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Abstract

A continuous time overlapping generation model is used to analyse defined-contribution pension

plans. Without intergenerational risk transfer between employees the optimal investment strategy

results from the Merton model. Introducing intergenerational risk transfer leads to an increase in the

risk tolerance of future employees and allows to improve their anticipated expected utility resulting

from accrued retirement benefits. Of course, this leads to a risk of temporary underfunding. But even

for an underfunded pension plan one can guarantee that in the long run, the median of the funding

plan exceeds one.

Keywords: Pension finance; Defined-contribution pension fund; Intergenerational risk transfer;

Overlapping generation model.

1 Introduction

Due to demographic changes and an increasing life expectancy pension finance attracts more and more

interest. Among pension plans one has to distinguish between defined-benefit and defined-contribution

plans. For a defined-benefit plan benefits are defined in advance and the contributions by the plan sponsor

and by employees have to be adjusted. Since in the case of a defined-benefit plan the plan sponsor has to

bear substantial financial risk and since it is difficult to value the accrued retirement benefits for employees

changing their plan sponsor, this type of pension plan has become less popular in the recent past. Of

growing importance are defined-contribution plans. A defined-contribution plan in a narrow sense invests

the accrued retirement benefits of employees, the fund return is attributed to employee accounts and at

retirement each employee gets the amount from his account, respectively a corresponding pension. Some

defined-contribution plans (e.g. 401k plans in the US, Swedish pension funds) allow their employees to

choose individual investment policies. Hence a defined-contribution plan in the narrow sense is just a

broker between the employees on the one hand and financial and life insurance markets on the other hand.

It bears no risk and offers a maximum of flexibility to the employees. Many researchers favour this type of

pension fund. However, there are many defined-contribution plans (Continental Europe and in particular

Switzerland), where the plan sponsor bears substantial risk in order to protect employees against adverse

movements in financial markets. For these plans the financial situation can be represented by the funding

ratio, which is the ratio of the value of assets to the present value of net obligations. Typically, for
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these plans the return attributed to the individual accounts of employees depends not only on the fund

return but as well on the funding ratio. To assure equal treatment, in such a plan employees cannot

choose individual investment policies. However, in case of a crash on financial markets by decreasing

the funding ratio the fund can protect to some extent the accrued benefits of retiring employees. In fact

during 2001 - 2003 benefits of retiring employees in Continental Europe were partly protected in this

way, whereas retiring members of 401k-plans suffered considerable financial losses. During prospering

markets in the late nineties members of 401k-plans were better off. Thus a plan-policy which increases

the funding ratio if markets perform well and decreases it in case of poor market performance leads to

an intergenerational transfer of financial risk among employees. However, a pension plan of this type

suffers from a lack of flexibility. A pension plan with intergenerational risk transfer for a basic pension

combined with a fully flexible defined-contribution plan in the narrow sense for an extra pension could

be advantageous. Employees could compensate the rigid investment strategy of the basic scheme by an

appropriate investment choice in the supplementary scheme. The intergenerational risk transfer in the

basic scheme would partly protect them against adverse market movements.

Asset liability portfolio problems were analyzed by several authors. Merton models with state variables

(see Merton(1969)) and in particular Adler and Dumas(1983) deal with this topic in continuous time.

In discrete time there are articles by Solnik(1978), Wise(1984), Wilkie(1985), Sharpe and Tint(1990),

Keel and Mueller(1999), Leippold, Trojani and Vanini (2004). Further, there exists an extended and

sophisticated literature on defined-contribution plans. Battocchio and Menoncin (2004) optimized the

investment strategy of a defined contribution plan facing uncertainty about inflation and contributions.

Boulier, Huang and Taillard (2001) and Deelstra, Graselli and Koehl (2003,2004) analyzed a defined-

contribution plan providing a guarantee. However, the aim of these studies was to optimize pension

wealth.

The present paper focusses on the funding ratio process. But in contrast to the articles by Browne

(1999), Denzler, Müller and Scherer (2001), Müller and Baumann (2006) the liability is not exogenous.

The return on employees accrued retirement benefits is linked to the funding ratio. Unlike Baumann

(2005) or Deelstra, Graselli and Koehl (2003,2004), rather than optimizing the funding ratio process we

concentrate on the anticipated expected utility of present and future employees. This approach allows

to discuss the effects of financial intergenerational risk transfer. Such risk transfers were analyzed in a

general context by Allen and Gale (1997).

In this paper we develop a simplified model for a defined-contribution pension fund which allows to

analyze the impact of intergenerational risk transfer. It turns out that intergenerational risk transfer

leads to an increase in risk tolerance and a Pareto improvement of ex ante expected utility for present

and future employees. In section 2 a standard overlapping generation model for employees is presented.

Without intergenerational risk transfer each employee has to solve a Merton Problem. In section 3

intergenerational risk transfer is introduced. Present and future employees prefer an investment strategy
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by the pension plan which is more aggressive than the Merton solution in section 2 and it is shown how

a Pareto improvement can be achieved. Moreover, the properties of the stochastic process representing

the funding ratio is analyzed in detail. Finally, section 4 contains some general remarks and conclusions.
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2 Standard Overlapping Generation Model for Employees

Employees are active for a time period τ . At each period of time t ∈ R employees are entering active
life and stay there until t+ τ . In order to simplify the analysis we assume that employees entering at t

immediately invest an amount Xt,0
1 which leads to accrued retirement benefits Xt,τ in t+ τ (see figure

1).

employee enters active 
life and invests Xt,0

employee retires and 
receives accrued 

retirement benefits Xt,τ

t     t+τ

Figure 1: Overlapping Generation Model

All employees have the same constant relative risk aversion R > 1 with respect to their accrued retirement

benefits Xt,τ . Hence, their utility function is given by

u(w) = (1−R)−1w1−R.

There is a riskless investment opportunity i = 0 and risky opportunities i = 1, ..., N whose price processes

are given by geometric Brownian motions, i.e.

dS0,t

S0,t
= rdt,

(
dSi,t

Si,t

)

i=1,...,N

= (r + πi)i=1,...,Ndt+ σdZt, (1)

where Zt denotes the N -dimensional standard Brownian Motion. σ is a regular matrix.

In this section we assume that there is no interaction between employees being active in different time

intervals. Each employee can decide how the amount Xt,0 is invested in financial markets and bears the

full risk and return. According to Merton (1971) it is optimal for each employee to invest at each point

of time t + s his accrued retirement benefits Xt,s in fixed proportions. Hence, the optimal investment

strategy can be represented by a portfolio x ∈ RN , which means that the amount xi · Xt,s is invested

in asset i = 1, ..., N and

(
1−

N∑

i=1
xi

)
Xt,s in the riskless assets. Merton (1971) shows that the optimal

portfolio is given by

x
M =

1

R
(σσ⊤)−1π,

1Since we are only interested in qualitative aspects we make this assumption in order to avoid complexity. Of course it

would be more realistic to deal with a continuous flow of contributions from t to t+ τ.
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where

π
⊤ = (π1, ..., πN ) .

Therefore, our simplified model for a defined-contribution plan in the narrow sense leads to the Merton

solution and to the corresponding expected utility level for employees. We shall refer to this result in

the next section, where a model for a defined-contribution plan with intergenerational risk transfer is

presented.

3 Risk Transfer Model

In this section we analyze a simplified model for a defined contribution plan with intergenerational risk

transfer.

3.1 Pension Fund

The intergenerational risk transfer is implemented by a fund, which is modelled as follows:

At : value of assets at time t

Lt : value of liabilities at time t

Ft =
At

Lt

: funding ratio at time t

The investment opportunities are described by (1) of section 2 and the fund chooses an investment policy

xt ∈ RN , t ≥ 0, in order to invest At. This leads to

dAt = At(r + x
⊤
t π)dt+Ctdt+Atx

⊤
t σdZt, (2)

where Ct denotes the net contributions to the fund.

On the liability side the fund attributes a return

r + k ln

(
Ft

F

)
, k > 0, (3)

to the accrued retirement benefit accounts of employees. The return of employees depends uniquely on

the funding ratio Ft. If the funding ratio falls below the critical level F , then employees get less than

the riskfree rate. In this way, high and low asset returns of the fund are spread over future dates and an

intergenerational risk transfer takes place.
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For the liabilities Lt of the fund we get therefore

dLt = Lt

(
r + k ln

(
Ft

F

))
dt+Ctdt. (4)

From

ln(Ft) = ln(At)− ln(Lt)

one obtains

d(ln (Ft)) = d(ln (At))− d (ln(Lt)) ,

d(ln(Ft)) =
dAt

At

− 1
2
x
⊤
t σσ

⊤
xtdt−

dLt

Lt

,

d(ln(Ft)) =

[
x
⊤
t π − k ln

(
Ft

F

)
− 1
2
x
⊤
t σσ

⊤
xt +Ct

(
1

At

− 1

Lt

)]
dt+ x⊤t σdZt. (5)

For further analysis we need to assume zero net contributions.

Assumption

Ct = 0. (6)

Under this assumption and by substituting

Yt = ln(Ft), (7)

one obtains the Ornstein Uhlenbeck process

dYt =

(
−kYt + k lnF + x⊤t π −

1

2
x
⊤
t V xt

)
dt+ x⊤t σdZt (8)

with

V = σσ⊤.

3.2 Accrued Retirement Benefits

The accrued retirement benefits Xt,s of an employee who entered active life in t

are given by
dXt,s

Xt,s

=

(
r + k ln

(
Ft+s

F

))
ds

or

d ln(Xt,s) =

(
r + k ln

(
Ft+s

F

))
ds. (9)

At retirement in t+ τ the employee receives Xt,τ .
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3.3 Optimal Investment Policies for Different Generations

A natural objective of the fund would be to choose an investment policy which maximizes the discounted

expected utility of employees averaged over all generations. To begin with we determine the investment

policy of the fund which would be optimal from the point of view of an employee who enters active life

at t. In other words, the expected utility of the corresponding accrued retirement benefits Xt,τ in t+ τ

has to be optimized.

Proposition 1

The investment policy xt′ , 0 ≤ t′ ≤ t+ τ , maximizing

E0

[
(1−R)−1X1−R

t,τ

]

is given by

xt′ =






1

1 + (R− 1) (1− e−kτ )ek(t′−t)
V −1π, 0 ≤ t′ ≤ t

1

1 + (R− 1) (1− ek(t
′−t−τ))

V −1π, t ≤ t′ ≤ t+ τ
(10)

Proof. See Appendix A1.

Comments

1) Figure 2 illustrates the implied risk aversion, which is given by

R (t′) =





1 + (R− 1) (1− e−kτ )ek(t

′−t), 0 ≤ t′ ≤ t

1 + (R− 1) (1− ek(t
′−t−τ)), t ≤ t′ ≤ t+ τ

(11)

The investment policy becomes more conservative until the employee enters active life in t. Af-

terwards it becomes more aggressive and at retirement in t + τ the growth optimum portfolio is

attained.

2) For all t′ ∈ [0, t+ τ ] the investment policy xt′ is more aggressive than the Merton portfolio xM in

section 2.

3.4 Static Investment Policies

The complexity arising from the aggregation of discounted expected utilities over all generations does not

allow to get an explicit solution for the corresponding dynamic investment policy. Therefore, we analyze

static investment policies from now on.

A static investment policy is given by the choice of a portfolio x ∈ RN . Then for Yt = ln(Ft) one obtains

the Ornstein Uhlenbeck process

dYt =

(
−kYt + k lnF + x⊤π − 1

2
x
⊤V x

)
dt+ x⊤σdZt. (12)
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t'
t t+τ

1

R (t')

0

Figure 2: Implied Risk Aversion

As shown in Appendix A2, the solution is

Yt = e−ktY0 +

(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)

(1− e−kt) +

t∫

0

ek(s−t)x⊤σdZs. (13)

If Y0 is Gaussian or deterministic then Yt is Gaussian with

E(Yt) = e−ktE(Y0) +

(

ln(F ) +
x
⊤
π − 1

2x
⊤V x

k

)

(1− e−kt), (14)

V ar(Yt) = e−2ktV ar(Y0) +

t∫

0

e2k(s−t)x⊤V xds

= e−2ktV ar(Y0) +
x
⊤V x

2k

(
1− e−2kt

)
. (15)

From (13), (14), (15) one observes immediately that

Y0 = 0, ln(F ) +
x
⊤
π − 1

2x
⊤V x

k
> 0

implies med (Ft) > 1 for all t.

Low values of k lead to high volatility of Ft. Later on, we shall discuss the funding ratio Ft in more detail.

In Appendix A3 the following formula for the accrued retirement benefits Xt,τ is derived:

ln(Xt,τ ) = ln(Xt,0) +

(
r + x⊤π − 1

2
x
⊤V x

)
τ + (1− e−kτ ) ln(Ft)

−
(

ln(F ) +
x
⊤
π − 1

2x
⊤V x

k

)

(1− e−kτ ) +

τ∫

0

(
1− ek(s−t)

)
x
⊤σdZt+s. (16)
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The term ln(Xt,τ ) is Gaussian and its first two conditional moments with respect to F0 are given by

E0 [ln(Xt,τ | F0] = ln(Xt,0) +

(
r + x⊤π − 1

2
x
⊤V x

)
τ

+(1− e−kτ )

[

e−kt ln (F0) +

(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)

(1− e−kt)

]

−
(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)

(1− e−kτ ),

E0 [ln(Xt,τ | F0] = ln(Xt,0) +

(
r + x⊤π − 1

2
x
⊤V x

)
τ

+(1− e−kτ )e−kt ln (F0)− e−kt(1− e−kτ )

(

ln(F ) +
x
⊤
π − 1

2x
⊤V x

k

)

, (17)

V ar0 [ln(Xt,τ | F0] = x
⊤V x

[
τ − 2

k
(1− e−kτ ) +

1

2k
(1− e−2kτ )

]
+
x
⊤V x

2k
(1− e−2kt)(1− e−kτ )2,

V ar0 [ln(Xt,τ | F0] = x
⊤V x

{
τ − 1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]}
. (18)

3.5 Optimal Static Investment Strategies

Before aggregating the preferences of employees we look for the most preferred static strategy from the

point of view of an employee entering active life at t.

Applying the utility function of section 2 on the accrued retirement benefits Xt,τ leads to

u(Xt,τ ) = (1−R)−1 (Xt,τ )
1−R

= (1−R)−1 e(1−R) lnXt,τ

Since ln(Xt,τ ) is Gaussian, the anticipated expected utility at time 0 is given by

E0 [u (Xt,τ ) | F0] = (1−R)−1 exp

{
(1−R)E0 [ln(Xt,τ | F0)] +

1

2
(1−R)2 V ar0 [ln (Xt,τ ) | F0]

}
. (19)

The investment policy of the fund is determined by the choice of a portfolio x ∈ RN . For an employee

entering active life at time t the choice of a portfolio x (t) , which maximizes his anticipated expected

utility would be optimal. Obviously, x (t) results from

max
x∈RN

{
E0 [ln(Xt,τ | F0)] +

1

2
(1−R)V ar0 [ln (Xt,τ ) | F0]

}
. (20)

According to (17), (18) the optimization problem can be reduced to

max
x∈RN






(
x
⊤
π − 1

2x
⊤V x

) [
τ − 1−e−kτ

k
e−kt

]

+1
2 (1−R)x⊤V x

{
τ − 1−e−kτ

k

[
1 + 1

2e
−2kt

(
1− e−kτ

)]}






or

max
x∈RN






x
⊤
π

[
τ − 1−e−kτ

k
e−kt

]

−R
2 x

⊤V x





τ − 1−e−kτ

k

[
1 + 1

2e
−2kt

(
1− e−kτ

)]

+ 1
R
1−e−kτ

k

[
1− e−kt + 1

2e
−2kt

(
1− e−kτ

)]










. (21)
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Proposition 2

1) The optimal portfolio for an employee entering active life at t is

x (t) =
1

R

c(t, k, τ)

d(t, k, τ)
V −1

π, (22)

where

c(t, k, τ) = τ − 1− e−kτ

k
e−kt,

d(t, k, τ) = τ − 1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]
+
1

R

1− e−kτ

k

[
1− e−kt +

1

2
e−2kt

(
1− e−kτ

)]
.

2) 1
R

<
c(t,k,τ)
Rd(t,k,τ) < 1, d (t, k, τ) > 0 for all t, k, τ .

Proof. See Appendix A4.

Comments

1) Thus, in the risk transfer model all employees prefer portfolios x (t) which are more aggressive than

the Merton solution xM of section 2, but less aggressive than the growth optimum portfolio.

2) x (t) does not depend on F0, Ft or F .

3.6 Risk Tolerance for Different Generations of Employees

The risk tolerance of an employee entering active life at time t is given by

θ (t) =
1

R

c (t, k, τ)

d (t, k, τ)
.

We already know that 1 > θ (t) > 1
R
holds for all t ≥ 0.

The next proposition contains more information about θ (t) .

Proposition 3

1) θ (0) < lim
t→∞

θ (t) < 1

2) There exists T ∗ > 0 not depending on R such that

θ (t) is strictly decreasing for 0 < t < T ∗.

θ (t) is strictly increasing for t > T ∗.

Proof. See Appendix A5.

Figure 3 illustrates the shape of θ (t) .

Comments

10



T*
t

( )lim
t

tθ
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Figure 3: Shape of Risk Tolerance

1) The shape of θ (t) is not surprising. Employees entering active life in the near future suffer from

the risk with respect to the future funding ratio. For employees entering in the far distant future,

expected return plays a more important role.

2) According to (21) the optimal portfolio x (t) for an employee entering active life at time t results from

max
x∈RN

(
x
⊤
π − 1

2θ (t)
x
⊤V x

)
,

and we get

x (t) = θ (t)V −1
π.

Therefore, all portfolio choices

x = λV −1
π,

θ (T ∗) ≤ λ < lim
t→∞

θ (t) ,

are Pareto efficient.

3.7 Welfare Optimizing Static Investment Strategies

The objective function of an employee entering active life at t is given by (20). Therefore we introduce

the welfare function

∞∫

0

e−δt
{
E0

[
ln

(
Xt,τ

Xt,0

)]
+
1−R

2
V ar0

[
ln

(
Xt,τ

Xt,0

)]}
dt. (23)
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According to (20), (21) this leads to the objective function

H (x) =

∞∫

0






x
⊤
π

(
τe−δt − 1−e−kτ

k
e−(k+δ)t

)

−R
2 x

⊤V x





τe−δt − 1−e−kτ

k

[
e−δt + 1

2e
−(2k+δ)t

(
1− e−kτ

)]

+ 1
R
1−e−kτ

k

[
e−δt − e−(k+δ)t + 1

2e
−(2k+δ)kt

(
1− e−kτ

)]










dt

or

H (x) = x
⊤
π

(
τ

δ
− 1− e−kτ

k

1

k + δ

)

−R

2
x
⊤V x






τ
δ
− 1−e−kτ

k

[
1
δ
+ 1

2
1

2k+δ

(
1− e−kτ

)]

+ 1
R
1−e−kτ

k

[
1
δ
− 1

k+δ +
1
2

1
2k+δ

(
1− e−kτ

)]





. (24)

Proposition 4

1) The welfare maximizing portfolio is given by

x =
1

R

c(δ, k, τ)

d(δ, k, τ)
V −1

π, (25)

where

c(δ, k, τ) =
τ

δ
− 1− e−kτ

k

1

k + δ
,

d(δ, k, τ) =
τ

δ
− 1− e−kτ

k

{(
1− 1

R

)[
1

δ
+
1

2

1

2k + δ

(
1− e−kτ

)]
+
1

R

1

k + δ

}
.

2) 1
R

<
c(δ,k,τ)
Rd(δ,k,τ) < 1, d (δ, k, τ) > 0 for all δ, k, τ .

Proof. See Appendix A6.

Comments

1) For all discount rates δ > 0 the welfare maximizing portfolio is more aggressive than the Merton

portfolio xM of section 2, but less aggressive than the growth optimum portfolio.

2) Due to proposition 3 (shape of implied risk tolerance for different generations of employees) there may

exist no δ > 0 such that the welfare maximizing portfolio leads to a Pareto improvement relative to

the Merton solution xM of section 2. For every δ > 0 the employee entering active life at T ∗ may

prefer the Merton solution xM to the welfare maximizing portfolio.

The next section deals with intergenerational risk transfers leading to a Pareto improvement.
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3.8 Pareto Improvement due to Intergenerational Risk Transfer

Now we address the question whether the model with intergenerational risk transfer can be advantageous

for all employees. Or more precisely, does there exist a portfolio x for the fund strategy which leads for

all employees to a higher anticipated expected utility than the model in section 2.

In order to compare anticipated expected utilities, according to (19) it is sufficient to look at

E0 [ln(Xt,τ ) | F0] +
1

2
(1−R)V ar0 [ln(Xt,τ ) | F0]

= ln (Xt,0) +

(
r + x⊤π − 1

2
x
⊤V x

)
τ

+
(
1− e−kτ

)
e−kt ln (F0)− e−kt

(
1− e−kτ

)
(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)

+
1

2
(1−R)x⊤V x

{
τ − 1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]}
. (26)

Proposition 5

Assume F0 = 1. Then for x∗ = λ∗V −1π with λ∗ = min
t≥0

c(t,k,τ)
d(t,k,τ)

1
R
, there exists F < 1 such that

1) In comparison with the standard overlapping generation model of section 2 all employees attain a

higher anticipated expected utility.

2) med(Ft) > 1 for all t > 0.

Proof. Let

x
M =

1

R
V −1

π

denote the Merton solution of section 2. Choose F such that

ln
(
F
)
+

(
x
M
)⊤
π − 1

2

(
x
M
)⊤

V xM

k
= 0 (27)

holds. From
1

R
< λ∗ < 1

one concludes

(x∗)⊤ π−1
2
(x∗)⊤ V x∗ >

(
x
M
)⊤
π−1

2

(
x
M
)⊤

V xM .

This leads to

ln
(
F
)
+
(x∗)⊤ π−1

2 (x
∗)⊤ V x∗

k
> 0 (28)
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and we get med(Ft) > 1 for all t > 0. Taking into account (26), (27), one obtains for x∗ and F

E0 [ln(Xt,τ | F0)] +
1

2
(1−R)V ar0 [ln(Xt,τ ) | F0]

= ln (Xt,0) +

[
r + (x∗)⊤ π−1

2
(x∗)⊤ V x∗

]
τ − e−kt

(
1− e−kτ

)
[

ln
(
F
)
+
(x∗)⊤ π−1

2 (x
∗)⊤ V x∗

k

]

+
1

2
(1−R) (x∗)⊤ V x∗

{
τ − 1− ekτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]}

> ln (Xt,0) +

[
r +
(
x
M
)⊤
π − 1

2

(
x
M
)⊤

V xM
]
τ

+
1

2
(1−R)

(
x
M
)⊤

V xM
{
τ − 1− ekτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]}

> ln (Xt,0) +

[
r +
(
x
M
)⊤
π − 1

2

(
x
M
)⊤

V xM
]
τ +

1

2
(1−R)

(
x
M
)⊤

V xMτ . (29)

Comments

1) It is quite natural to assume that the plan starts fully funded at t = 0, i.e.. F0 = 1.

2) The property med (Ft) > 1 is a condition for the financial stability of the pension plan. This issue

will be discussed later on in more detail.

3) Under the portfolio x∗ and F < 1 all employees are better off than with the standard overlapping

generation model of section 2. By taking advantage of the increase in risk tolerance a Pareto

improvement can be achieved under the stability condition med (Ft) > 1.

3.9 Analysis of the Funding Ratio

For the analysis of the funding ratio Ft we assume F0 = 1. Then, according to (13), Yt = ln (Ft) is

Gaussian and is given by

Yt =

(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kt

)
+

t∫

0

ek(s−t)x⊤σdZs, (13’)

E (Yt) =

(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kt

)
, (14’)

V ar (Yt) = σ2 (Yt) =
x
⊤V x

2k

(
1− e−2kt

)
. (15’)

In the extreme case F = 1, k →∞ one obtains

E (Yt) = 0,

V ar (Yt) = 0,

14



and according to (22) the optimal portfolios tend towards the Merton solution

x
M =

1

R
V −1

π.

Hence, we are back in the model of section 2, where no risk transfer takes place.

For 0 < k <∞ we study the α-percentiles of Yt = ln (Ft) .

p(t, α) = E (Yt) + zασ (Yt) ,

with

1√
2π

zα∫

−∞

e−
x2

2 dx = α,

p (t, α) =

(

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kt

)
+ zα

(
x
⊤V x

2k

) 1
2 (
1− e−2kt

) 1
2 .

From now on we assume

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k
> 0.

Then, according to (14’) med (Ft) > 1 holds.

In the next proposition the properties of the percentiles of Yt = ln (Ft) are summarized.

Proposition 6

1) p (0, α) = 0

2) lim
t→∞

p (t, α) = ln
(
F
)
+

x
⊤
π− 1

2x
⊤V x

k
+ zα

(
x
⊤V x
2k

) 1
2

3) p (t, α) is strictly increasing and concave in t for α ≥ 1
2 .

4) If α < 1
2 , then p (t, α) attains a minimum at

t∗ (α) =
1

2k
ln




1 +

z2αx
⊤V x

2k
(
ln
(
F
)
+

x⊤π− 1
2x

⊤V x

k

)2






and

p (t, α) is strictly decreasing for t ∈ (0, t∗ (α)),
p (t, α) is strictly increasing for t ∈ (t∗ (α) ,+∞) .

Proof. See Appendix A7.

Figure 4 illustrates the shape of the percentiles of Yt = ln (Ft) .

Comments

1) The shape of the percentiles provides some intuition for proposition 3. Employees entering active life

in the very near or in the far distant future suffer less under the uncertainty with respect to the

funding ratio than those entering in the intermediate future.

15
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Figure 4: Percentiles of Yt = lnFt.

2) In order to take substantial advantages of the intergenerational risk transfer k should not be too large.

However, according to proposition 6, a small k leads to a considerable risk of underfunding., which

may become disruptive for the stability of the pension plan. In other words, there is a trade-off

between the advantages of intergenerational risk transfer and the risk of temporary underfunding.

However, in the long run the conditional median of the funding ratio FT always tends to a value

larger than 1. This follows from (14). In fact one obtains

lim
T→∞

med [FT | Ft] = lim
T→∞

eE[YT |Yt] = exp

{

ln
(
F
)
+
x
⊤
π − 1

2x
⊤V x

k

}

> 1.

4 Conclusions

In this paper we analyzed a simplified version of a defined-contribution pension plan with intergenerational

risk transfer. The intergenerational risk transfer leads to an increase in implicit risk tolerance for all

future employees. In fact, all future employees can attain a higher anticipated expected utility than

in a defined-contribution plan without any risk transfer. In this sense a Pareto improvement can be

achieved. However, such a framework is inappropriate for an individual choice of the investment policy.

Moreover, despite the fact that the conditional median of the funding ratio for the far distant future

exceeds hundred percents at any time, there is a risk of underfunding. Of course at the starting point

of the plan intergenerational risk transfer leads to an increase of the anticipated expected utility for all

future members. However, later on due to adverse market movements the plan may get underfunded

and unattractive for new members. Therefore, pension plans with intergenerational risk transfer are only

appropriate for perennial institutions, such as public employees, large firms, etc.

Moreover, a pension plan with intergenerational risk transfer should be supplemented by a plan with

16



individual investment decisions and no transfer of financial risks. This would allow to take advantage of

intergenerational risk transfer for a basic pension scheme and to restore individual flexibility by means

of a supplementary plan.

17



Appendix A.1
Proof of proposition 1.

a) Optimal investment strategy xt+s, 0 ≤ s ≤ t.

According to (8), (9) the accrued retirement benefits Xt,s and the funding ratio Ft+s are given by

dXt,s = Xt,s

(
r + k ln

(
Ft+s

F

))
ds , 0 ≤ s ≤ τ ,

dFt+s = Ft+s

[
x
⊤
π − k ln

(
Ft+s

F

)]
dt+ Ft+sx

⊤σdZt.

This leads to the HJB-equation

0 = Js +max
x

{
JXXt,s

[
r + k ln

(
Ft+s

F

)]
+ JFFt+s

[
x
⊤
t+sπ − k ln

(
Ft+s

F

)]
+
1

2
JFFF

2
t+sx

⊤
t+sV xt+s

}

with

J (t+ τ ,Xt+τ , Ft+τ ) = (1−R)−1X1−R
t,τ .

The optimal investment strategy is given by

xt+s = −
JF

FJFF

V −1
π.

Inserting into the HJB-equation leads to

0 = Js + JXX

[
r + k ln

(
F

F

)]
− JFFk ln

(
F

F

)
− 1
2

J2F
JFF

π
⊤V −1

π.

For the solution one tries

J (t+ s,X,F ) = −ef(t+s)Xg(t+s)Fh(t+s).

Using

JXX = g (t+ s)J,

JFF = h (t+ s)J,

J2F
JFF

=
h (t+ s)

h (t+ s)− 1 ,

Js = (f ′ (t+ s) + g′ (t+ s) lnX + h′ (t+ s) lnF )J .

one obtains

0 = f ′ (t+ s) + g′ (t+ s) lnX + h′ (t+ s) lnF + g (t+ s)

[
r + k ln

(
F

F

)]

−h (t+ s) k ln

(
F

F

)
− 1
2

h (t+ s)

h (t+ s)− 1π
⊤V −1

π.

First, from

g′ (t+ s) = 0,

J (t+ τ ,X, F ) = (1−R)−1X1−R

18



one concludes

g (t+ s) = 1−R.

Moreover, the solution of

h′ (t+ s) + (1−R) k − h (t+ s) k = 0,

h (t+ τ) = 0

is given by

h (t+ s) = (1−R)
(
1− ek(s−τ)

)
, 0 ≤ s ≤ τ .

Hence one obtains for the HJB-equation

0 = f ′ (t+ s) + (1−R)
[
r − k lnF

]
+ (1−R)

(
1− ek(s−τ)

)
k lnF

−π
⊤V −1

π

2

(1−R)
(
1− ek(s−τ)

)

(1−R)
(
1− ek(s−τ)

)
− 1 .

The solution f (t+ s) is not needed later on.

Therefore, we get

J (t+ s,X, F ) = ef(t+s)X1−RF (1−R)(1−ek(s−τ)),

xt+s =
1

1 + (R− 1)
(
1− ek(s−τ)

)V −1
π.

b) Optimal investment strategy for xs, 0 ≤ s ≤ t.

For 0 ≤ s ≤ t one obtains the HJB-equation

0 = Js +max
x

{
JFFs

[
x
⊤
s π − k ln

(
Fs

F

)]
+
1

2
JFFF

2
s x

⊤
s V xs

}
,

with

J (t, Ft) = e−f(t)X1−R
t,0 F

(1−R)(1−e−kτ)
t .

The optimal investment strategy is given by

xs = −
JF

FsJFF

V −1
π.

Inserting into the HJB-equation leads to

0 = Js − JFFk ln

(
F

F

)
− 1
2

J2F
JFF

π
⊤V −1

π.

For the solution one tries

J (s, F ) = −ea(s)F b(s).

Using

JFF = b (s)J

J2F
JFF

=
b (s)

b (s)− 1
Js = (a′ (s) + b′ (s) lnF )J

19



one obtains

a′ (s) + b′ (s) lnF − b (s) k
(
lnF − lnF

)
− 1
2

b (s)

b (s)− 1π
⊤V −1

π = 0.

From

b′ (s)− kb (s) = 0

b (t) = (1−R)
(
1− e−kτ

)

one concludes

b (s) = (1−R)
(
1− e−kτ

)
ek(s−t), 0 ≤ s ≤ t.

This leads to

J (s, F ) = ea(s)F (1−R)(1−e−kτ)ek(s−t)

and

xs =
1

1 + (R− 1) (1− e−kτ ) ek(s−t)
V −1

π, 0 ≤ s ≤ t.

Appendix A.2
Solution of the Ornstein-Uhlenbeck process

dYt =

(
−kYt + k ln F̄ + x⊤π − 1

2
x
⊤V x

)
dt+ x⊤σdZt.

Using the formula in Karatzas/Shreve (1997), p. 354 with

A (t) = −k

a (t) = k ln F̄ + x⊤π − 1
2
x
⊤V x

σ (t) =
(
x
⊤V x

)0.5

one obtains Φ(t) = e−kt and

Yt = Φ(t)



Y0 +
t∫

0

[Φ (s)]−1 a (s) ds+

t∫

0

[Φ (s)]−1 σ (s) dZ∗s





where Z∗t is a 1-dimensional standard Brownian motion. We get

Yt = e−kt



Y0 +
(
k ln F̄ + x⊤π − 1

2
x
⊤V x

) t∫

0

eksds+
(
x
⊤V x

)0.5
t∫

0

eksdZ∗s





= e−ktY0 +

(

ln F̄ +
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kt

)
+
(
x
⊤V x

)0.5
t∫

0

ek(s−t)dZ∗s

= e−ktY0 +

(

ln F̄ +
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kt

)
+

t∫

0

ek(s−t)x⊤σdZs

which is the solution of the Ornstein-Uhlenbeck process.
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Appendix A.3
Solution of

d lnXt,s =

(
r + k ln

(
Ft+s

F̄

))
ds .

First we calculate

τ∫

0

k lnFt+sds =

τ∫

0

kYt+sds

=
(
1− e−kτ

)
Yt +

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)[
τ − 1

k

(
1− e−kτ

)]

+
(
x
⊤V x

)0.5
τ∫

0

s∫

0

kek(u−s)dZ∗t+uds

=
(
1− e−kτ

)
Yt +

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)[
τ − 1

k

(
1− e−kτ

)]

+
(
x
⊤V x

)0.5
τ∫

0

τ∫

u

kek(u−s)dsdZ∗t+u

=
(
1− e−kτ

)
Yt +

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)[
τ − 1

k

(
1− e−kτ

)]

+
(
x
⊤V x

)0.5
τ∫

0

(
1− ek(u−τ)

)
dZ∗t+u .

Since
(
x
⊤V x

)0.5
dZ∗t+u = x

⊤σdZt+u

one obtains

τ∫

0

k lnFt+sds =
(
1− e−kτ

)
Yt +

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)[
τ − 1

k

(
1− e−kτ

)]

+

τ∫

0

(
1− ek(u−τ)

)
x
⊤σdZt+u .

Hence integration of d lnXt,τ leads to

lnXt,τ = lnXt,0 +

(
r + x⊤π − 1

2
x
⊤V x

)
τ

+
(
1− e−kτ

)
lnFt +

(

ln F̄ +
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kτ

)

+

τ∫

0

(
1− ek(u−τ)

)
x
⊤σdZt+u .

Appendix A.4
Proof of proposition 2.
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1) The formula for the optimal portfolio x∗ (t) follows directly from the optimality condition

c (t, k, τ)π − d (t, k, τ)RV x∗ = 0 .

2) Next, we show that d (t, k, τ) > 0.

a)

lim
k→0

d (t, k, τ) > 0

b)

kd (0, k, τ) = kτ −
(
1− e−kτ

)
− 1
2

(
1− e−kτ

)2
+
1

2R

(
1− e−kτ

)2

∂

∂k
[kd (0, k, τ)] = τ − τ

(
1− e−kτ

)
− τ
(
1− e−kτ

)
e−kτ +

τ

R

(
1− e−kτ

)
e−kτ

= τ

[
e−kτ

(
1−
(
1− 1

R

)(
1− e−kτ

))]
> 0

for τ > 0, k > 0. Taking into account a) this implies d (0, k, τ) > 0 for τ > 0, k > 0.

c)

∂

∂t
[d (t, k, τ)] =

(
1− e−kτ

)2
e−2kt +

1

R

(
1− e−kτ

)
e−kt − 1

R

(
1− e−kτ

)2
e−2kt

=

(
1− 1

R

)(
1− e−kτ

)2
e−2kt +

1

R

(
1− e−kτ

)
e−kt > 0.

Hence, we have shown that

d (t, k, τ) > 0 for τ > 0, k > 0.

3) Next, we show c (t, k, τ) > d (t, k, τ). One obtains

c (t, k, τ)− d (t, k, τ) = τ − 1− e−kτ

k
e−kt − τ +

1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]

− 1
R

1− e−kτ

k

[
1− e−kt +

e−2kt

2

(
1− e−kτ

)]

=
1− e−kτ

k

(
1− e−kt +

e−2kt

2

(
1− e−kτ

)
− 1

R

[
1− e−kt +

e−2kt

2

(
1− e−kτ

)])

=
1− e−kτ

k︸ ︷︷ ︸
>0

(
1− 1

R

)

︸ ︷︷ ︸
>0




1− e−kt︸ ︷︷ ︸

>0

+
e−2kt

2︸ ︷︷ ︸
>0

(
1− e−kτ

)

︸ ︷︷ ︸
>0




 > 0.

4) Finally, it remains to show that
c (t, k, τ)

Rd (t, k, τ)
< 1 ,

or

c (t, k, τ) < Rd (t, k, τ) .
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Thus we have to show that

τ − 1− e−kτ

k
e−kt < Rτ − 1− e−kτ

k
e−kt − (R− 1) 1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]

⇔ τ < Rτ − (R− 1) 1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]

⇔ τ >
1− e−kτ

k

[
1 +

1

2
e−2kt

(
1− e−kτ

)]

⇐ kτ >
(
1− e−kτ

)(3
2
+−1

2
e−kτ

)

⇔ 2kτ > 3− 4e−kτ + e−2kτ

⇔ 2kτ + 1 >
(
2− e−kτ

)2

⇔
√
2kτ + 1 > 2− e−kτ for kτ > 0.

We substitute x = kτ and get

√
2x+ 1 > 2− e−x ⇐ d

dx

√
2x+ 1 >

d

dx

[
2− e−x

]

⇔ 1√
2x+ 1

> e−x

⇔ ex >
√
2x+ 1

which is true since ex is convex and
√
2x+ 1 is concave.

Appendix A.5
Proof of proposition 3.

1) First, we analyze the term c(t,k,τ)
d(t,k,τ) for t = 0 and t→∞.

a) t→∞

lim
t→∞

c (t, k, τ)

d (t, k, τ)
=

τ

τ −
(
1− 1

R

)
1−e−kτ

k

=
kτ

kτ −
(
1− 1

R

)
(1− e−kτ )

> 1.

b) t = 0

c (0, k, τ)

d (0, k, τ)
=

τ − 1−e−kτ

k

τ − 1−e−kτ

k
− 1

2

(
1− 1

R

) (1−e−kτ )2
k

=
kτ − 1 + e−kτ

kτ − 1 + e−kτ − 1
2

(
1− 1

R

)
(1− e−kτ )

2 > 1.

So in order to proof

lim
t→∞

c (t, k, τ)

d (t, k, τ)
>

c (0, k, τ)

d (0, k, τ)

we have to show that

kτ

kτ −
(
1− 1

R

)
(1− e−kτ )

>
kτ − 1 + e−kτ

kτ − 1 + e−kτ − 1
2

(
1− 1

R

)
(1− e−kτ )

2
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or

1
2

(
1− 1

R

) (
1− e−kτ

)2

kτ − 1 + e−kτ
<

(
1− 1

R

) (
1− e−kτ

)

kτ

⇔ kτ

2

(
1− e−kτ

)
< kτ − 1 + e−kτ

⇔ e−kτ
(
1 +

kτ

2

)
> 1− kτ

2
.

This inequality obviously holds for kτ ≥ 2. For kτ < 2 we substitute x = kτ
2 . Hence we have to show

e−2x (1 + x) > 1− x⇔ 1 + x > e2x − xe2x, for 0 < x < 1.

This follows from Taylor expansion or differentiation.

2) In order to analyze monotonicity and extrema of

θ (t) =
1

R

c (t, k, τ)

d (t, k, τ)

we may look at the monotone transformation

η (t) =

(
1− 1

R

)−1
c (t, k, τ)− d (t, k, τ)

d (t, k, τ)

=
1−e−kτ

k

[
1− e−kt + 1

2e
−2kt

(
1− e−kτ

)]

τ − 1−e−kτ

k
e−kt

=
1− e−kt + 1

2e
−2kt

(
1− e−kτ

)

kτ
1−e−kτ

− e−kt
.

Substituting x = e−kt leads to

f (x) =
1− x+ 1

2

(
1− e−kτ

)
x2

kτ
1−e−kτ

− x

= −1
2

(
1− e−kτ

)
x+

(
kτ
2 − 1

)
x+ 1

kτ
1−e−kτ

− x

= −1
2

(
1− e−kτ

)
x+ 1− kτ

2
+
1−
(
1− kτ

2

)
kτ

1−e−kτ

kτ
1−e−kτ

− x

= −1
2

(
1− e−kτ

)
x+ 1− kτ

2
+

(
1− e−kτ

) [
1− kτ + (kτ)2

2 − e−kτ
]

kτ − (1− e−kτ )x
.

We need only to show that

a) f (x) is convex for 0 ≤ x ≤ 1.
b) f ′ (x∗) = 0 for some 0 < x∗ < 1.

Proof of a):

For kτ > 0 one can easily show by Taylor’s theorem that

1− kτ +
(kτ)2

2
− e−kτ > 0

holds. Now the convexity of f (x) for 0 ≤ x ≤ 1 is obvious.
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Proof of b):

f ′ (x) =
(
1− e−kτ

)


−1
2
+

(
1− e−kτ

) [
1− kτ + (kτ)2

2 − e−kτ
]

(kτ − (1− e−kτ )x)
2





f ′ (0) =
(
1− e−kτ

)





−1
2
+
(
1− e−kτ

)

︸ ︷︷ ︸
<1

[
1− kτ + (kτ)2

2 − e−kτ
]

(kτ)2
︸ ︷︷ ︸

< 1
2





< 0

f ′ (1) =
(
1− e−kτ

)


−1
2
+

(
1− e−kτ

) [
1− kτ + (kτ)2

2 − e−kτ
]

(kτ − (1− e−kτ ))
2





It remains to show that f ′ (1) > 0 or

(
kτ −

(
1− e−kτ

))2
< 2
(
1− e−kτ

)
[

1− kτ +
(kτ)2

2
− e−kτ

]

⇔ (kτ)2 − 2kτ
(
1− e−kτ

)
+
(
1− e−kτ

)2
< 2
(
1− e−kτ

)2 − 2kτ
(
1− e−kτ

)
+ (kτ)2

(
1− e−kτ

)

⇔ (kτ)2 <
(
1− e−kτ

)2
+ (kτ)2 − (kτ)2 e−kτ

⇔ (kτ)2 e−kτ <
(
1− e−kτ

)2

⇔ kτe−0.5kτ < 1− e−kτ , kτ > 0

⇔ ye−0.5y < 1− e−y, y > 0

⇔ y < e0.5y − e−0.5y, y > 0.

Since this is obviously true, we have shown that f ′ (1) > 0. Due to the continuity of f ′ (x) there exists

an x∗, with 0 < x∗ < 1, such that f ′ (x∗) = 0.

Due to the convexity of f (x) on [0, 1], x∗ corresponds to a minimum and we get

f ′ (x) < 0 for x < x∗ , f ′ (x) > 0 for x > x∗.

From e−kT
∗

= x∗ we see that T ∗ does not depend on R. The monotonicity properties of θ (t) follow

immediately.

Appendix A.6
Proof of proposition 4.

1) The formula for the welfare maximizing portfolio x follows directly from the optimality condition

c (δ, k, τ)π − d (δ, k, τ)RV x∗ = 0 .

2) Next, we show that d (δ, k, τ) > 0.

We have

d(δ, k, τ) =
τ

δ
−
(
1− 1

R

)
1− e−kτ

k

[
1

δ
+
1

2

1

2k + δ

(
1− e−kτ

)]
+
1

R

1− e−kτ

k

1

k + δ
.
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Obviously
τ

δ
>
1− e−kτ

k

1

k + δ

holds.

Since R > 1 we have only to show

τ

δ
>

1− e−kτ

k

[
1

δ
+
1

2

1

2k + δ

(
1− e−kτ

)]

⇔ kτ >
(
1− e−kτ

) [
1 +

1

2

δ

2k + δ

(
1− e−kτ

)]

⇐ kτ >
(
1− e−kτ

) [
1 +

1

2
− 1
2
e−kτ

]

⇔ 2kτ > 3− 4e−kτ + e−2kτ .

The last inequality was already proved at the end of appendix A4.

3) Next, we show c (δ, k, τ) > d (δ, k, τ). One obtains

c (δ, k, τ)− d (δ, k, τ) =
1− e−kτ

k

(
1− 1

R

)[
1

δ
+
1

2

1

2k + δ

(
1− e−kτ

)
− 1

k + δ

]
> 0.

4) Finally, it remains to show that

c (δ, k, τ) < Rd (δ, k, τ) .

One obtains

Rd (δ, k, τ)− c (δ, k, τ) = (R− 1)
{
τ

δ
− 1− e−kτ

k

[
1

δ
+
1

2

1

2k + δ

(
1− e−kτ

)]}
> 0

according to part 2 of this appendix.

Appendix A.7
Proof of proposition 6.

1) and 2) follow immediately from

p (t, α) =

(

ln F̄ +
x
⊤
π − 1

2x
⊤V x

k

)
(
1− e−kt

)
+ zα

(
x
⊤V x

2k

)0.5 (
1− e−2kt

)0.5
.

3) Since

∂p (t, α)

∂t
=

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)

︸ ︷︷ ︸
>0 by assumption

e−kt︸︷︷︸
>0

+ zα

(
x
⊤V x

2k

)0.5
ke−2kt

(1− e−2kt)
0.5

︸ ︷︷ ︸
>0

we have a sufficient condition for the monotonicity

α ≥ 0.5⇔ zα ≥ 0⇒
∂p (t, α)

∂t
> 0.

Since

∂2p (t, α)

∂t2
= −k

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)

︸ ︷︷ ︸
>0 by assumption

e−kt︸︷︷︸
>0

+zα

(
x
⊤V x

2k

)0.5

︸ ︷︷ ︸
>0

k2e−2kt

(1− e−2kt)
1.5

︸ ︷︷ ︸
>0

(
e−2kt − 2

)

︸ ︷︷ ︸
<0
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we have a sufficient condition for the concavity

α ≥ 0.5⇔ zα ≥ 0⇒
∂2p (t, α)

∂t2
< 0.

4) For the first order condition we have

∂p (t, α)

∂t
=

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)
e−kt + zα

(
x
⊤V x

2k

)0.5
ke−2kt

(1− e−2kt)
0.5 = 0

or, if α < 0.5⇔ zα < 0,

k ln F̄ + x⊤π − 1
2x

⊤V x
(
x⊤V x
2k

)0.5 =
−zαke−kt

∗

(1− e−2kt
∗)
0.5

⇔ 2k
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2

z2αx
⊤V x

=
k2e−2kt

∗

1− e−2kt
∗

⇔ 2
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2

z2αx
⊤V x

=
k

e2kt
∗ − 1

⇔ e2kt
∗

=
kz2αx

⊤V x

2
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2 + 1

⇔ t∗ (α) =
1

2k
ln

[

1 +
kz2αx

⊤V x

2
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2

]

> 0.

For the monotonicity we analyze the inequalities

∂p (t, α)

∂t
=

(
k ln F̄ + x⊤π − 1

2
x
⊤V x

)
e−kt + zα

(
x
⊤V x

2k

)0.5
ke−2kt

(1− e−2kt)
0.5 ≷ 0.

Similar to the calculation above, for α < 0.5⇔ zα < 0 we get

k ln F̄ + x⊤π − 1
2x

⊤V x
(
x⊤V x
2k

)0.5 ≷
−zαke−kt

(1− e−2kt
∗)
0.5

⇔ 2k
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2

z2αx
⊤V x

≷
k2e−2kt

1− e−2kt

⇔ 2
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2

z2αx
⊤V x

≷
k

e2kt − 1

⇔ e2kt ≷
kz2αx

⊤V x

2
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2 + 1

⇔ t ≷
1

2k
ln

[

1 +
kz2αx

⊤V x

2
(
k ln F̄ + x⊤π − 1

2x
⊤V x

)2

]

= t∗ (α)

and thus ∂p(t,α)
∂t

≷ 0⇔ t ≷ t∗ (α).

27



Bibliography

ADLER, M., AND B. DUMAS (1983): "International Portfolio Choice and Corporation Finance: A

Synthesis," Journal of Finance, 38, 925-984.

ALLEN, F., AND D. GALE (1997): "Financial Markets, Intermediaries and Intertemporal Smoothing,"

Journal of Political Economy, 105 (3), 523-546.

BATTOCCHIO, P. AND F. MENONCIN (2004): "Optimal Pension Management in a Stochastic Frame-

work," Insurance: Mathematics and Economics, 34(1), 79-95.

BAUMANN, R. (2005): "Hybrid Pension Schemes: Risk Allocation and Asset Liability Optimization,"

PhD Thesis, University of St. Gallen. Difo-Druck GmbH, Bamberg.

BOULIER, J-F., S. HUANG, AND G. TAILLARD (2001): "Optimal Management under Stochastic

Interest Rates: The Case of a Protected Defined Contribution Pension Fund," Insurance: Mathematics

and Economics, 28, 173-189.

BROWNE, S. (1999): "Beating a Moving Target: Optimal Portfolio Strategies for Outperforming a

Stochastic Benchmark," Finance and Stochastics, 3, 275-294.

DEELSTRA, G., M. GRASELLI, AND P.-F. KOEHL (2003): "Optimal Investment Strategies in the

Presence of a Minimum Guarantee," Insurance: Mathematics and Economics, 33, 189-207.

DEELSTRA, G., M. GRASELLI, AND P.-F. KOEHL (2004): "Optimal Design of the Guarantee for

Defined Contribution Funds," Journal of Economic Dynamics and Control, 28, 2239-2260.

DENZLER, M., H. MÜLLER, AND D. SCHERER (2001): "A Practical Application of Continuous Time

Finance: Calculation of Benchmark Portfolios," Bulletin Swiss Association of Actuaries, (2), 139-164.

KARATZAS, I. AND S.E. SHREVE (1997): "Brownian Motion and Stochastic Calculus," 2nd Edition

ed., Springer, New York.

KEEL, A., AND H. MÜLLER (1995): "Efficient Portfolios in the Asset Liability Context," ASTIN

Bulletin, 25(1), 33-48.

LEIPPOLD, M., F. TROJANI AND P. VANINI (2004): "A Geometric Approach to Multiperiod Mean

Variance Optimization of Assets and Liabilities," Journal of Economic Dynamics and Control, 28(6),

1079-1113.

28



MERTON, R. C. (1969): "Lifetime Portfolio Selection under Uncertainty: The Continuous-Time Case.

Review of Economics and Statistics, 51:247-257," in Continuous-Time Finance, pp. 97-119. Merton

(1990).

MERTON, R. C. (1971): "Optimal Consumption and Portfolio Rules in A Continuous-Time Model.

Journal of Economic Theory, 3:373-413," in Continuous-Time Finance, pp. 120-165. Merton (1990).

MÜLLER, H. AND R. BAUMANN (2006): "Shortfall Minimizing Portfolios," Bulletin Swiss Association

of Actuaries, (2), 125-142.

SHARPE, W. F., AND L. G. TINT (1990): "Liabilities - a New Approach," Journal of Portfolio Man-

agement, 16(2), 5-10.

SOLNIK, B. H. (1978): "Inflation and Optimal Portfolio Choices," Journal of Financial and Quantitative

Analysis, 1978(December), 903-925.

WILKIE, A. D. (1985): "Portfolio Selection in the Presence of Fixed Liabilities: A Comment on "The

Matching of Assets to Liabilities"," Journal of the Institute of Actuaries, 112, 229-277.

WISE, A. J. (1984a): "The Matching of Assets to Liabilities," Journal of the Institute of Actuaries, 111,

445-501.

WISE, A. J. (1984b): "A Theoretical Analysis of the Matching of Assets to Liabilities," Journal of the

Institute of Actuaries, 111, 375-402.

29


