WS' and 'SV' denoting 'workstation' and'server'. A

ording to SPEC (Standard Performan
e Evaluation Corporation), the performan
eindi
ator SPECfp95 of the workstation and the server has an order of magnitude of 8 and 15,respe
tively. 22



ing) were taken in this way, be
ause operating the CPLEX 6.0 pa
kage via theso-
alled Callable Library interfa
e does not support the provision of internalelapsed CPU times. Anyway, sin
e start and stop of run-time measurement al-ways took pla
e immediately before and after the 
all of the simplex algorithmpro
edure, resulting measurement deviations should be negligible. Unfortunately,one has to be aware of a 
ertain drawba
k of RWTimer: as it is based on thesystem-dependent fun
tion 
lo
k (whi
h has an upper limit of roundabout 35minutes on the platform used), run times ex
eeding this limit normally result inarbitrary behaviour of all timers and lead to useless time measurement.11 Be-fore dealing with our { rather pragmati
 { way of over
oming this drawba
k inRem. 6.1, the following list provides a detailed overview of all CPU times mea-sured; 'C.' abbreviates 'Column'.Traditional Approa
hC. 1: \All re�ned LPs (gross)" stands for the total time required to `solve' allre�ned �rst-stage LPs LP 1;� (� � 1). Here, by `solving' we understandthe exe
ution of all the following a
tivities: transformation of the under-lying s
enario tree B1;� into a LP-format a

epted by CPLEX, 
onveyingof the LP-instan
e to the CPLEX-Solver, solving the instan
e by means ofthe primal simplex algorithm and exporting solution information into thes
enario tree.C. 2: \All re�ned LPs (primal Simplex)" spe
i�es the 
umulated time spent bythe primal simplex algorithm in order to solve all those LPs mentioned in
olumn 1.Progressive Re�nement Approa
hC. 1: \Optimality Che
k (gross)" indi
ates that time whi
h elapsed for exe
utingall the following a
tivities: `solving' (see above) all ne
essary se
ond-stageLPs LP 2;�s (� � 1), upgrading the (sub-)gradient, building up and solvingthe small LP within the optimality 
he
k (re
all Rem. 3.2 (i)), and `solving'{ if ne
essary { re�ned �rst-stage LPs LP 1;�.C. 2: \Se
ond-Stage LPs (primal Simplex)" stands for the 
umulated time spentby the primal simplex algorithm in order to solve all those LPs mentionedin 
olumn 1.11The server and all workstations within the authors' LAN are single-pro
essor ma
hinesalways running in multi-user mode. Hen
e, measuring run times by means of the internal system
lo
k { thus leading to elapsed-time values only { would have produ
ed run times possibly faraway from the real CPU times of the pro
ess under 
onsideration. For this reason, we put upwith the mentioned drawba
k of RWTimer. 23



C. 3: \Total Run Time" states the total time of the PRA required to deal withthe whole sequen
e of re�ned LPs up to the prede�ned number of re�nementsteps.Please take note of the fa
t that a hot-start te
hnique { i.e. taking advantageof a basis previously determined { is only applied to the PRA, but not to thetraditional approa
h: further details justifying this di�erent pro
eeding are givenin Rem. 6.2.All run times will be noted in CPU se
onds. The really important CPU timesare those given in the respe
tive �rst 
olumn be
ause these times re
ord the e�e
tsof the 
on
eptual di�eren
e between the two approa
hes under 
onsideration:how mu
h time is required { on balan
e { for exe
uting the 
omparable steps 2-3and 2-5 within the traditional approa
h of se
tion 2.2 and the new approa
h ofse
tion 3, respe
tively? All listings of CPU times take pla
e in a separate mannera

ording to upper and lower approximations; for both types of approximationthe so-
alled speedup fa
tor is determined: speedup is 
omputed by dividing thelonger absolute run time (L) by the shorter absolute run time (S), i.e.speedup := LS = 11� L�SL b= 11� (relative e
onomy of CPU time) : (30)(As the initial unre�ned problem LP 1;0 has to be solved in both approa
hesin exa
tly the same way, the time required for solving this problem is left outof a

ount.) Other run times serve for information purposes only and give aninsight into the 
omputational e�ort required for the pure simplex algorithm;additionally, these run times reveal the ratio of total run time of the PRA tomerely pure times within the traditional approa
h, like net primal simplex time(Col. 2) or the time for 'solving' (Col. 1).Remark 6.1 :For ease of notation, the above-mentioned diÆ
ulty 
on
erning the 
lo
k fun
tionlimit is handled in the following way: ex
eeding a time 
ap of 2000 CPU se
onds{ before having rea
hed the prede�ned number of re�nement steps { will be indi-
ated by the term '> 2000'; additionally we state the re�nement number at whi
hthe 
ap was ex
eeded using the term '(ref. �)'. When, in fa
t, it would have beenpossible to master a prede�ned number of re�nements by the parti
ular hardwareplatform, we proje
t the net simplex time in the following way: the last realizedsimplex time is multiplied by the number of re�nements for whi
h a 
orre
t time
ould not be observed; thus, we obtain a lower time bound written as '> wxyz'.In the opposite 
ase (i.e. problems are too large to be solved on the hardwareplatform) we spe
ify the primal simplex time that has elapsed until the formerlymentioned re�nement step �; furthermore, we again use the notation '(ref. �)'.Depending on the number of re�nements su

essfully mastered before rea
hingthe time 
ap of 2000 se
onds, the lower time bounds 
an vastly underestimate24



the true CPU time: when listing the speedup, we take this fa
t into a

ount usingthe pre�x '>' or '�'. 26.2 Funding Problem ResultsAll run-time results within the funding problem are based on a test set of fourmoney market input 
onstellations (in short MM1{MM4) given as 
ombinationsof two initial interest rate 
urves and two stru
tures of maturing maturities.MM1 is 
omposed of the real maturing stru
ture of a major Swiss bank in June1999 as well as the then 
urrent money market interest rate 
urve (having anormal stru
ture), whereas MM2 
onsists of a 
onstant maturing stru
ture and a�
titious inverse interest rate 
urve. The problem instan
es MM3 and MM4 areformed by 
ombining the interest rate 
urve of MM1 with the maturing stru
tureof MM2 and vi
e versa, respe
tively. Altogether, the four input 
hara
teristi
s arestated in Table 2 ('M' is short for 'month'). Two neighbouring stages represent aInterest Rates (% p.a.)Maturity 1 M 2 M 3 M 6 M 12 MMM1 0.86 0.91 0.96 1.06 1.33MM2 1.22 1.20 1.18 1.12 1.00MM3 0.86 0.91 0.96 1.06 1.33MM4 1.22 1.20 1.18 1.12 1.00Maturing VolumesMM1 (n.a.)12MM2 
onstant 200'000 per periodMM3 
onstant 200'000 per periodMM4 (n.a.)Table 2: Initial input within the funding problemreal life period of one month, the set D is given by f1; : : : ; 12g, and the subset ofmaturities for whi
h the money market is suÆ
iently liquid is de�ned to beDliq :=f1; 2; 3; 6; 12g; the maturities 1M/12M and 1M/6M/12M serve as key rates fordim�t = Kt = 2 and dim�t = 3, respe
tively. Underlying Wiener pro
essesdriving the sto
hasti
 evolution of interest rates and total funding volume aretaken as the same throughout all situations MM1{MM4.Table 3 lists exemplary run-time results with H = 4 and dim�t = 2; 3 forMM1. Con
erning the dimension of the unre�ned problem LP 1;0, the maximumnumber of re�nements was set to 250 and 200, respe
tively.On the basis of thespeedup values, one observes a signi�
ant a

eleration w.r.t. run time when using12For reasons of 
on�dentiality we omit the expli
it stru
ture.25



H = 4, dim�t = 2, 250 Re�nementsTraditional All re�ned LPs All re�ned LPsApproa
h (gross) (primal Simplex)Upper Appr. > 2000 (Ref. 225) > 982Lower Appr. > 2000 (Ref. 125) > 2343Optimality Che
k Se
ond-Stage LPs TotalPRA (gross) (primal Simplex) Run TimeUpper Appr. 22.79 1.69 144.68Lower Appr. 57.33 5.09 344.91SpeedupUpper Appr. > 87.7Lower Appr. � 34.8H = 4, dim�t = 3, 200 Re�nementsTraditional All re�ned LPs All re�ned LPsApproa
h (gross) (primal Simplex)Upper Appr. 1508.64 584.79Lower Appr. > 2000 (Ref. 78) > 3143Optimality Che
k Se
ond-Stage LPs TotalPRA (gross) (primal Simplex) Run TimeUpper Appr. 18.25 1.50 107.17Lower Appr. 96.15 10.58 485.36SpeedupUpper Appr. 82.7Lower Appr. � 20.8Table 3: Comparison of both approa
hes within MM1 (WS)the PRA. Outperforman
e is parti
ularly high 
on
erning the upper approxi-mations: one a
hieves speedups of approximately 80. As to the lower approx-imations, the outperforman
e is of a somewhat lower order of magnitude, butnonetheless in no way negligible. This last fa
t is indeed 
aused by the time
ap of 2000 se
onds: normally, the lower approximations would rather be predes-tined to bene�t more from the PRA than the upper approximations be
ause ofthe mu
h larger size of LP instan
es; but sin
e the traditional approa
h mostlyex
eeds the time 
ap already after very few re�nements, mu
h smaller speedupvalues are observed.Hen
e, indi
ated speedups sometimes 
onsiderably underestimate the truerun-time a

eleration, whi
h will be stressed by pre
eding the values with thesymbols '�' or '>' (depending on the number of su

essfully handled re�ne-ment steps before rea
hing the time 
ap). Obviously, the mu
h better run-timebehaviour of the PRA is based on the low { and 
onstant! { dimension of all26



WeightedFunding Problem Upper Appr. Lower Appr. Averagedim�t = 2 87.7 34.8 61.2H = 4 dim�t = 3 82.6 20.8 47.3MM1 dim�t = 2 53.4 11.2 29.1H = 6 dim�t = 3 52.6 2.8 24.0dim�t = 2 85.5 13.3 49.4H = 4 dim�t = 3 80.3 20.8 46.5MM2 dim�t = 2 52.7 2.6 24.1H = 6 dim�t = 3 51.9 2.1 23.4dim�t = 2 87.7 35.1 61.4H = 4 dim�t = 3 82.5 20.6 47.3MM3 dim�t = 2 53.1 11.3 29.1H = 6 dim�t = 3 53.2 2.8 24.3dim�t = 2 87.9 13.0 50.4H = 4 dim�t = 3 82.2 20.8 47.3MM4 dim�t = 2 53.4 2.6 24.4H = 6 dim�t = 3 52.6 2.1 23.86O 68.7 13.5 38.3Table 4: Minimum speedup for MM1 { MM4 (WS)se
ond-stage LPs LP 2;�s , 
ontrary to the expanding re�ned instan
es LP 1;�: thisis shown in the very mu
h shorter CPU times required by the simplex algorithmitself and applies to both the lower and upper approximations.We would like to point out that the total run time of the exe
utable { whenusing the PRA { takes only approximately 15% - 20% of the net simplex algorithmtime within the traditional approa
h. This underlines the superior performan
eof the new approa
h.For shortage of spa
e, a detailed presentation of run-time results is omittedfor the problems MM2{MM4 as well as for an analogous setting with H = 6and 80 re�nements. Instead, we summarize all observed speedups for H = 4; 6of MM1{MM4 in the �rst two 
olumns of Table 4.13 Furthermore, the third
olumn indi
ates weighted averages of the speedups for the lower and upperapproximations; here, the weights are given by the absolute ben
hmark run times(i.e. the gross run times within the traditional approa
h for solving all re�ned LPsor the time 
ap 2000, respe
tively). Altogether, one observes minimum averagespeedups of approx. 68 and 13 w.r.t. upper and lower approximations, and anoverall weighted average speedup of 38. Hen
e, the new PRA outperforms the13It should be repeated that the spe
i�ed speedups are { sometimes extreme { underestima-tions of the true a

eleration. 27



H = 8, dim�t = 2, 80 Re�nementsTraditional All re�ned LPs All re�ned LPsApproa
h (gross) (primal Simplex)Upper Appr. > 2000 (Ref. 47) 541.98 (Ref. 47)Lower Appr. > 2000 (Ref. 8) 260.27 (Ref. 8)Optimality Che
k Se
ond-Stage LPs TotalPRA (gross) (primal Simplex) Run TimeUpper Appr. 73.35 5.99 231.95Lower Appr. 1152.54 169.67 
a. 2946SpeedupUpper Appr. � 27.2Lower Appr. � 1.7H = 8, dim�t = 3, 80 Re�nementsTraditional All re�ned LPs All re�ned LPsApproa
h (gross) (primal Simplex)Upper Appr. > 2000 (Ref. 46) 492.08 (Ref. 46)Lower Appr. 1431.26 (Ref. 1) 113.27 (Ref. 1)Optimality Che
k Se
ond-Stage LPs TotalPRA (gross) (primal Simplex) Run TimeUpper Appr. 74.49 5.65 244.69> 2000Lower Appr. 1256.86 (Ref. 11) 303.91 (Ref. 11) (Ref. 11)SpeedupUpper Appr. � 26.8Lower Appr. (n.a.)Table 5: Comparison of both approa
hes within MM1 { Sequel II (SV)traditional approa
h in an impressive manner for time horizons H = 4; 6.Regarding longer time horizons, the outperforman
e by the PRA remainsstill valid { at least 
on
erning the upper approximations. Table 5 presentsrun times and speedups for MM1 with H = 8, but this time they have beendetermined on the server. All 
omputation runs using the traditional approa
hwere interrupted before having rea
hed the 80 re�nements 
alled for: at thelatest, after 47 re�nement steps, the 
ap of 2000 se
onds was ex
eeded. On the
ontrary, the PRA proved satisfa
tory 
on
erning all upper approximations and
ould su

essfully handle 80 re�nements. Moreover, both the gross run times forthe optimality 
he
k and the total run time ranged between a

eptable limits sothat minimum speedups of 27.2 and 26.8 for dim�t = 2 and dim�t = 3 
ouldbe a
hieved.Admittedly, 
on
erning approximations from below, even the PRA relatively28



Funding Problem Upper Appr.dim�t = 2 27.2MM1 H = 8 dim�t = 3 26.8dim�t = 2 26.4MM2 H = 8 dim�t = 3 26.2dim�t = 2 27.1MM3 H = 8 dim�t = 3 23.0dim�t = 2 26.3MM4 H = 8 dim�t = 3 26.06O 26.1Table 6: Minimum speedup for MM1 to MM4 { Sequel (SV)soon ex
eeds the limit of manageable problem dimensions unless the number ofsto
hasti
 dimensions in
uen
ing the interest rate dynami
s is kept rather small:though 80 re�nements 
ould su

essfully be managed for dim�t = 2, the total runtime soon rea
hed an order of magnitude of approx. 3000 se
onds; and already atdim�t = 3, the so-
alled 
urse of dimensionality leads to problem sizes whi
h areno longer manageable, even within the PRA; hen
e, we forego reporting speedupsw.r.t. lower approximations. Similar detailed results for MM2{MM4 are left out,and we restri
t ourselves in Table 6 to the presentation of speedups only. (Just theupper approximations are 
onsidered be
ause of the above mentioned aspe
ts.)One realizes a minimum average speedup of 26, still demonstrating signi�
antoutperforman
e with regard to upper approximations.The following remark deals with the feature of the CPLEX pa
kage to applya hot-start te
hnique for solving single LPs.Remark 6.2 :(i) As already stated at the beginning of subse
tion 2.2, the fa
t that all se
ond-stage subproblems LP �2;s are of exa
tly the same size is important for thegood performan
e of the PRA. Sin
e the subproblems are all equally sized,an internal CPLEX feature 
an be used taking advantage of an advan
ed ba-sis: on
e having solved a subproblem and written the 
orresponding optimalbasis to a �le, one 
an read in this �le before solving the next subproblemso that the primal simplex algorithm routine uses this basis for a hot start.In our 
ase, this leads to a redu
ed CPU time for solving a single subprob-lem LP; this is parti
ularly advantageous when step 2 of the 'ProgressiveRe�nement Approa
h' in se
tion 3 has to be performed, be
ause then apossibly large number of equally-sized subproblems must be solved.(ii) CPLEX would also allow the reading of the basis of an even smaller prob-lem and using this as an advan
ed basis when solving a larger problem.29



Hen
e, although in the sequen
e of re�ned LPs LP 1;� the problem in-stan
es are never of the same dimension, applying the hot-start te
hnique
ould nonetheless be pro�table be
ause \even if the problem is signi�
antlydi�erent, using an advan
ed basis may still help" (see CPLEX [6℄, p.30).However, tests by the authors have shown nonuniform results within thetraditional approa
h when using advan
ed bases: on the one hand, in some
ases the net simplex time was redu
ed; on the other hand, this redu
-tion was nearly annihilated when taking the gross CPU time of `solving' allre�ned �rst-stage LPs (i.e. reading and saving the basis �les almost 
om-pensated the speedup of the pure simplex algorithm). But there were even
ases where simplex algorithm performed poorer with hot-start te
hniquethan without: e.g. for a setting of H = 6, dim�t = 3, lower approxima-tion, the net simplex algorithm CPU time with hot-start te
hnique morethan tripled 
ompared to without hot-start te
hnique for the same numberof re�nements. (A more detailed analysis on this aspe
t 
an be found inHaarbr�u
ker [14℄, pp. 120�.) This led to the 
on
lusion, that the hot-startte
hnique is only favourable for some of the test problems under 
onsid-eration: as it is aimed to 
ompare the traditional approa
h and the PRAin a general manner, we forego a 'trimming' of the traditional approa
hto spe
ial test problems' sub
lasses and generally disregard advan
ed baseswithin the traditional approa
h. 2Table 3 reveals that the prede�ned maximum number of re�nements { whi
h 
anbe managed within the time period of 2000 se
. { is always determined by thetime-
onsuming ben
hmark runs, i.e. by the traditional approa
h. In order toget an insight into the 
omputational limits of the PRA for shorter time horizonsH = 4; 6, we reran the same 
omputations on the workstation: but now only usingthe PRA, and the number of re�nements to be handled was set mu
h higher thanbefore.A representative extra
t of the observed results 
on
erning medium-sizedproblems H = 4, dim�t = 3 and H = 6, dim�t = 2 is summarized in Ta-ble 7. Columns 2{5 denote the number of re�nements as well as the known threetypes of measured run times. Sin
e it was aimed at rea
hing the same re�nementstate for all problems MM1{MM4, the formerly �xed 
ap of 2000 se
. is now onlyto be seen as 
oarse index. If total run time 
ould be read exa
tly or if it 
ould beapproximated (despite having ex
eeded the 
ap), then the exa
t or the approxi-mate time are denoted, respe
tively; otherwise, the notation '� 2000' stands fora run time unable to be extrapolated and far above the 
ap. This latter 
aseo

urs when the optimality 
he
k is 'negative' at an advan
ed stage of the re�ne-ment pro
ess; negative in the sense that the formerly a
hieved optimal de
ision
ould not be veri�ed to be still optimal after the very last re�nement step. In thelast two 
olumns, both the number of su
h negative optimality 
he
ks and the30



a
tually o

urring 
hanges in today's optimal de
ision x1 are reported. As sup-plementary information, the indi
es of those re�nement steps where a negativeoptimality 
he
k took pla
e are indi
ated in bra
kets. After 
areful 
onsiderationof the results listed in Table 7, the following statements 
an be made:(a) Only very rarely, optimality 
he
ks o

ur whi
h do not prove a former de-
ision to be still optimal. But in the seldom 
ases where they o

ur, onehas to solve a re�ned LP as a whole at an advan
ed stage of the re�nementpro
ess; this will yield a massive in
rease of run time as 
an be seen regard-ing the lower approximations in MM2 and MM3. Obviously, in su
h 
asesthe PRA is as heavily 
onfronted with the 
urse of dimensionality as in thetraditional one.(b) All observed 
ases of negative optimality 
he
ks were in fa
t followed bya swit
h in today's optimal de
ision x1, i.e. the relaxation of the normal
one (a

ording to the 
omments following (19)) did not really lead toundesirable side-e�e
ts.14(
) Usually, i.e. without being fa
ed with negative optimality 
he
ks, numerousre�nement steps are manageable with a suitable time exposure. Of 
ourse,even within the PRA one is fa
ed with expanding s
enario trees. Hen
e,the problem dimension (H, dim�t, type of approximation) still in
uen
esstrongly the number of re�nements whi
h 
an be dealt with in a �xed periodof time.(d) CPU time required by the pure simplex algorithm makes up a very smallpart (approx. 5 { 10 %) of the gross time needed for the optimality 
he
k.The latter in turn forms just a small part { parti
ularly 
on
erning upperapproximations { of the total run time. Hen
e, unless 
ase (a) eventuates,the bottlene
k in solving a sequen
e of approximating re�ned MSLP doesnot lie any longer in the solution a
tivity by a dire
t method but ratherin preparatory operations like the generation or the re�nement of s
enariotrees.7 Con
lusions and OutlookThe point of departure was given by a multistage sto
hasti
 linear program ina rather general form. Provided that the multistage sto
hasti
 program is tobe solved using a s
enario-based method leading to expanding s
enario trees, weintrodu
ed a pro
edure aiming at faster solving of a sequen
e of large-s
ale LPsasso
iated with those s
enario trees. If both the s
enario generation te
hnique14However, the o

uren
e of zeros or very small maturing volumes in the initial stru
ture ofmaturing volumes 
an (in 
onjun
tion with spe
i�
 initial interest rate 
urves) result in negativeoptimality 
he
ks without a subsequent swit
h of x1. In this 
ase, the relaxation of the normal
one has possibly to be 
ritized as problemati
.31



H = 4, dim�t = 3 Optim. Che
k Se
ond-Stage LPs Run Time # negative # ChangesProblem Approx. # Ref. (gross) (primal Simplex) total Optim. Che
k in x1Upper 850 78.63 6.38 2053.22 0 0MM1 Lower 400 194.84 20.48 1929.73 0 0Upper 850 79.67 7.43 2092.25 0 0MM2 Lower 400 (n.a.) 29.49 � 2000 1 (373) 1Upper 850 80.53 6.49 2061.64 0 0MM3 Lower 400 196.85 20.53 1950.05 0 0Upper 850 80.22 6.74 2050.57 0 0MM4 Lower 400 (n.a.) 31.05 � 2000 1 (373) 1H = 6, dim�t = 2 Optim. Che
k Se
ond-Stage LPs Run Time # negative # ChangesProblem Approx. # Ref. (gross) (primal Simplex) total Optim. Che
k in x1Upper 450 160.54 11.43 
a. 2152 0 0MM1 Lower 180 401.61 40.56 1966.73 0 0Upper 450 161.74 13.45 
a. 2190 0 0MM2 Lower 180 827.24 46.47 
a. 2394 1 (39) 1Upper 450 162.50 11.85 
a. 2213 0 0MM3 Lower 180 399.96 40.61 1998.54 0 0Upper 450 162.33 12.98 2136.30 0 0MM4 Lower 180 833.45 46.24 
a. 2404 1 (39) 1Table 7: Numerous re�nements of funding problems within the PRA (WS)
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utilized and the problem to be solved ful�l 
ertain requirements (see below), itwas expe
ted that the presented progressive re�nement approa
h would a

eleratethe 
omputations in the sense of CPU time redu
tion.As a validation, a �nan
ial problem situation { within the area of running�xed in
ome produ
ts { was stated in se
tion 4. Various 
omputation runs tookinto a

ount mis
ellaneous time horizons, sto
hasti
 dimensions and numbers ofre�nements, and were 
omputed on two di�erent hardware environments. Inall 
ases, the results w.r.t. elapsed CPU time are promising in the sense that asigni�
ant speedup 
ould be a
hieved. As a 
onsequen
e thereof, really numerousre�nements (up to several hundred) 
an be managed su

essfully with adequatetime exposure { quite 
ontrary to the traditional approa
h, whi
h is heavilyrestri
ted w.r.t. pra
ti
al appli
ation.In general, two fa
ts are indispensable for the su

ess of the new approa
h:�rst, the re�nement te
hnique used has to ensure that only small parts of thes
enario tree are modi�ed whereas the main parts of the tree remain totallyun
hanged; se
ondly, the multistage sto
hasti
 problem must distinguish itselfby a robust root node de
ision, i.e. the de
ision remains 
onstant over longersequen
es of re�nement steps. As 
ould be seen, there are real-life problem sit-uations 
hara
terized by this spe
ial attribute: e.g., the stated funding problemwhere su

essful results 
ould be a
hieved when operated in 
ooperation with amajor Swiss bank.Sin
e a thorough treatment of the a

ura
y of the approximations would beoutside the s
ope of this paper, we will only state some aspe
ts in brief: the PRAallows for numerous re�nements when applying the Bary
entri
 Approximationte
hnique, but the approximation a

ura
y15 
an only be improved up to a 
ertaindegree as long as re�nement is restri
ted to the root node only. It is planned totreat a detailed presentation of a

ura
y values in a subsequent paper. Althoughre�nement in the root node in
reases the number of s
enarios as mu
h as possible(
ompared with re�nement at other stages), this is no guarantee of a signi�
antimprovement of the a

ura
y of approximation. In order to a
hieve an a

eptablea

ura
y, one therefore has to think about an extension of the new approa
h whi
his implementable for re�nements at other stages than the root node, too.In addition to the above-mentioned extension, several further topi
s o�erthemselves for future investigation. First, on the operational level, it remainsto be studied if the PRA provides a similar outperforman
e when applying otherdis
retization te
hniques than the bary
entri
 one. Se
ond, on the theoreti
allevel, there is the 
hallenge of over
oming the rather pragmati
 partial relaxationof the normal 
one (a

ording to the remarks after (19)): is there any smart wayto determine the feasibility set K2 introdu
ed in (16) and to exploit NK2 withinthe optimality 
he
k as an additive part of the entire normal 
one?Lastly, it 
ould be worthwhile investigating whether a more appropriate model15de�ned by A

ura
y := Obj.-Value of Upper Appr. { Obj.-Value of Lower Appr.Obj.-Value of Lower Appr.33



formulation or another shape of the arising large-s
ale LPs is able to redu
e the(sometimes substantial) numeri
al e�ort of the prepro
essing within the Simplexmethod { a question parti
ularly aimed at the spe
i�
 formal model in se
tion 4and the CPLEX pa
kage).Referen
es[1℄ Birge, J.R. Current Trends in Sto
hasti
 Programming Computation andAppli
ations. Working Paper, Department of Industrial and Operations En-gineering, University of Mi
higan, 1995.[2℄ Birge, J.R., Louveaux, F. Introdu
tion to Sto
hasti
 Programming.Springer-Verlag, New York, 1997.[3℄ Birge, J.R., Qi, L. Continuous approximation s
hemes for sto
hasti
progams. Annals of Operations Resear
h 56 (1995), 15{38.[4℄ Birge, J.R., Walla
e, S.W. A separable pie
ewise linear upper boundfor sto
hasti
 linear programs. SIAM Journal on Control and Optimization26 (1988), 725{739.[5℄ Birge, J.R., Wets, R.J.-B. Sublinear upper bounds for sto
hasti
 pro-grams with re
ourse. Mathemati
al Programming 43 (1989), 131{149.[6℄ CPLEX Do
umentation. Version 5.0 of the CPLEX Callable Library.ILOG In
., CPLEX Division, In
line Village, USA, 1997.[7℄ Frauendorfer, K. Sto
hasti
 Two-Stage Programming. Le
ture Notesin E
onomi
s and Mathemati
al Systems, No. 392. Springer-Verlag, Berlin,1992.[8℄ Frauendorfer, K. Multistage sto
hasti
 programming: Error analysisfor the 
onvex 
ase. Z. Oper. Res. 39:1 (1994), 93{122.[9℄ Frauendorfer, K. Bary
entri
 s
enario trees in 
onvex multistagesto
hasti
 programming. Mathemati
al Programming 75:2 (1996), 277{294.[10℄ Frauendorfer, K., Haarbr�u
ker, G. Test Problems in Sto
hasti
Multistage Programming. Optimization 47:3-4 (2000), 267{285.[11℄ Frauendorfer, K., Marohn, C. Re�nement Issues in Sto
hasti
 Multi-stage Linear Programming. In Sto
hasti
 Programming Methods and Te
h-ni
al Appli
ations (Pro
eedings of the 3rd GAMM/IFIP Workshop 1996),Le
ture Notes in E
onomi
s and Mathemati
al Systems, No. 458 (1998),Marti, K., Kall, P., Ed., Springer-Verlag, Berlin, pp. 305{328.34



[12℄ Gaese, R. Risk Management and Risk Measurement. Ph.D. Thesis No.2195, University of St. Gallen, 1999.[13℄ Haarbr�u
ker, G. Generalized Bary
enters of Cross Simpli
es: An Illus-trative Approa
h. Working Paper WP gh-07/1999-02, Institute of Opera-tions Resear
h, University of St. Gallen (1999).[14℄ Haarbr�u
ker, G. Sequentielle Optimierung verfeinerter Approximationenin der mehrstu�gen sto
hastis
hen linearen Programmierung. Do
toral thesisNo. 2410, University of St. Gallen, 2000.[15℄ Kall, P., Rusz
zy�nski, A.,Frauendorfer, K. Approximations inSto
hasti
 Programming. In Numeri
al Te
hniques for Sto
hasti
 Optimiza-tion (1988), Ermoliev, Yu., Wets, R. J.-B., Ed., Springer Series in Compu-tational Mathemati
s, vol. 10, pp. 33{64.[16℄ Kall, P., Walla
e, S.W. Sto
hasti
 Programming. Wiley, Chi
hester,1994.[17℄ Marohn, C. Sto
hastis
he mehrstu�ge lineare Programmierung im Asset& Liability Management. Bank- und �nanzwirts
haftli
he Fors
hungen, Bd.282. Paul Haupt Verlag, Bern, 1998.[18℄ Ro
kafellar, R. Convex Analysis. Prin
eton Landmarks in Mathemati
s.Prin
eton University Press, Prin
eton, 1997.[19℄ Rusz
zy�nski, A. Some advan
es in de
omposition methods for sto
hasti
linear programming. Ann. Oper. Res. 85 (1999), 153{172.[20℄ Rusz
zy�nski, A., Swietanowski, A. A

elerating the regular-ized de
omposition method for two stage sto
hasti
 linear problems.Eur. J. Oper. Res. 101:2 (1997), 328{342.[21℄ S
h�urle, M. Zinsmodelle in der sto
hastis
hen Optimierung. Bank- und�nanzwirts
haftli
he Fors
hungen, Bd. 279. Paul Haupt Verlag, Bern, 1998.[22℄ Walla
e, S.W. Solving sto
hasti
 programs with network re
ourse. Net-works 16 (1986), 295{317.[23℄ Wets, R.J.-B. Sto
hasti
 Programs with Re
ourse: A Basi
 Theorem forMultistage Problems. Z. Wahrs
heinli
hkeitstheorie verw. Geb. 21 (1972),201{206.[24℄ Wets, R.J.-B. Sto
hasti
 programs with �xed re
ourse: The equivalentdeterministi
 program. SIAM Rev. 16 (1974), 309{339.35



[25℄ Wets, R.J.-B. Sto
hasti
 Programming. In Handbooks in Operations Re-sear
h and Management S
ien
e, 1: Optimization (1989), Nemhauser, G.L.et al., Ed., Elsevier S
ien
e Publishers, Amsterdam, pp. 573{629.

36


