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Abstract

Codes in the generalized quaternion group algebra F,[Q4,] are considered. Restricting to
charF, { 4n the structure of an arbitrary code C' C F,[Q4,] is described via the Wedderburn
decomposition. Moreover it is known that in this case every code C' C F[Q4y] has a generat-

ing idempotent A € F;[Q4,]. Given the generating idempotent of a code C' we determine the
different components in its decomposition C' = @;Z; C; @ @filt C!. Afterwards we apply
this result to describe the blocks of codes induced by cyclic group codes.

1 Introduction

The primary motivation of this chapter is rooted in physics where the theory of motion con-
trol and analysis are related to quaternion groups. It is also known that lattices in quaternion
algebras yield space-time codes that achieve high spectral efficiency on wireless channels with
two transmit antennas, see [I]. For an overview on proposed post-quantum cryptosystems and
digital signature schemes, see for example [4], for applications in quantum computation [7]. Un-
derstanding these applications serves the desire to dive into structured areas of noncommutative
groups, to finally get generic group algebra cyclotomically, see [3] for more details. In fact, this
perspective allows us to identify and understand the block decomposition of codes C' C F[Qu4p]
which is required when transforming these codes to lifted product codes as done in [10].

Informally, the generalized quaternion group Q4WP_-I of order 4n considered in [5] is generated
by a rotation x by an angle of %T, an arbitrary reflection y and defining relations

xQn — 17y2 — xn’yxy—l — 1'—1.

Throughout, let the characteristic of IF; be coprime to 4n. In this case every vector space
C' C Fy[Qun) has a generating idempotent, i.e., an element A € F,[Q4,] such that A = \, see [8].
It is known from [6, 8] that for a monic polynomial f € F,[z]/(z** — 1) which divides 2?" — 1,
the generating idempotent of the ideal (f(z))Fy[z]/(z*" — 1) is

69(33) == ) ) (1.1)

where g(z) = % Moreover it is shown in [8] that for g € Fy[z]/(2*" — 1), a monic divisor of

2" — 1 with g = g1 - g2, it holds

eg(x) = e, () + g, (7). (1.2)

The cyclic group of order 2n is a commutative normal subgroup of Q4. of index 2, and so Qu,, is solvable.




Recall that an idempotent is said to be irreducible, if it cannot be decomposed into a sum of
several nonzero idempotents. Moreover an idempotent is said to be central if it belongs to the
center of Fy[Qup].

For any monic polynomial g € Fy[z] with ¢g(0) = ag, the reciprocal polynomial is defined as
g (x) = aalxdeg(g)g(m_l). We say that g is selfreciprocal if ¢ = ¢g*. In particular g and g* have
the same roots in its splitting field.

Suppose that 2™ — 1 and 2™ + 1 € F,[z] split into monic irreducible factors as follows:

" = 1= fi(@) fa(x) - fo(@) frrr (@) frpr (2) - fros(@) fs (@),

a" +1=g1(2)g2(x) - 9t(2)ge41(2) 911 (%) - - Gy () g7 4 (@),

where fj(z) = fj(z) for 1 < j < r and gi(z) = g;(x) for 1 < i < t. Moreover, fi(z) =
x—1, fo(r) =x+1if nis even; and fi(z) =2 —1,91(x) =+ 1 if n is odd. Here ; denotes a
root of f; and 3; denotes a root of g;. We set

1 if n is odd, 1 if n is odd,
5(n) = { () = {

2 if n is even, 0 if n is even.

Moreover we define

F, 1<j5<d(n), F, 1 <1< p(n),
Fj={Faj+a;'] ) +1<j<r, Li=_F[Bi+5"] pun)+1<i<t,
Fyla;] r+1<j<r+s, F,[8i] t+1<i<t+k,
and
{az,by : a,b e F,} 1<j<4d(n),
Ii(z,y) = —
i@y) W) abeF S(n)+1<j<r+s,
by —bx
{az,by : a,b e Fy} 1 <i<pu(n),
Ji ) = -
(@) W) abe Ly um)+1<i<tk
by —br

Note that I;(1,0) = F, ®0,1;(0,1) = 0® F,. Thus for 1 < j < §(n) it suffices to consider
1;(0,1) and I;(1,0). Similar observations are useful for 1 < ¢ < p(n). For é(n) +1 < j <
r+s,pu(n)+1<1i < k+t we consider I;(0,1) and I;(gj,1), respectively J;(0,1), J;i(gi, 1) where
qj € F}, respectively ¢; € L;.

By Maschke’s theorem the group algebra Fy[Quy] is semisimple and hence isomorphic to a
direct sum of matrix algebras over suitable extension fields, realized in [5] by the map p,

r+s t+k
p:FqlQuan] — (@ Aj) @ (@ Bz) ;

which is defined by families of Fy-algebra homomorphisms (7;)1<j<r+s, (7)1<i<k+¢ such that

]Fq @Fq ] S 6(”)’
Aj = { Maty(Fgla; +aj'])  d(n)+1<j<r,
Matsy (Fq[c;]) r+1<j<r+s,



Fq©Fy i < p(n),
Bi = Mata(F[8; + 87 Y)  un)+1<i<t,
Matg(ﬂ:?q[,@i]) t+1<:<t+k.

As in [9] one can observe that the inverse p~! is well-defined and each direct summand (A;)1<j<r+s,

(Bi)i<i<t+k has an identity element id4;, respectively idp,, such that the central irreducible
idempotents (e;)i1<j<r+s, (€;)1<i<t+k are given by

ej:p_l((],...,O,idAj,O,...,()),1§j§r—|—s, (1.3)

el =p710,...,0,idp,,0,...,0), 1 <i < k+t. (1.4)

Moreover, similarly as in [§], the structure of an arbitrary code C' C Fy[Quy] can be described
via the decomposition C' = @15 C; & Pirh ¢!, where

7=1
Aj J € 51, B; 1 €8y,
Ii(=q5,1)  jeS2\{1,6(n)}, Ji(=q;,1) i€ S5\ {1 un)},
C; =14 1;(0,1) jeSen{l,6(n)}, Ci=1<J;0,1) i € S5N {1, u(n)},
Ij(l,O) j e S3, Ji(l,O) i € Sg,
0 j¢51U52U53, 0 i¢S4US5USG,

51,852,853 C [+ s],54,55,56 C [k +t] are pairwise disjoint and (g;)jes, C Fj, (¢})icss < Li.

2 Main result

Theorem 2.1. Let ged(4n, ¢) = 1 and consider an arbitrary code C' C Fy[Quy] generated by its
idempotent A € Fy[Quy]. Suppose that

¢j = Aep,(x), 1< j<r+s, ¢ = Aegs(x), r+1<j<r+s,
Vi = Xeg,(x), 1 <i < k+t, i = Aege(x), t+1 < i < k+t,
r+s k+t ,
and let p(C) = @ Ci@@ C; be the code decomposition. Then the code blocks (C})1<j<r+s, (C))1<i<t+k
j=1 i=1

are determined by the elements ¢;, @-, Vi, 1;2-, 1<j<r+s,1<i<t+k as follows:

(i) For 1 <j <d(n)
L(1,0) if g5 = ey, (v),

2
C: — 1;(0,1) if ¢j = lgiyefj(x)v
7)o if ¢; =0,
Aj if gf)j = ij(l’).

(ii) For 6(n) +1<j<r

{0 if ¢; =0,

Cj = .

Aj if ¢j = efj(ac).
(i) For r+1 < j <r+ s and u;,;, v;,v; € Fg[z] such that

¢j = uj(z) +yvi(x), ¢ = uj(z) +yvj(x),



we have

Lo (o5 h), —uj(ay))  if (05(e; "), ui(ay)) # (0,0),
oo 1 dj(egh), —vi(ey)) i (e ) = uileg) = 0 A (dj(eg ), vi(ey)) # (0,0),
"o if 4 (a; ") = vj(ay) = Gj(a;") = wj(ay) = 0,
A; if v; = v; = 0 Au;(z) = ey, () ANij(r) = ey, ()

(iv) For 1 <i < p(n) and ¢ =1 (mod 4)

J(1,0) iy = — (el Y
=TT i = - @@?52,

0 if ;= 0,
Bi if 1,[)1 = —6gi ($)

For 1 <i < p(n) and ¢ =3 (mod 4)
Cu:{o if 4; = 0,
B it = ey (@),

(v) For pu(n)+1<i<t

Cl=

0 if ¢; =0,
Bi if ¢Z = —€g; ($)

(vi) For t +1 < i <t+k and u;, 1, v;,v; € Fglx] such that

Y = ui(x) +yvi(x), Y = di(x) + yvi(z),

we have
TG (B 1), —wi(B:)) i (G871, wilBy)) # (0,0),
o Ji(@(B7Y), —vi(B) i a(87) = wilBi) = 0 A (@ (57 ), vi(Bi)) # (0,0),
' 0 if a;(8; ) = vi(Bi) = 0i(B; 1) u;i(B;) =0,
B; if 0; =v; = 0 A wi(x) = eg,(x) A Gi(z) = eg, ().

Proof. Let 6;; be the Kronecker delta, i.e., 0;; = 1if ¢ = j and 6;; = 0 if 7 # j. Using the central
irreducible idempotents obtained in [5], Theorem 3.2 and Theorem 3.8, together with (1.3)) and

(1.4) we have

r r+s t+k
Zefj+ Z (6fj+€f* Zegz Z egi+eg;):1.
J=1 j=r+1 i=t+1
Let
r+s t+k

:@)\j@@)\;, )\jGA]’,)\;EBia

giving for 1 <57 <r
r+s

i) = EP Ajdi
=1



and forr+1<j<r+s
r4+s

p(¢; + 9;) EBA Sij-

Similarly for 1 <i <t
t+k

(i) = D Nidij
=1

and fort +1<:<t+k
t+k

%-l-% @)\/ i

Thus the elements (\;)1<j<rts, (\;)1<i<i+x can be calculated from ¢;, ¢;,4;, ;. It follows from

r4s t+k

P(C) = p(Fq|Qan]A EBA N @ @B,

that C; = A;\j, respectively C! = B;\,.
Cases (2), (i7), (iv) and (v) can easily be deduced from

r45 t+k

i) = Nidij.  p(wi) = EP Aidij,
=1 i=1

and Theorem 3.2, Theorem 3.8 from [5] where the central irreducible idempotents covering
the possible values of (¢;)1<j<r, (¥i)1<i<t are explicitly given. We exemplarily give arguments
proving case (vi) which works similar as case (i) If

Vi = ui(@) +yvi(w),  Pi = 0i(2) + yoi(),
then
)\{ 1 0 _ ul(ﬁz) 0 )\/ 0 0 _ 0 171(/81)

’OO_vi(ﬂi)O”'Ol_Odi(ﬁi)’
P \w(B) w(s
Obviously, if 1; = t; = 0, then \, = 0 and hence C! = 0. If ¢; = ey, (z) and ; = egr(z), then
)\; = ]2 and C{ = Bi.

Moreover, since X, is an idempotent by defintion, it follows from the linear independence of

the rows of the matrix \; that X, = Io. Therefore, if ¢; # 0,%; # 0,%; # ey, (2),0; # egr(z), we

have

and hence

Ji(@(B7Y), —ui(B)) i (G:(B7) ui(By)) #
Ci = Jilai (B 1), —wi(B))  if (@s(B; 1), vilBi)) # (
0 if (5(8; 1), wi(8:)) = (@(B; ), vi(B:) = (0,0).

Remark 2.2. For r+1 < j <r+s with Cj = A; we require ¢; = ey, (), bj :ef]( x). Similarly,
for t +1 <i < t+k with C! = B; we require ¢; = e,, (x),9; = eg,(2).



3 Application to induced codes

In the following we apply Theorem [2.T]to obtain the structure of codes induced by Cy2clic groups.
Let ¢ be a positive integer divisor of 2n. Consider the cyclic group algebra F,[Z]/ (iTn —1) and

7 748 i i+k
A 2n N £ /AN £X /A A /A A AN AK S A
T —1= (H fj(ﬂf)) ( I 7@/ (fv)) (H gi(fv)) ( I %3 (3;))
j=1 j=f+1 i=1 i=i+1
be the factorization of @27” — 1 into irreducible factors. Let
2n
Q:F [2]/(27 —1) = Fy[Qun), & > 2

be the embedding of F, [i“]/(i"QTn — 1) into Fy[Q4p]. In analogy with (1.1) one can define the
idempotent ép,(Z) for a monic polynomial h € Fy[2]/ (:%27” — 1) which divides 1. Moreover,
using (1.2)), it is easy to see that if h is irreducible one can write

r+s r+s k+t k+t

A l

en(@) =1 Y ep@ |+ D ep@|+| D ew@|+| D egp(2)
j=1 Jj=r+1 i=1 i=t+1

fi(@)n(z*) fr(@)|n(z*) gi(@)Ih(x") g; (@)|h(z")
The following observations on generating idempotents immediately follow

Lemma 3.1. Let (ﬂ)1§j§r+s, (J?)r+1§j§r+57 (Gi)1<i<t+k and (g )i+1<i<t+r be the irreducible

factors of 27 — 1 in Fq[aé]/(gEQTn —1).

e For1 < ;<7

r+s

<

A ¢
ey () = er@) |+ D (en(@) t+ep(@)
i=1 i=r+1
fi(@)|fj (=) fi(@)|fj (")
t t+k
+ Z eq,(2) | + Z (egi($)+egf($))
i=1 i=t+1
gi(x)| f; (") ()| f; (")
e Forr4+1<j<¢f+35s
r+s r+5 t+k t+k
A 4
@)= D en@ |+ D en@ Y@ |+ D] en@
i=r+41 i=r+1 i=t4+1 i=t+4+1
Fi (@) f5 (29 @)1 f5 (=9 9i (@) £ (%) g7 ()| f; (&%)
r+s r+s t+k t+k
)= D ep@|+| D enlw) Y@ |+ D] en®
i:v-AJrl i:rA+1 i:tjtl i:tfrl
fi(@)|f5 (=) 7 @) f;5 5 9i ()| f5 (=) g7 ()1 £; (=)




« For1<i<t

T 7+
N
ég(at) = ep@ |+ D (ep@) +ep (@)
j=1 j=r+1
J(@)gs(z*) i(@)1gi (")
t t+k
Y @] X (o) ey (@)
j=1 j=t+1
95 (2)[9i (") 95 (2)[9i (")
e« Fori4+1<i<i+k
r+s r+s t+k t+k
@)= D en@ |+ D en@|+]| D e@ |+ D en@ |,
j=r+1 j=r+1 Jj=t+1 i=t+1
£5(@)19: (2*) 5 @)19: (2*) 95 (@)19: (=) 97 (@)]g: (")
r+s r+s t+k t+k
r@) = D ep@ |+ D en@|+| D ew@ |+ D ey
j=r+1 j=r+1 Jj=t+1 Jj=t+1
fi@)gf (=% £ (@)lg} (=) 95 (@)lg} (=) 9} (@)]3] (@*)

Theorem 3.2. Set C, = (h) and let C = Fy[Q4,]C},) be the code induced by Cj,. Then C

decomposes as
r+s t+k

c=@Pc;ePc;
j=1 i=1

where
Aj j €S, B; i € Sa,
Cj _ Ij((), 1) ] € 5o, C{ _ Ji(O, 1) Z € 55,
Ij(l,O) RS 53, Ji(l,O) S Sﬁ,
0 j¢S1USQU53, 0 i¢S4US5US6,
and
Si={jef{l,....r+s}: fi(z) 1 h(z") A f}(2) t h(z")},
So={je{o(n)+1,....r+s}: fi(x)1 (xe) A fj*(a:) \ h(xe)},
Ss={je{o(n)+1,....r+s}: fi(x) | h(z) A fF(2) t h(zh)},
Ss={ie{L....k+t}:gi(x) t h(z") A gj(z) 1 h(z")},
Ss={i e {un)+1,....k+1t}: gi(x) t h(z") A gf () | h(z")},
Se={ic{un)+1,....k+t}:g) | hz)Ag(x)t h(a:g)}.

Proof. Recalling the generating idempotent e, (z) given in (I.1)) and that for g € Fy[z]/(z*" —1),
a monic divisor of z?" — 1 with g = g1 - g2, it holds e4(z) = ey, (z) + €4, (z), the generating
idempotent of the code C} has the form:

s r+s t+k t+k
=1 X G@ |+ X @ X a@ ]| X @
(j)_fh( ) fr (i?;(h(ﬁz) 9i(2)1h(2) (2)h(2)



This gives:

C = Fy[QunlQA(Ch) = Fo[Qual (Fold]/ (27 = Veg, (2)) = FylQunleg, (=)

and from Lemma [B.1] we have

r+s r+s t+k t+k
e, @)= X es@ |+ X ep@ |+ X ew@ |+ D epl@)
j=1 j=r+1 i=1 i=t+1
fy(@)h(a") I3 @)th(z*) gi()fh(z") 9; (@)th(z")
Applying Theorem the statement follows. O]

4 Conclusion

The block components (C})i<j<r+s, (Ci)i<i<t+k of a code C C Fy[Qup] with decomposition
C= EB;:; C; @ EBfif C! were identified via its generating idempotent. Afterwards this result is
applied to establish the structure of codes induced by cyclic groups. Understanding the structure
and decomposition of such induced codes is a key step for the construction of lifted product codes
as demonstrated in [I0]. Similarly as one can determine the blocks of codes induced by cyclic
group codes one can also obtain the blocks of codes in Fy[Q4y] induced by dihedral group codes,
see [10]. However this case requires a rigourous computation of the generating idempotent of
dihedral codes, see [§], resulting in a more detailed analysis, see [3], 2]. As already demonstrated
in [9] where the bases, the generating and the check matrices of the dihedral codes are constructed
one can use the algebra homomorphisms (7;)1<j<r+s, (1i)1<i<t+% explicitly given in [5], to extend
this to the generalized quaternion group algebra F,[Q4p].
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