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Abstract—A new explanation of geometric nature of the reser-
voir computing phenomenon is presented. Reservoir computing
is understood in the literature as the possibility of approximating
input/output systems with randomly chosen recurrent neural
systems and a trained linear readout layer. Light is shed on this
phenomenon by constructing what is called strongly universal
reservoir systems as random projections of a family of state-space
systems that generate Volterra series expansions. This procedure
yields a state-affine reservoir system with randomly generated
coefficients in a dimension that is logarithmically reduced with
respect to the original system. This reservoir system is able to
approximate any element in the fading memory filters class just
by training a different linear readout for each different filter.
Explicit expressions for the probability distributions needed in
the generation of the projected reservoir system are stated and
bounds for the committed approximation error are provided.

Index Terms—Reservoir computing, recurrent neural net-
work, state-affine system, SAS, signature state-affine sys-
tem, SigSAS, echo state network, ESN, Johnson-Lindenstrauss
Lemma, Volterra series, machine learning.

I. INTRODUCTION

ANY dynamical problems in engineering, signal pro-

cessing, forecasting, time series analysis, recurrent neu-
ral networks, or control theory can be described using in-
put/output (10) systems. These mathematical objects establish
a functional link that describes the relation between the time
evolution of one or several explanatory variables (the input)
and a second collection of dependent or explained variables
(the output).

A generic question in all those fields is to determine the
IO system underlying an observed phenomenon. This is the
so called system identification problem. For this purpose, first
principles coming from physics or chemistry can be invoked,
when either these are known or the setup is simple enough
to apply them. In complex situations, in which access to all
the variables that determine the behavior of the systems is
difficult or impossible, or when a precise mathematical relation
between input and output is not known, it has proved more
efficient to carry out the system identification using generic
families of models with strong approximation abilities that are
estimated using observed data. This approach, that we refer to
as empirical system identification, has been developed using
different techniques coming simultaneously from engineering,
statistics, and computer science.
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In this paper, we focus on a particularly promising strategy
for empirical system identification known as reservoir comput-
ing (RC). Reservoir computing capitalizes on the revolutionary
idea that there are learning systems that attain universal
approximation properties without the need to estimate all
their parameters using, for instance, supervised learning. More
specifically, RC can be seen as a recurrent neural networks ap-
proach to model 10 systems using state-space representations
in which

o the state equation is randomly generated, sometimes with
sparsity features, and

e only the (usually very simple) functional form of the
observation equation is tailored to the specific problem
using observed data.

RC can be found in the literature under other denominations
like Liquid State Machines [1]-[5] and is represented by
various learning paradigms, with Echo State Networks (ESNs)
[6]-[8] being a particularly important example.

RC has shown superior performance in many forecasting
and classification engineering tasks (see [9]-[12] and refer-
ences therein) and has shown unprecedented abilities in the
learning of the attractors of complex nonlinear infinite di-
mensional dynamical systems [8], [13]-[15]. Additionally, RC
implementations with dedicated hardware have been designed
and built (see, for instance, [16]—[24]) that exhibit information
processing speeds that largely outperform standard Turing-
type computers.

The most far-reaching and radical innovation in the RC
approach is the use of untrained, randomly generated, and
sometimes sparse state maps. This circumvents well-known
difficulties in the training of generic recurrent neural networks
arising bifurcation phenomena [25], which, despite recent
progress in the regularization and training of deep RNN
structures (see, for instance [26]-[28], and references therein),
render classical gradient descent methods non-convergent.
Randomization has already been successfully applied in a
static setup using neural networks with randomized weights,
in particular in seminal works on random feature models [29]
and Extreme Learning Machines [30]. In the dynamic context,
an important result in [31] shows that randomly drawn ESNs
can be trained by exclusively optimizing a linear readout using
generic one-dimensional observations of a given invertible
and differentiable dynamical system to produce dynamics that
are topologically conjugate to that given system; in other
words, randomly generated ESNs are capable of learning the
attractors of invertible dynamical systems. More generally,
the approximation capabilities of randomly generated ESNs
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have been established in [32] in the more general setup of 10
systems. There, approximation bounds have been provided in
terms of their architecture parameters.

In this paper, we provide an additional insight on the
randomization question for another family of RC systems,
namely, for the non-homogeneous state-affine systems (SAS).
These systems have been introduced and proved to be universal
approximants in [33], [34]. We here show that they also have
this universality property when they are randomly generated.
The approach pursued in this work is considerably different
from the one in the above-cited references and is based on the
following steps. First, we consider causal and time-invariant
analytic filters with semi-infinite inputs. The Taylor series
expansion of these objects coincide with what is known as
their Volterra series representation. Second, we show that the
truncated Volterra series representation (whose associated trun-
cation error can be quantified) admits a state-space represen-
tation with linear readouts in a (potentially) high-dimensional
adequately constructed tensor space. We refer to this system as
the signature state-affine system (SigSAS): on the one hand, it
belongs to the SAS family and, on the other hand, it shares two
fundamental properties with the well-known signature process
from the theory of rough paths [35]—[38]. First, the solutions of
the SigSaS system fully characterize the input sequences and,
second, any (sufficiently regular) IO system can be written
as a linear map of the signature. These properties have been
exploited in a continuous-time setup in [39]. Finally, we use
the Johnson-Lindenstrauss Lemma [40] to prove that a random
projection of the SigSAS system yields a smaller dimensional
SAS system with random matrix coefficients (that can be
chosen to be sparse) that approximates the original system.
Moreover, this constructive procedure gives us full knowledge
of the law that needs to be used to draw the entries of
the low-dimensional SAS approximating system, without ever
having to use the original large dimensional SigSAS, which
amounts to a form of information compression with efficient
reconstruction in this setup [41]. An important feature of the
dimension reduced randomly drawn SAS system is that it
serves as a universal approximator for any reasonably behaved
IO system and that only the linear output layer that is applied
to it depends on the individual system that needs to be learnt.
We refer to this feature as the strong universality property.

This approach to the approximation problem in recurrent
neural networks using randomized systems provides a new
explanation of geometric nature of the reservoir computing
phenomenon. The results in the following pages show that
randomly generated SAS reservoir systems approximate well
any sufficiently regular 10 system just by tuning a linear
readout because they coincide with an error-controlled random
projection of a higher dimensional Volterra series expansion
of that system.

II. TRUNCATED VOLTERRA REPRESENTATIONS OF
ANALYTIC FILTERS

We start by describing the setup that we shall be working on,
together with the main approximation tool which we will be
using later on in the paper, namely, Volterra series expansions.

Details on the concepts introduced in the following paragraphs
can be found in, for instance, [42], [43], and references therein.

All along the paper, the symbol Z denotes the set of all
integers and Z_ stands for the set of negative integers with
the zero element included. Let Dy C R? and D,,, C R™. We
refer to the maps of the type U : (Dg)? — (D,,,)” between
infinite sequences with values in D, and D,,, respectively, as
filters, operators, or discrete-time input/output systems, and to
those like H : (Dg)%* — D,, (or H : (Dg)%*~ — D,,) as
R™-valued functionals. These definitions will be sometimes
extended to accommodate situations where the domains and
the targets of the filters are not necessarily product spaces but
just arbitrary subsets of (Rd)Z and (R™)” like, for instance,
£>°(R%) and £>°(R™).

A filter U : (Dg)? — (D)% is called causal when for
any two elements z, w € (Dy)? that satisfy that z, = w, for
any 7 < ¢, for a given ¢ € Z, we have that U(z); = U(w);.
Let T : (Dg)% — (Dy)” be the time delay operator defined
by T-(z); := Zz;_,. The filter U is called time-invariant
(TI) when it commutes with the time delay operator, that is,
T, oU = UoT,, for any 7 € Z (in this expression, the
two operators 7. have to be understood as defined in the
appropriate sequence spaces). There is a bijection between
causal and time-invariant filters and functionals. We denote
by Uy : (Dg)% — (D)% (respectively, Hy : (Dg)%- —
D,,) the filter (respectively, the functional) associated to the
functional H : (Dg)?~ — D,, (respectively, the filter
U: (D4g)? — (D,,)%). Causal and time-invariant filters are
fully determined by their restriction to semi-infinite sequences,
that is, U : (Dg)%~ — (D)%, that will be denoted using
the same symbol.

In most cases, we work in the situation in which Dy and D,,,
are compact and the sequence spaces (Dg)%- and (D,, )%~ are
endowed with the product topology. It can be shown (see [42])
that this topology is equivalent to the norm topology induced
by any weighted norm defined by ||z||,, := sup;c;  {ziw_+},
z € (Dg)%-, where w : N — (0, 1] is an arbitrary strictly
decreasing sequence (we call it weighting sequence) with zero
limit and such that wo = 1. Filters and functionals that are
continuous with respect to this topology are said to have the
fading memory property (FMP).

A particularly important class of 10 systems are those gen-
erated by state-space sytems in which the output y € (D,, )%~
is obtained out of the input z € (D4)%~ as the solution of the
equations

{Xt = F(x¢-1,%t), (1)

yr = h(x¢), (2)

where F' : Dy x Dy — Dy is the so-called state map,
for some Dy ¢ RN, N € N, and h : Dy — D,,, is the
readout or observation map. When for any input z € (Dg)%-
there is only one output y € (D,,)?~ that satisfies (1)-
(2), we say that this state-space system has the echo state
property (ESP), in which case it determines a unique filter
UF : (Da)?~ — (Dy,)?~. When the ESP holds at the
level of the state equation (1), then it determines another filter
UF : (Da)t~ — (Dn)%- and then UF = h(UT). The
filters U. ,f and UF', when they exist, are automatically causal
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and TI (see [42]). The continuity and the differentiability
properties of the state and observation maps F' and A imply
continuity and differentiability for U/ and U* under very
general hypotheses; see [43] for an in-depth study of this

question.
We denote by ||| the Euclidean norm if not stated oth-
erwise and use the symbol ||-|| for the operator norm with

respect to the 2-norms in the target and the domain spaces.
Additionally, for any z € (RY)%- we define p-norms as

1/p
el = gz Jzll?) ", for 1< p < o0, and le]., =
sup,cz_ {||z¢||} for p = oo. Given M > 0, we denote by
Ky i={z € (RYZ- | ||z¢]| < M for all t € Z_}. It is easy
to see that Ky = By C £°(R?), with By := By _(0, M)
and (>°(R?) := {z € (RY)%- | ||z]|, < oco}. Additionally, let
By = By N (RY) with £ (RY) := {z € (R)%- | ||z, <
oo}. We will use the same symbol B v whenever d = 1 in
the sequel. The following statement is the main approximation
result that will be used in the paper.

Theorem IL.1. Let M, L > 0 and let U : Kpr C £>°(RY) —
Ky, C £°(R™) be a causal and time-invariant fading memory
filter whose restriction Ulp,, is analytic as a map between
open sets in the Banach spaces {>*(R?) and (*(R™) and
satisfies U(0) = 0. Then, for any z € By there exists a
Volterra series representation of U given by

0

feS) 0
U= > - > gilm,...,
j=1lmji=—oc0

— mj=—00

mj)(zm1+i®' : '®ij+t),

3
with t € Z_ and where the map g; : (Z_)) — L(R?*®---®
R R™) is given by

1. : .

gi(mi,...,mj)(e;® --®e;;) = ﬁDJHU(O)(eﬁ}H, . ,eiglj),
“)

where {e1,...,eq} is the canonical basis of R% and the

sequences e}, € (>°(R%) are defined by:

€;, € Rd,

() ={ 5

Moreover, there exists a monotonically decreasing sequence
wY with zero limit such that, for any p,l € N,

if t= mg,
otherwise.

14 0 0
Uz)e = e > gima, ) (B 4t @ @ Zm )
j=1lmi=-1 m;=—l
IZlloe \ ™" ( Nzlloe \PF!
SwF+L<1—7°° STE G

A. The signature state-affine system (SigSAS)

We now show that the filter obtained out of the truncated
Volterra series expansion in the expression (5) can be written
down as the unique solution of a non-homogeneous state-affine
system (SAS) with linear readouts that, as we shall show in
Section II-B, has particularly strong universal approximation
properties. We first briefly recall how the SAS family is
constructed.

Let @ = (aq,. ..,
We define the monomials z% := 2" - - -

ag)' €N?and z = (21,...,24)" € R
29" Let Ni, Ny € N

and let My, n, [2] be the space of polynomials in z € R? with
matrix coefficients in My, n,, that is, the set of elements p

of the form
> 7" Aa,

acV),

p(z) =

with V,, C N a finite subset and A, € My, v, the matrix
coefficients. A state-affine system (SAS) is given by

{Xt = p(2¢)%i—1 + q(2¢),

(6)
Yt = Wxt7

p € My, n[z], ¢ € My 1[z] are polynomials with matrix
and vector coefficients, respectively, and W € M, n. If we
consider inputs in the set K, and the p and ¢ in the state-
space system (6) such that

M, = sup  A{llp(2)l[} <1,
ZEB”_”(OJW)

My = sup A{llg(z)lll} < oo,
ZGBH_”(O,M)

where By (0, M) denotes the closed ball in R of radius M
and center 0 with respect to the Euclidean norm, then a unique
state-filter UP9 : Kj; — K, can be associated to it, with
L := M,/(1— M,). It has been shown in [33], [34] that SAS
systems are universal approximants in the fading memory and
in the LP-integrable categories in the sense that given a filter
in any of those two categories, there exists a SAS system of
type (6) that uniformly or in the LP-sense approximates it.

The signature state-affine system that we construct in this
section exhibits what we call the strong universality prop-
erty. This means that the state equation for this state-space
representation is the same for any fading memory filter that
is being approximated, and it is only the linear readout that
changes. In other words, we provide a result that yields the
approximation (as accurate as desired) of any fading memory
10 system, as the linear readout of the solution of a fixed non-
homogeneous SAS system that does not depend on the filter
being approximated.

Since the important property that we just described is
reminiscent of an analogous feature of the signature process in
the context of the representation of the solutions of controlled
stochastic differential equations [39], we shall refer to this
state system as the signature SAS (SigSAS) system.

Before we proceed, we need to introduce some notation.
First, for any [,d € N, we denote by T'(R?) the space of
tensors of order [ on R?, that is,

d
T'(RY) := Z Wiy, @ © € | Gy, ER
The tensor space T'(RY) will be understood as a normed
space with a crossnorm [44] that we shall leave unspecified
for the time being. We shall be using an order lowering
map m : THHRY) — TYRY) that, for any vector v :=
Zi....,iHl:l iy .. irg1 €in ®-- '®eil+1 € Tl+1(Rd)’ is defined
as,
d

>

12,01 41=1

m(v) = Alig,. . irs1€in @ - @ €y, € THRY).
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The order lowering map is linear and its operator norm satisfies
that [|m|| = 1.

We shall restrict the presentation to one-dimensional inputs,
that is, we consider input sequences z € Ky C ¢>°(R). Now,
for fixed I, p € N, we define for any z € Ky and t € Z_,

p+1
’it = sz_lei GRP+1 and /Z\t = it—l®"'®§t~ (7)
Note that z; is the Vandermonde vector [45] associated to z;
and that Z, is a tensor in 7' (RPT!) whose components
in the canonical basis are all the monomials on the variables
Zt, . . ., Z¢—; that contain powers up to order p in each of those
variables. Indeed,

p+1

2.

U1yt 41=1

7,11

i41—1 41 p+1
2t " 24 €,® Qe €T (R )

Finally, given Iy C {1,...,p+ 1} a subset of cardinality
higher than 1 that contains the element 1, we define:

=0 _ i—1
Z; = E 2t

i€l

e ® - ®e ®e; € T (RPH).

[-times

®)

The next proposition introduces the SigSAS state system for
fixed [, p € N, whose solution is used later on in Theorem I1.4
to represent the truncated Volterra series expansions in Theo-
rem II.1 of polynomial degree p and lag —I (see expression
(5)).

Proposition IL.2 (The SigSAS system). Let M > 0 and

let I,p € N. Let 0 < X < min{l,%

}. Consider
the state system with uniformly bounded scalar inputs in

Ky = [-M, M)%- and states in T (RPTY) given by the
recursion
Xt = Aﬂ-l(xt—l) & Et + /Z\g (9)
This state equation is induced by the state map Ff llg]S)AS :
THYRPHY) x R — THY(RPTY) defined by
FYESAS (3 2) 1= Am(x) © 7 + 2°, (10)

which is a contraction in the state variable with contraction
constant

1— MPH ZP:M]

MM < 1, where Mi=—"— (11)
and hence restricts to a map Ffllg}SjAS By (0,L) x
[-M,M] — B”,H(O,L), with

L:=DM/(1—\M). (12)

This state system has the echo state and the fading memory
properties and its continuous, time-invariant, and causal as-

sociated filter UAlgS S Ky — KL C THY(RPHY) s given
by:

)\l+1

- A
+ Ny (g (- ( 1(Z)
—,_/

L-times

SigSAS
U)\llgp ( )t

t

) ®Z_(1—1)) ® ) ®Z—1) @z +

C () % +2). (13)

Remark 11.3. The state equation (9) is indeed a SAS with
states defined in 7'+ (RP*1) as it has the same form as the
first equality in (6). Indeed, this equation can be written as
x¢ = p(z¢)xi—1 + q(z¢) with p(z;) and ¢(z;) the polynomials
in z, with coefficients in L(T'T'(RP*!), T+ (RPH1)) and
T'H1(RPFL), respectively, given by:

p+1
p(z)xi—1 = Am(xe—1) ®@ 2z = Zzt (ATi(x¢-1) ® €;)
q(z) = Zt*ZZ e Re;.
i€lp

B. The SigSAS approximation theorem
As we already pointed out, Z; is a vector in 7' (RP*+1)

~whose components in the canonical basis are all the monomials

on the variables z, ..., z;—; that contain powers up to order
p in each of those variables. Moreover, it is easy to see
that all the other summands in the expression (13) of the
filter U ffiAS are proportional (with a positive constant) to
monomials already contained in z;. This implies the existence
of a linear map Ay, € L(T"(RPTL), TIHIH(RPHL)) with
an invertible matrix representation with non-negative entries

such that
USlgSAS

(14)

(z)t = Ax1,p%t-

In the sequel we will denote the matrix representation of Ay ; ,,
using the same symbol A ;, € My n, N := (p+1)'T1. This
observation, together with Theorem II.1, can be used to prove
the following result.

Theorem I1.4. Let M, L > 0 and let U : Kj; C {*°(R) —
K C L®(R™) be a causal and time-invariant fading memory
filter whose restriction Ulp,, is analytic as a map between
open sets in the Banach spaces {>°(R) and {>°(R™) and sat-
isfies U(0) = 0. Then, there exists a monotonically decreasing

sequence wY with zero limit such that, for any p,l € N, and
any 0 < A < min {1, 11\/[% , there exists a linear map

W e L(T"H(RPTY), R™) such that, for any z € By

—1 p+1
N A A
)tH—wl + ( M M

15)

WUSlgSAS

o - woes

Remark 11.5. Theorem I1.4 establishes the strong universality
of the SigSAS system in the sense that the state equation
of this system is the same for any fading memory filter U
that is being approximated, and it is only the linear readout
that changes. Nevertheless, we emphasize that the quality of
the approximation is not filter independent, as the decreasing
sequence w! in the bound (15) depends on how fast the filter
U “forgets” past inputs.

Remark 11.6. The analyticity hypothesis in the statement of
Theorem II.4 can be dropped by using the fact that finite order
and finite memory Volterra series are universal approximators
in the fading memory category (see [46] and [43, Theorem
31]). In that situation, the bound for the truncation error in
(15) does not necessarily apply anymore, in particular its
second summand, which is intrinsically linked to analyticity.
A generalized bound can be formulated in that case using
arguments along the lines of those found in [32].

)
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III. JOHNSON-LINDENSTRAUSS REDUCTION OF THE
SIGSAS REPRESENTATION

The price to pay for the strong universality property exhib-
ited by the signature state-affine system that we constructed
in the previous section, is the potentially large dimension of
the tensor space in which this state-space representation is
defined. In this section we concentrate on this problem by
proposing a dimension reduction strategy which consists in
using the random projections in the Johnson-Lindenstrauss
Lemma [40] in order to construct a smaller dimensional SAS
system with random matrix coefficients (that can be chosen
to be sparse). The results contained in the next subsections
quantify the increase in approximation error committed when
applying this dimensionality reduction strategy.

We start by introducing the Johnson-Lindenstrauss (JL)
Lemma [40] and some properties that are needed later on in
the presentation. Following this, we spell out how to use it in
the dimension reduction of state-space systems in general and
of the SigSAS representation in particular.

A. The JL Lemma and approximate projections

Given a N-dimensional Hilbert space (V,(-,-)) and Q a
n-point subset of V, the Johnson-Lindenstrauss (JL) Lemma
[40] guarantees, for any 0 < € < 1, the existence of a linear
map f:V — RF, with k € N satisfying

241ogn
k2 3€2 — 2¢3”
that respects e-approximately the distances between the points
in the set (. More specifically,

(1=€) v1 = vall® < £ (v1) = F(v2) P < (14€) |31 = v,
a7
for any v1, vy € Q. The norm |-|| in R* comes from an inner
product that makes it into a Hilbert space or, in other words,
it satisfies the parallelogram identity. This remarkable result
is even more so in connection with further developments that
guarantee that the linear map f can be randomly chosen [47]-
[49] and, moreover, within a family of sparse transformations
[50], [51] (see also [52]).
In the developments in this paper, we use the original
version of this result in which the JL map f is realized by
a matrix A € M, y whose entries are such that

Ay; ~ N(0,1/k).

(16)

(18)

It can be shown that with this choice, the probability of the
relation (17) to hold for any pair of points in ) is bounded
below by 1/n.

Lemma IIL1. Let (V,||-||) be a normed space and let Q
be a (finite or infinite countable) subset of V. Define |-, :

span{Q} — R, by

Card Q Card Q
||v||Q := inf Z [Aj] ‘ Z AjVvi=vV,v; €Q
j=1 j=1

(@ |l defines a seminorm in span{Q}. If

Mg = sup {||vill | vi € Q} (19)

is finite, then ||-||, is a norm.
@) [Ivl <|Ivllg Mg, for any v € span{Q}.
(iii) Let QQ1,Q2 be subsets of V' such that Q1 C Q)o. Then
Ivllg, < IIvllg, for any v € span{Q1}.
Remark 1I1.2. If the hypothesis Mg < oo is dropped in part
(i) of Lemma IIL1, then ||-||, is in general not a norm as the
following example shows. Take V =R and v; =4, ¢ € N. It
is easy to see that, in this setup,

1
I, :inf{i i€ N} = 0.

Proposition II1.3. Let QQ be a set of points in the Hilbert space
(V,(-,)) with Mg = sup{||vi| | vi € Q} < oo such that
—Q:={-v|veQ}=Q. Lete>0,let f:V — RF be a
linear map that satisfies the Johnson-Lindenstrauss property
(17) with respect to €, and let f* : R*¥ — V the adjoint map
with respect to a fixed inner product (-,-) in RF. Then,

[(wi, (Iy = f* o f) (w2))| < eMd |[willg [w2llg,  (20)
Sor any w1, wo € span {Q}.

Corollary I11.4. In the hypotheses of the previous proposition,
let

Co := inf
@ ceERy

{||VHQ <c||v||, for all v € span{Q}}. (1)

Then, for any v € span{Q} such that (f*o f)(v) € span{Q},
we have

Iy = f* o /) (V)| < eMECE vl

This corollary is just a consequence of the inequality (20)
that guarantees that

(v — f*o ) (V)|I* < eMB |(Iy — f* o f) Wlg vl
< eMBZCH Iy = fo YW V], 23)
which yields (22).

(22)

B. Johnson-Lindenstrauss projection of state-space dynamics

The next result shows how, when the dimension k of the
target of the JL map f determined by (16) is chosen so that
this map is generically surjective, then any contractive state-
space system with states in the domain of f can be projected
onto another one with states in its smaller dimensional image.
This result also shows that if the original system has the ESP
and the FMP, then so does the projected one. Additionally, it
gives bounds that quantify the dynamical differences between
the two systems.

Theorem IILS. Let F, : RN x D; — RY be a one-
parameter family of continuous state maps, where Dy C R¢
is a compact subset, 0 < p < 1, and F, is a p-contraction
on the first component. Let ) be a n-point spanning subset
of RN satisfying —Q = Q. Let f : RV — R* be a JL map
that satisfies (17) with 0 < € < 1 where the dimension k has
been chosen so that f is generically surjective. Then:

(i) Let F pf : R¥ x Dy — RF be the state map defined by:
Fl(x,2) == [ (F,(f*(x),2)),
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for any x € R* and z € D,. If the parameter p is chosen
so that

p < 1/IIFI%,

then F’f is a contraction on the first entry. The symbol
lI-Il in (24) denotes the operator norm with respect to the
2-norms in RN and R*.

(ii) Let Vj, := f*(R*) C RN and let ]-"g Ve x Dg — Vi, be
the state map with states on the vector space Vi, defined
by:

ff(x

p

(24)

z) = [" (F;f((f*)_l(x)vz)) =[f"o f(FP(Xaz))a

(25)

for any x € Vi, and z € Dg. If the contraction parameter

satisfies (24) then }'g is also a contraction on the first

entry. Moreover; the restricted linear map f* : RF — V,

is a state-map equivariant linear isomorphism between Ff
and F. f

(iii) Suppose additionally, that there exist two constants

C,Cy > 0 such that the state spaces of the state maps

F, and F} can be restricted as F,, : B.;|(0,C) x Dg —

BH H(O C) and Ff B” H(O Cf) X Dg — BH H( Cf)

Then, both F, and F have the ESP and have unique

FMP assoczated ﬁlters U, (D)%~ — K¢ and

U i)f (Dg)%>- — ch, respectively. The state map

f CfF (BH H(O Cf)) X Dg — f* (BH H(O Cf)) is
lsomorphlc to the restricted version of Ff also has the
ESP and a FMP associated filter Z/lf : (Dg)t- —

Z_ ,

(f (BH.H(O,C’f))) . The state map .7-"/{ and the filter
Z/Ig are called the JL projected versions of F, and U,
respectively.

(iv) In the hypotheses of the previous point, for any z €
(Dg)%- and t € Z._:

(L+ A1) 2

)e = U] (2) T

U (@)~ ]| < 20010 ,
(26)
where Mg and Cq are given by (19) and (21), respec-
tively. Alternatively, it can also be shown that:

il < C’MQCQ

w>Lazz>nwxﬂJMfm%1}wwsap::L«RMﬂW>7%au
the elements in the set () can be chosen so that the bounds
in (26) and (27) reduce to

|Up(2): — 27)

2 R|IfII?
SPNSAC (1 IfI17) T —S—  and  (28)
( ) R|IfII? -
2
o R|||f2||| (29)
R|IfII =

respectively.

C. The Johnson-Lindenstrauss reduced SigSAS system

We now use the previous theorem to spell out the Johnson-
Lindenstrauss projected version of SigSAS approximations
and to establish error bounds analogous to those introduced in

(28) and (29). Given that Theorem IIL.5 is formulated using the
one and the two-norms in Euclidean spaces and Proposition
II.2 defines the SigSAS system on a tensor space endowed
with an unspecified cross-norm, we notice that those two

frameworks can be matched by using the norms ||-|| and |||
in 7'+ (RP*1) given by
p+1 p+1
2 2
”V” = Z )‘121,...,1',,_'.17 HV”l = Z |>‘i1’m,iz+1|v

01,y 41=1 i1,y 41=1

. +1
with v = Y7 Aiy,ir1 €y @ - @ e, and

U15eesiip1=1 i -
{eil ®- ey, it €1, p 1) the canonical basis in
T (RPHL) Tt is easy to check that these two norms are cross-
norms and that ||-|| is the norm associated to the inner product
defined by the extension by bilinearity of the assigment

Oirjy =~ 0i

<ei1 K €i415€5, X ® ejl+1> = t1Ji410

that makes (7'T1(RP*1), (.,.)) into a Hilbert space, a feature
that is needed to use the Johnson-Lindenstrauss Lemma.

Corollary IIL6. Let M > 0 and let (Fy$*% W) be
the SigSAS system that approximates a causal and TI filter
U : Ky — £°(R™), as introduced in Theorem I1.4. Let
N := (p+ 1), M as in (11), and let 0 < ¢ < 1. Let
f RN — R* be a JL map that satisfies (17), where
the dimension k has been chosen to make f Jenerlcally
sur]ectlve Then, for any R > max{1/|||f||| 1/(M|||f||| ), 1},

= 1/( %), and L as in (12), there exists a JL

reduced version Ffllgi/}S I (BHAH(O,Lf)) X [-M,M] —
7 (Bl.L) of FYEY : Bi(0.L) x [-M, M) —

By (0, L), with Ly := M|\ f]|/ (1 - AMH|f|||2) that has the

ESP and a unique FMP associated filter Ufllgiﬁcs Ky —
Nz
(f* (B”,”(O,Lf))) . Moreover, we have that
SigSAS SigSAS
(WUSENS ()0 - WUSESS (o),
. MR?|f))*
< Wil NEa+ APy L )
(RILAF = 1)
HWU81gSAS( ) — Wuilii?}s(z)tH
MR2||f|I*
< ey LW )
(R —=1)

for any z € Ky and t € Z_, and where W = W o iy, €
My, g, with 43 @ f* o f(Tl“(]Rp“)) — T”l(RPH) the
inclusion.

This result shows that causal and time-invariant filters can
be approximated by JL reduced SigSAS systems. The goal in
the following paragraphs consists in showing that such systems
are just SAS systems with randomly drawn matrix coefficients
and, additionally, in precisely spelling out the law of their
entries. These facts show precisely that a large class of filters
can be learnt just by randomly generating a SAS and by tuning
a linear readout layer for each individual filter that needs to
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be approximated. We emphasize that the JL reduced randomly
generated SigSAS system is the same for the entire class of
FMP filters that are being approximated and that only the
linear readout depends on the individual filter that needs to
be learnt, which amounts to the strong universality property
that we discussed in the Introduction and in Section II-A. As
in Remark II.5, we recall that the quality of the approximation
using a JL reduced random SigSAS system may change from
filter to filter because of the dependence on the sequence w!
in the bound (15) and the presence of the linear readout W in
(30) and (31).

The next statement needs the following fact that is known in
the literature as Gordon’s Theorem (see [53, Theorem 5.32]
and references therein): given a random matrix A € M,, ,,
with standard Gaussian IID entries, we have that

E[JlAIl] < vn+ v/m. (32)

Additionally, the element z° € T'+1(RP*!) introduced in
(8) for the construction of the SigSAS system will be chosen
in a specific randomized way in this case. Indeed, this time
around, we replace (8) by

2=r) e ®--®e e,
i€ly

(33)

where r is a Rademacher random variable that is chosen
independent from all the other random variables that will
appear in the different constructions. If we take in 7' (RP*1)
the canonical basis in lexicographic order, the element z° can
be written as the image of a linear map as

2’ :TCIO(LZ,...MZP)T7 with (34)
SC
CIO = ( ) e M ) ’
Ot 1)((p1) ~1) p1 (p+1)1+1 pi1

and S¢ € M, a diagonal selection matrix with the elements
given by S§; = 1if i € Iy, and S§; = 0 otherwise.

Theorem IIL.7. Let M > 0, let M as in (1), I,p,k €N, and
define N := (p+ 1)1, Ny := (p+ 1)\. Consider a SigSAS
state map F/\S;EIS)AS c THYRPHY) X [~ M, M| — T (RPHL)
of the type introduced in (10) and defined by choosing the non-
homogeneous term z° as in (33). Let now f : RY — RF be
a JL projection randomly drawn according to (18). Let § > 0

be small enough so that
1} . (39

5 [k , { 1 1
)\O = — — < Imin -, ,\/72,
oM V No M M||f]l

Then, the JL reduced version ff;gls ﬁjc of F fflsj S has the ESP
and the FPM with probability at least 1 — ¢ and, in the limit
Ny — o0, it is isomorphic to the family of randomly generated

SAS systems Ff;glsﬁ ? with states in R* and given by

p+1
SigSAS i—1 T
Fugii(x,2) =Y 2 TAx 4+ B(l,z,---,2°) ", (36)
i=1
where Ay,...,Apr1 € My and B € My 41 are random
matrices whose entries are drawn according to:

62
(Al)j,ma AR (Ap-&-l)j,m ~N <Oa W) ) 37

if m € Iy,

otherwise. (38)

1
e { YO
All the entries in the matrices Ay, ..., Apy1 are independent
random variables. The entries in the matrix B are independent
from each other and they are decorrelated and asymptoti-
cally independent (in the limit as Nog — o0) from those in
Ar, .o Ay

We conclude with a result that uses in a combined manner
the SigSAS Approximation Theorem II.4 with its JL reduction
in Corollary IIL.6, as well as its SAS characterization with
random coefficients in Theorem III.7. This statement shows
that in order to approximate a large class of sufficiently regular
FMP filters with uniformly bounded inputs, it suffices to
randomly generate a common SAS system for all of them
and to tune a linear readout for each different filter in that
class that needs to be approximated.

Theorem IIL.8. Let M,L > 0 and let U : Ky C {>*(R) —
Ky, C £22(R™) be a causal and time-invariant fading memory
filter that satisfies the hypotheses in Theorem I1.4. Fix now
I,p,k € N and 6 > 0 small enough so that (35) holds.
Construct now the SAS system with states in R* given by

p+1

SigSAS i— T
FVe (%, 2) :Zz "Ax+B(1,2,---,2P) ,  (39)
i=1

with matrix coefficients randomly generated according to the
laws spelled out in (37) and (38). '

If p and | are large enough, then the SAS system Fffﬁ: fc
has the ESP and the FPM with probability at least 1 — . In

that case F f;glsﬁ“fc has a filter Uil)gls 2‘? associated and there
U with zero limit

exists a monotonically decreasing sequence w

and a linear map W € L(R*,R™) such that for any z € By
it holds that

Ti77SigSAS
[0 WU o

lzlloo\ 7 [ llzlle \ 2
<wV 4+ L(1- e =S I, ,, (40
<wy + ( i v + 11 p, (40)

where I, is either

2\ 2
o~ (1)
Iy = ||[W|le2N1M ————-— or
o |k
1— =2,/ —
( 2 No)
1

Ly = [|WlleNM 41

NI
2V N

In these expressions W € L(T'! (RPTY), R™) is a linear map
such that W = Wo f*, N = (p+1)"*1, M is defined in (11),
and 0 < € < 1 satisfies (16) with n replaced by N.

IV. CONCLUSION

Reservoir computing capitalizes on the remarkable fact that
there are learning systems that attain universal approximation
properties without requiring that all their parameters are esti-
mated using a supervised learning procedure. These untrained
parameters are most of the time randomly generated and it
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is only an output layer that needs to be estimated using a
simple functional prescription. This phenomenon has been
explained for static (extreme learning machines [30]) and
dynamic (echo state networks [31], [32]) neural paradigms and
its performance has been quantified using mostly probabilistic
methods.

In this paper, we have concentrated on a different class of
reservoir computing systems, namely the state-affine (SAS)
family. The SAS class was introduced and proved universal in
[33] and we have shown here that the possibility of randomly
constructing these systems and at the same time preserving
their approximation properties is of geometric nature. The
rationale behind our description relies on the following points:
« Any analytic filter can be represented as a Volterra series

expansion. When this filter is additionally of fading memory

type, the truncation error can be easily quantified.

o Truncated Volterra series admit a natural state-space repre-
sentation with linear observation equation in a conveniently
chosen tensor space. The state equation of this representa-
tion has a strong universality property whose unique solution
can be used to approximate any analytic fading memory
filter just by modifying the linear observation equation. We
refer to this strongly universal filter as the SigSAS system.

o The random projections of the SigSAS system yield SAS
systems with randomly generated coefficients in a poten-
tially much smaller dimension which approximately pre-
serve the good properties of the original SigSAS system.
The loss in performance that one incurs because of the
projection mechanism can be quantified using the Johnson-
Lindenstrauss Lemma.

These observations collectively show that SAS reservoir
systems with randomly chosen coefficients exhibit excellent
empirical performances in the learning of fading memory in-
put/output systems because they approximately correspond to
very high-degree Volterra series expansions of those systems.
That degree is actually of the order of the exponential of the
dimension of the randomly generated SAS system used.

APPENDIX
A. Proof of Theorem II.1

The representation (3) is a straightforward multivariate generalization of
Theorem 29 in [43]. For any z € Bjs and any p,! € N define

Ul,p(z

j=1lmi=-1 mj=—1

Now, for any z € BM and t1,ta € Z_ such that to < t1, define the
sequence zt € By by zt = (...,0,2¢5,...,%¢, ). Additionally, for any
u € (RH)Z- and any z € (Rd) , the symbol uz; € (R4)%-, ¢t € N,
denotes the concatenation of the left-shifted vector u with the truncated vector
z% := (21, ...,2¢) obtained out of z. With this notation, we now show (5).
By the triangle inequality and the time-invariance of U, for any z € B M We
have

o~ < e - o=
o] —1-1 —1-1
=D- > Do gi(miy . my) (Emy 4t @ ® B te)
j=1lmj=—o0 m;=—00
+ ||U(Zt l+t)0 - Uoo’p(zt 14)0 H
= vz oo + U@ 00 — UG o]l @

P 0
=) Z © D0 gi(ma, e my) (Emy 4@ ®m 4t).-

where the symbol 0 stands for a [ 4- 1-tuple of the element O € R%. The
second summand of this expression can be bounded using the Taylor bound
provided in [43, Theorem 29]. As to the first summand, we shall use the
input forgetting property that the filter U exhibits since, by hypothesis, has
the FMP. More specifically, if we apply Theorem 6 in [43] to the FMP filter
U : Ky — £2°(R™), we can conclude the existence of a montonically
decreasing sequence wV with zero limit such that

ot 0] = [0t < ot

for any [ € N. These two arguments substituted in (42) yield the bound in
). 1

B. Proof of Proposition 11.2

The map Fy'$545 o TIHL(RPHL) 5 [-M, M] — T (RPFD) s
clearly continuous and, additionally, it is a contraction in its first component.
Indeed, let x1,x2 € T'H1(RPH1) and let z € [— M, M] be arbitrary. Notice
first that

p+1

2l =||> ="
=1

<1+M+---

Now, since we are using a crossnorm in 7'+ (RP*1), we have that,

[SigSAS

SigSAS =~
HF)\ligp (xl,z) \Nip (XQ,Z)H :)\||7rl(x1 7X2)®ZH

= Almi(x1 = x2)|[ ||z -

If we use in this equality the relation (43) and the fact that ||m;||| = 1, we
can conclude that:

Nl (x1,2) — 44)

SlgSAS
HF Xp

FSIESAS xQ,z)H < AM ||x1 — x2]|.

— MP+1) = 1/M implies that
o =

The hypothesis A <
SigSAS
Alp

”zielo

implies that

(1 - M)/

is a contraction and establishes (11). Additionally, Hz
le1®---Re1®e|| <14+ M+ 4+ MP = M, which

(45)

HFS;%?AS(O’ Z)H < Z/\\j, for all z € [—M, M],

and hence by [54, Remark 2] we can conclude that F' SilgiAs restricts to
a map FfllgiAS B)(0,L) x [-M, M] — B0, L), for any L >

M /(1—AM). Finally, the contractivity condition established in (44) and [43,
Theorem 12], imply that the corresponding state system has the ESP and the
FMP. We now show that its unique solution is given by (13). First, it is easy
to see that by iterating the recursion (9) twice and three times, one obtains:

xt = N2y (m(x¢—2) @ Zy—1) @ Zt + M (Z0_1) @ Z + 29
= Xmy(m (mp(xe—3) ® Ze—2) @ Zr—1) @ %t
0

+ )\271'[(71'[(/2\?72) ® Zt—l) Rzt + )ﬂrl(’z\?,l) Rzt + /Z\t.

More generally, after [ 4 1 iterations one obtains,

xp = A m(m (o (X 41)) ®F—1) @) @Fr—1) @ Zt
1 + 1-times
F A m(m (- (m(2)) @F_1-1)) ® ) ®Zr1) @ Z

I-times

+o ARV ) @7 + 29,

Consequently, in order to establish (13) it suffices to show that

- ~ ~ AL
AL m(m (e (X 141) ®Zp—1) @ -+ ) ®Zt—1) ® 7t = 1= )\Zt~
! + 1-times
(46)
We show this equality by writing
p+1
xe= Y afy i, @i ® e, 47

i1,.041=1
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for some coefficients ag € R that by (9) and the assumption that

1 € I, satisfy that

1r-0i41

t

ai . 17>\a1 1+l foramy teZ_.

This recursion can be rewritten for any » € N and ¢t € Z as

l_zv

Since by hypothesis the parameter A < 1 and, additionally, we just showed
that [|x¢|| < L, for all ¢t € Z, with L > M/(l — AM), this equation has a
unique solution given by

>\T‘t7‘

1
aj, 1 =-—-, forall teZ . (48)

v 1—A
Now, notice that using (47), we can write:

(Xt (141)) ® Ze—y
p+1

>

02,04 1,J1=1

t—(I+1)

Jji1—1
. z
1,i9,...

s Ft—1 iz Q- Qe ¥ej.

If we repeat this procedure [ 4 1 times, we obtain that

m(m (o (X (141) ®Ze—1) @ -+ ) @Zp—1) @ %t
1 + 1-times
p+1 .
= Z atli.(.ljw gl—;l 53?1171) T ZtJHlileJ'l ®---Qej,
J1s-odi41=1
= aij'('l:"l_l)/z\t = i )\Zt,

where the last equality is a consequence of (48). This identity proves (46). B

C. Proof of Theorem I1.4
It is a straightforward corollary of Theorem II.1 and of the expres-
sion (13) of the filter USlgSAS The linear map W is constructed by
matching the coefficients g; (ml, ...,my) of the truncated Volterra series
re] resentatlon of U up to polynom1a1 degree p with the terms of the filter
(z)t in the canonical basis of T't(RP*1). More specifically,

W E L(Tl+1(RP+1) R™) is the linear map that satisfies:

p 0
j=lm,=

WUSlgSAS

0
Nl E ml,...,mj)zm1+t~~'zm,-+t,

(49)
for any z € Kjps, t € Z_, where the right hand side of this equality is
the truncated Volterra series expansion of U, available by Theorem II.1. The
equality (49) does determine W because by (14), it is equivalent to:

p+1 . 1
] ) =1 41—
E : WAL (e” ®"'®elz+1) 2 =
i1yt 41 =1
P 0 0
= E E E 95 (M1y .oy M) 2mq 4t Zmj 4t
J=lmi——1 =1

Since this equality between polynomials has to hold for any z € Kj; and
t € Z_, we can conclude that the matrix coefficients on both sides have to co-
incide. This implies that, in particular, for any i1, ...,%4+1 € {1,...,p+ 1},

WA Lp (eil @ ®eil+1) = gj(ma,...,m;) € R™,

(50

ieiigl = {(j,m1,...,m;)} is the set of indices with j €
{1,...,p}, m; € {=1,...,0}, and 2y, - zi_ll_l e zél+171.
As (50) specifies the image of a basis by the map WAy ; , and Ay ; ), is
invertible, then (50) and consequently (49) fully determine W. The bound in

where I;

ij =

(15) is then a consequence of (49) and (5) in Theorem II.1.

D. Proof of Lemma III.1

(i) It is obvious that if v = 0 then ||v|[5 = 0 and that [|Av||g = [Al[|v]|g.
for all A € R and v € span{Q}. Let now wi,wz € span{Q} and
Cy4 = Card Q. Given that,

Cq Cq Cq
inf Z \)\]1 +)\]2-| | Z)\Jl-vjv = wl,Z)\§Vj =w2,v; €Q

=1 j=1 j=1
Cq Cq
> inf MDAV =wit+wa,v; €Qp,
i=1 =1

we can conclude that

w1 +walg <

Cq C‘] Cq
inf Z \)\Jl +)\J2-| | Z)\jl-vjv = Wl,ZA?Vj =w2,v; €Q
j=1 j=1 =1

Cy Cy Cq
< inf Z‘A1|+|/\2‘ | Z)‘lvj —WI:Z)‘ vj=w2,v; €Q
j=1 Jj=1 Jj=1

=lwillg +lwzllg

which establishes the triangle inequality and hence shows that ||-||, is a
seminorm. Suppose now that Mg < oo and let v € span{Q} such
that [|vl|o = 0. By the approximation property of the infimum, for any

€ > 0 there exist Aq,... )\c € R such that Z 1 Ajv; = v and
0< Z] 1 1Aj] < e. This inequality implies that
Cyq Cq
[[vll = ZAVJ < Mg Y A| < Mge. (51)
j=1 j=1

Since Mg, is finite and € > 0 can be made arbitrarily small, this inequality
implies that [|v|| = 0 and hence v = 0, necessarily, which proves that ||-[|,
is a norm in this case.

Since the first inequality (51) holds for any v € span {Q}, the statement
in part (ii) follows (when Mg is not finite we use the convention that co-0 =
00). Part (iii) is obvious. W
E. Proof of Proposition I11.3

Since V' and R¥ are Hilbert spaces, the parallelogram law holds for the
associated norms and hence, for any vi,v2 € @,

"o f(va)) (f(v1), f(v2))
1 (142l = Ivi = val?)

(vi,va2 — (vi,va) —

3 () + 702 = 15 v1) — Fv2)I?)
= 1 (Ivi = (V2P =~ i = val?)

1 (1760 = Fv2) P = 1) = Fv2) )

<Z(Hvrv2|| +lvi+val?) = 5 (Ivall® +lival?) . 52

(17) together

where in the inequality in the last line we used the JL propergl
Alvi, wy =

with the hypothesis —Q = Q. Let now wi
S99 Q N2y, € span {Q}. Then, by (52):

Card Q
(wiywz = f*o f(wa))l = | 3 AN (vi,vy = f* 0 f(v))
2,J=1
Card Q Card Q Card Q
< S0 NS (P + v ?) < 30 I DS IZleMd,
i,j=1 i=1 j=1

Since this inequality holds true for any linear decomposition of w1, wg €
span {Q}, we can take infima on its right hand side with respect to those

decompositions, which clearly implies (20). B
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FE. Proof of Theorem IIL.5 that Mg = 1. If we now recall that ||-|| < |||, < VN||| and that

f @/VN) < M-l < VN|I-lll, we can rewrite the inequality (54) as
(i) We show that when condition (24) holds, then F}; is a contraction on the

5 k
first entry. Let x1,x2 € R” and let z € Dy, then HUP(Z)t _ Ug(z)tH <o ||Up(z)en —U,{(z)tle
1/2 _ g 1/2 f
——— ey
= 7 (Fp (7 (x0),2)) = £ (Fp(F G2), ) < oL AL cr = 2] < o |Up@er ~ U @] + H/2NACY Iy - 77 o 12
1
The claim follows from this inequality, the equality ||f[| = ||f*||, and < 2NYAC|IN - fr o f\Hmf
condition (24). p R )
(ii) The proof is straightforward. The only point that needs to be emphasized R fH|2 -1

is that (£*)~! : V4 — RF is well-defined because since f is surjective,

then f* : R¥ V}, is necessarily injective. where in the passage from the second to the third line we just used the same

iterative bounding procedure as in (55). The bound in (29) is obtained by
using the inequality in (23) adapted to our particular choice of @, according

e . . . o f
(i) First of all, the existence of the restricted versions of F), and F, to to which, for any v € RN we have that

compact state-spaces and the fact that these maps are contractions on the

i i 2 i i i * 2
first entry with contraction rates p and pllFN=, respectively, implies by [43, Iy — F* o I < elly — £* o HI; IVl
Theorem 7, part (i)] that they have the ESP and associated FMP filters U, and .
U,{. The statement about the JL-projected state map .7-'5 and its associated S eVN||(In = fT o MV

filter L{,f is a straightforward consequence of the fact that the restricted linear ~ which implies that

map f* : RF — V}, is a state-map equivariant linear isomorphism between . —
F,{pand J-',J: and of the properties of this kind of maps (see, for instance, [55, [(In = f" o VI < eVN ”VHl : (56)
Proposition 2.3]). Consequently, by (53) and (56), we have

. Z_ . .
(iv) Let z € (Dy) and ¢t € Z_ arbitrary. Then, using (25), we have HUP(Z)t _ u;{(z)tH < p’

Up(@)e-1 U (e
+ @ = £ o DE UL @11, 20)|

|Up (e —ttf (22| = || FoUa@)e-1,20) = Fottf (2)er, o)
< p||vp@es —tf @ || + VN | o] (e,

= |Fp(Up(2)t—1,22) — Fp (U} (2)1-1,2¢)
2
+ Fp(Uf (2)e-1,2¢) — FoUUf (2)e-1,20) | cove L oo BlAE
. - 1- R|IfII* =1
< pHUp(z)tq —U‘{(Z)tflu-'rH(I[N —f of)(Fp(ug(z)t,l,zt))H . p T
(53 G. Proof of Corollary II1.6
The bounds in (26) and (27) are obtained by bounding the last expression in I COMSISIS of]usF applymg. t.h e JL projection Theorem IIL.5 to the SigSAS
(53) in two different fashions. First, if (20) and the hypothesis on Q system introduced in Proposition II.2. First of all, by (11), the state map
" WO diierent fasuons. TSt 11 We use a ¢ Mypothesis o FOigSAS B).(0,L) x [-M,M] — By;.;(0,L) is continuous and a

being a spanning set of R™V, we have that: ALp g
contraction on the state variable, with contraction constant p := AM. Now, if

we fix R > max{1/||f|I?, 1/M||f||?, 1}, then A = 1/RM||f]|? satisfies

P HUp(Z)tfl - U{(z)tfl H + H(HN —ffo f)Fp(u,{(Z)t—ly Zt)H all the necessary constraints in the statement of Proposition II.2, as well as
f the condition p < 1/|[|f[I|%, as required in (24).
<p HUp(Z)tfl 4 (z)t—1 H Therefore, given a JL map f, part (i) of Theorem IIL.5 shows the existence

1/2 of a contractive state map FfllgiAfS with constant AM]||f]||? defined by

1/2
1/2 o f f ) .
+e'/? Mg H(HN fro H)(F U] (Z)t—LZt))HQ HFP(Z/IP (z)t—l,zt)HQ Filzg;ﬁcs(x’ = f <F§fiAS(f*(x),z)>, x € R, 2z € [~ M, M]. Fol-

1/2 . . .. i
<p HUp(Z)tfl _ U,f(z)tle + el/ZCMQCQ (1 4 |||f|||2) / . (54) lowing the same strategy as in (45), it is easy to see that HF/\S,‘EiﬁCS(O, Z)H <

M| f|ll. for all z SEAJ—M7 M], and hence bg [54, Remark 2] we can
3 1,

1/ AlLp

2 1/2 2 [ —

=p HUP(Z)t*Q - u,{ (Z)t72H + (1 +p)et/ CMqCq (1 + I ) for any x € B).(0, L) and z € [~M, M], and we can hence take L as the
constant C' in the bounds (28)-(29). Consequently, using the bound (28), we

If we now iterate the procedure in (53) on the first summand of this expression,  conclude that Ffllgp } restricts to a map Fy .lgiAfS : By(0,Ly) x
we obtain [-M, M] — By (0, Ly), with Ly = M| f]I/(1 - AM]|||£]1)- In those
circumstances, part (iii) of Theorem IIL.5 allow us to conclude that the JL
. SigSAS . sk (BT T

HUP(z)t —ug(z)tH = HF,,(U,,(z)t_hzt) - fp(ug(z)t_l,zt)H reduced SigSAS state map Fy 5o 1+ (B (0,L7)) x [-M, M) —
1/2 f* (B (0, L ) has the ESP and a unique FMP associated filter 1458545 .

<p (P HU,O(Z)t—2 *Ug(z)t—2H + 61/2CMQCQ <1 + \Hf|||2> ) 1 (0 £1) Z_ d Mhpof

1/2 Kyt — (£ (B O.Lp) )

+ 61/20MQCQ (1 + H‘f|”2) The error bounds in (30)-(31) are obtained out of (28)-(29). Indeed, we
first notice that by (12) HFSlgSAS(x, z)H < L, with L := M /(1 — AM),

<p HUP(Z)t—j —U,f(z)t—jH have
. 1/2 . )
kot g e TNEPOMOG (1L IAIP) T 59 [WUSERS (), - WA )|
SigSAS SigSAS

As by hypothesis p < 1, we can take the limit j — oo in this expression, <l HU)\,llg,p (2)¢ _u)\,lip,f (Z)tH
which yields (26). In order to obtain (27) it suffices to replace the use of (20) L s L R f|||2 Vi
in (54 by that of (22) S T ys
(v) First of all, note that for any R > max{1/[|f]|? 1}, the contrac- L s L MR2||f|*
. b1 X o _ 1.3 2\ 4
tion parameter p = 1/(R||f|||) satisfies the condition (24). Set now =[[Wllez Na(L+I£]l7)2 RIFI 2"

= {tei,...,ken}. It is easy to see that with this choice, the (RIIAIT = 1)

norm |||l introduced in Lemma IIL1 satisfies that || = |[|'|l; and  The second inequality follows from (29). H
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H. Proof of Theorem III.7

According to the third part of Theorem IIL5, the JL reduction F7 SigSAS

of FflngSJAS( ,2) = Am(x) ® Z + 20 is isomorphic to the map FfllngfS
given by
SigSAS * ~ N
Fyfoy (6,2) = M(m(f*(x) @ 2) + f(2°). (57)

Take now the canonical bases in 7¢+1 (RPF1) (using the lexicographic order)

and R¥ and let S € My v, N = (p+1)1*1, be the random matrix associated

to the JL projection f in those bases. Let also Ny := (p + 1)1, we separate

S in blocks and write:

= (S1|---|Sp+1), with S1,...,Spr1 € My Ny, Sij ~ N(0,1/k).

(58)

The order-lowering map 7; : T (RPT1) — TI(RPH1) takes in these

bases the matrix form

Il = (Ing|Ong p,) and ILST =57 . (59)
Consequently (57) can be rewritten in matrix form as
[SigSAS =
Pyl (x,2) =AY 2SS T (x) ®ei) +52°. (60)
=1

We analyze this map by first spelling out the matrix associated to the linear
assignment x +— I;(ST (x)) ® €;, 4 = 1,...,p + 1. It is easy to check
that:

(S () ®e =

(61

O;-1,1 O;-1,1 O;-1,1
S1,1 Sa1 Sk,1 Block 1
Op—it11 Op_it11 Op—it1,1
Oi-1,1 0i—1,1 0i-1,1
S1 a1yt Sa (pa1)t Sk (p1) Block (p + 1)
Op—it+1,1 Op—it1,1 p—it1,1
Using this matrix expression, it is easy to see that, for any j,m € {1,...,k}:
N
(ST ®en) =3 8 (M(ST() ®eidrm
’ r=1
No
= Z S}it(n—1)(14p)Smm, with No = (p+1)!, (62)
n=1

and hence by (58), each of these entries is the sum of the products of two
independent zero mean normal random variables with variance 1/k, unless
those two factors are identical, which can only happen whenever j = m and
i+ (n —1)(1 4 p) = n simultaneously, which only holds for i =1, n = 1,
and for the diagonal terms j = m. This implies that

Egil ajl-7m,n7 when j # m,
(sausT(D@en) ~
o Zgifl },m,n +bj.m, otherwise,
(63)
where bj.;m = (1/k)Pj,m, ]mn = (1/2k)(Qjm,n — Rjmn), and

Pj msQjmon, Rjm.n ~ x2(1) are independent random variables. Anal-
ogously, fori € {2,...,p+ 1},

(64)

No
i
~ D G
m
n=1

with ai.7 n 38 above. We now study the matrix form of the summand Sz°
in (60). First of all, by (34),

(sm(sT()®en)

520 =rSclo(1,z,...,2P) 7

)

and hence it can be written as B (1, z, - - - ,zP)T = Sz0, with B € Mg, pt1

the matrix with components

N

I
Bjm =7 SitCi%, =rSim1l{mer}
k=1

(65)

which (38), as the product of a Gaussian with a Rademacher random variable
is Gaussian distributed.

We now prove the claim in (37) regarding the matrices Aq, ...
First of all, (63) and (64) show that for each i € {1,...,p+ 1}, the
entries (S(Hl(ST(-))®ei))j7m of A; = XS(IL(ST()) ® e;) =

(5/2]T4J)\/k/NOS(Hl(ST(~)) ® e;) may be of two types
m,n bjm g o .
5fr(7" Lt + ) ifi=1,j=m
Jfr( n= 1“j,m n)
(66)

As long as we are in the cases j # m or simultaneously ¢ = 1 and j = m,
these entries are the sum of IID mean zero random variables of variance 1/k2
and hence by the Lindeberg Central Limit Theorem, they converfe in distri-

s Apt1.

No—-1 i

otherwise.

bution to mean zero Gaussian random variables (A;); m ~ N (0

as required.

This straightforward argument cannot be used when j = m and 7 > 2 as,
in that situation, the random variable S, ; appears in two different summands
in the expression (62). The claim in that case is proved by using a martingale
central limit theorem. Indeed, consider the right hand side of the equality (62)
for fixed ¢ > 2 and j = m, that is,

62
> 4kM? )

No
D Siit(n—1)(14p)Siin-

n=1

67)

As the entries S; ,, are independent zero mean normal random variables with
variance 1/k, we have,

No No
> Siitm-na4n Sin | = 15 ©8)
n=1

Notice first that for s > [, we have that

kg koo
= 2 Sjit(n— Sin|Fi| = == > Sji+(n- Sjn,
e 2 SuiscomnammSinl | = i 3 Sua-vaen,

where F; is the o-algebra generated by {S; ;1 (n—1)(14p)» Sjnn < 1}
This equality is a consequence of the fact that for s > [ at most one of the
terms in the product

Sj it (s—1)(14p)Sirs

is Fj-measurable and the other one is independent with zero expectation. We
shall apply Theorem 3.2 in [56] using as martingale differences the random
variables Y}, ., defined by

k
YNg,n = \/T—Osj,wr(nfl)(up)sj,w

It is clear that max{|Yn,,n|} — O in probability as Np tends to oco.
n

2
Moreover, E [mSX{YNo n

}] is bounded in Ng and

plim Z YNO,

N0~>oo
Indeed,
Al 2 i Al 2 1 2 1
B SRt | =228 | (e 5p) (e )
n=1 s<n

No ) 1 2
+> E (YNO,n - Fo) : (69)

n=1
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k* 9
where for the second sum, using Zﬁ’gl E [Yléo,n] = NON—gﬁ =9/Ng
and that Yy, n, m = 1,..., No, are random variables with zero mean and

variance 1/Np, it holds that

No 1\2
E|(Y2 — —) =8/Ng — 0.
ngl |:( No,n No :| / 0 No— o0

Notice now that in the first sum in (69) the terms involving independent
martingale differences vanish. Hence, it is only the summands which cor-
respond to the case when Yy, s and Yy, , are made of non-independent
random variables that need to be treated separately. We notice that this happens
precisely when ¢ + (s — 1)(1 + p) = n and write

oL 2 1 2 1
02 o (R 57) (Fon = 7))

s<n

No 1

2 2

=2 Z E[YNostNom - W}

s<n 0

o k4 4 2 2

=2 > E[msj,ms—m(w)Sj,sSj,i+<z'—1>(1+p>+<s—1><1+p>2

s>1+% 0

1 Kkt 31 1
— = <2(Ng—1) | — —— —
Ng] < 2(No )(Ng k2 k2 Ng)

Nog— o0

Hence by Theorem 3.2 in [56] Y}, , converges in distribution to a
standard Gaussian random variable and the claim follows.

The mutual independence between the components of the different matrices
A; and within each individual matrix is obtained by using a multivariate
version of the martingale central limit theorem: the arguments are fully in
line with the previous application of the martingale central limit theorem.
The same applies for the statement about B.

We conclude 'bg Asélowing that with the choice of A\g in (35), the reduced

SAS system Ff:)gl ».7 in (36) has the ESP and the FMP with probability at
least 1 — 4. Let p(2) := Zf:ll 2z*=1A; and recall that by [43, Proposition

14], the system Fféglsﬁsf has the ESP and the FMP whenever

Mp= sup Allp(x)I} <1.
z€[—M,M)]
Given that
p+1 ) p+1 )
M, = sup DoAY e < D0 M)A
z€[—M,M)] i=1 i=1

it is clear that the following inclusion of events holds {M;, > 1} C
{zg’:ﬁl M| Al > 1}. This implies that

p+1
P(Mp > 1) <P [ > M7HA > 1
=1
p+1 — )
<" MTE[JA) € M2VE——— =5,
; (A Vi

as required. Note that in the second inequality we used Markov’s inequality
and that the third one is a consequence of Gordon’s Theorem (32) and of
37). n

L. Proof of Theorem II1.8
igSAS

First of all, given I,p € N, consider the SigSAS filter UEO Ly

sociated to the parameter Ao defined in (35) and the linear map W &
L(THL(RPF1) R™) whose existence for the approximation of U is guar-
anteed by Theorem IL4. Consider now a JL projection f : RN — R¥ that
satisfies (17) with a parameter 0 < e < 1 that satisfies (16) with n replaced by
N and the value k € N in the statement. Let now F' AS:JgJS’?‘S be the JL reduced
SigSAS system given by Corollary II1.6 and that asymptotically takes the form
(39) because of (36) in Theorem IIL.7. Let W € L(T**+1(RPt! R™) be the
linear map in (15) in Theorem II.4. Define W := W o4y, as in Corollary II1.6

as-

=4(Nog —1)/N¢ — 0.

and W := Wo f* = W o f*. We now use the triangle inequality and the
third part of Theorem IIL5 to write:

HU(Z)t _ WySiesAs (Z)zH

Aol f
SigSAS SigSAS T rSigSAS
< @ - woRsn | + [wolss @ - o e

< U@ — WUSEEAS @), | + |WUSEEAS (2), — WUSESAS, (2|

Izl oo\ " [Nzl \ 2!
<wl/ 4+L(1- I .
Swe ( M M thp

In the last inequality we have used Theorem II.4 to bound the first summand
and the last bounds stated in Corollary III.6 for the second one. More
specifically, regarding the last point, we first note that the parameter R in
(30) and (31) is determined in this case by the definition of Ao in (35) and
the equality

Ok _ 1
2M \ No  RM|| f||?

with No = (p + l)l. Hence, the bounds in (30) and (31) can be written as

; AT R2 4
IWlled N3 @+ 123 o AL
@IIFIE - 1
1
Lo (1HnAR)?
—wie i
(-2v/w)
1— -,/ —
2V No
MR2|| f|I* — 1
W ieN —LE A vy ez
@IIfIE -1

o
(3E)
2V No

respectively, which prove (41). W
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