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Quantum Error Correction in [,

e Two types of quantum errors:
» symbol errors (bit flips)
» phase errors
e Symbol errors can be corrected as in classical (linear) codes.

o Phase errors can be turned into symbol errors after Fourier
transformation and then be corrected as usual.

'Hermitian inner product for linear codes.
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Quantum Error Correction in [,

e Two types of quantum errors:
» symbol errors (bit flips)
» phase errors

Symbol errors can be corrected as in classical (linear) codes.

Phase errors can be turned into symbol errors after Fourier
transformation and then be corrected as usual.

@ We can create a length n stabilizer quantum code from certain
additive codes in Fg”, where

» symbol errors are corrected in the first half,
» phase errors are corrected in the second half.

If we use

2n ~ TN
F2" = F7,

and use self-orthogonal codes w.r.t. the trace-symplectic! form, we
can correct errors w.r.t. Hamming metric in JFZQ.

'Hermitian inner product for linear codes.
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Asymmetric Quantum Error Correction

@ In most quantum systems phase errors happen a lot more than
symbol errors.
—> asymmetric error behavior

o Other approaches: Use different minimum distance in front and
back half for the two error types.

@ Our approach: with
2
F" — Fp»
(U1, .., v2n) —> (VU1 + Upt1y ..o, YR + V2p)

the phase errors are represented as elements in F; and any
general error (combination of symbol and phase error) is
represented as an element in [F2\F,.
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The A-Subfield Weight

Definition

Let A > 1/2. We define the A-subfield weight on Fym as

0 ifx=0,
wtr(z) :=q1 ifzeF,\{0},
A ifx € qu \]Fq,

and extend it additively coordinate-wise to Fym.
The A-subfield distance between z,y € Fjn is defined as

dx(z,y) := wtr(x — y).
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The A-Subfield Weight

Definition
Let A > 1/2. We define the A-subfield weight on Fym as

0 ifx=0,
wtr(z) :=q1 ifzeF,\{0},
A ifx € qu \]Fq,

and extend it additively coordinate-wise to Fym.
The A-subfield distance between z,y € Fjn is defined as

dx(z,y) := wtr(x — y).

Theorem

The A-subfield distance is a metric on Fim.
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The Base-Roof Weight

Definition
For z € Fgm we define its

o base weight
wty(z) == |{i € {1,...,n} | x; € Fg \ {0}}]
e roof weight as
wtr(z) == |{i € {1,...,n} | & € Fgn \ Fg}|.
e base-roof (BR)-weight of = as
Wepn(a) = (why(x), Wty ().
Analogously, we define the BR-distance as

dpr(z,y) == (wtp(z — y), wt,(z — y)).
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The Base-Roof Distance

The BR-distance is not a metric, however:

Theorem

Consider the following partial order on N3:

(s,8) 2 (s',t) 1 = s<s andt <t

Let x,y € Fym. Then

Q@ dpr(z,y) = (0,0) if and only if v = y.

@ dpr(z,y) - (0,0) for z #y.

Q dpr(7,y) = dpr(y, ).

Q dpr(z,y) # dBr(w, 2) + dgr(2,y) for v,y,2 € Fim
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Error Correction Capabilities

Lemma

Let C C Fym be a code with minimum A-subfield distance d. Then any
error vector of A-weight at most Ld%lj can uniquely be corrected, i.e.,

there is one unique closest codeword ¢ € C to a received word r = c+ e
if wia(e) < |51
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Error Correction Capabilities

Lemma
Let C C Fym be a code with minimum A-subfield distance d. Then any

error vector of A-weight at most Ld%lj can uniquely be corrected, i.e.,
there is one unique closest codeword ¢ € C to a received word r = ¢+ e

if wia(e) < | 52].

What about the BR-distance?

Definition
We define the set of BR-minimal distances

dpr(C) := min{dgr(z,y) € N2 | z,y € C,x # y},

where min(D) := {(s,t) € D | 3(s',t') € D: (s',t') < (s,1)}.

The BR-minimum distance(s) uniquely determine(s) the A-subfield

distance and the error correction capability from above applies.
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Example

Consider Fy = Fa[a] with a? = a+1, and the code C C F§ generated by

Gz(lllaaa).

We hence get

dBR(C) = {(37 3)a (07 6)}

In the A-subfield metric, we get the minimum distance

dx(C) = min{3 + 3\, 6)\}.
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Example
Consider Fy = Fa[a] with a? = a+ 1, and the code C C F§ generated by

G:(lllaaa).

C WtBR(C)
(0 0 0 0 0) (0,0)
(1 1 1 « o a) (3,3)
(a2 o> o 1 1 1) (3,3)
(a a a o o a2) (0,6)

For A =2 and d,(C) =9, we can correct
@ 4 base errors and 0 roof errors,
@ 2 base errors and 1 roof error, or

@ 0 base errors and 2 roof errors.

v
7/16



Example

Consider Fy = Fa[a] with a? = a+ 1, and the code C C F§ generated by

G:(lllaaa).

C WtBR(C)
(0 0 0 0 0) (0,0)
(1 1 1 « o a) (3,3)
(a2 o> o 1 1 1) (3,3)
(a a a o o a2) (0,6)

For A =2 and d,(C) =9, we can correct
@ 4 base errors and 0 roof errors,
@ 2 base errors and 1 roof error, or

@ 0 base errors and 2 roof errors.

The minimum Hamming distance is 6 = 2 errors correctable.

v
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@ Upper and Lower Bounds in the A-Subfield Metric



Sphere Packing and Covering Bound

Theorem
Agm a(n,d) < |IF |
" |13Ld LSRN GFgm)|
. qmn
a E 7 (T n—
Y S @ — 0 () g — N
A s(nyd) > —aml
|Bg—1.A(Fpm)|
qmn

> s (gm - q) (7) (g — 1)I=X (" M).

8/16



Singleton-type Bound

Theorem

Let A >1 and C C Fgm be a code (not necessarily linear) with minimum
A-subfield distance dy. Then

{d,\—l
)

J <1 — [logm(] C ).

Thus for linear codes of dimension k, we get

dy — 1
VA JS”_’“

= Mn—k)+1<dy<An—-k+1)
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Plotkin Bound

Theorem
Let C C ]Fgm be a linear code, then

€]

d\(C) < = 1n()\ — (A= 1)q1_m —q ™).

(Analogous result for non-linear codes.)
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Comparison of Bounds

Ay(n, d) Ay(n, d)
—singleton 10% 1 _singleton
100 | —sphere packing —sphere packing
—sphere covering 107 —sphere covering
1077 4 107
101 4 10%t
10%2
101 4
104
o
10 0%
10° 4 1025
n 10° n
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
Ayn, d) Ay(n,d)
108 {  —Singleton 11| —Singleton
—sphere packing 10 —sphere packing
10167  —sphere covering —sphere covering
10136 4
10146 10121 4
10123 10105 4
10104 1091 4
108 1076
1082 1061 4
104 10% |
n n
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20

g=4,m=2,A=4,d=7, q=4,m=8,1=5,d=10

¢g=521,m=4,2=3,d=10, q=5m=12,A=3,d=5 11/16



Comparison of Bounds
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Optimal Codes

Theorem

Let C C Fgm be an MRD code. Then the minimal \-subfield distance
satisfies

An—k)+1<dy<AXn—-k+1)
for X > 1. Thus, the code achieves the Singleton-type bound and is an
MMD (mazimal \-subfield distance) code.
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Optimal Codes

Theorem
Let C C IFZm be an MRD code. Then the minimal \-subfield distance
satisfies

An—k)+1<dy<AXn—-k+1)

for X > 1. Thus, the code achieves the Singleton-type bound and is an
MMD (mazimal \-subfield distance) code.

= MRD is MAD!
Corollary

MMAD codes are dense in the set of all codes whenever MRD codes are
dense (in particular for linear codes and growing m).
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@ Reed-Solomon Codes in the A-Subfield Metric



Reed-Solomon Codes

e For any code we have d)(C) > dy(C).
@ RS codes include all-one vector.

= [n, k]-RS code has minimum A-subfield distance

n—k+1<dyC)<n.
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Reed-Solomon Codes

e For any code we have d)(C) > dy(C).
@ RS codes include all-one vector.
= [n, k]-RS code has minimum A-subfield distance

n—k+1<dyC)<n.

Theorem

Let A > 1 and C C Fym be a Reed-Solomon code of dimension k. If
An—((A=1)g+1)(k—1) <n then

dy(C) > A — (A= 1)g + 1)(k — 1).

Otherwise, dx(C) = n.
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Error Correction Capabilities

roof errors roof errors
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@ Summary and Conclusions



Summary and Outlook

e In applications like quantum error correction we observe different
error types with different frequencies.
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Summary and Outlook

e In applications like quantum error correction we observe different
error types with different frequencies.
—> asymmetric error correction

We distinguish errors from the base field and those outside of it
(roof errors).
—> JA-subfield metric

We show that this is a metric, and derive sphere covering, sphere
packing, Singleton and Plotkin bound.

MRD codes are MAD codes.

Low rate RS codes can correct more errors with higher .

Also: Macwilliams identities for square extensions (only).

Thank you for your attention!
Questions? — Comments?
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