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A Appendix

A.1 Mean independence within principal strata without further assumptions

A.1.1 Identified set for the proportion of defiers based on linear programming

To shorten notation, let f(y(1),y(0)|t, z) denote the probability density of the counterfactual outcomes (Y (1), Y (0))
evaluated at (y(1),y(0)) given T' = t and Z = z and let fy (y) denote the probability density function of the observed
outcome Y evaluated at y. Assumption 2 together with compatibility with the probability distribution of observed

variables (Y, D, Z) translates into the following restrictions.

Assumption 2 (i)
E(Y(d)|T=t2=1)=BEYd)|T=t2=0), Vte{l1,10,01,00},vd € {1,0} (A1)

We rewrite (A.1) in terms of f(y(1),y(0)]¢, 2):

[ v16).50 1 Dayay© = [[ 405w, uOl 0d(1)dy(0), )
[ v0160).50 1t 1dy0ay© = [[ 450, yOIe. 0du1)dy(0). |

Assumption 2 (ii) together with compatibility with the distribution of (Y, D, Z)

For D =1 and Z =1, we have

FOZ=1,D=0)PD=1Z=1) = fro@L1)PrT =111Z=1)+ fy (yl10,1) Pr(T = 10[Z = 1)

= froW@lL 1) Pr(T = 11) + fyq)(y[10,1) Pr(T = 10),



where fy(y|Z = z,D = d) denotes the conditional density function of Y given D = d and Z = z, fy(q)(ylt,2)
stands for the conditional density function of a potential outcome Y (d) given T = t and Z = z. The second

equation follows from the Assumption 2 (ii). Similarly,

FWlZ=0,D=D)PD=1Z2=0) = fyra)u11,0)Pr(T = 11) + fy)(y[01,0) Pr(T = 01),
FrWlZ=1D=0Pr(D=0Z=1) = fy©l0L1)Pr(T = 01)+ fy /00, 1) Pr(T = 00),
FrwlZ=0.D=0Pr(D=0[Z=0) = fy]10,0)Pr(T = 10) + fy((/00,0) Px(T = 00)

This implies that the following equations must hold for all y € Y:

P WIZ=1D=1) = (Puo—mon) [ £(9(0)111.1)dy(0) + (P = Prja-+ 1) [ F(5.9(0)10,1) dy(0),
Pro- fv@lZ=0.D=1) = (P~ mon) [ F0u(O/11,0)dy0) +mor [ £(3.5(0)01,0) dy(0), (A3)
Pan- W2 =10 =0) = mor [ Fu(0),010L1)dy(1) + (P~ mor) [ £(u(1),5100,1) dy(1),

Poo+ ol Z=0.D=0) = (Pus = Puja-+ 7o) [ F(u(1),5110,0)dy(1) + (Ro = mon) [ F(y(1):5100,0) dy(D).

If there exists a proper density function f(y(1),y(0)|¢, 2) for all ¢t € {11,10,01,00}, z € {1,0} which satisfies
and , then w1 € P*, where P* denotes the sharp identified set for the share of defiers. Sharpness of P*
follows immediately by construction: If, for a certain value of mp1, we cannot find a data-generating process that
(1) is compatible with the observed data and (2) satisfies the imposed assumptions, then such a value does not
lie in the identified set. On the other hand, if such a data-generating process exists, that particular value of mp1

cannot be refuted.

With discrete Y, the problem is equivalent to the non-emptiness of the linearly constrained feasible set. Consider
a discrete y with support Y* = {y1,v2,...yx} and let hi(yi,y;) = Pr(Y (1) = v, Y(0) = y;|T = t,Z = z). We

denote the set of conditional distributions by {hf}. Then equations (A.2) can be rewritten as

k k k k

7,:1 j:l 121 ]:1 (A4)
DD yibi(yiyi) = DY yihi (yi ys)-
=1 j=1 =1 j=1



Similarly, equations (A.3]) become

k k
Pr(Y =y, D=1/Z=1) = (Pyo—701) Y hi1(yi,y;) + (Prp — Poo+701) Y hio(yi, ), Vi=1,...k,
j=1 j=1
k k
Pr(Y =y, D=1|Z2=0) = (Piyo—mo1) Y hlo(yi,y;) +7o1 Y ho1(yiys), Vi=1,...k, (A.5)
=1 =1
k k
Pr(Y =y;,D=01Z=1) = moY_ho1(yi,y;) + (Pop — 701) Y _ hoo(yi,y5), Vi =1,...k,
=1 i=1
k k
Pr(Y =y;,D=0{Z=0) = (Pix—Pio+m01) Y hlo(yiys) + (Por —mo1) Y _ hoo(i 45), Vi =1,... k.
=1 i=1

At the same time, h{ must be a proper probability distribution for all ¢ € {11,10,01,00} and z € {1,0}:

k k
SN hi(yiy;) =1,  V¥te{11,10,01,00}, Vz € {1,0},
=1 j=1 (A.6)

Ri(yi,y;) >0, Vi=1,...k Vj=1,...k, Vte{11,10,01,00}, Vz € {1,0}.

We conclude that the identified set for the share of defiers is a collection of points w1 € P for which a feasible

solution exists to a set of constraints given by (A-4)-(A6) (formally P* = {mo1 € P : 3 {h}} that solves (A.4)-(A6)}),

which can be checked using a linear programming tool.

Lemma 1 The identified set P* for mo1 is an interval.

Proof of Lemma 1. Consider the smallest and the largest admissible values 7§ and m§i** and the corresponding

sets of conditional distributions {h7™"} and {h7™**} that satisfy (A.4) — (A.6). For a fixed 0 < X < 1, let

o1 = Mg + (1 — A) ™.

Consider h?*(yi,y;) = 0'R7™ (i, y;) + (1 — 0Y)R7™ (y;,y;) for all ¢ € {11,10,01,00}, z € {1,0}, and

i,7 € {1, -+, k}, where

)\(P1|O — W(rﬁin)

1
T NPuo )+ A NP — )
g0 _ A(Rm — P+ ")

APijp — Prjo + 7)) + (1 = A)(Pij1 — Prjo + 753™)’
1 — » >\7r(r)n1m

AT 4 (1 — \)gax’
90 — A(Poj — Wtr)qin)

A(Poji — mgi™) + (1 = A)(Pop — m53)

Then, {hf’A} solves 1' and 1) because these constraints do not depend on 7o1. It is left to prove that the set

of distributions {h;*} satisfies (A.5) for 73;. We demonstrate it for the first equality in (A.5) and the validity of



the remaining equalities follows similarly. We would like to show that Vi € {1,...,k} :
k k
Pr(Y =y, D =1|Z = 1) = (Pyjo — mo1) D b1y (¥i,95) + (P — Prjo + 7o) Y 7 (i )
j=1 Jj=1
Consider the first term and the second term on the right hand side of this equation separately:
k
(P1jo — mo1 Zh (Yi,y5)
j=1
A k
= [P = O™ + (1= 5] S [0 B i) + (1 = ™)AL (0, )]

j=1

k
)\ P1|O _701 Zhl mm yuyj +(1 _>\) PI\O —7"01 Zhl max yl7y]

j=1

k
(Pyjy — Pyjo + i) Z M (i, )

k
= [P = Pro + O™ + (1= M) D2 [0°R1™ (s ) + (1 = 0) 3™ (i, )]
j=1

k
ZA(P1|1—P1\0+71'01 Z hyy™™ (yi, v )+ (L =X (Pij1 = Prjo + 71 Zhl o (Yis yj)-

Summing and rearranging the two terms results in

k k
(Prjo —m01) by (9i, u3) + (Pun — Pujo + mo1) Y g (s 45)
j=1 j=1

k k
=X |(Pyo — moi" Zhlmm Yi,y;) + (Prp — Pro + w1 Z g™ Z/z,yj]
j=1 J=1
k
+ (L =) [(Prjo — o1 Zhl U W y5) + (Pip — Pro + w1 Z hiy™™ (yi, ys ]
Jj=1
APHY — gD 1Z 1)+ (1= X)-Pr(Y =y D= 11Z = 1) = PE(Y = yos D = 112 — 1),

where the last equality follows from the fact that {h}"™"} and {h;"™**} satisfy (A.5)) for 7f5™ and 7>, respectively.

We have therefore shown that {hf’x} satisfies lill for my; so that P* = [m‘)nf“,mﬂnlax]. We note that the

proof easily extends to the case with a continuous Y, where the sums would be replaced by integrals. m

In a similar manner, one can obtain sharp bounds on various ATEs or potential outcomes using the linear

programming tool whenever Y is discrete. Instead of searching for a feasible solution to (A.4)-(A.6), we would

search for a solution that minimizes (or maximizes) a linear functional of a set of conditional distributions {hf}

corresponding to the object of our interest (e.g. A¢, Ap=1,A, E(Y(d))).



A.1.2 Proof of the validity and the sharpness of the bounds on the ATEs within

principal strata

The proof consists of two steps. In the first step, we show that the bounds on the ATEs are valid. Secondly, we

show that these bounds are sharp.
Validity

We start by deriving the valid bounds on the mean potential outcomes within principal strata for mo1 fixed,
which contain the respective actual mean potential outcomes with probability one under the imposed assumptions.
For the sake of brevity, we omit conditioning on 7 in the mean potential outcomes and write E(Y (d)|T = t)
rather than E(Y (d)|T = t)(mo1) (for d = 1,0, ¢t = 11, 10,01, 00). Secondly, we use our bounds on the mean potential
outcomes given o1 to construct bounds on AY P (m1) and AFP (m1), the ATEs within principal strata given mo;.
Thirdly, since w1 is unknown, we obtain the upper and lower bounds on the ATEs within principal strata by

optimizing over mo1: AYE = SUD,. . ep= AVB(mp1) and AFE = SUD,, e AFB(m01) (for t = 11,10, 01, 00).

Assume, for the moment, that mo1 is fixed (albeit omitted in the notation in the subsequent discussion). Lemma
1 of Imai (2008), which applies Proposition 4 in Horowitz and Manski (1995) to the case that the upper and lower
bounds of the mixing probabilities of the principal strata are known, together with Imai’s Proposition 1, which
shows the sharpness of the bounds on the mean potential outcomes (and the ATE), implies that E(Y (1)|Z =1,T =

11) < Yi,1(max|gi}y) and E(Y(1)|Z = 0,T = 11) < Yp,1(max|gp}). Under Assumption 2, E(Y/(1)|Z = 1,T

11) = E(Y(1)|Z=0,T =11) = E(Y(1)|T = 11) and therefore,
E(Y()|T =11) < E(Y/(1)|T = 11)”” = min (Y1,1(max |g1)1), Yo,1(max |g5},)) -
In a symmetric way one can show that

E(y()IT=11) > EY(1)|T =11)"" = max (Y1,1(min |gi}), Yo,1 (min |g5})) ,
E(Y(0)|T =00) < E(Y(0)|T =00)"" = min (Y1,0(max |¢7%), Yo,0(max [¢00)) ,

E(Y(0)|T=00) > E(Y(0)|T =00)"? = max (Y1,0(min |¢{%b), Yo,0 (min |g]%)) .
Our assumptions do not provide any restrictions on Y (0)|7 = 11 and Y (1)|7 = 00, so that
EXY ()T =11)"" =¢"? < E(Y(0)|T = 11) < E(Y(0)|T = 11)V7 =4V,

and

E(Y ()T = 00)"" = y"" < E(Y(1)|T = 00) < E(Y/(1)|T = 00)"" = y"*.



Note that for any random variable W distributed as a two components mixture:

fw)=p- filw) + (1 —=p)- f2(w) pel0,1],

so that W = AW, +(1—A)W>, where f1, f2, and f are probability density functions of W1, Wa, and W, respectively,

and A denotes a random variable such that A € {0,1}, A L (W1, Ws2), A ~ Bernoulli(p), it holds that
EW)=p- EW)"? + (1 p)- E(W2)"?, (A7)

where E(W1) and E(W2) denote the expected values of the first and second components, respectively. Combining
this result with equations (1) to (4) we obtain bounds on the mean potential outcomes that are valid under our

assumptions:

Py - Yia — (Pyo —7o1) - E(Y(1)|T = 11)77 BE(y(1)|T = 10) < Py - Yia — (Pyo — 7o1) - E(Y(1)|T = 11)"7
Py — Pyjo + mo1 - Pyjy — Prjo + o1 ’
PO\O : YO,O - (PO|1 - 7TOl) : E(Y(O)‘T = OO)UB P()‘o . ?(),0 — (P0|1 — 7T()1) . E(Y(0)|T = OO)LB

IA

< = <
Py — Pijp + mo1 s BYOIT=10) < Py — Pyjo + mo1 ’
Piio - Yo — (Pyjo — CEB(Y()|T =11)V8 Piio - Yo1 — (Pijo — E(Y(D)|T =11)LB
1o - Yo,1 — (Prjo — mo1) - E(Y (1) ) < BT =o01) < Do Yo (Prjo — mo1) - E(Y (1)) ) 7
o1 o1
Py1-Yio— (Pyy1 — -EB(Y(0)|T = 00)V8 Py1-Yio— (Pyy1 — - E(Y(0)|T = 00)LB
o1 - Y1,0 — (Pojn — mor) - E(Y(0)] ) < BT =01 < o1 - Y1,0 — (Pojr — mo1) - E(Y(0)] ) .
o1 o1

We use the following compact notation to refer to these bounds, E(Y (d)|T = t)* < E(Y/(d)|T =t) < E(Y(d)|T =

t)VB d=1,0,t =10,01.
The bounds on the ATE within some stratum ¢ for w10 fixed are given by
AP (o) = [E(Y()IT=1)"" = B(Y(0)|T =t)""],
AP (mo1) = [B(Y()|T =t)"" — BE(Y(0)|T = )77,
where conditioning on 1o is now made explicit in the bounds.

Finally, since mo1 is unknown, the bounds on the ATEs within strata over all admissible 7p1 (which are shown

to be sharp further below) are obtained by the following optimization:

APP = sup AP (ro1) = sup [E(Y/(D)|T =6)"" — BE(Y/(0)|T = t)"7],
w1 EP* w1 EP*

AP = inf APP(mo) = inf [E(Y(D)|T =t)"F — E(Y(0)|T =t)V7],
To1EP* To1EP*

which for ¢ = 10,01 are equivalent to the bounds provided in the main text.



Since Y1,1(max [qi}), Yo,1(max |gg}), Yo,0(max |¢05p), and Y1 o (max |gf\p) are increasing in mo1, Sup,, | cp AP (701) =
AVB(75) and SUD ), e P ASE (o) = AP (n5@™). Moreover, since Yi1(min|gthy), Yo,1(min|ggh),
Yo,0(min [¢0%), and Y1,0(min |¢f%) are decreasing in mo1, infr, ep+ AP (mo1) = ALE (751™) and inf g, ep+ AfP (01) =
Agy (m6i™).

Sharpness

To demonstrate the sharpness of the proposed bounds, one needs to show that for each E(Y(d)|T =
t) € [B(Y(d)|T = t)L2, E(Y(d)|T = t)VP], d = 1,0, ¢t = 11,10,01,00, there exist distributions of T given
Z and of (Y(1),Y(0)) given T and Z that are compatible with a data generating process that satisfies
Assumption 2. As E(Y/(d)|T = t)*P and E(Y(d)|T = t)VP are the smallest and largest values of the
interval [E(Y(d)|T = t)*B, BE(Y(d)|T = t)V5], it is sufficient to prove the existence at those two extremes,
because the values of E(Y(d)|T = t) inside this interval can be achieved as convex combinations of the
probability distributions of T' given Z and the joint distributions of (Y'(1),Y(0)) given T and Z that generate
EY(d)|T = t)*8 and E(Y(d)|T = t)VP. The fact that the bounds conditional on my; are continuous in
w01 (as shown in Appendix and P* is an interval (as shown in Lemma implies that the identified
sets for the ATEs are intervals, too. We show that such compatible distributions can indeed be found so
that E(Y(1)|T = t) = E(Y()|T = t)Y5,¢t = 10,01,00, E(Y(0)|T = t) = E(Y(0)|T = t)VB,t = 11,10,01,
EY()|T =11) = E(Y()|T = 11)*8 and E(Y(0)|T = 00) = E(Y(0)|T = 00)~” hold under Assumption 2. To
this end, let hi(y(1),y(0)) = f(y(1),y(0)|T = t,Z = z) Dbe the conditional density of (Y'(1),Y(0)) evaluated
at (y(1),y(0)) given T =t and Z = z. For the sake of brevity, we refer to hi(y(1),y(0)) by hi. Consider the

following distributions of T given Z and (Y'(1),Y(0)) given T and Z:

Pr(T = 11|Z = 1) = Pr(T = 11|Z = 0) = Pyjo — 701,
Pr(T = 00|Z = 1) = Pr(T = 00|Z = 0) = Poj1 — 71,

(A.8)
Pr(T = 10|Z = 1) = Px(T = 10|Z = 0) = Py — Pyjo + 71,

Pr(T =01|Z = 1) = Pr(T = 01|Z = 0) = 701,
where mp1 € P*. This probability distribution satisfies Assumption 2(ii), as it does not depend on Z.

We will now introduce four different specifications for hf,¢t = 11,10,01,00,Z = 1,0, (henceforth denoted as
{hi}) that are (i) proper probability density functions, (ii) satisfy Assumption 2, (iii) are compatible with the data
generating process, and (iv) reach
Case 1 the lower bound on the ATE of t = 11 and the upper bound on the ATE of ¢ = 00,
Case 2 the upper bound on the ATE of ¢ = 11 and the lower bound on the ATE of ¢ = 00,

Case 3 the upper bound on the ATEs of t = 10 and ¢ = 01,



Case 4 the lower bound on the ATEs of t = 10 and t = 01.

Case 1

Let the function I{A} stand for the indicator function of a set A. Consider the following {h;}:

Hy(0) =y""}- fr(y()ID =1,Z =1,Y < Fy. (a1}h)) if Y1,1(min|gi}) > Yo,1(min|gg})

hiy = I{y(0) = yUP}. {ozhfy(y(l)lD =1,Z=1Y <Fy' (¢1h)) if ¥1,1(min|qi}) < Yo,1(min |g5})

+H1—al) iy (ID=1,2 =1,Y > F! (1 - ih)}

H{y(0) = y"7} - {a(l)lfy(y(l)lD =1,Z2=0Y< ijoll (204)) if Y1,1(min |gi}1) > Yo,1(min |gg)
hh = +(1—ad)fy ((DID = 1,2 =0,Y > Fy (1 - gb4)) }

Hy(0) =y""}- fy(y()ID=1,Z=0,Y < F%ll (401)) if ¥1,1(min |gi}1) < Yo,1(min |gg)

Hy(1) =y""}- fr(y(0)|D =0,Z = 1,Y < Fy. (%)) if ¥1,0(min |¢10) > Yo,0(min |¢0,0)
hoo = H{y(1) = yY5B}. {Oftl)on(y(OHD =0,Z2=1Y < F;ll(, (q%oo)) if Yl,o(min|q??o) < Yo,0(min |(I8,Oo)

+(1 - ad) fr(yO)ID =0,Z = 1Y > Fy;, (1 - %)) |

Hy() =477} {abofr (W(O)[D = 0,2 = 0,Y < g/ (af%))  if Yi,o(min |qf%) > Yo,0(min |q6h)
0
W = +(1 = afo)fy (WOID = 0,2 =0,Y > Fy (1 - g8%))}
Hy(1) =y""}- fr(y(0)|D =0,Z =0,Y < Fy! (400)) if Y1,0(min[g?h) < Yo,0(min [g8%)

(P1|1 — Pl\O + 7r01)_2 . (P1|1 . fy(y(l)‘D = 1,Z = 1) — (PI\O — 7r01) . fhhdy(())) if o1 > P1|0 — Pl\l
iZO = : (P0|0 : fY(y(0)|D =0,Z= 0) - (Po\l - 7"01) : fhgody(l))

arbitrary probability density function, (because w19 = 0) if o1 = Pyjo — Pij1-
71'0_12 . (P1|0 . fy(y(l)‘D = 17Z = 0) — (PI\O — 71'01) . fh(l)ldy(O)) if To1 > 0

héy = (Pop - fy ((0)|D =0,Z = 1) — (Poj1 — mo1) - [ hdody(1))

arbitrary probability density function, (because mo1 = 0) if mo1 = 0.

where we set mo1 to m51>* and the parameters

ol Y11(max|q 1) — }70,1(min\q 1)
" Yi1(max|[qi}) — Y11 (min |gf!)’
a0 _ YO 1(max |QO 1) 171,1(111111 \Q1 1)
H Ygl(max|q ) — 0’1(m1n\q )’
ak _ 1, o(max |qy 00) YO,O(HHH\QO 0)
o Yi,0(max %) — Y,0(min [¢f%,)”
N Yo,0(max |gp) — Y1,0(min [g}p)
” Yo,0(max [¢f%) — Yo,0(min [¢f%)”

are chosen so that the mean independence within principal strata holds.

(i) Proper probability functions. We have to check that these functions are proper probability density



functions. For hi; and h§ it is sufficient to verify that 0 < af < 1 for T = 11,00 and z = 1,0, because then all
functions hf; and hgy are products of two marginal probability density functions that are convex combinations of
two proper marginal probability density functions. We show this for «}; and the same argument extends to the

other parameters. The parameter o}, only occurs in ki, if ¥1,1(min|gi}) < Yo,1(min |gg}).

Suppose that the denominator of aji; is positive so that Yi1(max|qi) > Yi,1(min|gi}). As for the non-
negativity of iy, it is therefore sufficient to verify that the numerator is nonnegative. Assume the contrary, so

that Y1,1(max |gi}y) < Yo,1(min |gg}). Now we have that
Vi1(minlgi}) < Via < Vii(max|gry) < Yo,1(min|goh) < Yo < Yo,1(max|goh), (A.9)

where the weak inequalities follow from the definition of Y. 4(min|q} ;) and Y. 4(max |q 4).

Because 751 is an admissible value for w1, we know that there exists some set of proper probability densities

{h{*} that satisfy Assumptions 1 and 2 and are compatible with the data. Consider the value of E[Y (1)|T = 11]
that is implied by {h;*}, so that E[Y (1)|T = 11] = [[y(1)hii dy(0)dy(1) = [[y(1)h}?dy(0)dy(1). We have

proven the validity of the bounds for E[Y (1)|T" = 11], so it must hold that
max {ﬁyl(min \q%}l),YOJ(min |q5711)} < E[Y(1)|T =11] < min {ﬁyl(max |qill)7 Yoyl(max |qé}1)} .

This results in

Yo,1(min |go;) < E[Y (1)|T = 11] < Y3 1 (max|q1}),

which contradicts (A.9). We therefore conclude that Yo 1(min|gsh) < Vi,1(max|qi};) and consequently 0 < aj;.

As Y1 ,0(min |giy) > Yi,1(min |gi}) we obtain a1, < 1.

In the case that Y11 (max |qi}) = Y1,1(min|qi};), we immediately get that the upper bound on E[Y (1)|T = 11]

is smaller than the lower bound and this contradicts the admissibility of mo1.

Let us now consider hi,. It is a product of two marginal probability densities. Both the first and the second
parenthesis in the expression for hi, integrate to (Py1 — Pyjo + mo1), so it remains to verify that both marginal
probability density functions are positive.

Consider the first parenthesis, that is (Pij1 - fy (y(1)|D =1,Z = 1) — (P1jo — mo1) - [ hi1dy(0)), the marginal

P1jo—mo1

density of hl, with respect to y(1). Assume that ﬁ,1(min\q%}1) > %,1(min|q3}1). Because q%’ll = —Fn it

follows that the parenthesis,

(Pus - ryID = 1,2 = 1) = (Pyo = 701) - fy (y()ID = 1,Z = 1,Y < F' (al}))), i zero for y(1) <

F;lll (gi}) and equal to Pij; - fy (y(1)|D = 1,Z = 1) > 0 elsewhere.

Now assume Y71 (min |gi}) < Yo,1(min |gg}).



o If g1} < 0.5 so that F;lll (gih) < F;lll (1 — gi}), we inspect three cases:
(1) y(1) < F;lll (gth): the second component of the marginal distribution of hi; is zero and the fact that
0 < al; <1 guarantees the non-negativity of the parenthesis,

(ii) F;lll (gih) <y(1) < F;lll (1 —qi}): the marginal density of h{; is zero, so the parenthesis is equal to

P fy(y(DIZ =1,D =1),

(iii) y(1) > F;lll (1— qill): the first component of the marginal distribution of hi; is zero and the fact that

0 < ai; <1 guarantees the non-negativity of the parenthesis.

e If giy > 0.5 so that F'

I(Q%,ll) > F;lll (1 —qi}1), we also inspect three cases:

(i) y(1) < F;lll (1 — gt}): the second component of the marginal distribution of hi; is zero and the fact

that 0 < ai; < 1 guarantees the non-negativity of the parenthesis

(ii) F;lll (1-qih) <y(1) < F;lll (q1}1): both components of the marginal distribution of h{; are equal to

fr(y(1)|Z =1,D =1)/qt} and therefore the whole parenthesis becomes 0.

(iii) y(1) > F37111 (qi}1): the first component of the marginal distribution of h{; is zero and the fact that
0 < a}; <1 guarantees the non-negativity of the parenthesis.
The non-negativity of the second marginal of hi, follows in a similar fashion.
(ii) Mean independence within principal strata

We have to show that for a given type T' = t, the marginal probability densities of {hf} produce the same
expected values of the potential outcomes across z = 1,0. Let us consider hl; and h$;. Both probability density

functions lead to E[Y (0)|T = 11] = yY”. If Y1 1(min |gi}) > Yo,1(min|g5}), then

/ / y(Dhty dy(1) dy(0) = Y1 1 (min|gh),

and

[ vt amayo = [y {atir oD =12 =0y < 1 @4)
+(1 =)y W()ID = 1,2 =0,Y > Fy!, (1 - a5h)) dy(1) dy(0) }
= o You(mings}h) + (1 - afy)Voa (max |as})
= a(1)1 (Yo,l(min |Qé,11) - 170,1(max |q3,11)) + Yo,l(maXMé,ll)

= Yi1(min|gr)).
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Now if ¥1,1(min |gi}) < Yo,1(min |gg;), we have that
[ w8 dy1) dy() = Fo (min g1,
and

[ vt a0 = [y {ahip oD =12 =1y < 7 (@)
+(1 = al)fr )P = 1,2 =1,Y > F,!, (1 - aih)) dy(1) dy(0) |
= anYii(min|gry) + (1 — o11)Y1 1 (max [qi}h)
= aiy (Via(minfgih) — Yi,1(max |gi})) + Vi1 (max |gi})

= Yo, (min|gp)1).

Mean independence of potential outcomes within principal strata for "= 11,00 together with the definition of

{hi} in (A.9) guarantees that the mean independence within principal strata must also hold for 7" = 10, 01.
(iii) Compatibility with the data generating process. From the definition of {hi} (A.9)), it follows that
{hi} are compatible with the data generating process:
P Fr(DIZ = 1,0 = 1) = (Puyo — 7on) [ by dy(0) + (Pus = Puo +7or) [ Bhody(0),
Puo - fy(y(1)|Z =0,D =1) = (Pyjo — mo1) /h?l dy(0) + mo1 /h81 dy(0),
(A.10)

Popn - fy(y(0)|Z =1,D =0) = 7T01/h<1n dy(1) + (Pojr — 7T01)/héo dy(1),

Pojo - fy(y(0)|Z =0,D =0) = (Py1 — Pijo +7T01)/h(1)o dy(1) + (Pojp — Wol)/hgo dy(1).

The fact that {hi} are proper probability density functions and compatible with the data generating process

and that they satisfy Assumption 2 extends to Cases 2 — 4.
(iv) The upper bound on the ATE of 7' = 11 and the lower bound on the ATE of T = 00 are
attained. We have already shown in part (ii) that
B O =11) = [ [ 4Oy dy(1) dy(0) =
B WIT=00) = [ [ y(0hi dy(1) dy(0) = (A1)

B(Y(1)|T = 11) = / / y()hiy dy(1) dy(0) = max (Yo, (min gl ), Vi 1 (min [g})) |
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hold for z = 1,0. We can show in an analogous way that the following equation holds:
E(Y(0)|T =00) = //y(O)hSo dy(1) dy(0) = max (Yo,0(min|go}), Y1,0(min |g1p)) -

The first equality signs in each of the previous four lines in and follow from . The respective
second equations in the first and second lines follow from the fact that hq; is zero at y(0) # y¥? and that hoo is zero
at y(1) # yY”?. We recall the definition of Y. 4(min|¢t ;) = E(Y|Z = 2,D = d,Y < F;zld (¢f.4)) that motivates
the respective second equations in third and fourth lines. We now inspect the remaining mean potential outcomes

within principal strata. Because of mean independence within principal strata we obtain for both z =1 and z = 0:

E(Y(1)|T = 10)

[ v dya) ayco)
J[ v - (Pm @)D = 1,2 = 1) = (P — mon) - /hildy(ﬂ))

Pyjy — Pijo + o1

(Po.o I GO)D = 0.2 =0)— Py — o) - [ héody(l)) dy(1) dy(0)

e ] v (P B G0ID = 1.2 = ) = (Pio = m) - [ Hisay(0)) )

/ (Pojo - fy (y(0)|D = 0, Z = 0) — (Poj — mo1) - [ hiody(1))
Py — Prjo + mo1

P1\1 : 171,1 - (P1|0 — 1) - Max (Y0,1(min|qé}l),§7171(min |(I%11)>
Py — Prjo + mor '

dy(0)

The first equation follows from (A.9). In the second equation we plug in hiy. In the third equation we use the
fact that the part in the first parenthesis in the definition of hfy does not depend on y(0) and that the second part
does not depend on y(1). The last equation follows from (A.11]) and from the fact that the second integral is equal

to one. We obtain the following equations in an analogous way

Pojo - Yo,0 — (Pop1 — . Y; in|g9%),Y; in |¢?%
BT =10) = [[ yoio dy(tydy(o) = T Yoo = P Z o) e (Toolmin ), o min ald)
Pyj1 — Prjo + mo1
Pijo-Yo1 — (Pyjo — . Y, in|geh),Y; in g}
=0 = [[ yms ayayo) = oo =i = ron) e (o (i i) T (i i),
Pyj1 - Y10 — (Poj1 — : Yo,0(min |g0%), Y1,0(min |¢7
E(Y(0)|T =01) = //y(o)héldy(l)dy(O)z i ¥i.0 = (o =~ mon) ma’;slo’o(mmm(”‘))’ Lo(min|gio)

This demonstrates that E(Y (1)|T = t)V5,t = 10,01,00, E(Y(0)|T = t)V53,¢t = 11,10,01, E(Y (1)|T = 11)%5,
and E(Y(0)|T = 00)~Z are sharp bounds. Therefore, we have found distributions of the potential outcomes
(Y(1),Y(0))) given T, Z and Pr(T = t|Z = z), i.e. strata probabilities given Z (which are uniquely determined by
the value of o1 = 7(1>*), that achieve the lower bound on the ATE for ¢ = 11 and the upper bound on the ATE

for t = 00. In Appendix we show that if P* is non-empty, then 75" = min{Py o, Poj1} must be admissible.
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Sharpness of the bounds in Case 2 can be proven in an analogous way. Cases 3 and 4 follow similarly, but with
the important difference that the bounds are suprema (infima) of the bounds conditional on mp1. In these cases,

we also show that the suprema (infima) of P* are attained.

Case 2 By setting mo1 to mp1™", the distribution of the types to (A.8]), h: for ¢t € {11, 10,01,00} to

Hy(0) =y""}- fr(y()ID=1,Z =1,Y > Fy." (1 - q1})) if Y11 (max|gi}) < Yo,1(max [g5)1)

1 _ -
hi = Hy(0) = y""}- {aufy y(HID=1,Z=1,Y < FYl:,ll (¢ih)) if Y11 (max|qi}y) > Yo,1(max |gg))

+1—al) iy (p(ID=1,2 = 1,Y > F7', (1 - aih)}

I{y(0) = y"P}. {a(l)lfy(y(].)|D =1,Z=0,Y < F;oll (qé}l)) if Y1 1(max |q{11) < Yo,1(max |qé,11)
0 _
= +(1 = af)fr W()ID = 1,2 =0,Y > Fy! (1 - ab})) }
Hy(0) =y""} - fr(y(D)ID =1,Z=0,Y > Fy.! (1 —gq11)) if Y11 (max|gi) > Yo,1(max [g5)1)
H{y(1) = ?JLB} “frwO0)D=0,Z2=1Y > Fy, 0(1 - Q?,Oo)) if E,O(maﬂqg?o) < Yg’o(max|q8?0)
hoo = H{y(1) = y*P} - {aéofy(y(O)ID =0,Z2=1Y < Iy (%)) if ¥1,0(max |¢7%) > Yo,0(max [q5p)

+(1 - ad) fr(yO)D =0,Z = 1Y > Fy;|, (1 - i%)) |

Hy(1) =7} {abofy OID =0, =0,Y < F! (68%)  if Vao(max |afh) < Voo(max faf)

0
heo = +(1 = afo)fy (H(O)ID = 0,2 =0,Y > Fy! (1 - i)}

Hy()) =y""} fr(y(0)|D=0,Z=0,Y > Fy| (1-q5%)) if Y1,0(max |¢70) > ¥o,0(max |5

and hi for t = 10,01 and z = 1,0 to values as defined in (A.9), where

Ot}1 _ Y 1(max\q1 1) on,l(l“ﬂfjtx|CIO,1)7
Vi1 (max|gf)y) — Y11 (mingi})
ol = Yo,1(max |go)}) — 3?1,1(m§X|qi11)7
V0,1 (max |q L) — Yo,1(min \qé}l)
oly = Y1,0(max |g} 00) _ }_fo,o(méﬂqg%)’
Yl,O(maX |Q100) —Y3,0(min ‘qg)f)o)
oy = Yo,0(max ggn) — 3?1,0(mf.iX |q(1)?0)7
Yo ,0(max |q b) — Yo,0(min \QB,%)

one obtains the lower bound on the ATE for ¢ = 11 and the upper bound on the ATE for ¢ = 00.

Case 3
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For a given value of o1, h: for ¢ = 11,10,01, 00 is set to

Hy(0) =y""}- fry()ID =1,Z =1,Y > F3." (1 - q1}1)) if Y1,1(max |g11) < Yo,1(max g0,

1 _ -
hi = I{y(0) = ZJLB} : {allfy y(DID=1,Z=1,Y < Fyl,l(‘h,l)) if Yl,l(maX|Q%,11) > YO,l(maX|Q(l),11)

+1—al)fy(y(ID=1,Z2=1,Y > Fy! (1 - q%h))}

H{y(0) = y*#} - {aSi fy ((DID = 1,2 = 0, < Fy! (ab4)) if V1,1 (max[gi}h) < Yo, (max |g5})
hh = +1 = o)y (p()ID = 1,2 =0,Y > F!, (1 - gih)}

Hy(0) =y""} - fy(y(D)ID =1,Z=0,Y > Fy.! (1 —g511)) if Y1,1(max |gi}) > Yo,1(max|gq1)

Hy(1) =y""}- fy(0)|D=0,Z2 =1,Y < Fy.! (7)) if Y1,0(min |¢70) > Yo,0(min |¢0,)
hoo = { IHy(l)=y""}- {aéofy(yw)lD =0,Z=1Y <Fy (a1%)) if Y1,0(min |¢?%) < Yo,0(min [g8%)

+(1 = ado) fr WO)ID = 0,7 = 1,Y > Fy,! (1 - ¢i%)) }

H{y(1) =y""}- {aSOfY(ym)lD =0,Z=0,Y < Fy! (40%)) if ¥1,0(min [g%) > ¥o,0(min [g5%)
0 _
hoo = +(1 = afo) fy (W(O)ID =0,Z =0,Y > Fy! (1 - q8%))}
Hy(1) =y""}- fy((0)|D=0,Z =0,Y < Fy! (400)) if ¥1,0(min [g7p) < Yo,0(min |g0)

(Pi1 — Pijo+7m01) 2+ (P - fy(y(1)|D =1,Z = 1) = (P1jo — mo1) - [ hi1dy(0)) if mo1 > Pyjo — Pia

o = “(Pojo - fy(y(0)|D = 0,2 = 0) = (Pojy — ma1) - [ hody(1))
I{y(0) = LB} I{y(1) = yUB} if mo1 = Pyjo — P11
(P1|0 fy ‘D = 1 7 = 0) (PI\O — 71'01) . fh(l)ldy(O)) if o1 > 0
hey = “(Pop - fy ((0)|D =0,Z = 1) — (Poj1 — mo1) - [ hdody(1)) ;
H{y(0) = y*P} - I{y(1) = y""} if w01 = 0.
where
ol _ Y7,1 (max “h 1) YO 1(max |(I0 1)
" Y11 (max|gly) — Vi1 (minql})’
o0 = Yo,1(max |go)) — 3?1,1(ma><|q )7
Yo, 1(maX|q ) — YO,I(mln‘q 1)
ol _ 1_/'1,0(max ‘Q1 0) }:/0, o(min |q8,00)
0o Yi1,0(max [¢9%) — Y10 (mn|q(1)f)0)’
NI Yo,o(max\q ) — Yio (mn|q??0)
0o Yo,o(max\q V) — Yoo (m1n|q8?0)’

entails the upper bounds on the ATE for ¢ = 10 if mo; maximizes (7) and the upper bound on the ATE for
t = 01 if mp1 maximizes (8). Note that because the bounds conditional on mo1 are continuous in mo1 (as shown in
Appendix |A.1.4)) and P* is an interval (as shown in Lemma 7 we get that the maxima of P* are attained by the

extreme value theorem.

Case 4
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Hy(0) =y""} - fr(y()ID=1,Z=1Y < Fy,! (a1})) if Y1,1(min[gi}y) > Yo,1(min|gg})
hii = H{y(0) = yUB}' {ath(y(lﬂD =1,Z2=1Y< ijlll (Q%ll)) if 171,1(min|q%}1) < ¥p,1(min |Q(1),11)
+1—al) iy ((ID=1,2 = 1,Y > F', (1 - b))}
I{y(0) = y""}- {a(l)lfY(y(l)lD =1,Z2=0,Y < Fﬁfl (461)) if Y1,1(min |gi}1) > Yo,1(min |go)
hh = +1 = o)y (p(DID = 1,2 =0,Y > F!, (1 - gih)}
Hy(0) =y""}- [y (y()ID =1,Z =0,Y < Fy (401)) if Y11 (min |gi},) < Yo.1(min |5
H{y(1) =y*?}- fy(y(0)|D=0,Z=1,Y > Fy, (1 - qg?o)) if ﬁ’o(max|q?700) < Yo,o(max|q8700)
hoo = I{y(1) = y"P} - {aoon(y(0)|D =0,Z=1Y < F;l%o(q(f?o)) if Y1,0(max [¢{%) > Yo,0(max|g0%)
+(1 = abo)fy WOID =0,Z = 1,Y > Fy! (1 - qf%))}
Hy(1) = y*P} - {aBOfy(y(O)ID =0,2=0,Y < F;(io(qg?o)) if ¥1,0(max |¢7%) < Yo,0(max [qg'p)
ho = +(1 = afo)fy W(O)ID = 0,2 =0,Y > Fy! (1 - q8%))}
Hy() =y""} - fr(y(0)|D =0,Z =0,Y > Fy.! (1 - q0%)) if ¥1,0(max [q1) > Yo,0(max |¢6.0)
(Pijy = Prjo +m01) 2 - (Paa - fy (y()|D = 1, Z = 1) = (Prjo — mo1) - [ hi1dy(0))  if mor > Prjo — Pipn
o = : (P0|o “fy(w(0)|D =0,Z =0) — (Po\l — mo1) - fhgody(l))
Hy(0) =y""} - {y(1) = y""} if mo1 = P1jo — P11
(P1|0 fry)|D=1,Z=0) - (P1\0—7r01)-fh(1)1dy(0)) if mo1 >0
ho = (Pop - fr(y(0)|D =0,Z = 1) — (Pop — mo1) - [ hiody(1)) ’
Hy(0) = y""} - H{y(1) = y* 7} if 701 = 0,
where

Consider the following conditional densities

1 371 1(max \(h 1) Yl o(mln |Q1,0)
Q11 = % S TR
1,1(max |g7h) — Y11 (min gi})

0 Yo,1(max |gg1) — Y11 (min [gi})
a1 = v S TR
0,1(max g5l ) — Yo,1(min [g5)

ol Y1 0(max |¢?%) — Yo,0(max ¢0%)
00 - < )
Yl,O(maX|Q1 0) Y1,0(min ‘Q?SJO)

o Yo,0(max |g8in) — Y1,0(max %)
0 Yo ,o(max |g0%) — Yo,0(min [¢0%) ’

entails the lower bound on the ATE for ¢ = 10 if 7o, minimizes (7) and the lower bound on the ATE for ¢ = 01

if mo1 minimizes (8). The bounds conditional on 7o are continuous in 7o (as shown in Appendix [A.1.4)) and P*

is an interval (as shown in Lemma7 so that the minima of P* are attained by the extreme value theorem. This

ends the proof. B
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A.1.3 Identified set for the proportion of defiers based on moment inequalities

From the construction of {hf{} in Appendix we note that, if P* is non-empty, so that there exists
at least one value of mo1 that is admissible, then 7p7™ = min{Pio, Poj1} must also be admissible. The
reason is that Yo 1(min|gsh), Yo,1(min|qt}), ¥1,0(min|¢f%) and Yo,o(min|gd%) are non-increasing in mo1 and

Yi,1(max |gih), Yo,1 (max |g5h), Yo,0(max |g0%) and Yio(max|q)}) are non-decreasing in mo1. Therefore if the

following four inequalities hold for a particular value of 7{y,

Yo,1(min |go)1) < ¥1,1(max |g})
Yl,l(min|q%}1) < }_/O,l(maXW(l),ll)
(A.12)

Y1,0(min|g1p) < Yo,0(max|go.o)

Yo,0(min o) < V1,0(max [¢7%)
then they must also hold for any mo1 > 73;.

The inequalities guarantee that 0 < af < 1 for t = 11,00 and Z = 0,1 and hence the possibility of
constructing {h7} as outlined in . This makes any mo1 < 71~ admissible and therefore (A.12)) provides a
sufficient condition for w91 € P*. But at the same time, for an admissible value of 71, inequalities must
hold so that the upper bounds of E[Y (1)|T = 11] and E[Y (0)|T" = 00] are larger than the lower bounds, such that
is a necessary condition for mp; € P*. This shows that, given that mo1 € P, is a necessary and

sufficient condition for the admissibility of w91 under Assumptions 1 and 2, that is mo1 € P~.

A.1.4 Continuity of bounds on the ATE for compliers and defiers in the share of

defiers

Here we prove the continuity of the upper bound on the ATE for compliers conditional on m1. The continuity of
the other bounds on the ATE for other principal strata follows similarly. We make the dependence of quantiles on
the value of mp1 explicit. The quantiles q;d are continuous functions in mp1, the trimmed means are continuous in
quantiles and therefore it is sufficient to verify cases when the denominator in the analytic expression E[Y (1)|T = 10]

for is zero. Therefore we have to show that

lim E[Y (1)|T = 10)(r01) = 3",

mo1—(P1jo—P1j1) T

for any admissible value of mo1.
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Py
P10

S . S . P
Note that q%}l(Pl‘o —Pyp)=1and qé}l(P1|0 - Pip) = . If Y1,1(min |1) > Y51 (min \#:;)

P1|1 'Y1,1 - (Pl\o - 71'01) - max (Y1,1(min |q%,11(7701)),§70,1(min |Q3,11(7T01)))

lim
01— (P1jo—P11) 7t Py — Prjo + mo1
v . 11 11
N/ : 11 OY1,1(min gy 5) 9911
Yi.1(min by — (Prjo — mo1) ———11———~ 7
) 1,1( |‘Z1,1( 01)) — ( 1/0 01) BqlL, dm01
= lim :
o1 —(Pyjo—P1j1) T 1

_ . 1
= )/1’1—(P1|1) (H,l_yUB) (_P > :yUB7
11

where the first equation follows from the I’Hospital rule and in the second we used the definition of the trimmed

Py

1 Py
P10

P10

mean. If Y7 1(min|l) < Y51 (min|52), then we get that Y7 1(min|l) = ¥31(max|l) < Yp,1(min|52), which
contradicts the admissibility of mo1 = Pijo — Pyj1, because then the upper bound for E[Y (1)|T" = 11] is smaller than

its’ lower bound.

Using the same argument we get that

lim E[Y (0)|T = 10](r01) = y*Z,

mo1—(Pyjo—P1j1) T

and this leads to

AUB _ UB LB
im 10 (mo1) =y = —y~ .
mo1—(Pyjo—P1j1) T

The intuitive argument is that we could have chosen the parametrization differently. Instead of expressing the
bounds in 71, we could have expressed the bounds in 711 or mpo and in such case, we would not get zero in the

denominator for the analytic expression for the bounds on compliers but for alwaystakers or nevertakers.

A.1.5 Proof of the validity and the sharpness of the bounds on the mean potential

outcomes E(Y (1)), E(Y(0))

We only demonstrate sharpness of the upper bounds on E(Y (1)), E(Y(0)), as the proof for the lower bounds is
symmetric and therefore omitted. The proof consists of three steps. In the first step, we show that for mp; fixed,
the upper bounds on E(Y (1))VE, E(Y(0))VF in expressions (9) and (10) in the main text are valid in the sense
that they are weakly greater than E(Y (1)) and E(Y (0)), respectively, with probability one. In the second step, we
prove that these upper bounds are sharp conditional on mp1 by showing that there exists a distribution of T" given
Z and of (Y(1),Y(0)) given T and Z (for T'=11,10,01,00 and Z = 1,0) that is compatible with a data generating
process satisfying Assumption 2 and at the same time yielding E(Y (1)) = E(Y (1))Y% and E(Y(0)) = E(Y(0))Y5.
Thirdly, since 71 is unknown, the sharp upper bounds over all admissible o1 are (by the virtue of the extreme value
theorem and the continuity of the bounds in 7o as shown in Appendix obtained by taking the supremum

of the conditional upper bounds w.r.t. 71, which is shown to be achieved at mo1 = mii™.
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We start the proof by showing that for w1 given,

BEY (1) <EYQ)" (o) = (Pop—mo1) y"" = (Pijo — mo1) - max (Y31 (min g 1), ¥o,1 (min |g51))

+ P1|0'Yo,1 -5-1’:)1\1'171,17

E(Y(0) < E(Y(O))UB(W(H) = (Pijo —mo1) - yUB — (Poj1 — mo1) - max (Yo}o(min |q8?0),)71,0(min \q?%))

+ Popo- Yo,0 + Py - Y10,

so that the upper bounds are valid. For the sake of notational convenience we omit (7mo1) in the subsequent

discussion. Note that by the law of total probability,
E(Y(0)) = m1 - E(Y(0)|T = 11) 4 w10 - E(Y/(0)|T = 10) + 701 - E(Y (0)|T = 01) + moo - E(Y (0)|T = 00),

which, using equations (3) and (4), can be written as

E(Y(0)) = m1 - E(Y(0)|T = 11) + Poj - Yo,0 — moo - E(Y (0)|T' = 00)
+ Popy - V1,0 — o0 - E(Y (0)|T = 00) + 7o - E(Y (0)|T = 00)
=711 - E(Y/(0)|T = 11) — mo0 - E(Y (0)|T = 00) + Pojo - Yo,0 + Poj1 - Y10 (A.13)
= (Pjo — mo1) - E(Y(0)|T = 11) = (Popp — wo1) - E(Y/(0)|T = 00)

+ Pyjo - Yo,0 + Poj1 - Yao.
Similarly,

E(Y(1) =m1 - E(Y(1)|T = 11) 4+ m0 - E(Y (1)|T = 10)

+ o1 - E(Y/(1)|T = 01) + 700 - E(Y (1)|T = 00)
(A.14)
= (Pop — 701) - E(Y()|T = 00) = (Pyjo — m11) - E(Y(D)|T = 11)

+ Pip Yia+ Py - Yo1,

where we use equations (1) and (2) to go from the first to the second line.

It is easy to see that E(Y(0))YZ is a valid upper bound for E(Y (0)):

B(Y(0)"? —EXY(0) = (Piyo—mo)- ("% - EXY(0)|T =11))

+  (Pojp — 7o1) - (E(Y/(0)|T = 00) — max (Yo,0(min |50, Y1,0(min 1)) > 0,

because (Pijo — mo1) > 0, (Poi — mo1) > 0, yV? > E(Y(0)|T = 11), and, as already shown in Section |A.1.2]
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E(Y(0)|T = 00) > E(Y(0)|T = 00)*" = max (Yo,0(min |¢0%), Y1,0(min|¢!%)). In a similar way one can prove the

validity of E(Y (1))Y5.

To demonstrate sharpness we need to show that for each E(Y(d)) € [E(Y(d)*Z, E(Y(d)VE],d = 1,0
there exist principal strata proportions Pr(T = t|Z = z) : ¢ = 11,10,01,00,z = 1,0 and potential outcome
distributions f(y(1),y(0)|t,z) : T'= 11,10,01,00, Z = 1,0 that are compatible with a data generating process that
satisfies Assumptions 2. As E(Y (d))“?, E(Y(d))V2,d = 1,0 are the smallest and largest values of the interval
[B(Y(d)*B,E(Y(d)Y?], it is sufficient to prove the existence at those two extremes. The reason is that the
values of E(Y(d)|T = t) inside this interval can be achieved as convex combinations of the potential outcome
distributions f(y(1),y(0)|t,z) : t = 11,10,01,00,z = 1,0 that generate E(Y (d)|T = t)* and E(Y (d)|T = t)V5.

For the upper bound, one therefore has to show that such distributions exist so that E(Y(d)) = E(Y (d))"".

To this end, reconsider and , which have been shown to be consistent with the data generating
process (see Section [A.1.2)), satisfy Assumption 2, and give

/ y(O)hiy dy(1) = B(Y (0)|T = 11) = 4"

/ y(1)hi0 dy(0) = E(Y (1)|T = 00) = 47,

/y(l)hil dy(0) = E(Y (1)|T = 11) = max (Yo 1(min |go};), Y11 (min |g1})) ,

and

/y(O)h(z)O dy(1) = E(Y(0)|T = 00) = max (Yg,o(min |q8700)7 Ylyo(min |q??o)) .

Therefore, (A.8) and (A.9) imply E(Y (1)) = E(Y(1))Y® and E(Y(0)) = E(Y(0))Y?, which proves that they are

sharp for a given value of 7.

Finally, to obtain the upper bound on FE(Y(0)) over all admissible values of w1, we show that
E(Y(0))YB(m01), where we now make conditioning on mo1 explicit again, is a decreasing function of 71 so that
E(Y(0)VE = SUP,, | e [E(Y(0)YE(n01)] = BE(Y(0))VB(#gi™). In an analogous way one can demonstrate that
E(Y(1)VB = SUP,. ., ep= [E(Y()YB(m01)] = E(Y(1))VE (75™), which is omitted for the sake of brevity. We first

rewrite E(Y(0))Y5 (mo1) as

(Pijo — mo1) - yP — (Poj — mo1) + Yo,0(min|g0%) + Pojo - Yo,0 + Pojr - Yio

E(Y(0)""(r1) = min ) ) )
(Pl\o — To1) - yUB - (P0|1 — mo1) - Y1,0(min |q?,00) + Po\o Yoo+ P0|1 “Yio
] B (0)7"(701)
= min
E(Y(0))5* (mo1)

Note that if Y is a random variable with a continuous probability density function, the trimmed means
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Y. 0(min |¢2%) are differentiable in quantile ¢°%, because the quantile is differentiable in mo;. We can therefore

verify that both E(Y (0))Y 5 (mo1) and E(Y(0))5 5 (m01) are decreasing in mo1.

OE(Y (0)Y5 > . 0Y0,0(min |gJ%

OECUODEE  (Foominaf) — 572 — (Pop — o) - 2102000 100) g
and

AE(Y (0)YB — . AY1 o(min |¢9°

OEQONT _ (1 (minlaf%) — 4°2) ~ (P — 7o) - 222001000

9Y1,0(min |¢9%)

3 (the marginal decrease
01

The two inequalities are always satisfied, because 0 < (Pyj; —mo1) < 1 and
in Y 0(min |q2?0) due to a marginal increase in 71 ), albeit always negative, cannot be larger in absolute terms
than the difference of Y, o(min |q2,00) and the largest possible value yYZ. Since the minimum of two monotonically
decreasing functions is itself a monotonically decreasing function we conclude that sup,  cps[E (Y (0))YB (m01)] =

E(Y(0))VZ(75i™), because P* is a compact set. This ends the proof. W

A.1.6 Comparing our bounds to Manski (1990)

This section compares our bounds under mean independence within strata to those of Manski (1990). First, we

write Manski’s upper bound, denoted by AYZ, in our notation as

AbE = min(Py; - Y11+ Poj '?JUB,PUO Yo1 + Pojo - y“")

—  max(Poo - Yo,0 + Pripo 'yLB7P0\1 Y10+ Pi -y ).

In order to see the differences between Manski’s bounds and ours, consider the case where positive monotonicity is

consistent with the data (Py; > Pyo, which implies Pyjo > Pyj1). We have thatﬂ

Plll'YLl“‘PO\l'yUB§P1|0'570,1+P0\0'yUB

Pijo 5 Py -
Py — P YU < (P — P = - A.15
( 1|0 1\1) Yy > ( 1|0 1|1) <P1‘0 — P1|1 0,1 Puo — Pl\l 1,1 ( )
P, — P —
v, 1Moy Ty
Pyjo — Py Pyjo— Py

.. . . P - P - L. . .
This is always satisfied since P 110 HE -Y7,1, which is a weighted difference of two means, cannot

_ ey T
o—P11 0,1 Prjo—P1)1

be higher than yY?, which is the largest value that Y can theoretically take. A symmetric argument can be used

to show that max(Pojo - Yo,0 + Prjo - y*7, Poj1 - Yo + Pi1 - y*P) = Pojo - Yoo + Prjo - y*7.

!Note that the sign of the inequality changes from the second to the third line because Pyjg — Py)1 is negative.
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Therefore, AYZ simplifies to
A%]f = (Pl\l Y1+ Fopx 'yUB) - <P0|0 Yoo+ Py - ?JLB> .
On the other hand, since Yo 1(min |q(1)}f0) = Yo,1 and Y1 ,0(min |q??0’0) = Y10, our upper bound becomes

AV = (Pm “Yi1+ Py - Yo1 — Py - max(Y7,1 (min \qill’OL Yo,1) + Pojp - yUB)

— (Po\o Yoo+ Pop - Yio— Py - min(Yp,0(max \qg%o), Yio) + Py - yLB) .
This implies that

AYP — AYT = Py - (max(Y1,1(min |g; %), Yo1) — Yo.1)
i i i (A.16)
— Pyj1 - (min(Yo,0(max |gg ), Y1,0) — Yi,0) <0

It is easy to see that AP = AYZ unless either Y ; (min |qi11’0) > Yo,1 or Yp0(max |qg?0’0) < Yi,0 (or both) is
satisfied. As discussed in Section 3.2, any of these inequalities can be interpreted as a violation of Assumptions 2 and

3. This shows that Manski’s and our bounds are the same unless we detect a violation of the LATE assumptions.

A.1.7 Comparing our bounds to Kitagawa (2009)

To compare our bounds to those proposed in Kitagawa (2009), we need to introduce some extra notation. Let

() = fly,D=1Z=1), po(y) = f(y,D=0]Z=1),
a(y) = fly,D=1Z2=0), qly)=f(y,D=0/Z=0),
0 = / max(p1(y), q1(y))dy, o = / max(po(y), qo(y))dy,

A= /min(pl(y%ql(y))dy, Ao =/min(po(y)7qo(y))dy-

Moreover, Kitagawa (2009) defines the a-th left- and right- trimming of a nonnegative integrable function g : Y — R.
Let ¢l = inf {t : f[yLB 4 g(y)dy > a} and ¢! = inf{t : f[z JUB] g(y)dy > a}. The a-th left- and right- trimming

functions are

(@ely) = g(y)-f{y>qff}+</[ g(y)dyoe>-1{y—qf§},

LB qlt]

—~
o
=
°3
<
<
N
I

9(y) - Hy < ¢i'} + </[ s, 9(y)dy — a) Hy =g}

Notice that those functions degenerate to zero for o > [ g(y)dy, sum up to g(y) and integrate to [ g(y)dy — a.
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Given this notation Kitagawa’s bounds on A can be written in a compact way as

Ak = min(l—61,00)-y"" +/y1 -(max(p1(y), q1(y)) + (Min(p1(y), 91(¥)min(1—s1,20))4Y
— min(1 —do, M) - / - (max(po(y), qo(y)) + (min(po(y), 9o (y)))in(1—50,11))4Y
AEE = min(1 =61, o) - +/y1 (max(p1(y), ¢1(y)) + (min(p1(y), ¢1(¥)) ) min(1—61,70) )Y
= min(1 = 0. 0) 577 = [ g - (max(po(v). a0(u) + (mino(w): (5))) im0

For the comparison we will only consider the upper bound, a symmetric argument holds for the lower bound.

For the same reason we only consider the case of Pi|; > Pjjp. Our upper bound on A can be rewritten as

AP = Py 'yUBJr/yl - (max(p1(y), ¢1 () + min(p1 (y), q1 (y)))dy

- Pyo- max(Y7, 1(m1n\q11 0) Yo1)

~ Pyt / o - (max(po(y), g0(y)) + min(po(y), do(v)))dy

+ Py - mm(YOO(max\qOOO) Yi,0).

Therefore, the difference between Kitagawa’s upper bound and ours is

AVE _AYE = (Byy—min(l - 61, 00)) -V + / g1 - min(ps (y), 41 () dy
- /yl - (min(p1(y), 41 (¥)))smin(1—51 Aoy @Y — Pajo - max(Ya 1 (min |1 4°), Yo,1)
—  (Pijo —min(1 — do, A1) -y — /yo ~min(po(y), qo(y))dy (A.17)

+ /yo < (min(po(¥), 4o(y)))min(1—s0,21)dY + Poj1 - min(¥o,0(max|gg ), ¥1,0) > 0

We now show that this inequality is always satisfied. First of all, we demonstrate that
(P0|1 — min(l — 61, Ao)) . yUB — (Pl\O — min(l — 50, Al)) . yLB 2 0

In order to do so, it is sufficient to show that Pjjg — min(1 — do, A1) = Ppjy — min(1 — d1, Ao) > 0 Kitagawa (2009)
proves that Pij1+Pyjo = 61+ A1 and similarly, one can show that Pyjo+Foj1 = do+Xo. Thus, Pyjg—A1 = Poj1 —(1—01)
and Pyj; — Ao = Pyjo — (1 — o). Moreover, from 81 + A1 + do + Ao = 2, we have (1 — 1) — Ao = A1 — (1 + Jo), which
implies (1 —d1) > Xo = A1 > (1 — o) and (1 —81) < Ao = A1 < (1 — o). Therefore, Pjjg — min(1 — do, A1) =
Py — min(1 — 61, Ao). Finally Pjjo > A1 by construction and Pyjo > (1 — do), since Pyj; > Ao by construction and

P(]‘l*A():P”O*(l*(s()).
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To end the proof, we need to show that

( / yr - min(pr (3), 01 (4))dy — / o - (min( (), @ <y>>>i;m<1_51,xo>dy) — Pijo - max(¥1.1 (min [g!}), ¥o.1) > 0,

Pojy - min(Yo,0(max [q0°), Y1,0) — (/yo -min(po(y), go(y))dy — /yo : (min(po(y),qo(y)))lifin(lfao,mdy> > 0.

From the results of Kitagawa it follows that [ 1 - min(p1(y),q1(y))dy — [ y1 - (min(p1(y), 1 (y)))ffqina,éhko)dy is
the upper bound for E(Y,D = 1|T = 11) while from our results it follows that P;jo - max(Y1,1(min |g; ;"), Yo.1)
is the lower bound on the same parameter, therefore the first inequality is always satisfied. Similarly, [yo -
min(po(y), q(y))dy — [yo - (min(po(y), 90 (¥)))min(1—s50,2,)4¥ is the lower bound for E(Y,D = 0T = 00), while

Pyj1 - min(Yp,o(max |qgf)(;0)7 Y1,0) is the upper bound on the same parameter. This ends the proof.

An important result of Kitagawa (2009) is that under full independence of the instrument and the potential
outcomes/treatment states, monotonicity does not hold if one or both of the following inequalities are violated for

some y € V:

p1(y) =2 a1(y), qo(y) 2 poly) Vye. (A.18)

However, under the satisfaction of (A.18]), Kitagawa’s bounds are equivalent to Manski’s (1990), which are in turn
equivalent to ours, because (A.18|) implies the satisfaction of Assumptions 2 and 3 (mean independence within
strata and monotonicity). Therefore, only if (A.18) is violated, the inequality in (A.17) becomes strict (and turns

into an equality otherwise).

A.1.8 Order of the bounds on the treated, non-treated and the entire population

w.r.t. their tightness

First of all, note that A%Z, > AYB immediately implies that ALZ, < AEB since the bounds are symmetric.

Moreover,

AYE AP = AUE —Pr(D=1)-A%E, —(1-Pr(D=1))-AYE,,

= Pr(D=0)-(A%E, — AUE),
and

APB— AV = AP —Pr(D=0)-A%EZ, — (1 -Pr(D=0))-A%E,,

= Pr(D=1) - (AY%E, - A%E)).
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Therefore, AYB, < AUB, implies AYE, < AVE <« AYB and AEB, < A < ALB|. The converse is true if

AY%E, > AY%B,. This ends the proof.

A.2 Monotonicity

A.2.1 Proof of the sharpness of the bounds for the always takers

Under monotonicity and Assumption 2, E(Y (1)|T = 11) is identified by Yp,1. Since monotonicity does not impose
any restrictions on the distribution of Y'(0)|T = 11, E(Y(1)|T = 11)V? = yY? and E(Y(1)|T = 11)1P = y*B.

This implies that AYP and AFP are the sharp upper and lower bounds of Aj;.

A.2.2 Proof of the sharpness of the bounds for the never takers

Under monotonicity and Assumption 2, E(Y (0)|T = 00) is identified by ¥7,0. Since monotonicity does not impose
any restrictions on the distribution of Y (1)|T = 00, E(Y (0)|T = 11)V8 = yYZ and E(Y(0)|T = 11)LP = 4~&.

This implies that ASE and ASE are the sharp upper and lower bounds of Ago.

A.2.3 Proof of the sharpness of the bounds on the mean potential outcomes E(Y (1)),

E(Y(0))

Under monotonicity, 711 = Pijo, oo = Poj1, E(Y/(1)|T = 11) = Yo,1 and E(Y(0)|T = 00) = Y1,0, so that equations
(A.13) and (A.14) simplify to

E(Y(0)) = Puo-E(Y(0)|[T =11) + Pyjo - Yo,0,

BE(Y(1)) = Pop-E(Y(1)|T=00)+ Py - Y.

The only unidentified element of E(Y(0)) is E(Y(0)|T" = 11). Therefore, its sharp upper and lower bounds are
obtained by substituting E(Y (0)|T = 11) with E(Y(0)|T = 11)V8 = yU5 and E(Y (0)|T = 11)~F = y*5, respec-
tively. Similarly, the sharp bounds upper and lower bounds on E(Y (1)) are obtained by substituting E(Y (1)|T =

11) with E(Y(1)|T = 11)V2 = Y8 and E(Y(1)|T = 11)*8 = 4B respectively.
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A.3 Mean dominance

A.3.1 Identified set of the proportion of defiers under mean dominance based on

linear programming

Assumption 4 together with Assumption 2 (i) can be rewritten as

E[Y(d)|T=10,Z=0] > E[Y(d)|T =t,Z =0] Vde {0,1}, ¢ € {11,00},

and the corresponding additional restrictions on h (recall that h(y;,y;) = Pr(Y(1) = v;, Y (0) = y;|T =t,Z =

z)) are

k k k k
ZZyihéo(yuyj) > Zzyih(l)l(yivyj)v

=1 j=1 i=1 j=1
k k k k
DD wih (o y) =YY yiho (i, vi),s
7,:1 ]:1 z:l ]:1 (A19)
D> wiha Wiyi) = D> wiho' (v vi),
i=1 j—1 i=1 j—1
k k k k
D> uiha Wi yi) = D> > yiho (i, i)
i=1 j—=1 i=1 j—1

If there exists a solution to (A.4) — (A.6)) and (A.19) for a given value of the defier share mo1, then such a 7o is
admissible. Note that the sharp identified set for the share of defiers under Assumptions 1, 2, and 4 is an interval

because the mechanism of the proof of Lemma [I] applies.

A.3.2 Identified set of the proportion of defiers under mean dominance based on

moment inequalities

The inequalities are similar to (A.12)), with the only difference that Yl,l(max\qi}l) is replaced by Yi: and

Yo,0 (max \qgf)o) is replaced by Yp,0.

Yo,1(min |Q(%11) <Yii,

Y1,1(min |q%11) < Yp,1(max |Q(%,11)7

(A.20)

Y1,0(min |q?f)0) < Y0,0,

Yo,0(min |gos) < Y1,0(max |g1'p).
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The proof for necessity and sufficiency of (A.20]) for the share of defiers m1 to be included in P** is analogous
to the one presented in Appendix A similar argument as in Appendix also applies to prove that

7T6111ax = miH{Pl‘(), P0|1} S 7)**.

A.3.3 Bounds on the ATEs under mean dominance only

We begin with a lemma that we will make use of in the proof.

Lemma 2 Let W be a random variable that is distributed as a two components mizture:

fw)=p- filw)+ (A =p)- f2(w) pel0,1],

so that W = AW1+(1—A)Wa, where f1, f2, and f are probability density functions of W1, Wa, and W, respectively,
and A denotes a random variable such that A € {0,1}, A L (W1, Ws), A ~ Bernoulli(p). Denote by E(W1) and

E(W3) the expected values of the first and second component, respectively, and assume that E(W2) > E(W1). Then,

1. E(W) is the sharp upper bound for E(Wh),

2. E(W) is the sharp lower bound for E(W2).
Proof of Lemma 2. First of all, we need to show that E(W:) < E(W) < E(W,). To see this, note that
EW)=p-E(W1)+(1-p)- E(W). (A.21)

This implies
EW2) = E(W)+ (p- E(W2) —p- E(Wh)).

Since E(W3) > E(W1) by assumption, p- E(W2)—p- E(W1) cannot be negative, which implies that E(W) < E(W>).
In a symmetric manner one can show that E(W1) < E(W). Finally, we need to show that E(W) is the respective
sharp lower bound for F(W3) and the sharp upper bound for E(W1). We only demonstrate the latter part as the
proof for the former is symmetric. Let 12 be a generic member of the identification region of E(W3), denoted by
Uy @ 9pe > E(W) > E(Wh). Clearly, E(W) € ¥,. From we have

BOW) ~(1-p) 42

E(Wh) < »

Suppose there exists an element of ¥, denoted by 13, such that

EW)—-(1-p)

E(W:1) < »

3 pw). (A.22)
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From (A.22)) it must hold that
v < B(W). (A.23)

Since we have already shown that E(W2) > E(W), the only admissible element of Wy that satisfies (A.23)) is E(W),

which shows that the latter is the sharp upper bound of E(W1). m

Under mean dominance, the ATE on the compliers is bounded by

UB Pyjy - Y11 — (Pjo — mo1) - max (Y1,1(min |g1 1), Yo,1 (min |g5}1))
Ay = sup
mo1eP** | Py — Prjo + mo1
Pojo - Yo,0 — (Poj1 — mo1) - min (Yo,0, ¥1,0(max [¢7%))
Prj1 = Prjo + o1 ’
AL _ ot [ Pyjy - Yig — (Pijo — mo1) - min (Va,1, Yo,1 (max |gd}))
10 To1 EP** Pl\l —P1|0+7To1

Pojo - Yo,0 — (Poj1 — mo1) - max (Yo,0(min 120%), Y1,0(min |q??0))}
Pyj; — Py + mo1 '
The intuition of this result is that the compliers’ mean potential outcome under treatment cannot be lower than that
of the always takers, while under non-treatment it cannot be lower than the one of the never takers. Therefore,
we now have the minimization problems min (Yo,0, ¥1,0(max[¢?%)) and min (Y31, Yo,1(max|g})), as Yoo is the
lower bound on the compliers’ mean potential outcome in the mixed population with the defiers and Y3 ; in the
mixed group with the always takers. The sharpness of these bounds and all other bounds under mean dominance
proposed below follows from the fact that they are special cases of the bounds derived in Section 3.1 and that we

can apply Lemma 2 in Appendix to formally prove their sharpness.

The bounds for the defiers are the same as in Section 3.1, since we do not impose any mean dominance
assumption w.r.t. the potential outcomes of this population. The bounds for the ATEs on the always takers and

never takers are, respectively,

— — max
AVE = min (Y1,1,Y0,1(maux|‘1(1),11’7r01 )) - yLB7
Ale - ﬂ01ire1’£** [max (Yl,l (min |qill)7 Yo.1 (min |qé}1))

Pojo - Yo,0 — (Pop — mo1) - max (Yo,0(min |g8%), ¥1,0(min |¢7%))
Py — Prjo + o1
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and

Py - Yii1— (P1jo — mo1) - max (Yl’l(min |q}}1),f/071(min |qé}1))
Py — Prjo + mo1

UB
AUO sup
To1 EP**

—  max (V1,0(min [¢1%), Yo,0(min|g0))] ,

AP = y"P —min (Yl,o(max |q$?0’7r(r’n1ax), Yo,o) .
Y11, Yoo are now the upper bounds on the mean potential outcome under treatment and the mean potential
outcome under non-treatment for the always takers and the never takers, respectively. Moreover, mean dominance
implies that the always takers’ upper bound under non-treatment cannot be higher than the compliers’ upper
bound under non-treatment and that the never takers’ upper bound under treatment cannot be higher than the
compliers’ upper bound under treatment. This is a considerable improvement over the bounds only invoking mean
independence within strata, as it allows us to replace yYZ by observed quantities. It, however, requires optimization

over all possible values of 7o1.
Under mean dominance the sharp bounds on E(Y (1)) and E(Y (0)) become

Pyjy Y11 — (Pyjo — mo1) - max (Y11 (min|gi ), Yo,1 (min|[g5};))

E(Y(0)"? = su
(¥ (o) 2 Prjy — Prjo + mo1

mo1 EP**

- (P0|1 — To1) - Max (YO,O(min |qg?o)7 Yl,o(min |q?,00)) + Pojo - YO,O + Py - 571,0] s

(Pyjo — mo1) -

E(Y ()" = rolh .. [(Puo —701) -y = (Pop — mo1) - min (Yo,0, Y1,0(max |g1%) )

+  Pojo - Yoo+ Pop - Y]

and

Pojo - Yo,0 — (Popp — mo1) - max (Yo,0(min |g%), ¥1,0(min |¢%))

E(Y )P = su
V(1) > Py — Prjo + o1

T EP**

(P0|1 — mo1) -

—  (Prjo — mo1) - max (Yl,l(min |Q%,11)7 YO,l(min |‘Jé,11)) + Pijo - 170,1 + Py '371,1] )
EY )t = Wmig?f,** [(Pou —m01) - y"F — (Pjo — mo1) - min (Y11, Yo,1(max |gp)1) )

+  Pio-You1+ P Yia].
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Therefore, the bounds on the ATEs on the treated, non-treated, and the entire population correspond to

ADE, = E(Y|D=1)— inf (Prjo —701) - 4P +Pr(Z = 1) - Pyjo - Yo,0 + Pr(Z =0) - Pyj1 - Yi0
b=t oL EP** Pr(D =1)
~ (Poj1 — mo1) - min (Yo,0, Y1,0(max |¢7%))
Pr(D = 1) ’
(P - ) ) PO‘OAY(),()—(PO‘1—71-01).max(17010(min|q8?0),§71’0(min|q(1]?0))
ABZ, = EXY|D=1)— sup oo P11 —Prjotmor
- Tl EP** PI‘(D = 1)
L Pr(Z =1) Pyo-Yo,0 +Pr(Z=0) Py - Y1,0 B (Poj1 — mo1) - max (Yo,0(min [¢0%), ¥Y1,0(min [¢75))
Pr(D=1) Pr(D = 1) ,
Pl‘1-3_/1,17(P1‘077r01)-max(}_’1,1(min\q%}l),YO,l(min“I(l),ll))
AR, = sup o = mo1) - Prji—Prjotmol
o= ro1€P Pr(D = 0)
N Pr(Z =1) Py - YVio+Pr(Z=0)- Py - Yia B (P10 — mo1) - max (}7171(min \q}}l), Yo,1(min |qé}1))
Pr(D =0) Pr(D = 0)
~ B(YID=0),
ABZ, = inf (Pon —mo1) - y"F +Pr(Z =1) 'Pl\O'Y1,0+PI'(Z:0)~P1\1 “Yia
b=0 = ep Pr(D = 0)
(P1jo — mo1) - min (Y11, Yo,1 (max |go}))
Pr(é a ~ B(YID =0),
and
AUB sug [Puo Yo — (P10 — mo1) - L Py - Yig — (P1jo — mo1) - max (Y1,1(min |q}}1), Yo,1(min \qé}l))
To1 EP**
+  (Pop — wo1) - min (Yo,0, Y,0(max 7)) — Pojr - Yi,0
Py - Y11 — (Prjo — mo1) - max (Y31 (min g1 ), Yo,1 (min|g54)) _
+ (Pop = 7o) - ’ : et L) _ Py - Yoo,
(Poj1 — mo1) Pry = Pujo + mon olo - Yo,0
AFP = inf [PI\O'}_/O,1+P1|1 '371,1
mo1 EP**
(Prjo — m01) Pojo - Yo,0 — (Poj1 — mo1) - max (Yo,0(min 120%), Y1,0(min |q(1)f]0))
- 110 — .

Pyj1 — Prjo + mo1

—  (Pyjo — mo1) - min (Y1,1, Yo (max |go1)) + (Poj — mo1) - max (Yo,0(min |go.p), Y1,0(min |g7%))

— Pop Yo+ (Popr — mo1) - 5% — Poo -570,0] :

Note that in contrast to the bounds of Section 3.1, mean dominance requires optimizing w.r.t. mo1, because any
of the previously used yYZ has been substituted by the upper bounds on the mean potential outcomes of the

compliers.

Lemma 2 shows that under mean dominance, the upper bounds of E(Y(1)|Z = 1,T = 11) and E(Y(0)|Z =

0,7 = 00) are Y1,1 and Yo 0, respectively. Moreover, mean dominance implies that E(Y (0)|T = 11) < E(Y(0)|T =
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10) and E(Y(1)|T = 00) < E(Y(1)|T = 10), thus E(Y(0)|T = 11)VZ < E(Y(0)|T = 10)Y% and E(Y(1)|T =
00)Y2 < E(Y(1)|T = 10)YE. The bounds on the ATEs within the four principal strata are special cases of the

bounds derived in Section 3.1 under the restrictions just mentioned. Therefore, all of them are sharp.

A.3.4 Proof of the sharpness of the bounds on the mean potential outcomes E(Y (1)),
E(Y(0))

The proofs for the lower bounds are very similar to the ones provided in Appendix (with the only difference
that Yi,1(max|qi}) is replaced by Y11 and Ypo(max|g)%) is replaced by Yoo in the definitions of densities {h¢}

and coefficients {a}) and therefore omitted. Hence, we only consider the upper bounds of E(Y (1)), E(Y(0)) for a

given 7o1:
P Yi1— (Pno — To1) - Max (Yl 1(min|(1%11)7170 1(min|q311))
E(Y(0)""(m01) = (Pijo— mo1)- : ’ R *
(Y(0))" ™ (mo1) (P1jo — mo1) P = Pyo + mon
—  (Pop — mo1) - max (Yo,0(min |go'), ¥1,0(min [¢7'%)) + Pojo - Yo,0 + Poj1 - Yio,
and
Poio - Yo.o — (Poj1 — mo1) - max (Yo, 0(min [¢5%), Y1.0(min |¢2°
E(Y(1)""(m01) = (Pop —mo1) - bjo - Yo.0 = (Popn = o) (Yo.0( |90.0), Y1.0( |47%))

Py — Prjo + o1
— (PI\D — 7'('01) - max (YLl(min |q%}1)7§70,1(min|qé,11)) + Pl\o . %,1 + P1|1 . Ylyl.

Yo.0— - -max(Y min |q3%),¥ min |q$9
By assumption, E(Y (0)|T = 11)V2 < E(Y (0)|T = 10)V? = Lol 0.0~ o 01)PlE—(}?"S(ﬂml%”)’“ﬂ( %))

-Y, — —T -max/(Y, min [¢0%,),Y min |¢%9
and E(Y (1)|T = 00)VE < B(Y(1)|T = 10)V8 = Foro Y00~ o OI)PMf?l’giﬂm'qovo*“”( 19%9) | Therefore, the

bounds are valid.

To show that they are sharp, we need to show that for 7' = 11,10,01,00 and Z = 1,0, there exist distributions
of T given Z and of (Y (1),Y(0)) given T' and Z that are compatible with a data generating process satisfying

Assumptions 2 and 4 and implying E(Y(0)) = E(Y(0))Y? and E(Y (1)) = E(Y(1))Y5.

We reconsider (A.8) and (A.9) and change the marginal distribution of hi; and hY; with respect to y(0) by
replacing I{y(0) = yY?} with the marginal distributions of h, with respect to y(0). We also modify the marginal
distribution of h and hJ, with respect to y(1) by replacing I{y(1) = yY?} by the marginal distributions of h%,

with respect to y(1).

This choice of Pr(T'|Z) and {hi} satisfies Assumption 2 by construction. Note that [ y(0)h11 dy(1) dy(0) =

I (0)h10 dy(1) dy(0) and [ y(1)hoo dy(1) dy(0) = [f y(1)h1o dy(1) dy(0) imply E(Y (0)|T = 11) = E(Y(0)|T =

10) and E(Y(1)|T = 00) = E(Y(1)|T = 10). Therefore, Assumption 4 is also satisfied. Since all equations in
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are still valid because the marginal distributions that we replaced do not affect restriction , this
distributional choice is compatible with the data generating process. In an analogous way as in|A.1.5 it is easy to
see that the distributions imply E(Y (0)) = E(Y(0))Y? and E(Y (1)) = E(Y(1))Y5. This shows that the provided
bounds are sharp for a given value of mp1. The sharp upper bounds over all admissible mo; are obtained by taking
the supremum w.r.t. to mo1. Because of the continuity of the bounds in mo1 (see Appendix for a compact

set P**, the maximum is attained by the extreme value theorem.

A.4 Monotonicity and mean dominance

A.4.1 Proof of the sharpness of the bounds for always takers

Pyjo-Yo,0—Poj1-Y1,0
P1j1—=P1)0

Mean dominance implies that E(Y (0)|T = 11) < E(Y(0)|T = 10) = . Thus, E(Y(0)|T = 11)*F =

Polo-Yo,0—Foj1-¥1,0

LB :
PriPrg and A7 is the sharp lower bound of Aqj.

A.4.2 Proof of the sharpness of the bounds for never takers

Mean dominance implies that E(Y (1)|T = 00) < E(Y (1)|T = 10) = W
Pyj1-Y1,1—Py19-Y0,1
P1j1—=P1)0

. Thus, E(Y (1)|T = 00)*8 =

and ASZ is the sharp upper bound of Agg.

A.4.3 Proof of the sharpness of the bounds on the mean potential outcomes E(Y (1)),

E(Y(0))
Mean dominance implies E(Y (0)|T = 11)%8 = w, E(Y(1)|T = 00)*8 = w. Mono-
tonicity implies
E(Y(1)) = Py -EXY ()T =00)4+ Pi;- Y11
Therefore,
Pojo - Yoo — Poj1 - Y -
E(Y(O))LB _ Pl\o 0l0 0,0 0|1 1,0 + PO\O . Y0,0,
Py — Py
Py - Y11 — P Yo _
E(Y(1)LE = Por 11 P1,1 P1|0 01 Pyy-Yia,
11 — 10
are sharp.
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A.5 Discrete outcomes

A.5.1 Identification

If the outcome Y is discrete, the bounds based on Proposition 4 in Horowitz and Manski (1995) are generally not
valid. This is due to the presence of ties in the outcome, i.e. the occurrence of mass points with equal outcome
values, which entails a non-unique quantile function such that a particular outcome value is observed at several
ranks. The quantile function is required to construct (i) a distribution which is stochastically dominated by any
feasible distribution that is consistent with the identification region of some mixture component (i.e., stratum) of
interest to determine the lower bound of its mean outcome and (ii) a distribution which stochastically dominates
any distribution consistent with the identification to determine the upper bound, respectively. In the presence of
discrete outcomes we have to replace the non-unique quantile function, which gives equal ranks to all ties, by a

modified version which accounts for ties.

To this end, we denote by Y. 4 the outcome variable in the respective observed group and introduce the following

trimming functions which are similar to the ones proposed by Kitagawa (2009)

H{Yoa < F7N(gta)} - Pr(Yea < F7'(g2,4)

Trim™ =
z,d 1— q;d
HY.a=F ¢t} (Pr(YVoa > F (¢l a) — ¢t.a)
+ t
1- qz,d
 max,t H{Y.a>F '(1—-qa)} Pr(Yea>F '(1—gla))
Tmmzyd = e
z,d
n HY.a=F '(1—q )} (Pr(Yoa < F ' (1—qlg)— (1-q.,)

t
qz,d

Let Yzm;n’t = Yz,d~Trim;niin‘t and Yzmdax’t =Y. 4 -Trimrznidn’t. Since Fy min,t (y) is stochastically dominated by any
, , , , o
feasible distribution consistent with the identification region and Fy max.:(y) stochastically dominates any feasible
z,d
distribution consistent with the identification region, we can define the lower and upper bounds of E(Y (d)|Z =

z, T =t) as Y. a(min|q} 4) = E(Yz’f‘;“’t) and Y. q(max|q} 4) = E(Y;jx’t), respectively.

A.6 Estimation

The trimming function can be easily estimated by its sample analog. A more intuitive and asymptotically equivalent
estimator can be obtained as follows. Denote by n. 4 the number of observations with Z = z and D = d. Let
Yz(ii), .. .,Y;Z“‘i) be the order statistic of Y, 4 which assigns increasing ranks at the ties. E.g., if there are two
observations ¢ and j € {1,...,n. 4} with the same outcome values y, the rank of the first one, denoted by the

—~

function rank(-), will be some integer ¢ while the rank of the second observation will be ¢ 4+ 1. Define qi’d “ny,q and
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—_~

Nzd = qL 4 Nz,a to be the integer part of ¢% 4-1.,a and nz,a — gL 41,4, respectively, if ¢ g-nz.qg and n.a—q: 4-n2.a

are larger than 1, while they are 1 otherwise.

The only difference with Section 4 is that the trimmed means are now estimated by

N . S Yi - I{Ds =d} - I{Z; = z} - I{rank(Y;) > nz q — q;’d “Nzd}
Yz,d(ma’x |qz,d) = — )
S IH{Di=d} - I{Zi =z} - I{rank(Yi) > n..a — q;d “Mzd}

LY H{Di=d} - I{Z = 2} - Hrank(Y) < g%, - n-a}
S, I{Di = d} - I{Z; = 2} T{rank(Y:) < gL, - n-.4)

V. a(min|qt ) =

Since we just replace the quantile function by the modified rank function, this only results in using a different
indicator function when computing the trimmed means. Note that if Y is continuous, defining the bounds in terms
of the modified rank function is equivalent to defining them in terms of the regular quantile function, as each
outcome value has a unique rank in this case. Therefore, the two approaches converge to each other as the number

of support points of Y goes to infinity.

A.7 Inference based on Chernozhukov, Lee, and Rosen (2009)

Recall from Section 4 that AFP (o1, v), AV P (o1, v) are the conditional bounds on the ATE in some subpopulation
t given o1 and LEIand that the identification region of A; (the unconditional ATE in the subpopulation) is obtained
by optimizing over admissible values of mo1€P and v € V = {1,2,3,4}:

. LB . UB
< < s
Linf_{max[A; (mo1, )]} < A < ﬂzygp{ggg[ﬂt (o1, )]},

We subsequently discuss the estimation of the upper bound along with its confidence region (the proceeding for
the lower bound is analogous) under Assumptions 1 and 2 or 1, 2, and 4, where non-differentiability complicates
inference. We use the procedure of Chernozhukov, Lee and Rosen (2013) to obtain a half-median-unbiased estimator

of minyey [AYE (101, v)] conditional on 71, see also the application of this method in Chen and Flores (2012).

The main idea is that instead of taking the minimum of the estimated upper bounds AtUB (o1, v) directly, one
uses the following precision adjusted version, denoted by A?B(ﬂ'ohp), which consists of the initial estimate plus

s(v), a measure of the precision of AVUB (w01, v), times an appropriate critical value k(p):

AP (o1, p) = min[AY (w01, v) + k(p) - s(v)]-

veV
1 ifz=1,2=1
2, 2 ifz=1,2"=0
T ) 3 ifz=0,2=1
4 ifz=0,2=0
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Define AYZ(mg1) to be the four dimensional vector with elements AY P (71, v), v = 1,2,3,4. As outlined below,
k(p) is a function of the sample size and the estimated variance-covariance matrix of \/n(AY® (mo1) — AV (701)),
denoted by ). For p= %, the estimator A,{JB(ﬂm,p) is half-median-unbiased, which implies that the estimate of
the upper bound exceeds its true value with probability at least one half asymptotically. Finally, by taking the

supremum of A,EIB(ﬂ'm,p) over mp1, we obtain a conservative estimate for AEB.

The following algorithm briefly sketches the estimation of AYZ along with its upper confidence band based on

the precision adjustment.

1. Estimate the vector AYV? (m01) by its sample analog. Estimate the variance-covariance matrix 9 by boot-

strapping B times.

2. Denoting by §(v) " the v-th row of Q%, estimate §(v) = %, where ||-|| is the Euclidean norm.

3. Simulate R draws, Hi,..., Hg from a N(0, I1), where 0 and I4 are the null vector and the identity matrix

of dimension 4, respectively.

4. Let H}(v) = §(v)" Z+/ ||g(v)|| for r =1,...,R.

5. Let k(c) be the c-th quantile of min,ev H; (v),7 = 1,..., R, where ¢ = 1 — 102'(171)'

6. Compute the set estimator V = {v € V : AV (701, v) < min,s ey {[AY P (w01, v') +k(c)-§(v")]+2-k(c)-5(v") }}.

7. Estimate the critical value IAc(p) by the p-th quantile of min H(v),r=1,...,R.

veEV

8. For half-median-unbiasedness, set p = 1 and compute AV (101, )= min,ev [AYE (w1, v) + l%(%) - §(v)].
9. Estimate the upper bound AV? by AVE = supﬂmep[A?B (o1, %)]

10. To obtain the upper confidence band, estimate the half-median-unbiased lower bound given mo1, AFZ (o1, %)

11. Let I" = max(O,AgB(ﬂ'oh%) — AfB(mn,%)L p = max(A?B(ﬂm,%) - A?B(ﬂ()l,i),AtLB(ﬂm,%) -

ALE (701, 1)) and 7 = (p-log(n))~". Compute @ =1 — ®(7 - I') - o, where « is the chosen confidence level.

12. The upper confidence band for the estimate of AY? is obtained by supmlep[A?B(ﬂ'm, a)l.

A.8 Bounding the ATEs on the treated with Z =1 and Z =0

In the subsequent sectionsEI, we derive bounds on Ap—; z—1 = E(Y(1) = Y(0)|D = 1,Z = 1), the ATE among
those treated receiving the instrument (consisting of always takers and compliers), and on Ap—1,z—0 = E(Y (1) —
Y(0)|D = 1,Z = 0), the ATE among those treated not receiving the instrument (consisting of defiers and never
takers) under various assumptions. These parameters appear interesting in the context of experimentally evaluated

encouragement designs aiming at increasing treatment participation (e.g. by advertisement). Ap—1,z—1 then gives

3We would like to thank an anonymous referee for suggesting those parameters.
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the effect on the treated that have been encouraged (Z = 1) to take the treatment, whereas Ap=1,z=¢ is the impact
on those who are treated despite of not being encouraged (Z = 0). This allows assessing whether/how the ATE on
the treated differs with and without encouragement (however, bearing in mind that the treated are not identical
under Z = 1 and Z = 0), which may be relevant for deciding whether an encouragement should be provided to

everybody or nobody in some population of interest.

A.8.1 Mean independence within principal strata without further assumptions

To derive bounds on Ap—=1,z=1 = E(Y (1) —=Y(0)|D = 1,Z = 1), note that E(Y(1)|[D =1,Z =1) = E(Y|D =

1,Z =1) = Y1,1. Therefore, we only need to bound

EY((0)|D=1,Z=1) = K -EY )T =11)+ o - E(Y(0)|T = 10)
Py Pyjo
_ (Pryo—7o1) - E(Y(0)|T = 11) + Pojo - Yo,0 — (Pojs — 7o) - E(Y/(0)|T = 00)
Py, ’
The sharp bounds on Ap—1,z=1 are given by
B P _ 7_l_min .., LB + P . ?
Ag}i1,2:1 o ( 1]0 01 ) Yy olo - Yo,0
Py
. (Poji — mbi™) - min (Yo,o(max |q8?dw6ﬂ1m), Y1 0(max |q??d7r6ﬂ1m))
Py ’
B P _ 7_l_min .,,UB + P . Y
Agil,Z:l = Vi ( 110 or) "y 0jo * Yo0,0
Py,

min

(Pojp — wgiin) - max (?0,0(min |q8f)(;7|'01 ), 1.0 (min |q(1)f)d7rgllm))

Py

To see this, note that || and 1} imply Ap=1,z=1 = A%El,zzl(ﬂ'ol). In an analogous manner as in Appendix

, one can show that sup, . cp AYE, _i(mo1) = ABE, 4 i (701™) .

Concerning Ap—1,z—0 = E(Y (1) =Y (0)|D = 1,Z = 0), note that E(Y(1)|D =1,Z=0)=E(Y|D=1,Z =

0) = )70,1, so that we only need to bound

I%lo "B(Y(0)|T = 11) + ;Toﬁo - E(Y/(0)|T = 01)
(Pio — m01) - B(Y (0)|T = 11) + Pojy - Yio — (Pogs — 7o1) - B(Y (0)|T = 00)

Pyo

E(Y(0)D=1,Z=0) =
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In the same way as for A%El,z:la one can show that the sharp bounds on Ap—1,z=1 are given by

- (P10 —W(r)riitl)'yLB+Po\1 Yo

UB
ApZiz—o = Yo1— P
(Pop — i) - min (¥o.o(maxcagg ™), V1o (max g5 )
: Pyo )
ABZ, z—0 = Yo1-— (Prjo — ﬂgiin) U+ Pox “Yio
’ , Pyjo
(Poj1 — mi™) - max (Yo,o(min |q(()]f)0’”fr1n1in)7 1.0 (min |q?f’dW8‘1‘“))
+

Pyo

A.8.2 Monotonicity

Under monotonicity, Ap=1,z=0 = A11 because defiers do not exist. Concerning Ap—1,z=1, mo1 = 0 and E(Y (0)|T =

00) = Y70 imply that the bounds simplify to

AVE Piji-Yia+ Pop - Yio — Pro - y"” — Pojo - Yoo
ST Py ’
ALE Pij - Yi1+ Pop - Yio — Pro - yU% — Pojo - Yoo
T Py '

Sharpness follows immediately.

A.8.3 Mean dominance

Using a similar argument as the one used for the bounds under Assumption 2 alone, one can show that the following

bounds are sharp.

UB
AD:l,Z:l = sup
o1 EP

o (Prijo — m01™) - y*P + Py - Yoo
e P

mi

. — n _ min
(Poj1 —mo1™) - min (Yo,o(max |q8?d7r01 ), Y1,0(max |q(1),00’7r01 ))

+ )
P
min UB \/
LB S (Pijo —mo1") -y~ ~ 4 Pojo - Yo,0
A — — = inf Yl 1 —
D=1,Z=1 ,
o1 EP Py
min > .00, . 00w
(Poj1 — mp1™) - max (Yo,o(mm |q070 ), Y1,0(min |‘Z1,0 )
+

P
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min LB \
AUEB - (Prjo—m1) - y~" + Poj1 - You
D=1,Z=0 — sup |Yo,1 — P
mo1 EP 1|0
. . _ 00,xmin 00, 7min
(Poj1 — mp1™) - min (Yoyo(max|q0’0 o), Y10(max gy g ))
+ )
Py
min UB \/
ALB . 5 (Pijo —mo1") -y~ 7 4 Poj - Y10
D=1,Z=0 = inf |Yo1—
T01€P Pyjo
i 5 . 00,7540 . 00,7
(Por — ™) - max (Yoo (min |g51g ™ ), Y0 (min g5 ™))
J’_

Pyg

A.8.4 Monotonicity and mean dominance

Under both monotonicity and mean dominance, Ap=1,z—0 = A1 and A%El, z—1 are the same as under monotonic-

ity alone. Concerning A%Z, ,_;, note that E(Y(0)|7 = 11)V? < E(Y(0)|T = 10) = W. Therefore,
_ — Pain-Yo 0—Pnai1-Y —
Pyjy - Vi1 4 Pop - Yio — Prjo - =552 — Pyjo - Yoo
V. T .

Py

Sharpness follows immediately.
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