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Abstract

This paper approaches the problem of an econometric evaluation of dynamic programme se-
quences from an potential outcome perspective. The identifying power of several different
assumptions about the connection between the dynamic selection process and the potential
outcomes of different programme sequences is discussed. The assumptions invoke different
types of randomisation compatible with different selection regimes. Parametric forms are
not involved. When participation in the sequences is decided every period depending on the
success in the past, the resulting endogeneity problem destroys nonparametric identification
for many parameters of interest, so that several dynamic versions of the average treatment
effects on the treated parameter are not identified. However, some interesting dynamic
forms of the average treatment effect are still identified. We also present a bounds analysis
to learn from the data as much as possible, even when parts of the identifying assumptions

are violated.

Keywords
Dynamic treatment regimes, nonparametric identification, Rubin causal model, sequential

randomisation
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1 Introduction

There is considerable interest in the econometric evaluation of labour market programmes.
Overviews of the activities in this field can be found in Angrist and Krueger (1999), Heckman,
Lalonde and Smith (1999) and Lechner and Pfeiffer (2001). Many recent contributions to this
literature use explicitly a 'causal model’ of potential outcomes that is typically associated with
Neyman (1923), Roy (1951) and Rubin (1974). In this model causal inference relates to the
guestion about what would happen on average in one hypothetical situation (e.g. participating in
the programme) compared to another situation (e.g. not participating in the programme’) for a
particular population. It is an advantage of this so-called counterfactual framework that it clarifies
the distinction between associations and causal statements. The latter typically require some ad-
ditional knowledge for identification that is not verifiable from the data. The recent literature
seems to concentrate on ways to obtain knowledge about causal effects without imposing strong
parametric modelling assumptions on the link between assignment and outcomes used to measure
the success of specific treatments.? It is an important feature of this strand of the literature that the
causal framework used is basically a static one. The static framework provides a considerable
simplification as compared to a dynamic setting and alows the derivation of exiting results with

respect to nonparametric identification and robust estimation.

Unfortunately, although a static model may provide a good approximation in some cases, it is
generally insufficient for the analysis of many active labour market (or other) policies, because
many such policies consist in sequential strategies of assigning people to different subpro-
grammes. In many cases the effects of the subprogrammes in which the individual participated so
far have an influence on the choice of the next subprogramme. For example, an unemployed is
first assisted with job search. If she remains unemployed, then she is send to a training pro-
gramme. If she still remains unemployed, then she is alocated to an employment programme,
and so on. Obviously any static causal framework has a very hard time, i.e. needs a lot of simpli-

fying assumptions, to even be able to define the interesting questions, not to mention the ability

1 To stick to the terminology of that literature that has strong links to statistics and biometrics we will use the term
treatment from now on as a substitute for programme.
Recent examples are papers by Imbens and Angrist (1994) for the identifying power of instrumental variables,
Heckman and Vytlacil (2001b) and Vytlacil (1999) for nonparametric selection models, and by Rubin (1977) and
Lechner (2001b) for the conditional independence assumption.
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to discuss identification of parameters of interest, namely the effects of different strategies (se-

guences of treatments).

One way to address these issues would be to 'return’ to structural parametric econometric models

for panel data, like duration models (see van den Berg, 2000) or regression models of some sort

(see Baltagi, 1995). These models can in principle accommodate dynamics and selectivity in a

fairly direct way. It appears however that they have not (yet) been used to tackle the problem of

causal effects of dynamic treatment regimes explicitly. When they are used (e.g. Lalive, van

Ours, and Zweimuiller, 2000), there is no explicit definition of the causal effects being estimated.
In the light of the literature on nonparametric identification of static causal models, the depend-
ence of these models on parametric functional form assumptions to achieve identification is a
undesirable feature of this approach. Yet, once identification is achieved nonparametrically, these
models can play an important part in reducing the dimensionality problem in estimating various
conditional expectations of observables variables in dynamic treatment settings. Using parametric
models only at the estimation step has the advantage that the fundamental economic relations that
do lead or do not lead to identification are not obscured by some functional form assumptions

that always come with using models at the identification stage.

There is a related literature in epidemiology and biostatistics that uses counterfactual outcomes
explicitly in a dynamic setting (e.g. Robins, 1986, 1987, 1997, Robins, Greenland, and Hu,
1999). These papers typically assume some sort of sequential randomisation, which will also play
a role in this paper as a benchmark case. However, their assumptions (and also their notation) are
motivated from applications in biostatistics, do not always correspond to assumptions that would
seem to be appropriate for many econometric applications. We reformulate and extend their

framework to arrive at new and interesting results.

In this paper we generalise the econometric counterfactual static causal evaluation model to a dy-
namic context. By drawing on recent extension of the static model to multiple treatments
(Imbens, 2000, Lechner, 2001a), and on the literature on bounding treatment effects (Balke and
Pearl, 1997, Heckman and Vytlacil, 2001a, Lechner, 1999, Manski, 1989, 1990, Robins, 1989,
Pearl, 2000), we provide a framework to discuss different definitions of the effects of interest and
their nonparametric identification under various assumptions relating to the content of the
information available to the researcher about the connection between the assignment decision and

the outcomes of the treatments. In doing so we explicitly avoid parametric or semiparametric



modelling assumptions to achieve identification and explore how far our extensions of the
nonparametric literature based on the static model will lead us without having to rely on

parametric models for identification.

Specifically, we explore the potential of several assumptions of the sequential randomisation
variant. These assumptions basically suppose that the current assignment to a programme can be
treated as independent of the (potential) outcomes conditional on some information set. They
differ with respect to the important notion of which information set to condition on. In fact in any
application the information set required to make these assumptions plausible defines the variables
that need to be observed in the sample. We show what kind of effects are identified using as-
sumptions that could be plausible for example in rich data sets (and institutional circumstances)
sometime found in labour economics.® Furthermore, we also derive bounds for cases where spe-

cific assumption are partially violated.

The following section defines the notation as well as effects of interest in a dynamic treatment
setting. Section 3 proposes several identification strategies and discusses their identifying power
with respect to the parameter defined in Section 2. In Section 4 nonparametric bounds are devel-
oped for some of the cases when these assumptions are not sufficient to identify particular
parameters of interest. Finally, Section 5 summarises our main findings and concludes. Appendix
A contains the proofs of the lemma and theorems. Appendix B and C contain further expressions
and derivations for bounds derived under possible violations of the identifying assumptions not
considered in Section 4.

2 The notation of the dynamic causal model

2.1 The variables

We consider a world with a finite number of T + 1 discrete time periods indexed by t
(t=0,1,...,T). The particular treatment received by the population of interest in the beginning of

3 In fact we plan to apply these identification results to the estimation of the effects dynamic regimes in active
labour market policiesin Switzerland and Germany. For these countries rich administrative data sets that allow to
address these issues are available.



each period is described by a T + 1 dimensional vector of random variables S=(S,,...,S;) .*

Starting in period one each treatment in the particular period can take a finite number of M values

(m=1...,M ). In period O everybody receives the same treatment S=(0,S,,...,S;) . A particular
realisation of Sin period t is denoted s . Furthermore denote the history of variables up to period
t by abar below avariable, eg. s =(0,s,...S).° Therefore, for each period t there are M* (t is

not an index, but an exponent) different possibilities of sequences of treatments so far. In the last
period a member of the population is observable in exactly oneof M treatment sequences. This

notation allows also to specify incomplete or partial sequences by considering sequence § with

t <T . The importance of this distinction becomes clear during the discussion of the definition of

the effects of the treatments and their identification. To sum up, we consider
ZMI _M(MT

tial outcomes that overlap over time.

9 different potential outcomes.® Every individual belongs to exactly T poten-

Variables used to measure the effects of the treatment, i.e. the potential outcomes, are also
indexed by the treatments and denoted by Y* =(Y;},Y;2,...,Y;?) . After t and beforet + 1, i.e. after

the treatment of period t and before the next treatment, one of those potential outcomes is observ-

able and denoted by Y, . The resulting observation rule is defined in equation (1):’

=> U= == T AUs = DY == 3 As =Y @

IE

Having defined treatment status and potential outcomes it remains to define variables that in-
fluence treatment selection and (or) potential outcomes, so called attributes and potential con-
founders, denoted by X. In general we alow the treatment status to influence the values of these

variables (introducing some endogeneity, a term to be defined later on). Therefore, there are

We avoid the technical term units for members of the population. In resemblance to our motivating application we
call them individuals instead. Generally the notation set-up in this section follows the spirit of Rubin (1974) and
others.

To differentiate between different sequences sometimes it will be convenient to assign a specific value (e.g. j) to
the specific sequence or to index a sequence like §J .

Note that this is a geometric sequence.
The observation ruleis similar to the consistency condition used by Robinsin several papers.
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potential values of the X variables depending on the treatment sequences, so that they have aso to
be indexed by the treatments ( X*® = (X3, X3,..., X3)). The K dimensional vector X, can be
observed at the same time as Y,. The corresponding observation rule for X, is analogous to the

one given in equation (1). It is convenient to collect the potentially endogenous variables Y and X,

as well as their potential counterparts in (K+1) x T dimensional matrices denoted by
H=(HyHy, o He ), H = (Y, X, )7 and HE = (HE HE L HE).

We call a variable endogenous, if its potential outcomes differ across treatment states (e.g. V is
called endogenous if V, #V,* for somet and s). In other words, at least one of the treatments
has a causal effect on an endogenous variable. Similarly, we denote a variable as strictly ex-
ogenous if no treatment has any effect on it (e.g. V is caled strictly exogenous if V, =V,* for all
t, 7 and al s). An equivalent statement is that every treatment is non-causal for a strictly ex-

ogenous variable.

Example

The following restricted version of the general framework with M = T = 2 should help clarifying the ideas of the paper.

The treatments variables are now defined as follows:

S$=(0.5,5).5=(0s), 5 =(0.5,5). §0{(0,0).(0.1}, 50{(0,0,0),(0,1,0),(0,0,1),(0,11)} .

In total there are two ( 2") different treatment sequences in the first period, and four ( 22) different treatment se-

2(2° -1
( ) = 6 potential outcomes. The observation rule simplifies to:

quences in the second period. Thus there are

Y, =Y+ (1-9)Y, =55 Y " +5(1-5)Y° +(1-5)A-S,)Y,” +(1-5)s,Y,*.

The changes in the remaining variables Y&, X%, H® Y, X, H are obvious.

Before defining causal effects in detail we assume that all random variables introduced so far

have finite support.



Assumption 1-1 (finite support)

The joint support of all random variables is defined on a closed set.

As a short hand notational convention the upper and lower bounds of the support of a vector of
random variables A is denoted by | A and Y A. In practise this assumption is only in rare cases

restrictive, because one could usualy assume that the lower bound is a very large, but finite
negative number, and the upper bound is avery large, but finite positive number. ASSUMPTION 1-
| has the virtue that we need not be concerned about the existence of (unconditional) moments of
the various random variables.

2.2 The effects

The purpose of the desired empirical analysis is to estimate the mean causal effect of a sequence

of treatments defined up to period 7 (§*) compared to another sequence of the same length (s')

for a particular population and for a period t, denoted by Hf’ké" (t=7). Note that we consider

only pair-wise effects of sequences that have the same length. Comparing sequences of different
lengths does not appear to be attractive, because it amounts to a comparisons of some well-de-
fined sequence with another sequence that is only partially specified and left undetermined for
some periods before period 7 (each sequence contains all possible treatments - including the
state of no treatment - up to that period). The other restriction implied in the notation is to only
consider effects of treatments after they have happened. This is not restrictive at all however,
because the vector of potential treatments could be redefined such as to include future partici-
pation as a current treatment status (for example to allow anticipatory effects of future treatments

on current outcomes, like the famous Ashenfelter’s, 1978, dip story).

The question remains for what subpopulations to consider mean causal effects. Trivially, mean
causal effects can be constructed for all subpopulations defined by variables that do not depend
on the treatment (i.e. they are strictly exogenous). All what follows is aso valid in strata defined
by these variables. The other extreme, namely a causal statement that is conditional (partially) on
the effects of the treatments, does not make much sense. Thus, conditioning on H in general is

inappropriate without exogeneity assumptions about H. However, conditioning on treatment



status (instead of treatment outcome) is appropriate, because it alows the typical comparisons of
(many different) effects of treatment on the treated compared to treatment on the nontreated. For
consistency reasons we consider only subpopulations defined by treatment status going not be-
yond the last period of the specified treatment sequence. In other words, to avoid further compli-
cations we do not consider the effects of a treatment in the past conditional on future treatment
status. If a comparison for such a group is desired one may always prolong the specified sequence
of treatments to match the period used for defining the group. The definition of the average
causal effectsis given in equation (2):

65 (s')=E(YY |S =8)-E(*|S =5,
F<r<t<T, k#l, kI1O{L...,M7), jI{L...M7). (2

Note that for 7 =0 we obtain the average effect for the population. To ensure that equation (2)
can be interpreted as a causal effect the standard assumptions of the Rubin (1974) model are aso
necessary, like SUTVA. They mainly imply that the effects of treatment on person i does not
depend on the treatment choice of other people. Note the resemblance of the effects to effects that

are typically of interest in the static evaluation literature, namely the average treatment effect

(ATE) and the average treatment effect on the treated (ATET). Here, we may call ka S the dy-

namic average treatment effect (DATE). Accordingly, 655 (s) as well as 655 (s') may be
termed dynamic average treatment effects on the treated (DATET) and the nontreated (i.e. per-
sonswith S, =§').

Table 1 summarises the notation as well as definitions introduced so far. Obviously there are
many cases in between when the condition set consists of a shorter sequence than the ones evalu-
ated, but we refrain from inventing other names for these effects and will call them all DATET
instead.



Table 1. Summary of notation and definitions

Symbol Meaning Timing
t=041..T time periods -
S=(0,S,....S;) RV: treatment begin of period
5s=(,s,....8) specific sequence of treatments until period ¢ begin of period
s 0{L..,M} M exclusive treatments in each period begin of period
Y= (Y8, YE L YY) RV: potential outcomes end of period
Y=(,Y,..Y,) RV: observable outcomes end of period
X& = (X3, X3,.., X3) RV: potential confounders end of period
X =(Xgy Xy yeey X1) RV: observable confounders end of period
H® =(H& HE,.. HY), H2 =(Y2,X2)’  RV:collection of potential outcomes and confouders  end of period
H=(Hy,H,...H), H =(Y, X))’ RV: collection of observable outcomes and confouders  end of period
gfr“ s (s)) mean causal effect of sequence §k compared to end of period

sequence g for those participating in s/

RV: Random variable.

2.3 Connection of effects and outcomes in different periods and sequences

Before using this notation to discuss identification of the effects, it is useful to derive some con-
nection between the different treatment effects Bﬁkéfl (s)). It is of particular interest to see the
relation between different lengths of the conditioning sets s’ and s, (JON*,(f+J)<t),

when both sets coincide until period 7 .

Lemma 1 (connection of treatment effects defined for different lengths of conditioning set)

k ol H M M k &l f . .
6:°(8)=) ) & (g m, . m)PIS.; =(8’m,...m) S =5'].
M= My=1 ' g

Srn St+s Sra St+s

The proof is direct by applying the definitions of the treatment effect.

Because treatments are observable, P(S.,; =S, |S = §') isidentified. Thus, LEMMA 1 implies

that if the treatment effects are identified on finer subpopulations’ given by s/.,, they are also
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identified on the 'coarser subpopulation’ defined by §' and can be computed as a weighted aver-
age.

Before similar relationships are derived for the same conditioning set but different treatments
(again coinciding until period 1), the following relations among potential outcomes from differ-

ent periods are useful :®

Y = il[(sm =my = Z %l{(sﬁz = m)IA(S,., = m)YE ™™ = 3
m= m=1

m=1

Equation (3) states that the individual potential outcome of a shorter sequence specified up to
period 7 isthe same as the potential outcome of a sum of possible potential outcomes for longer

seguences consisting of the same subsequence of treatments up to period t.
Equation (3) can be used to establish a connection between the treatment effects over time

(655 (S'), 65959 (S),[15.,1,..S5) ) IN LEMMA 2-1.

Lemma 2-1 (connection of treatment effects defined for different lengths of treatments)

k ol R M H k | R
67 % ()= Y P(S..=mlS =8) 4 "IN (S 05, =) =

m=;

M M

i Z P(Su =M, Sup =M1 § =8) G5 MENMG [ =m,.,5,5 =)
4=

=

The proof is contained in Appendix A.1.

Note there is aminor complication for caseswhen r and 7 do not coincide (i.e. ¥ <7 ), because
then the effect of the sequence is conditioned on an unspecified part. In slight abuse of our pre-
viously introduced notation the unspecified part is denoted by bulletsin LEMMA 2.

LEMMA 2 implies that we can infer the effects of shorter sequences from comparisons of all

longer sequences that are exactly the same after period 7 weighted by their probability of occur-

11



rence. Thisisintuitive, because if apair of sequencesis the same after period 7, the causal effect

of their difference must be entirely due to differences of the sequences until period 7.

The properties derived so far are useful to obtain the identification results as well as the boundsin

the next sections.

Example (continued - 1)

The following 48 pair-wise effects can be defined for the example:

I) 91(0,0,[)],(0,1,[)] (O) 92(0,0,01(0,1,01 (O)
92(0,0,0),(0,1,0) (O) , 92(0,0,0),(0,0,1) (O) , 92(0,0,0),(0,1,1) (O) , 92(0,0,1),(0,1,0) (O) 92(0,0,1),(0,1,1) (O) 92(0,1,0),(0,1,1) (O) .

() G (g), 677 (g)
02(0,0,0),(0,1,0) (§)’ 92(0,0,0),(0,1,1) (§)’ 92(0’0’0)’(0’1’1) (ﬁ), 92(0’0’1)’(0’1’0) (ﬁ), 92(0’0’1)’(0’1’1) (ﬁ),

o101 (g, 5 0{(0,0,01(0,1,0} ;

(i) 92(0’0’0)’(0’1’0) (§)’ 02(0,0,0),(0,1,1) (§)’ 02(0,0,0),(0,1,1) (§)’ 92(0’0’1)’(0’1’0) (§) ’ 92(0’0’1)’(0’1’1) (§)’
6O (s), 5 1{(0,0,0),(0,1,0),(0,0,1),(0,11)} .

With respect to different conditioning sets used for the definition of the various effects, the connection between the

effects simplify as follows:
67 (0)=67* (0.0PI§ =0]+67* (OPI§ =1;

65 % (s)=6""*(3,0P[S, =0|S =51+ % (3, DP[S, =1|S = 5]

Similar simplifications can be obtained for the connection of different potential outcomes using the observation rule:
Y2 =SYEY +(1-8)Y R0,

Hence, we get the following relations for the expected potential outcomes:

B |S=5)=PS =15 =5)ENS?|§=¢,S =)+[1-P(S =1|§ =§ENS?|S§=¢,S =0).

8 Note that these relations hold for all elements of H, not just the potential outcomes, but also the potential
confounders.
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This result connects the different effects:

622 () =P(S, =15 =865 V(¢ D +[1-P(S, =1 § = §)18F =95, 0).

3 Identification

Suppose we have an indefinitely large random sample from the population and observe

effects with such data and assumption that might be appropriate in some econometric evaluation

studies based on very informative data.

3.1 Nondynamic treatment regimes

Let us assume that in addition to ASSUMPTION 1 the researcher has enough information in the
beginning of the initial period so that assignment to the treatment in every period can be treated
as random conditional on that information. In other words, this case is equivalent to a scheme
where the assignment of all treatments is made in the initia period and is subsequently not

changed when new information arrives.

Assumption 2-1 (full conditional independence assumption, F-CIA)

a) YS.L,Y S |X,=x%; %

b) 1>P(§=5|X,=%)>0; Ox, Ox,, UsOS,, Ot:1<st<7, 7<T.

Part @) of ASSUMPTION 2-| states that conditional on some exogenous variables X, all potential

outcomes are independent of all assignments up to the last period for which the treatment is

specified. This assumption is valid within a set defined by exogenous characteristics y,. Part b)

® As a convention, capital letters usually denote random variables, whereas small letters denote specific values of
the random variable. When we deviate from this convention it will be obvious (like for T and t).
' ALIB|C =c meansthat each element of the vector of random variables A is independent of the random variable

B conditional on the random variable C taking avalue of c.
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is the usual common support requirement (CSR), basically stating that all sequences to be evalu-
ated must have a positive probability of occurring in all strata defined by the values of x, that are

in the set of interest x,."* Obviously, only sequences that are feasible can be evaluated (otherwise

they would have zero probability anyway and violate the support condition). Such sequences de-
fined up to period t are elements of the set S,. Assumption 2-1 implies that subsequent treatment

choices do not depend on the outcomes of the treatments in the previous periods, because the

complete treatment sequence is chosen initially based on the information contained in X,. New

information revealed in later periods does not play any role for the selection into the treatment. In
the language of biometrics as suggested for example by Murphy, van der Laan, Robins, and
CPPRG (2000), such a mechanism is appropriately called a NONDYNAMIC TREATMENT REGIME.
Note also that this assumption corresponds to the CIA assumption of the static multiple treatment
framework as discussed by Imbens (2000) and Lechner (2001a), where the treatment assignment
is independent of the potential outcomes conditional on some exogenous variables. In these mod-
els assumptions like 2-1 identify all effects.”

The full conditional independence assumption (F-CIA) can also be written in a sequential way, so
that the potential outcomes are independent of treatment choice conditional on previous treat-
ments. An interpretation is that the assignment decision for the next period is made in the begin-
ning of the period taking into account treatment history and the initial information (and also of
course other information would be alowed if it is conditionally independent of the potential out-

comes).

Assumption 2-11 (F-CIA — sequential version)

a) Y8, Y IIS§1S,=54 X =%;

b) 1>P(S§=5|X,=%)>0; Ox, Ux,, OsUS,, Ot:1<st<r, 7<T.

1 Strictly speaking all effects discussed below are defined on the set Xo (support). However, for notational

convenience this dependence will not be made explicit in the following. For some considerations about the
relevance of this assumption see Lechner (2001c).
12 The multiple treatments in their framework correspond to the particular sequences here.
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Again, this assumption implies a nondynamic treatment regime because any new information
related to the outcomes that might be revealed after period O does not play any role in the selec-
tion process. Thus, it is not surprising that LEMMA 3 states that both assumptions are statistically
identical.

Lemma 3

ASSUMPTIONS 2-1 and 2-11 are statistically identical.

The proof of LEMMA 3isgivenin Appendix A.2.

Example (continued - 2)

Part a) of ASSUMPTION 2-| (F-CIA) translates to the example as follows:3

Y(0,0) ’Y(O,l) ’Y(0,0,0) ’Y(O,l,O) 'Y(0,0,l) 'Y(O,l,l) H % | XO and Y(0,0,0) ’Y(O,l,O) ’Y(0,0,l) ’Y(O,l,l) H 82 | XO .

Part a) of ASSUMPTION 2-1l translates in the same way:

Y(0,0) Y(O,l) Y(0,0,0) Y(O,l,O) Y(0,0,l) Y(O,l,l)H% | XO and Y(0,0,0) Y(O,l,O) Y(0,0,l) Y(O,l,l)]_[s2 |§L XO.

The proof of identification is shown only for one example, that could be considered a worst case. It is one of the 'most

counterfactual' cases, i.e. it considers the counterfactual outcome in both periods:

F[Y©®*|S, =(0,0,1)] = E {FIY®?]S,=(0,0,1),X,]|S, =(0,0,1)} =

E{FIY*?|8,2(010).X,]|S, =(0.0.0} =

E {FIY|S,=(0,10), X,]1S,=(0,0.1)} .

XolS

When we use the sequential version of the full randomisation ASSUMPTION (2-11) the proof of identification is of course

the same as before. It might nevertheless be illustrative to see the proof of the equivalence of the sequential version

3 For the sake of brevity any referenceto the sets Xo, X and S, is omitted in the example.
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and the nonsequential version of CIA for this example. Here, we verify that Y ©19 s indeed independent of

(S.,S,) conditional on X, sothat F(Y*?,S,S, | X,) = F(Y®?|X,) F(S,S,| X,) holds:

FY®,5,5, X)) =F(Y®?, 8,15, X,) F(S [ X,) =

= F(YO 18, X,) F(S, 18, Xp) F(S 1 X) =

FOYCR P 1X0) F(S, 18, Xo) F(S1X,) = FY* [ X,) F(S,, S 1Xy).

Next, assume that assignment is decided each period based on initial information, as well as on
treatment history and new information that is revealed up to that period. However, the informa-

tion revealed has not been caused by past treatment, thus the observed X, is independent of the
treatment status in the same period § given past information about X and treatment status. The

participation decision may be based on the values of time varying confounders observable at the

beginning of the period, but they are not influenced by the treatments of this period (note that S
is observed before X, ). Thus, we call such information STRICTLY EXOGENOUS (We use only a

week version of strict exogeneity for which t = 7). Note that thisis still a nondynamic treatment

regime, because functions of the outcomes of the treatments do not appear in the conditioning set.

Assumption 3 (sequential conditional independence assumption, S-CIA)

a) Y3, YIS 1S,=54 X5 =%;
by X, S |X,=% and X_,I1S,1S,=58, X, =X, (t1>2);

c) 1>P(§=5|X.,=%4)>0; Ox O), UsUS,, Otilst<r7, 7<T.

Note that AssumPTION 3b coincides with a different formulation where X,_, and the trestment
history §_, are independent conditiona on X, ,. It does however not imply

X, HUS|S, =54, X, =X_,, S0 that selection into treatment in period t could still be based on

information acquired in period t-1. ASSUMPTION 3 again holds for all feasible sequences, as well

asfor al valuesof x that areintheset y, .
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Part b) of AssumPTION 3 can be reformulated in terms of potential confounders. The treatment in

period t is not causal for the value of X observed in this period given the history (note that § is
observed before X, is observed). Thus, the distributions of potential confounders are identical

conditional on observed treatment and observed confounder history.

Lemma 4 (noncausality condition)

ASSUMPTION 3b) is equivalent to the following noncausality condition:

FOXP9 |8 =5, X,) =F(X{*¥|§ =5, X,) and
F (Xt(—§1_2’§k_1) | S—l = Sk—l'§—2 = _S-.—Z’ >—(t—2) = F (Xt(—§1_2’§|_1) | S—l = §|—11§—2 = _S-.—Z’ >_(t—2) (t > 2)
The proof is contained in Appendix A.3.

Theorem 1

ASSUMPTION 1 is satisfied. If ASSUMPTION 2 and / or ASSUMPTION 3 holds, all treatment effects up

to period 7 are identified.

The proof is contained in Appendix A.4.

Example (continued - 4)

Now we consider for simplicity only the potential outcome Y °*? . Parts a) and b) of the S-CIA assumption simplify in

the example as follows:
) YOOUSIX;  YOOUSIS Xy
B X=X =X =X X LS,

Note that X, I'S, | X, and X, ©'S,|S,, X, is explicitly allowed for. Identification is shown as follows:
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F(Y(O’l‘o) |31:0'% :1):X|§<[F(Y(o,1,o) |Sl:o’s2 =1 )(0,)(1)|31:0,s2 =1]

= E [F(Y©?18=0,X,,X)18=0,S, =1].
So XE(O[ F(Y®? S =0,S,=1X,,X,) doesnotdependon S,. It remains to show that it does not depend
on § either.

F(YO,§ =0, X, [ Xp) 22 F(YH, X, | X,)F(S =0 X,)

FYO)S =0]X,, X)) =
o F (X, 1Xo) F (X, 1Xo)

FOY®, X, 1Xo)
F (X, 1Xo)

b
Because =F(YO | X, X,) and F(S =0|X,)=F(S =0] X,, X,), we get:

F(Y©M, S =0] X,, X,) = F(Y© | X,, X,)F(S, = 0] X, X,) .
Thus Y©*9 and S are independent conditional on (X, X;) , hence all effects are identified:
F (Y00 1S =0,S,=1) = XEX [F(Y© | X5 X)15=0,S =1

= xl'?xo[':(”%:lsz=0’Xo'xl)|51=0,82:1].

3.2 Dynamic treatment regimes

Next we rebalance the assumptions by weakening the conditions on the conditioning set and
strengthening the assumptions on the randomisation process. Assume that in addition to As-
SUMPTION 1 the researcher knows enough in the beginning of each period so that the assignment
to the treatment in every period can be treated as independent from potential outcomes condi-
tional on that information. In contrast to the previous assumptions the relevant information set
may contain variables related to realisation from observed outcome variables of previous periods
(with the exception of period 0). However, the conditional independence assumptions applying to
outcomes are also assumed to hold for the potential values of these 'endogenous’ confounding
variables. This set-up constitutes the first and in fact most restrictive DYNAMIC TREATMENT

REGIME we consider in this paper.
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Assumption 4 (sequential endogenous conditional independence assumption — SE-CIA)

a) H,..,H* HS | L Y :h—1’§—1 =S

b) 1>P(§=8|H4=h,S,=5,)>0, Dh,0H,, Us0S,, Ot:l<t<7, 7<T.

Theset Uh_, [ H,_, isdefined analogously to the set ., .

Theorem 2

If AsSUMPTIONS 1 and 4 are satisfied, then all treatment effects up to period 7 are identified.

The proof is contained in Appendix A.5.

This assumption appears to be attractive, because it allows to account for the outcome of previous
treatments (predetermined endogenowsriables) in the conditioning set, but till is strong
enough to give identification of all effects. However, the additional assumption that not only po-
tential outcomes, but also potential confounders are randomised could be a problem in practise. It
means that once a variable is discovered that influences both the participation decision as well as
the potential outcomes, one can only use that variable in the conditioning set, if the remaining
conditioning variables explain all systematic correlations between the potential value of that vari-
able and the participation process. Obviously once many variables are needed to make sure that
potential outcomes are conditionally independent of the assignment process, these conditions are

very hard to verify, and thus undesirable.

Example (continued - 5)
Part a) of the SE-CIA assumption (ASSUMPTION 4) simplifies in the example as follows:

Y(O,l,O)’ X (0,1,0) ’Y(O,l)’ X (0,2) H % | XO ’ Y(O,l,O)’ X(O,l,O) H % |§L;Y11 Xl; XO
N —"

H;

The above conditions imply restrictions for the following expectations:
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E(Y®? 18 =1 X) = E(Y* 15 =0,X,) [=EY [ X,)];

E(X®918 =1, X) =E(X®*?1§=0,X,) [=E(X? [ X,)];
E(Y*?1§=5,5=0H)=E(Y®?|§=5,5=1H,), Us0{01;
E(X®?]5=5,5=0H)=E(X®?|§=5,5=01H), Us0{0%;

E(Y®Y 1S =1 X,) =E(Y®?[§=0,X,); E(X®™ |8 =1,X,) =E(X®? |5 =0,X,);
These equations could be used to establish identification of the counterfactual event Y+ | S, =(0,0,):

F(Y®?1s,=(0.01)= E{F[Y®*?|S, =(0,01),H,]|S, =(0,0,1)}

= E{F[Y(O’l’o) |S =(0,0),S,=1H,]|S,=(0,0,1)}

4

= E{F[Y‘O’l‘o’ 15=(0,0,S,=0,H,][S,=(0,0,1}

I -

ElF (Y18 =(0,0),H,]1S = (0,0}

The observation rules can be used at that stage:

Y, =4S, =(0,0,0]Y,**? +1[S, = (0,0,)]Y,**? + 1S, = (0,1, O,"*? + 1[S, = (0,1, D]Y,***;
X, =4S, =(0,0,0] X" +1[S, = (0,0, )] X;**? + 1[S, = (0,1 0] X"*? + I[S, = (0,1, D] X;***.
Given S, =(0,0,1), we obtain Y, =Y, | X, = X% implying H, = (X, H,**?) . These equalities can

be used to complete the proof:

E[F(v®15=(00)H)[S=(001] = E_{FIY®?|§ =(0,0),X,,H"**]|S, =(0,0,1}.

0,0
o, HEOO

Now we use the assumption that the potential confounders are randomised as well:

F(YCM0 HO |5 =(0,0),X,)
FHP S = (00.%)

FYO0 IS =(0,0), X, H) =
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SF(YO%,HO | S = (0),X,)
F(H™ S =(02),X,)

; F(Y(O,l,O)’ Hl(0,0,l) | Xo)
FHC™ 1X,)

= F(YC1 | X, HO) = F(YO™ | § = (01), Xo, ).

Collecting the different partial results shows identification:

F(Y®*¥1s,=(0,01) = E[F(Y®*? 5 =(0,0,H.]|S, = (0,01} =
= EL{IF(™71S =02.X, H™)]IS = (0,01}
= E([F(Y®™1S =02, %, H,)]1S =(0,0D)
=XFH1{[F(Y‘°’1’°’ 1S =(0,1),S,=0,X,,H,)]1S =(0,01)}

= E{[F(YIS =(0.10), X, H,)]1S =(0.0}. qed

This give us the identification of F(Y©*? | S, =(0,0,1)). Denote F(Y**? | =(0,1), X, H**") as func-

tion of H %% (g(X,, H{%%Y)). The key insight is that taking expectations of this function with respect to the

same conditioning set as the one that denotes the potential confounders is the same as taking expectations with

respect to the distribution of the observable confounders in the respective subset:

XO’FI‘EW[g(XO, H%)|S,=(0,0,1)] = xol,EHl[g(XO’ H,)|S, =(0,0,1)].

Compared to AssumpPTION 3 (S-CIA) the additional restrictiveness of SE-CIA as defined in
ASSUMPTION 4 is that the same randomisation assumed to hold for the potential outcomes also
holds for the potential confounders. This part isrelaxed in ASSUMPTION 5.

Assumption 5 (partial sequential endogenous conditional independence assumption — PSE-CIA)

a) Y*,..Y*IIS§|H,=h,S,=54;
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b) 1>P(S§=5IH,,=h,S,=5,)>0; Ch,0H,, Os08,, Ot:lsts<r, 7<T.

ASSUMPTION 5 is weaker than ASSUMPTION 4, because it does not require randomisation of the
confounding variables, and still allows to condition on endogenous variables, i.e. observable
variables that are functions of the outcomes of previous treatments. Note that ASSUMPTION 4 as
well as AssuMPTION 5 contain implicitly a typical (exogenous) initial condition for period O by

assuming that the conditioning set in period one does not contain any endogenous variable (i.e.
H3 =H,, 0s). Without that initial condition (or without other restrictive assumptions that could

be imposed alternatively) it does not appear to be possible to obtain identification of interesting

causal parameters.

Theorem 3

Assumptions 1 and 5 are satisfied.

a) All treatment effects of the form kaél (s') and kaéfl, T<t<T are identified.

b)  All treatment effects of the form G+ 19)(gk §l) and s &ws) (k) r<t<T,

are identified.

c) All treatment effects of the form Q(§j'v’S’k‘V*l""‘S’k)'(§j‘V‘é"vﬂ‘“"é’)(§j_w), Ov:0<v<T,

Ow:Tt=2w=v, T<t<T, are identified.

The proofs of the three parts of THEOREM 3 are given in Appendix A.6.

THEOREM 3 shows that the price for relaxing the assumption that the potential confounders follow
the same randomi sation process as the outcomes comes in three different ways: Part a) states that
if identification of pair-wise comparisons of all sequencesis desired, then thisis still possible, but
only for coarser subpopulations, namely individuals defined by their treatment choice in the first
period. It is however not possible, to identify all effects for example for groups of individuals

defined according to their difference in the second period.* The relevant distinction between the

4 Hence the usual average treatment effects (ATE) as usually defined in the static framework are identified, whereas
several average treatment effects on the treated (ATET) are not identified using ASSUMPTION 5 only.
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population defined by treatment choice in the first period and subsequent periods is that in the
first period treatment choice is random conditional on exogenous variables, whereas in the
second and later periods, randomisation into these treatments is conditional on endogenous

variables.

Part b) and c) state that specific comparisons are identified for finer subpopulations. Part b) refers
to comparisons of treatment that differ only with respect to the treatment in the last period. Such
comparisons are identified for subpopulation that have the same sequence as the common part of
the two sequences compared (namely up to period t-1). The populations could be defined by any
treatment state in the final period (t). It is basically the same result as for case a), but with time
period 7 -1 playing the role of time period O (i.e. the period for which the treatment sequence
still coincides) in @). In this case the endogeneity problem is not really harmful, because the

endogenous variable H,_,, which is the crucial one to condition on for identification, has been

influenced by the same past treatments when comparing the two sequences that differ only with

respect to the treatment in period 7 .

Finally part c) states that all sequences that have a common part in the beginning are identified
for subpopulations defined as participating in that common part of the sequence. Of course, the
relevant subpopulations for which identification is obtained could be coarser, but not finer.
Compared to a) and b) the conditioning set for the effects is 'one period shorter’. The reason is
that the identification of sequences that differ for more than one period is more difficult: The
endogenous conditioning variable H,., needed to make participants comparable to non-
participants in the specific sequence, is fluenced by all events during the sequence. However,

since the sequences differ, these events differ (they are same in case @) and b)) and thus the

endogeneity problem leads to some additional loss of identification.

Example (continued - 6)

Part a) of the PSE-CIA assumption (ASSUMPTION 5) simplifies in the example as follows:

YOS X, YOOLIS |SH,.

Identification is shown next. The above conditions imply restrictions for the following expectations:
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BV 1§ =1.X;) = BV [§20,X,) [= BV [X,)]; @

E(Y®¥ |8 =5,8=0H)=E(X™?|§=5,S5 =1H,), 050{0.3. ©)

These equations could be used to establish identification of some counterfactual events defined by parts a) and c) in
THEOREM 3.1

Part b) is more or less immediate in this example. It is sufficient to show that E(Y®*? | S =1, S, =1) is identified:
E(v®? 1§ =18 =)= El[ E(Y®*?|§ =15 =1H,)|§=1S =1 =

= El[ E(v®*?15=1S5=0H,)|S§ =15 =1=

= E[E(Y|51:l32 =0,H)[S=1S =1.
As an analogy for part a) of THEOREM 3 it needs to be shown that E(Y®*? | S = 0) is identified:

E(Y71S =)= E{[E(V*|S =55, H)]|S =s)

E E[E(Y*?[S=5,5,H)IS =5,H,]IS =5}

Hy S|H,

- ljEl{[E(Ym,l,O) |Sl :Susz =1 |j1) P(Sz :1|51 =5, Ijl) +

+E(Y®9 18 =5,5=0H)P(S,=0|S =5,H)lIS =s}, Us 0{0.3.
Using equation (5) allows to manipulate the value of S, inside the expectation, hence we get

(P(§,=1]§=s,H)) + P(§=0]§=5,H,)=1)

E(v®*?18=9) =EE(Y®? 18 =5,5,=s,H)IS =s], Us,s, {0.3

In particular we get identification of E(Y®*? | S =1, X)), because:

E(Y®7 18 =1 X,) = E[E(Y®? |§=1S,=0,H))|S =1 X,] =

> Part ¢) is not really relevant in atwo period framework.
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= E[E(Y|51:1|Sz =0,H)[S=1X,].
If ECY©? | § =1, X,) isidentified, then E(Y®*? |§ =0, X,) is identified as well, because of equation (4).
Thus E(Y®? |§ =1) (= )I(E[E(Y(O'l’o’ 1S =1X,)1S=1), ECY®*?|S =0) and E(Y*?) arealso

identified. Using the same arguments these properties can be shown to be valid for all potential outcomes, thus all

treatment effects that are unconditional or conditional on the treatment in the first period are identified.

Although even ASSUMPTION 5 is restrictive it has appeal for practical evaluation studies. For ex-
ample, in many European countries rich administrative data sets are made available recently that
would allow the assignment to the first treatment to be considered as random conditional on
exogenous information.’® Furthermore, these records compiled from labour offices and pension
systems typically alow to follow the individuals over time on a very detailed basis. Hence,
intermediate outcomes are observed that play acritical role to make the validity of ASSUMPTION 5

plausible.

At this point we need to clarify the relation of our results presented so far to previous work in the
fields of epidemiology and statistics, in particular by James Robins and co-authors.'” Severa re-
sults similar to our identification results can already be found in those papers in a similar form.
Although, their assumptions are differently formulated, their spirit is similar. The interest is how-
ever not focussed on the parameters for particular subpopulations and differently defined se-
guences, as it isin this paper. Furthermore, in severa cases they are speciaised to focus on par-
ticular designs of actually implemented dynamic randomised studies in those fields, that could
differ very much from designs that would be compatible with designs resulting from our
ASSUMPTIONS 1 to 5 which are much more akin to the econometric evaluation literature (and
could well be used to approximate situations in observable studies provided they are based on
rich enough data). In particular our differentiated identification results especially resulting from
THEOREM 3 do not appear in that literature (see also the discussion of the G-computation algo-

rithm after the proof of THEOREM 3 in Appendix A.6).

16 One example is Switzerland (see Gerfin and Lechner, 2000). Advanced efforts to collect such data in other
countries we are aware of in detail include Germany, Great Britain, and Sweden.

17" See for example Robins (1986), Robins (1989), Robins (1997), Robins, Greenland, and Hu (1999). The website
of James Robins (http://biosunl.harvard.edu/~robins) gives a comprehensive list of his papers relating to this
subject.
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3.3 A note on estimation

We leave an in depth discussion of estimation and inference in complex dynamic treatment stud-
ies using ASSUMPTION 1 to 5 to a companion paper. Here, we are confining ourselves to some

brief considerations.

When identification can be based on ASSUMPTION 2, it has already been noted that the framework
is exactly the same as the multiple treatment framework introduced by Imbens (2000) and
Lechner (20014). For this framework issues of non- and semiparametric estimation are already
discussed by several authors including Brodaty, Crepon, and Fougére (2001), Imbens (2000), and
Lechner (2001b). The issue here is essentially to find appropriately weighted means over the re-

gression curvegy® (x,) = E(Y|S =5,X,=%,) for all relevant sequences. The appropriate
weights depend on the distribution &f, in the respective subpopulations defined by treatment

status and will differ depending on the precise effect that is estimated. For different estimators
that all use so-called propensity score properties to reduce the dimension of the estimation prob-

lem the reader is referred to the already mentioned papers.

Propensity score methods are a useful tool in practice. Rosenbaum and Rubin (1983) show that
for the binary static case so-called balancing score propertie$® Adldse properties imply that
independence conditional on some vector of variables implies independence on specific functions
of these variables. These functions are called balancing scores. The balancing score with the low-
est dimension is the conditional participation probability, the so-called propensity score. The ad-
vantage of knowing balancing scores is that they provide ways to reduce the dimension of the
estimation problem and help to devise feasible semi- and nonparametric two-step estimators. The
first step is an estimation of the balancing score. The second step estimates the effect and uses
conditioning on the balancing score instead of the (original) variables that appear in the condi-
tioning set (see for example Hahn, 1998, Heckman, Ichimura, and Todd, 1998, Hirano, Imbens,
and Ridder, 2000). Sincg may contain many different sequences apdnay be high dimen-

sional to make the identifying assumption plausible, the dimensionality problem hurting any

semiparametric and nonparametric analysis is certainly an issue already in that case.

Using the more generals8umpPTiON 3 that allows for time varying confounders we essentially

need estimates based on appropriately weighted regression curves depending on all regressors

18 The results are extended to the case of multiple treatments by Imbens (2000) and Lechner (2001a).
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g% (%)= E(Y|S =5, X,,=X.,)- The weights depend again on the distribution of participa-
tion probabilities conditional on x_, and on the specific parameter of interest. Similarly, the in-
put to any estimator consistent under AssumpTIONS 4 and 5 will be based on g*(h,) =
E(Y|S =5,H,., =h_,). Because AsSUMPTIONS 4 and 5 also incorporate intermediate outcomes

from the programmes, conditioning sets appropriate for many applications may contain a large
number of variables and devising dimension reducing balancing scores will be a precondition for

using any sort of nonparametric estimation technique.

4 Bounds

4.1 Preliminaries

In this section we consider situations for which identification is not or only partially warranted. If
part of a chosen assumption appears to be particularly suspicious in a specific application, the
sensitivity of the results can be assessed by computing the possible range of results that could
occur if the respective assumption is violated. Furthermore, ranges for effect can be obtained un-
der milder conditions then required in ASSUMPTIONS 2 to 5 that could be relevant on their own
right. However, far from being complete, we consider only a few fairly specific examples of in-
teresting violations, because there are simply too many possible violations to provide bounds for

all of them in this paper. Many more cases are considered the Appendices B and C.

Before actually obtaining the bounds, some more remarks about the information available are

useful. Without further information the sample analogues identify the participation probabilities:™

P(§=s),P(§=5), P(S=5|S,=54), Us OS,, t<T. (6)

Assume that all sequence that belong to S, have a positive probability to occur (0<P(S =53),

Os 08S,). If thisassumption is violated, there is no way to evaluate the effect of such a sequence

® For notational simplicity conditioning on attributes is omitted, but al those quantities are also identified
conditiona on attributes. For the outcome variables this holds as long as the respective events in the conditioning
set have positive probability to occur.
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without extrapolating from the results obtained for some other sequence, a case not considered
here.

Furthermore, if appropriate support conditions hold, all conditional expectations of the observ-
able outcome variables are also identified, which in turn identify the following conditional ex-
pectations of the potential outcomes:

B* =E(V* IS =s5)=EY |S=5), 0Os0OS§,, r<t<T. 7

To obtain bounds along the lines suggested by Robins (1989) and Manski (1989, 1990),
AssUMPTION 1-11 states that the expectations of the outcome variables are bounded:®

Assumption 1 - |1 (known bounds for conditional expectations of outcomes)
) PLYSE(Y|S.=s)<"Y|S. =5]=1,
b PLYSE(Y¥|S.=s\H.=h.)s"Y|S =5]=1

Oh,0OH,.,, 508,808, r'sr<t<T.

In the following it will be useful to have a dightly different version of LEMMA 2 available.
Hence, we define LEMMA 2-11 like LEMMA 2-1, except that it concerns the potential outcomes and
not the effects directly:

Lemma 2-11 (connection of potential outcomes defined for different lengths of treatments)

YE(s) =S P(S,,=m|S =) YE"(s [5,, =m) =

m=

% \We assume that the bounds of all expected potential outcomes are the same in all subpopulations. A generalisation
is immediate, but increases the notational burden significantly. Furthermore, there seems to be no application of
the bounding literature so far where such differences in the bounds are assumed to exist.
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M

"'ZP(S+1 :rq""’3+6 :rr!; |§ :§l )Yt(§k’n1 ..... nk) (§j’|:S[+l :rr].""’sf+6 :rnS) "
=

m=

The proof is contained in Appendix A.1 (first part of the proof of LEMMA 2-1).

For the selected examples that follow below, a particular version of this lemma has interesting

implications:

E(Y 18)= 3 BT |8, S0 =mP(S. =mlS =5, j#k ®

m=;

Thisleads to the following reformulation:

E(Y* |s')- M E(V* "8, S, =mP(§.,, =m|S = §')
E(Y§k’5 |§j'S[+1 :S) = s P(S - Sls :§j) (9)

Equation (9) is particularly useful when some assumption identifies E(YAS‘k |s'), but not

E(Y$™|5/,S,, =m), and information about E(Y¥*°|s’,S., =9) is needed to determine the

effects of interest.

4.2  No information about assignment

First, we consider the case when the researcher has no information about assignment (no other
information than the regularity conditions given by AssumPTION 1-I1 and equations (6) and (7)).
Hence, we may call the bounds presented in the following THEOREM 4 worst case bounds, be-
cause no randomisation assumption whatsoever isinvoked.

Theorem 4 (worst case bounds)

Suppose ASSUMPTION 1-11 holds and the information given in equations (6) and (7) is available.

29



a) The bounds for 61§‘k’§’| (s, 6’f’k’§’l (8L) e 61§k'§’| (s)).0s OS,, 7<t<T are not infor-
mative, when the sequence §' has no common element with both sequences s* and
s . The upper bound is (VY- Y) and the lower bound is (Y -"Y). The width is
2(°Y - Y).

b) The bounds for 85°% (s¥) and 65 (s'), Os OS,, 7<t<T are informative. They al-
ways include zero. For Bﬁké‘ (s) the upper bound is given by B?k - .Y and the lower
bound is BF —UY. The symmetric argument applies to 6%®(s¥). The width is
*Y-Y).

¢) The bounds for 6% %(5),6°%(8,).65(8) and  6(5.),
G55 (5,),...05%(s), 5% are sometimes informative. Their widths are between

2(Y=.Y) and ("Y - Y) depending on P(S =s/|S_,=58%), ... P(S =5|S =5,

P(S =s). The exact bounds are given in Table 2.

Table 2: Exact bounds for the cases considered in THEOREM 4

Effect Upper bound Lower bound Width
6% (s') (Y=Y (Y=1Y) 2(°Y =)
5% (5) (BY -.Y) (B¥ -Y) (“Y-.Y)
6% % (s°) UY(1- PS4y + Y(1-P¥E) + 2(°Y = )= (°Y - Y)PTl
+ B{Srk p5¥|§k-1 _ LY +Bt§k p5¥|§k-1 _ UY
65% (5¥) UY(1- P + Y(1-PoE + 2(°Y - Y) = (UY - Y)PSK
+B(S’k pSrklﬁk _ |_Y +Bt§k pSrklﬁk — UY
63 VY (L-P¥)+ Y(1-PY)+ 2(°Y = V)= ("Y = Y)P¥
+BY PY - Y +B¥ PY - VY

PA®:=P(S = A|B).

The proof of THEOREM 4 is given in Appendix A.7.
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Part a) of THEOREM 4 states the intuitively obvious that without further assumptions, the sample
does not contain any information about treatment effects in subpopulations where neither of the
sequences under consideration are observable (65 % (s'), 65 (s')),..05%(5)), §' #5",
s’ #5'). Therefore, the upper bound on these effects are given by (“Y - _,Y) and the lower
bounds are (Y -"Y), so that the width (W) of these non-informative intervals for the true value

is 2("Y = Y). Note that this marks a difference compared to the comparable bounds for static
treatment effects (Manski, 1990), for which the sample information reduces the bounds always by
half to awidth of (“Y - Y).

Part b) concerns the opposite case compared to part a): one of the sequences used to define the
effects is exactly equivaent to the sequence used in the conditioning set. In that case the intervals
shrink.

Part c) concerns the intermediate case, where one of the sequences used to define the effects is
equivalent to the sequence used in the conditioning set but do not have the same length. The

reduction depends on how large the subsample for which we identify the expectation is compared

to the other subsample considered. Depending on this probability (Psfk'§k-1), the width of the
bounds vary between (Y - Y) and 2("Y - Y).

Note that none of these bounds exclude a zero effect, because the upper bound is aways
nonnegative, whereas the lower bound is aso nonpositive. Thus, as observed for the static model

as well, the wor st-case bounds are of limited value in any policy analysis.

Example (continued — 7)

Let us again consider the case of binary outcome variable with two treatments each period as well as the comparison

between sequences (0,0,1) and (0,1,0). The entries in Table 2 simplify considerably:
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Table 2-E: Exact bounds for the cases considered in THEOREM 4 (example)

Effect Upper bound Lower bound Width
a[(o,o,l),(o,l,o) (O, 1’ 1) 1 _1 2
QI(O,O,l),(O,l,O) (0,0,1) P(Y =1]0,0,2) -1+ P(Y =1|0,0,2) 1

et(0,0,l),(O,l,O) (O, O) 1- -1+ P(Y — 1| O, O, 1) P(O,O,l)l(O,O)) 2— p(O-O-l)l(OYO)
[1- P(Y =1]0,0,1)] P00
geereO) = 1- [1-P(Y =1/0,0,h]P°%?  -1+P(Y =1]0,0,1)P**" 2-peY
a[(0,0,l),(O,l,O)

4.3 Lack of information for the last period

Consider now the case in which the researcher can plausibly assume any of the ASSUMPTIONS 3
to 5 to hold, but only until period 7 -1. Thus, she has no reliable information about the last as-
signment in period 7, for which the desired effect is defined. In other words, respective treatment
effects of sequences defined up to period 7 -1 are identified, whereas those defined up to period
T are not.”* The focus of this section is to assess the value of the information contained in this

'one-period-short’ (OPS) randomisation assumption on the effects of interest.

First, let us consider a’one-period-short’ version of ASSUMPTION 3:

Assumption 6-3 (sequential conditional independence assumption OPS, S-CIA-OPS)

a) Y2, Y SIS, =84, X5 =%,

b) X, LS [X,=% and X_ IIS,;1S,=5. X=X, (t>2);

¢) 1>P(§=5|X_=x,)>0; Ox Ox, OsOS,, Ot:1st<r-1, 7<T.

Note that the only difference compared to ASSUMPTION 3 is that ASSUMPTION 6-3 holds only for

Ot:1<t<r1-1, but not for t =7. ASSUMPTION 6-4 is asimilar reformulation of ASSUMPTION 4:

2 An example: There are severa evauations studies where researchers have access to good data explaining the
assignment to the first element of a sequence, but intermediate results are missing or are less reliable (see Gerfin
and Lechner, 2000, for such a case).
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Assumption 6-4 (sequential endogenous conditional independence assumption OPS, SE-CIA-
OPS)

a) H§""’H§HS||jt—l:n—l’§—l:§—1;

b) 1>P(S§=5[H,=h,S§,=5,)>0, Oh,0H,, Os0S,, Ot:1sts7-1, 7<T.

The bounds for these cases are given by THEOREM 5-3/4:

Theorem 5-3/4 (bounds under S-CIA-OPS) for §(5+9(549(gk | s)

Given ASSUMPTION 1-II and either ASSUMPTION 6-3 or ASSUMPTION 6-4 hold, then Table 3a and
3b contain bounds for 8% +9(=49(s* s) and their corresponding widths. Their particular ex-

pression depend on (observable) constellations of the data.

Table 3a; Upper and lower bounds for 89549 (s s)

Cases Sarak y_ Sarak y_ Sarak y_
pslsts 5 O (sh) - pslsy = O (sh) - pslss « O (sh)—.Y
UY—LY UY—LY UY—LY
st 5 Y —0%(5")  [peo-OTEW-U-PTEY Y [BE9 -Vy, [BU+9 -y,
TTv-y N Bet vy APV Y) e O¥H(8) - (=P Y
: g - 07 (85) - -y, poi ol
pslsa
Uy —O%1(gK 1S - PS"§k")(UY— Y) (829 _Uy R(§49) _ * [B(ék—»s> —Uy, B - Y]
pslst — Y _ O™ (sh) B ’—LY—TL, (B Y.B ) t
Y - LY B(g'k*lvs) _ LY]
Uy _ O)s- k 5.8 O§I”( K )-(@- PS’LS‘k’J) Y [B(§k—1v5) -Vy, B(§K],s) -] [B(§k,,‘s) —vy, B — Y]
P5r|§k—1 < Y - o (§7l) [B= ) — S P -, 3 L
Y- LY B(§k—1-5) _ LY]

Note: plss = P(S =s|S., :§k—1)! 0% (§rk—1) =E(Y**|S, :§k—1) , B =E(Y|S, :§k—1)'
*) This case is only possible if P¥!5+ = 0.5 and O%+(s¥,) = 0.5(“Y — ,Y) . Note also that cases defined by an
inequality converge smoothly towards the cases defined by an equality.
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Table 3b: Width of the bounds for 8+9(5+9(gk | s)

Cases Ps,|§,k_1 > o™ (§k—1) - LY Ps,|§,k_1 - O™ (§k—1) - LY PS,I§"_1 < Ohs (§k—1) - LY
Y- Y Y- Y oy- Y
K Uy _ §r|—1 k - 5r|§k—1 - 5r|§k—1 Uy _ §1—1 k
P51|§—1 > Y y O (§—l) 1-P - (UY _ LY) 1-P - (UY _ LY) Y-0O _ (§—1)
Y — LY P5r|§—1 P5r|§—1 P5r|§—1
Gl Uy _O§'-1 (§k_1) 1- pSr|§k-1 by vy - Y vy - Y
P> = — —(CY=Y)
Y-Y psrls
| I Uy _ Uy _
palth c Y-OTi(s)  OT(s)-\Y Yo Yoy
Y-Y pslst

Note:  See note below Table 3a.

The explicit derivation of the boundsis shown in Appendix A.8.

THEOREM 5-3/4 is only concerned with cases where the treatments in the last period of both se-
guences, i.e. the period in which no randomisation occurs, coincide. Otherwise, the OPS versions
of the assumptions are not informative at all. Without any information about the assignment
mechanism in that period, we know nothing about the effects of the final treatment (other than the
information implied by the wor st-case bounds). In particular, the OPS assumption would not ex-
clude the possibility that the effects of the last treatment dominate the effects of al previous
treatments in the sequences. On the other hand, the bounds for these effects are also non-trivial,
although one might reason that because the effects of sequences up to 7 -1 are identified, and the
final element of each sequence is the same, there should be identification at least for populations
defined by treatment status up to period 7—1. Thisis not true however, because such an argu-
ment requires the assumption that the effect of the last treatment on the potential outcomes is
independent of the treatments received in previous periods. Such an assumptions does not appear

to bein the spirit of this paper.

The bounds for the potential outcomes obtained under these assumptions cannot be larger than
the worst-case bounds, therefore we get different expressions for four different cases. It compli-

cates the presentation of the bounds, but there is no conceptional problem in an application, be-
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cause the quantities necessary to determine the applicable case are identified. However, inference

on the bounds is of course complicated by this fact.

Table 3b shows that the sharpness of the bounds depend mainly on the probability of being ob-
served in the final period in state s, that is the same for both sequences. In fact this a very intui-
tive result: If the whole population would be assigned to that state in last period of the sequence,
then the OPS assumptions would obviously identify 8919k s). Thelesslikely it isto be

observed in the state common to both sequences the more matters the extra uncertainty for the
final period that isinduced by OPS.

Example (continued - 8)

Let us again consider the case of a binary outcome variable with two treatments each period as well as the compari-
son between sequences (0,0,0) and (0,1,0). Tables 3a-E and 3b-E show that the quantities appearing in Table 3a and

Table 3b simplify considerably in this case:

Table 3a-E: Upper and lower bounds for %19, 0, 0)

Cases p(0.0.0)(00) 5 (01 (0,0) p0.00(00) < (01 (0,0)
oot >1-009(0,00  (gees _0°7(0.0) [B©00 -1
p(0.00(0.0) ’ ©000) otn (0,0)-(1- P(0,0,0)|(o,0))
(0,0,0) oY (0,0) -1+ p(0.00K0.0) B B p(0.00)(0.0) ]
B - p 000100
p(0.0.0(0.0) <1 OD (0,0) HB(O 00 oo (O 0) g8 g [B09 —1 B©0]
P(o 0.0)(0.0) ’ H

Table 3b-E: Width of the bounds for 8©%°*%(0,0,0)

P(o,o,0)|(o,0) > O(O,l) (O O) p(o,o,o)l(o,o) < 0(0,1) (0 O)
P(0,0,0)|(0,0) S 1_ O(O,l) (O, 0) 1— P(D‘O,D)\(D‘O) 1_ O(O,l) (0’ 0)
P(o‘o.ox(o‘O) p(0:0.0)(0.0)
P00 < 1D () 0°?(0,0) 1
p(0.0.0)(0.0)
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In Appendix B we derive also expressions for bounds based on different conditioning sets
6&+9529(515) as well as coarser conditioning sets 8 +9+9 (s ) They have a similar

structure as the bounds presented in THEOREM 5-3/4. Therefore, we refrain from discussing them

here explicitly and refer the reader interested in the exact expressions to Appendix B.

It remains to establish bounds for an OPS version of Assumption 5. We show in Section 3 that
ASSUMPTION 5 provides less information about the effects than AssumpTION 3 or 4. Therefore
bounds derived under an OPS version of ASSUMPTION 5 cannot be sharper than the ones derived
under ASSUMPTIONS 5-3 or 5-4. In particular, when the sequences do not coincide in the final
period, we do not get more than the no-information bounds.

Generaly, the derivation of these bounds is again analogous to the ones obtained in THEOREM 5-
3/4, athough sometimes more tedious. Therefore, we refrain from presenting them in the main
body of this paper and refer the interested reader to Appendix C. We obtain as a by-product of the
considerations in this appendix, aso a couple of bounds for effects that are not identified by
ASSUMPTION 5, but would be identified by ASSUMPTION 4. These considerations are independent
of OPS and thus carry additional information about the different informational content of those

two assumptions.

5 Conclusion

This paper approaches the problem of an econometric evaluation of dynamic programme se-
guences from an potential outcome perspective. We discuss the identifying power of several dif-
ferent stylised assumptions about the connection between the dynamic selection process and the
potential outcomes of the different sequences of programmes. These assumptions invoke differ-
ent sorts of randomisation compatible with different types of selection regimes. All assumptions
are framed in a way so that they need to be, and potentially can be, justified by sufficient know-
ledge about the selection process in conjunction with sufficiently rich data. Parametric forms are
not involved. In our most general case participation in the sequences is building up in the sense
that the decision in what programme to participate in the next period depends on the outcomes of
the part of the sequence that has aready been completed. These types of so-called dynamic
treatment regimes are prototypical for the selection mechanism in many European active labour

market programmes. However, due to the endogeneity problem of selection on outcomes of past
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treatments, not all parameters of interest are identified, if the information set does not follow the
same type of randomisation process as the outcome variables. We show that although several
types of dynamic versions of the average treatment effects on the treated are not identified in this
case, dynamic versions similar to the average trestment effect for some broader population are
still identified.

We also present a bounds analysis to see what information is revealed by assumptions that are
plausible but do not allow an exact identification of the treatment parameter of interest. Since the
bounds are complex, we study only some examples to investigate some specific situations con-
sidered to be of particular practical interest.

We left many topics open for future research: First, with respect to estimation this paper does not
explore the identifying power of assumption similar to the ones coming from static instrumental
variable and static nonparametric selection models. Furthermore, the issue of estimation is yet
unresolved, although we conjecture that the form of our identification results allows a straight-
forward application of nonparametric methods extensively discussed in the static evaluation lit-
erature, particularly matching methods. However, the dimensionality problem due to many dif-
ferent sequences will become central in designing estimators for this kind of framework.
Nevertheless, reversing to a completely parametric framework for the estimation stage does not

appear to be attractive.
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Appendix A: Proofs of Lemmas and Theorems

A.1 Proof of Lemma 2-1

To simplify the notation, first consider the case 0 =1 only. Once the connection from one period to another is estab-

lished, all periods can be connected the same way. For the potential outcomes we have the following relations:

EYVE 1S =8)= Y EIUS.. =mYF" s = 5] -

m=;

E{ELS.,=mY* S, =mS =515 =5} -

m= +1

E{3(3,+1‘r1ﬂ)[|5(Y(§ "1Su=mS =85 =5} =

m=

M

P(S..=mlIS =s)EMS™|S..=mS =§) = E*”|S =5'); (10

m=

, 0]
(ELS.=mIS,=aS =g1= o )

These results can be extended to the more general case of  periods ahead:

EVT 1S 2802 Y 3 E(US ., =m) . (S, =m)NE ™™ 5 = g} =

m=1 m=1

= s ES, {E{ [:_I'(Sr+l = n].) "':_I'(SHJ = rnS)]Yt@kyan’nk) |Sr+l :Sr+1 """ Sr+6 :S[+5’§ :§j} |§ :§j} =
ML M=l Yo

=Y ey BlS.=m).. AS.; =m)IEYSE ™™ 8, =885 =85S =511 =5} =
m=L m;=

= "'ZP(SH:H]. """ S[+6:n}|§ :§]-)E(Y’((§k’n’i ..... ) |S[+1:n]. """ S{+6:rr]5’§ :§j)
m=L m=
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= BY* 7|5 =951 (11)
Using the result of equations (10) and (11) we obtain the desired results for the connection of ka = (§j) and

Bffk*lél*l (s’) as well as for the more general case of J periods ahead (95‘k 5 (s)),

6t§k+dr§l+6 (§:J ,EB[+1""’ Sr+6) )

M

3%(8) =Y P(S.u=m|S, =8) g P (g L5, =m) =

m=

M M . . _
=3 3 PSS SIS =) GE NG =5 5 =m) ged
m=l =

A.2 ProofofLemma3

We show that ASSUMPTION 2-1l in fact implies independence as defined in 2-1:22

FOYS,S1X) =F(Y®, S 1S4 X)F (S 1 X,) =

2-11

= F(Y* [S0 X)) F(S 184 X)F(S11X0) =F (Y [S4, X)F (S 1X,)-
Repeating the factorization of F (Y§k S, | X,) until period 0, we obtain the desired result:

FOYE,S 1 X,) = FYS [ X,)F(S | X,). qed.

A.3 Proofof Lemma 4

In the first part, we show that X, , I1S_,|S_, =S_,, X,_, = X_, implies the noncausality condition. Then the

reverse is shown.2

2 Depending on whether the elements of the vector of random variables A are continuous or discrete or both,
F(A|B=h) denotes the distribution function, the probability mass function or a mixture of both, conditional on

the event that the random variable B equals a fixed value b.
% For brevity, we concentrate on the case t>2. The proof for t=1 follows exactly the same lines as the proof given.
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Using the observation rules for X,_, conditional on the observed history until period t —2 (S_, = 5_,)

M
(X =S US., =m)X ™) it follows:

F(Xi1 1S4 = St|—1'§—2 =85, X,) =
i |
=F( 4 1S, =m) Xt(:Stl_z’m) 1S =940, S2 =52 Xi22)

=F(X5* S, =9.,5, =5, Xi)

=F(X41S4= §|—1’§—2 =85, X,)
30 )
=F(Xiu S0 =510,9, =55 Xi)

3b .
=F (Xt(—‘stl_z’st_l) 1§, = Stk—1a§—2 =80 Xi22) -

Therefore, we have shown that ASSUMPTION 3b implies:

F (Xt(—§l_2’§k_l) | S—l = Sk—l’ §—2 = _Su.—2’ )_(t—Z) = F (Xt(—§l_2’§|_1) | S—l = Sl—l’ §—2 = §—2’ )—(t—Z) . (12)

This proofs the first part. For the second part, we reverse the argument. Substituting in equation (12) the observed

outcomes, gives us the desired result:

F(X 1S4 =85, S5 = 80 X)) = FOXE 1S, =584,5 5 = 5.0, Xo)

F(Xt 1S4 =984, =50, Xo) = FOXE2% |8, =94, = 5.0, Xio)

Therefore, we obtain using (12):

F(Xi1 1S4 = Stk—1'§—2 =8, X,) = F(X4 S, = St|—1'§—2 =85, X,) =

= F(Xt—l |§—2 =S )_(t—z) : q.e.d.

Thus, both conditions are indeed equivalent.

42



A.4 Proof of Theorem 1

THEOREM 1 states that if ASSUMPTIONS 1 and 2 (I or Il) hold, then there is identification. ASSUMPTIONS 1

sure that the moments exist. Next, we show that F (Y® | S = ') is identified. If F(Y¥ |S = §'
3 3

and 2b) en-

is identified

for all values of j and k, then all treatment effects are identified, because cases where the conditioning set is less

coarse as well as cases where the sequences considered are shorter are identified as well by the relations derived in

LEMMA 1 and 2.
FOY 1S =) = EIF(rY 1S =8, %) IS =8 T=EF (T IS =5 X)) 1§ = §'
= EF(VIS=5.%)I§=¢'].

Thus, F(Y§k |S =s') is identified from observables if ASSUMPTION 2-I or 2-ll is true.

Furthermore, ASSUMPTIONS 1 and 3 also identify F(Y§k |S =5'):

K . 3a K . 3a K i
FOY* [ X0, 8 =8)=F(Y* [X4,8.=80) [FF(Y* [X4,8,=54.8=9)]

FO, Xy 1 X0, S = 85)
F (Xt—l | >_(t—2’§—l = §J—1)

FOYS X SL.=84)=

2% PV X [ X0 S0 = 80,50 =84)
F(XiulX2:S,=85.84= Stk—l)

FOY¥ XS =554

[= F(Y§k | X0 S :_Sv.j—Z’S—l = Sk—l' S = Slk)]

By repeating this argument up to period 0, we obtain:

FOYS XS =5) =F(Y¥ [ X, S =59 =F(Y| XS =59).

Hence, we have identification because of F(Y® |§ =5')= E[F(Y|S =5 X, ) IS =5'].

X
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A.5 Proof of Theorem 2

As before we show that F(YAS‘k |S =5') is identified.

FYs|g = §)—E{F(Y§ 1S =5"H.)IS=5"

,t—

-E{F(Y§I31 §.,.8=9"H,)IS=5"

,tl

4 K - -
=E(F(¥ IS, =sh.H)IS =5

Using the observation rules, H,_; = H§ if § =5’ Therefore, we have:

Hlt:—-l{F(Y§k S :—S‘il’ljt‘l) E! :§j} = E {F(Y§ 1S _5.11’ H . Ht%jl) 1S =§j}.

thHm

, L F( HE S, =8 He)
FO 8= gl Hp M = E0 Pl Sa =S

F(H 1S, =84 H)

SR HE IS, =8, 8, =55 Hey)
F(H41S. =897 8% He)

LF(Y* HE 1S, =80 Ho)
F(HE 1S, =55%.H.,)

=F(Yy® 1S, = _5.2' M o t§—J]_)l

> E{F(¥*|s=5 HL)IS=5)= E {F(Y¥|s,=g,H,HLIS=5}.

,!1
thHtl

Now the same steps are repeated for H,_, (H,_, = Hf_jz, given S =5'):

E{F(Y*|§=5"H,)IS=81= E {F(*|S,=55HaHLHYIS =5

i
B His Hito HY



. ‘ j j j .
= EJ J{F(Y§ |§—3 :_S,,J_gyljt_3,Ht§_2,Ht§_1)|§ :§J} )

Ht—3!Ht§—2’Ht§—1

Iterating this procedure, we get:

E{F(Y"|S=5"H.)IS=81= E{F(V" |3=5"HY)IS =5}

-1

But we still consider the law of ijijl given § = §j , therefore we get the following equality:

E{F( I8 =8"HL)IS =8} = E {(F(V*|§=5"H,Hi,)IS =5}
Hi&

Hy HA

4 K j ;
B {F(r 18-85 =8 H,HE)IS = 5)

Hy HA

= E{F(V¥ |5 =5"H.)IS =5
=E{F(V|S =5"H.)IS =5}

Therefore, F(Y< 1S =5") :UE{F(Y§‘k 1S =5"H.)IS=5"} :UE{F(Y|§ =5 H.IS =5}

and F(YY |S = ') is identified.

g.ed.
A.6 Proof of Theorem 3
First note that ASSUMPTION 5 implies the following restrictions:
FIYS 18 =5, %) = F(Y¥ |§ =, X,); (19)
FOYS|S =8 H,)=F(Y*|S,=5,S =sH,,), Ot,r:1<r<t<T. (14)
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A.6.1 Parta)

We need to show that F (Y§tk |S = §j) is identified. Let us consider the starting point for the proof in greater detail.
We relate F (YAS‘k |S = §j) to some function of the observable outcomes by sequentially applying the equations

(13) and (14) to conditional expectation versions of F(Y§k 1S =5):
F(r* 1S =5)=EF(¥ 18 =5 X)1S =5
FOY IS =5 %)= E[F(Y* ]S =55, H)S =5 X,]

=B EIF(r1S=5.5H)IS =5 H]IS =5 X} -
SE IO 18258 =mH)P(S = mIS =5 HIIS = 8 )

=B TP 1S =515, =5 H)P(S, =mIS =" H)IIS =5, X}

=E[F(Y*|S =8 H)IS =5 X].
Hence, we obtain the following term for the counterfactual distribution:
FOY* 18 =)= E{EIF(VT 1S, =8 H) 18 =5 X ]IS =8}

Continuing in this fashion until period t gives us the general proof of identification.

First, the relation between conditioning sets of two consecutive periods is established:

FF IS =" H) = E [F(7 IS =8 S, H)IS =5 Hl t>7.

Note that F (Y¥' | S =5,S.,,H,) does notdepend on S, ,; by ASSUMPTION 5. Thus, we have:
FOY1S =g H)= E [F(V* S =55, H)IS =5 Hul =

= E[F(Y¥ S, = 8% H)IS =5 H.l.
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Applying this result sequentially completes the proof of identification of 6% and ) (g')

PO 1S =8)=EEC{ EIF(r* 1S =" H)IS. =S Ol 1S =8 X} S = 8') =
=EEC-{EIF(YIS =5 H ) IS, =55 Hol 1S =5 X} S =5} aed

A6.2 Partb)

ltis sufficient to show that G5+ (¥ s7) is identified, because of §(%++(51:%) (gk ) =
M k k k |
Zet(§“l’s’)’(§“l’s’)(§k_l, MP(S, =m|S._, =5",) . Inthe following we show that

m=

F (Yl“*k'l’Sk |S.,=5.S =5) isidentified. If this is true then the respective conditional expectations used to

define the effects are identified as well, and thus the proof is complete.

PO 15, =558 =) = EIFOE S, =558 =5/ )18, = 55,5 =9
A5 C ok _
= EIF(r915, =59 =5 H.)1S, =545 =51 -
:HE_l[F(Y 1S, :_Sv.lil’ §= Slk' H) 1S4 :_S.Ifl' §= Slj] : q.ed.

A.6.3 Partc)

i ok k i ok UM — el )
Denote the vector (S, S 415+ S ) @ (S, Styuz; )- We need to show that F (Y |S._,=8.,)is

identified. Note that if F (Y~ |S _ =g/ ) isidentified, F(YS*S* |S_ =5 ), 72wV, isdent-

fied as well, because it is a courser conditioning set (based on observables).

Py s, =sl) = E [FOF 1S, =55 0 H,.)IS, =sL]

—v+Lr r-y

Because of ASSUMPTION 5 (Y S:S*r IS, =S",,S .., H,_,) doesnotdependon S _,,,. Hence, we get:

F (Y§J_V’§_V+Ir |§r—v = §]—v) = s EH [F (Y§J_VY§_V+IT |§r—v = §rj—v1 Sr—v+1 = S;(—v+11 ljr—v) |§r—v = §rl—v] =

—v+Lr r-y
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) HE_ [F (Y§J_V’§_V+h |§r—v = §j—v’ Sr—v+1 = Sf—vﬂ' ljr—v) |§r—v = §J—v] '

= (Y§J"”§"’+I’ |§r—v = §j_va Sr—\/+1 = S;(—v+1’ Hr—v) =

= E [F (Y§_VY§_V+IT | §I’-V = §'j—V’ ST—V+1 = SIT(—V‘Fl’ ST—V+2’ lj T—V+l) | §T—V = §j—V’ ST—V+1 = S;(—V‘Fl’ lj T—V]

Sr—v+2 H T-Vv+l

) HE [ F (Y§J_V’§_V+Ir | §—V = §J—V ' §T—V+1'T—V+2 = §'k—V+l'T—V+2’ IjT—V'*'l) | §T—V = §'j—V’ ST—V+:|. = SI[(—V+1’ lj T—V]

T-v+l

Finally, for the last period relevant, we obtain a similar expression:

F (Y§_V »Sov+1r |§[—V = §j_va §[—V+IT_1 = §k_V+l'T—l’ HT_Z) =

HE_l[ F (Y§J“”§‘V+1T | §T-V = §]—v ! §r—v+l‘r = §k—v+l'r ! |jr—l) | §r—v = §]—v ! §r—v+l'r—l = §k—v+l'r—1' HT—Z]

HE_l[ F (Y | §r—v = §j—v' §r—v+l‘r = §k—v+l'r' Hr—l) | §—v = §j—v’§—v+l'r—l = §k—v+l'r—1’ ljr—Z] :
Recursive substitution of these expectations shows that F (Y§’j‘V’§k‘V*” S, = §j_v) is identified.
F(ysedor s, =sl)=

= UE{ E { HE_l{ F (Y§J_v’§_v+h |§r—v = §j—v’§r—v+l'r = §k—v+l'r’ Ijr—l) |§r—v = §j—v’§r—v+l'r—l = §k—v+l'r—l’ Ijr—Z}

-V H T-v+l

| §r—v = §j—v1 SI—v+1 = S;(—V+17 ljr—v} |§r—v = §]—v}

= HE { HE { HE { F (Y | §r—v = §'l—v ! §r—v+l'r = §k—v+l'r ! |jr—l) | §r—v = §j—v' §r—v+l’r—l = §k—v+l'r—l' HT—Z}
Hr-v T-v+l -1 . qed

| §r—v = §j—v’ Sr—v+1 = S;(—v+1! ljr—v} |§r—v = §']—v}

A.6.4 A noteon Robin’sg-formula

The well known G-computation algorithm which appeared first in Robins (1986), is in fact related to parts of the proofs

for part a) of Theorem 3. The G-computation algorithm is given by the following equation:

PrYE =)= 3 {Pr(Y., =1]%, =y, X, =x,§ =5

all'y;, %

t
|‘j [Pr(X, =% 1Y, =¥, X, = %4, S; = §%)
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Pr(Y, =y, [Y,, = Yoo Ko T %4550 :§k—1)]} :

If treatment received at each time is randomly allocated conditional on past treatment and covariate history (like in

ASSUMPTION 5)2, this equation holds and the algorithm describes the distribution of the potential outcome at time
t +1 as a function of the distribution of the observables. Thus it identifies treatment effects of the form Bffk S after

suitable redefining time indices. It has however no direct implication for the other treatment effects considered here.

A.7 Proof of Theorem 4

A.7.1 Parta)

Part a) of THEOREM 4 concerns the case in which the sequences used in the conditioning set has no elements in

common with the two sequences to be evaluated. The effects are defined as:
67 * () =E(Y* 1) -E(* 18).

In case of part a) the upper and lower bounds of the expectations are given directly by ASSUMPTION 1-II, because no

sample counterparts can be observed. Thus we derive the following upper and lower bounds for those effects:

65 () 0OLY ="Y, Y = Y],

The bounds have a width of 2("Y - Y).

A.7.2 Partb)

Part b) concerns the opposite case compared to part a): one of the sequences used to define the effects is exactly

equivalent to the sequences used in the conditioning set. It is sufficient to consider é?fk = (§k) only, because of

6% (5= -85 (5):

655 (5 =E(Y¥ |s)-E(Y* |s) = BY —E(Y* |s) & 6% (s)0[BF -"Y,BY - Y].
3§<

# See for example Robins, Greenland, and Hu (1999, assumption 1).
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A.7.3 Partc)

Now we consider intermediate cases for which the first part of one of the sequences under investigation are the same

as the conditioning set. The remainder part of the conditioning sequence is left unspecified:

6193 (55) = E(K™ | $5) - E(YF |55).
Note that the sample is not informative about E(Y;S‘I | §k_1) . However, the sample is informative about

B | 5%):

k M k
E(VS*9 189 =Y BN |84 mPS =m|S_ =s4]

m=

- Zﬂmi E(Y 9 | §,, MP[S =m|S = §5]+EMY**9 |8, 9)P[S =5|S = 54].

> maENE | §) =S Am#E 9UYP[S, =m|S , = 5]+ BEIPS, = ]S, = 5]
=VY(1-P[S, =5|S., =§.])+B¥IP[S =s|S, = §4]

k M K
> mMnE(T 1) = Y Ames) YRS =m|S = 5]+ BEIPS = 5|, = 5]

m=:

= Y(-P[S =s|S, =s5]) +B=IP[S =s|S_, =5"].

Combining these results and using the shortcut notation s = P(S. =s|S_, =5",), we obtain the desired

bounds for the effects:

gt(§k—1!s)!§l (§|<_1) D[ Ly(l_ p5|§k-1) + Bt(§k-1~5) pS|§k-1 _ UY, UY(l— p3|§k-1) + BI(§k'1'S) Psl§k—l — LY] _

Hence, the width is given by 2(°Y = Y) = (Y - Y) P Its informational content depends on the probabilities
PS5 The larger PS5+ | the sharper the bounds. It is comprised between (*Y=Y) and 2("Y - Y).

The same arguments can be used to derive the bounds for coarser conditioning sets. g.ed.
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A.8 Proof of Theorem 5-3/4

The treatment effects have the following representation:

69 (5,9 =E(Y7 55,8 =9~ E(Y+? | 85,8 =9).
The information we have is E(Y(§k‘1’s) |S,,S =) =E(Y|s",,S =) as well as that ASSUMPTIONS 6-3 and 6-

4 identify (o5s! (s*)) = E(Y S | S¥,) . The following relation holds between the expectations of the potential out-

comes:

E(Y® |5) =y E(Y" 85 mP(S, =m|S., =5%). (1

This gives the following bounds on the potential outcomes using ASSUMPTIONS 6-3 or 6-4. To simplify the notation,

denote P15 = P(S =s|S_, =s,). Reformulating equation (15) and taking account of the fact that each

expectation has to stay within its bounds, we obtain the following upper and lower bounds for the potential outcomes:

0%(81) -y YUm# IP(S =mIS, =5")
ur (s*,,9) =min %JY = - B:
@ g

 min By 0% (85 - Y- P
E PSI|§1 E

(5,1>

O§1(§ 1) UY(l Psr|§1)@
pslst E.

=
(§ =11 S) max DLY
g
Thus, the bounds on the effects can be expressed as follows:
| S |_1,S
6(§,k_1,s),(§,'_l,s) (§k_l’ S) D[B(§k_1,s) ~U v(&1) (§k_1’ S), B(§k'1’s) _ LY(‘S’ ) (§k_1’ S)]

Taking account of the different cases explicitly, we get the following bounds:

UY -0 (§k—1) . B(§rk—1«5) ~ 0%+ (§k—1) _ (1_ Psr|§—1)UY

ury PS> : :
Y- Y pslst
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Y -0%(s")

B(§k—115) — Y
Y- Y :

U2) ps 5 <

y pe s OTEW Y e 0TS (@-PYR),Y
Y-y o psrlsh

L2) P31|§k_1 < o (§k—1) B LY : B(§k-113) Yy

UY _ §1_1 k
Note that for the derivation of the bounds for the cases P*S+ = U$ §(§—1) and
L
|
F)s,|§k_1 - O§_1 (§k—1) - LY

Oy — v 0 (§k_1) is substituted using the respective equalities. g.ed.
L
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Appendix B: Additional bounds under ASSUMPTION 6-3 or 6-4

B.1 More general conditioning sets

Instead of bounds for 8%+(=+:9) (¥ s) we allow an unrestricted conditioning set in all but the last period of the
treatment, For 85549 (51 5) we obtain 16 different cases for the bounds' widths.

The treatment effects have the following representation:
Q51919 (§i_1’ s) = E(y(§k-115) |§j—1’ S =9)- E(Y(§I‘1’S) |§J_l’ S =59).
ASSUMPTIONS 6-3 and 6-4 identify O%(s',) == E(Y®* | §,) and O (s’,) = E(Y* | s,) . Using LEMA
2-11, the following relation holds between the expectations of the potential outcomes:
K . M k . .
E(Yy*|sh) = ZE(Y:QH’ |sh, mP(S, =m|S_, =5,). (16)

This gives the following bounds on the potential outcomes using ASSUMPTIONS 6-3 or 6-4. To simplify the notation,

denote P%1s% = P(S =s|S. = §j_1) . Reformulating equation (16) and taking into account that the expectations

have to stay within their bounds, we obtain the following upper and lower bounds for the potential outcomes:

D Kk . M | D
VESD %J 0% (s')-Y YUmz9P(S =m|S_,=5') E
(s R _ 2
U e = A pslsh B
) =
= min %JY O§k_l (§]—1) - |_Y(1— P5r|§j—1) %
E ’ Psfl§j—1 E

) O§k-1 iy — UY 1- p5r|§1-1
(5519 = max %LY; (sh) s,@( ) %_
0 P 0

(s
Y
L

Thus, the bounds on the effects can be expressed as follows:
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K 19(84.9) [ i oI (§49 , (99, (a9
999 (5], )DL (85,9 -U" T (8,907 (85,9 - (5L.9)]

Taking account of the different cases explicitly, we get:

Uy —O% (§i_1) : LY(g_l,S) §j_1, 9= O (§j—1) -(1- ps,|§_l)uY

L1) Pslss > T j
Y - LY P5r|§—1

VY -0%(s) IR
|_2) pSr|§-1 < UY — (Y§ 1) : LY (§]_1,S) — |_Y
L

0% (55) -(A-P**) ¥
Psr s’y

L _O%i(s) - Y G,
U1 plsa > = =1/ L. yY 1,9 =
) UY_ LY § 1 )

. Sl ) Ko )
u2) poiss <O (SL) 7 ¥ v s'.,9="Y
Vy-Y

Y(§‘rk—1'S

. I_l .
In the following, L1k refers to the case L1 for L ) (s',,9), L1l to the case L1 for LY (s,,9),and soon.



Table B.1a: Upper and lower bounds for §(5+9(s+9 (sl s)

Cases L2k and U1I L2k and U2 L1k and U1 L1k and U2I
Utk (LY-0%(s) [-(°Y - Y), (0% () ~0%(s)) Y-0%(s1)
and L2| pish o%i(s)) - A palsh pslsh
S CALA patss _A=PTE)CY - 1Y) 0% (sly) =Y,
pslsts ] pslsh ’ ps I
O‘S'K’l (§l—1) -y
P51|§k—1 ]
Utk G Ch) [-("Y - Y), (OF(s) -0%(s]) (LY -0 (s
and L1l pslsn O(5)-0"(5,) plsh poiss
o= (§J—1) _oéil (§J—1) PS‘LSJ’1 _ (- PS’LS'L])(UY ) ) Oil (§J,1) _OS{ (§J—1)
Pt PV peish =
LPHY- ) = 0'(g)-0"(¢y) A-PEYCY-)
poiss pilss "'T]
PSrLSI—l
Uk v-0%i(sh) vy oy Y=Y (07 (5h) -0 (s) Y0 (sl)
and L2| prlss ’ t pslsh psish
@-P*)OY- 1Y) o Py -]
- psish Y=
U2k [Lv—o%‘ﬂ(g,l) vy -0%(5,) [-("Y -Y), [05“—1(§L1)-o§—1(§,11) - by —0%i(sl,)
and L1l ps T pls Uy - 0% (§,i_1)] pslss psiss
pe i _@-PTRCY-Y) PY-0%(slh), Uy-0%(dl)
pslsh ! pslsh T]
Table B.1b: Widths for #9529 (g] | s)
Cases L2k and U1l L2k and U2I L1k and U1l L1k and U2l
Utk 0% (5)+0%(s)-2Y ('Y = (Y )+ 0%:(gl)- Y+{@L-P¥)(UY-Y) Uy -y
and L2| peish 0% (s)) - .Y palsh peish
PS’I—SLJ
Utk 0%g)-Y+a-P)Y-y  O(8)-0"()) 20PN oy YO (gl) +A-P)(Y - )
and L1l pis: P peish L =y
+(UY_LY)
P<f|§1-1
Uk o, - _y-0%(sl) 2°Y-Y) (°Y - .Y) - (0%:(s1) ~O%(s.) Y-0i(sh) | vy-y
and L2| - p st psish pels
U2k “Y—JLY (Y- )+ Y- 0%(s') 2Y-0'()-0"(9)
and L1l psiss Uy — 0%+ (s') pelsh ot
plss LA-PTEH(Y - 1Y)
Psr\g',l
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B.2 Coarser conditioning sets

Instead of bounds for 0(§k‘1‘s)’(§‘|‘1’s) ( §k_1, S), we consider bounds for effect that are unconditional in the last period.

For t9t(§k‘1’s)‘(§’l‘1’s) ( §k_1) we obtain 4 different possible cases. Using LEMMA 1, we get:

K g M K Q(s. s
gt(§—1ys),(§—1« )(§k—l) — Z@t@—l’ )(Sa, )(§k—17 m)P(S, — m|§_1 — §k_l)

M k |
> (g, mP(S = mIS = 5°)
k |
+G96529(5Y, 9)P(S, =5|S, =5Y)
Using the information obtained in section B.1 with j =k and the noninformative bounds vy — LY , we can directly
compute the bounds for 65+ (549 (gk ) ;

Y - Os_l (§k—1) .

U1 Psr|§k—1 >
) Uy - Y

U PEILIERE

(8= 3 (Y- V)P(S =mIS., =5%)

s

(e _ 0TS - (AP Y E

ps $

U
+P(S =854 :§k_1)§5

— (UY — LY)(l_ p51|§k-1) + pSrI§k-1 B(§"-1,S) — O§I—1 (§|<_1) + (1_ Psr|§k—1)UY

Y -0 (g et

oy v (§|<_1) = (UY - LY)(]'_ p31|§k-1) + p31|§k-1 B(§k-1,s) - p51|§k-1 LY
L

U2) p3r|§k-1 <

L1) pSfLka_l > o (§rk—1) - LY :
vy — Y

CIYEE)
6
L (

§rk—1) — —(UY - LY)(]'_ p5r|§k-1) + pSr|§k-1 B(§k-1,5) — O§r'-1 (§rk—1) + (1_ pSr|§k-1) LY

L2) pslst « O§_:J(Y§k—1)Y_ Y : Le‘Efk-l‘s"‘#-l‘s) ( §k_ ) =-("Y - Y)1- Psrl§,"_1) + pYisagELs) _ pslsh Uy
L

56



Table B.2a: Upper and lower bounds for (5+9s+9 (s )

‘
s paits 5 0715 e 0P
Y-y YY-Y
PS> Uy-0"i(5,) AL S C Y- - P+ g -p‘ vy,
Uy _ LY +(1-PY) Y, (UY - V)1~ PP + Y-y~ F:S;LS.,;) +PYEBEY O (g
PHEBE9 ~0%(5) +(1-PH) Y] +1-PE)Y]
psish ¢ Y= OFi(gf) [LY-NE-PEYePEBio-ofe) (Y- pr) e prtgd —prity,
+H1-PSE) Y, (VY = Y)(A- PRt + PYsa B — pslsa v (UY = Y)(L- P34+ pSEREhe _psls y)

Table B.2b: Widths for (59529 (s* )

Cases pslst > os: (s)-.Y pelss < o (§)-Y
Y-y YY-Y
psi 5 Uy 0% () Y- Y)a-PE) 2(°Y - Y)(1- P*E9) + VY -0 (5")
Y-y
paiss < Y —O(55) A= NP0 Y (Y - {2~ PE) + P

Uy- Y
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Appendix C: Additional bounds for an OPS version of ASSUMPTION 5

C.1 Preliminaries

In this appendix we examine bounds related to the effects presented in THEOREM 3 under the OPS assumption as
defined in the following. As a by-product we obtain for a couple of cases bounds for effects that are not identified by
ASSUMPTION 5, but would be identified by ASSUMPTION 4. These considerations are independent of OPS and thus

have a value on their own.

ASSUMPTION 6.5 defines formally the OPS version of ASSUMPTION 5.

Assumption 6-5 (partial sequential endogenous conditional independence assumption OPS, PSE-
CIA-OPS)
a) YR, YE HS | ljt—l :h—l’g—l =S

b) 1>P(§=8|H4=h,S5,=58,)>0; Oh,0H,, Os0S,, Ot:1st<7-1, 7<T.

We show in Section 3 that ASSUMPTION 5 provides less information about the effects than ASSUMPTION 3 or 4. There-
fore bounds derived under ASSUMPTION 6-5 cannot be sharper than the ones derived under ASSUMPTIONS 5-3 or 5-4.
In particular, when the sequences do not coincide in the final period, we do not get more than the no-information
bounds presented in the section 4.2 of the main body of the paper.

Establishing the following lemma simplifies some of the arguments used in this appendix.

Lemma 1-11 (connection of treatment effects defined for different lengths of treatments)

<

YS(s) =S P(S..=m|S =5) Y (5,5, =m) =

3
Ti

M M

= P($+1:n1’""$+6:n]5|§ :§1)Y’(§k(§j’%+1:nl""’sf+6:n})'

m=L m=
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The proof of LEMMA 1-II closely resembles the proof of LEMMA 2-1, and thus need not be repeated.

C.1 Effects similar to those defined in part a) of THEOREM 3 (9t§k-1'§"-1 (s"))

C.1.1 Finer conditioning set
Instead of the identified effect 6?t§k‘1’§"‘1 (s') identified by ASSUMPTION 6-5, we now consider bounds for
61§k'1’§‘|‘1 ( §j ,S,) . The uncertainty considered is solely related to different lengths of conditioning sets.

We obtain 16 different possible cases for the bounds' widths. The simplification used earlier, namely to restrict our

presentation to effects conditioning on the same letter as one of the potential treatment ( j = k), does not lead here

to a reduction of the cases. Nevertheless for consistency reasons we present the bounds for j =K.

The treatment effects have the following representation:

¥ %1 (s, 9) =E(Y¥ 5,5, =) -E(Y* 5,5, =)
ASSUMPTION 6-5 identifies 0% (5*) := E(Y** | 5) and O%*(s") := E(YS* | ). Using LEMMA 1-II, we
have the following connection between the above identified expectations and the interested one:
k M k
E(r4 18 =3 B8 mP(S, =mlS =), (1)

This gives the following bounds on the potential outcomes. To simplify the notation, denote
Pl == P(S, =s|S = 5) . Reformulating equation (17) and taking into account that the expectations

stay within their bounds, we obtain the upper and lower bounds for the potential outcomes:

k q O Yim# 9P(S, =miS = 8
U (s*,s) =min %Y; m= 0
0

|:>szl§1k 0

B B
_ B 0189 - Y- PE)
=min %Y, — 5
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0% (g -"Y(-P*) 0

Y§’k'1 k _ = )
L (§,s)—max5LY, - -

Thus, the bounds on the effects can be expressed as follows:

¥ (5, 9 O (5,9 -U " (5,907 (5,9 - L' (5, 9)]

Taking account of the different cases explicitly, we get:

. Uy _Oou(gk ( S kY _ (1 polsU
L1) [EIENEN Y-0O (§) LY§f (§k,S):O (§) (1 P )Y

Y-y pels
L2) Pl <L§k_l(§uk)- |_Y§'k‘1(§k s) =Y
Y-y ot
) S0 aky — ( S5 (XY — (1 — pIs’
u1) psls >O u(§) Y UY‘Sf (§k,S):O (§) (1kP )LY
Y - LY pSz|§

u2) P < U (859

n the following, L1k, L1I, ..., refer respectively to case L1 for L' (s¥,s), tocase L1 for L'~ (s, s) an
In the following, L1k, L1l f tively t L1 for L7 (55,9, t L1 for L7 (s, 5) and

SO on.
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Table C.1a: Upper and lower bounds for AR (5,9

Cases L2k and U1l L2k and U2l L1k and U1l L1k and U2
Utk (LY -0" () [-(°Y - Y), (075 -0%(5") (Y=o
and L2| pSzL%k ng,l(ﬁk)_LY] |:>Szl§k p%\ﬁk
0 (€)Y, P _A=PH)(Y - ) 0 (g .Y,
pois pels ! pels
0% (g - .Y
pls 1
Utk (LY =0% () [-("Y - Y), (0¥ (5 -0%(s") (LY -0" ()
and L1 P O () -0"($) pls peis
0%(5)-0h(8) o _A=PHEH (Y- Y O'()-0"(9)
P -PY-Y) Pt P
La-PE)Y-) R a— 0%1(59-0"(5) (1=P)y-y)
szlﬁk ] P%‘#( +7P%L§f ]
@-PE)Y-Y)
+ _ ]
U2k (Y20t by gy YTV 0ROt Y -0%(g)
and L2| puis ' pols’ pais
@-P)(Y =) Y- Y]
_Tv Y- LY]
U2k [LY—OS”Gk) UY—OS”Gk)] [_(UY _ LY)v [O§k”(§k) _05—1(§k) [_ UY_O§k_1(§k)
and L1l pus T pa Uy -0 (), pois i
P _a=PEECY - ) Y -0t Uy -0%(s")
pels pels’ TopaE
Table C.1b: Widths for 855+ (s¥,s)
Cases L2k and U1l L2k and U2l L1k and U1l L1k and U2l
Utk 0% (g9+0%(§)-2Y  (YY - [Y)+  0%(s)- Y+A-P*)(°Y - V) Y-
And L2I puis O%: (59 -,Y pels Pl
pszLﬁk
Utk of@-r+aPoy-n  07)-0%s) A-P) by yy Uy -0 () +(1-P* (Y- V)
And L1l P P pls -
(UY_LY)
+. F&@
Uk o, y_v-om) AN Oy ) -(0%(g) -0 () YI0TE), vyoy
And L2| pels pls’ peis
U2k Y-y Y-+ VY -0%:(s) 2Y-0"(8)-0"(8)
And L1I pa Uy Qs (s peist i
pls . @a- p%\ﬁk)(UY -.Y)
|:>%|§Lk
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C.1.2 Theeffect of OPS

For t9t(§k‘1’s”(§"'1's’ (s',e,S) , we obtain 16 different possible cases for the bounds' widths. Again, the simplification

used earlier, namely to restrict our presentation to effects conditioning on the same letter as one of the potential

treatment ( ] = k), does not lead here to a reduction of the cases. But for reasons of consistency we present the

bounds for | =K.

The treatment effects have the following representation:

3t(§k-1,3),(§f'-1,5) (55,2, 9) = E(y(§k_1,3) |5 S, =9)- E(Y(§I—1v5) 1S5S =5).

ASSUMPTION 6-5 identifies O (§*) = E(Y¥* | §*) and O%+(5¥) = E(Y** | ). Using LEMMA 2-11, we

have the following connection between the above identified expectations and the interested one:

E(Y§,“_1 |§k) - u E(Y(§k—l!m) |§k’., m)P(ST = m|§L :§k) . (18)

This gives the following bounds on the potential outcomes. To simplify the notation, denote

puls’ .= P(S, =s|S =5") . Reformulating equation (18) and taking into account that the expectations

stay within their bounds, we obtain the upper and lower bounds for the potential outcomes:

0 K 4 0
k 0% (8) =) YUMZSP(S =m|S =)
UY" (5,9 = min %Y; ”Zl %
0

ps |s*

U
B B
_ o H 07 (8N - Y(A-P) B
=min %JY, - 0
B B
(.9 K reky _ Uy _ psls
0 (g9 = max [y, 2 E) T YAZPTE S
E P5r|§ D

Thus, the bounds on the effects can be expressed as follows:
9(§k_115)1(§l_1’s) (§k . S) D [ LY(§r—1*5) (§k . S) _ U Y(E,_lys) (§k . S) ’ U Y(E,_lys) (§k . S) _ LY(§r—1‘S) (§k . S)]
The different cases are exactly the same as in C.1.1 with P(S, =s|S =) replacing P(S, =s|S =5).
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Now consider the particular case 7 =2 (and j =K): There are only 4 different widths.

vt )(_SL +,S) are now replaced by the observable B9 = E(YE9 |5, 5).

Table C.2a; Upper and lower bounds for 89459 (g¥ s)

(59
Y
L

(s*,,8)and

Cases P%lek > M |:>%I§Lk - o (ﬁk) - Ple%k < o (ﬁk) -Y
Yo Y- Y-
L UY-08 () o _OU(F)-0-P™) ¥ [B (") - vy, [BE® - vy,
s [B k
P Y-y Pt B “ww] e _Ml
) B9 w peis

P52|§

ot L Y-ON(E) ey EPRICYEY) PEYCY=Y) [ -ty B9 - v )

U p%lﬁ
Y_LY Bﬁ s) _ Y]
| _psls (sfs) _ U (s*s) _
P%§k<UY—O§(§k) (Bes O (€)- Cxliadh [B'7 -1y, B - Y]
VR P
L B(ﬁs) LY]

pals’

[B(ak‘S) - Uy, BE® _ Y]

[B@‘S) - Yy, B Y]

Note:  P*S' =P(S, =

s|S =5, 0% () =E(Y* |S =5, BE 9 =E(Y|5 =5"S,

=S)-

*) This case is only possible if P%'S" = 0.5 and O% (§*) =0.5(VY — ,Y) . Note also that cases defined by an ine-

quality converge smoothly towards the cases defined by an equality.

Table C.2b: Widths for G99 (s¥,s)

Cases pels > 0% (5)-.Y pis = 0% (5)-.Y Pl < o (§ )-Y
Y-y Uy - Y Uy - Y
! — pels’ - szl u
PSzﬁk>UYU;O§($k) <1P::f)(UY_LY) (1 PZM ) (vy - v chi(ﬁ)
L
Pl = UY_O(ﬁ‘)(ﬁk) a- P%'ﬁk)(“kY—LY) V) Uy -y
Y-y P
L
. Uy _0f (g oY (8 -Y Uy - Y Uy - Y
PSZE‘ <—YU Oﬁ(ﬁ) P%IﬁK
Y-Y
Note: P =P(S,=s|§ =5, O%(§) =E(Y* |§ =5 BE9=E(Y|§ =55 =9).
*) See note on Table C.2a.

. . k | g . . 3 |
Consider now instead of 8% 2 (¥, ) a coarser conditioning, as in 82 %29 (5*). For all treatment effects

of the form =929 (5*) , we obtain 4 different possible cases for the bounds' widths. Using LEMMA 1 we obtain.
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M
65 739(g) =5 43\ mP(S, = m]S = )

M k |
=3 9 mP(S, =mI§ = 8+ 65 949 (S 9P(S, =515 = 8.

Using the information in Table C.2a and the non informative bounds “Y — Y, we can easily compute the bounds for

91(§k 9).(5.9) ( §k) :

u1) P’ >

oo oy k K O
U’ (§):Zl( Y_LY)P(SZ:m|§:§)+P(Sz:S|§:§)§

u2)

L1)

L2)

Y-03 (5.
Y-y

sy 0% (5)-(1-P*)YL
pSzlﬁk

= (UY - LY)(l_ pSink) + pSzLSLk B(ik,S) _O§1' (§k) +(1- pSzLSLk )UY

Y -0%(5") .

ot U 2 (Y - - P 4 P B —pri
L

pels «

pels S M .
Y- Y

9 9)

L7 () = =0y = )@~ P + PR B 0¥ (51 + (1- ) ¥

pels « Oﬁu(Yﬁk) _YLY : Le(ﬁk‘s)'(‘sil‘s) (s) =-("Y - Y)(1- PszLSLk) + Pl g _ pols Uy
T



Table C.3a: Upper and lower bounds for Bt‘ik*s)*(ﬁ' (59

Cases pels > o* (s9-.Y Pl < o (89-.Y
Y-y Y-y
ot 5 Y-0% (5 [V = NA-P) + P BE Y -0% (1) [HY = NP + P BT Py,
W +(L-P) Y, (UY - Y)(- PR ) + (Y- ya- Ff"zﬁ )+PH B9 —0d (5
P B9 08 (5°) +(1- P2 ) VY] +(1-PE) VY]
pott <Y —0d(g)  [HY-Ma-PHE)+ B -0k () [(°Y = Y)(A-PH) + Pt B - peis vy,
W +1- P%Lﬁk)LY’ Y- Y)a- p%lﬁk)+ Pl ey _ pul N (Y- Y- pls )+ pols gEs) _ pels Y]

Table C.30: Widths for 699 ()

Cases pstt 5 O (8= Y poist <O (€)Y
VY- Y Uy - Y
oo Uy -08 (59) Y- Y)(I-PE) 2(°Y - V)~ P ) + Uy - 0% ()
Uy - Y
poist Y -0 (59 2°Y - (A-P*) +0 () - Y (Y - )20~ P¥E ) + P ]
Uy - Y

C.2 Theimplication of OPS on effects similar to those defined in part b) of

THEOREM 3 (@59 %) (6% §) and 999 (5 )

C.2.1 Bounds for a[(§k—2 !Sf—l!s)r(§k—2 !ér—l!s) (§k_1; S) and gt(§,k_2,s',‘_1,s),(§,k_2,s',_l,s) (§k_1)

For treatment effects of the form G(& 24972549 (g% 5) we obtain 4 different possible cases for the bounds

widths. Note that beyond OPS also the deviation of the treatments in the second to last period is a difference to the

identified G+ gk gl)

The treatment effects have the following representation:

2 The bounds for amore general conditioning set, §(=%+9("2%49 (51 ) are easily derivable using the same
procedure asin C.L1with P(S, =s|S_, =s',), O%2%(g),) = E(Y&+% | gl ), and
Olghes) (§1_1) - E(Y(§J—2v§rf1) |§1_1) )
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Q525 19(852:519) (5,5 = E(y(§"-z,5'r‘-1,5) |S<,.5) - E(Y(§k—zvslr—115) |s*,.9)
t 11 11 —11 .

ASSUMPTION 6-5 identifies O®22) (§¢ ) := E(Y®2%) | 5. Using LEMMA 2-11, we have the following con-

nection between the above identified expectations and the one of interest:

K M K d
E(Y(§—2«§—1) |§k—1) - E(Y(§—2vsr—1vm) |§k—l’ m)P(ST = m|§_1 = §k_1) . (19)

m=;

This gives us the bounds on the potential outcomes. To simplify the notation, denote
pish = P(S =s|S. = §k_1) . Reformulating equation (19) and taking into account that the expectations stay

within their bounds, we obtain the upper and lower bounds for the potential outcomes:

O Koo M
otoban o8, OTTTE T UM IR 2mIS 25
U -2l (§_l’ S) - min Y; m=
O

B

ps st

OO O

O(§rk—213|r—1) (§k—1) _ LY(l_ p5r|§k-1) %
pslst E'

=min %JY;
g

k Jd
(S-2:81:5)
Y§r25r1

E O(§"_z,3'r-1) k_ -Yvy(1- pSr|§k-1 Q
(§k—1’ s)=maxgyY; & l)S,L%k ( ) L
g ps s 5

Thus, the bounds on the effects can be expressed as follows:

(2949

9(§“-z,5'§-1,5)1(§"-z,5'r-115) (§k_l’ s) D[B(*S’k‘l’s) -uY (§k_l’ 9), B(§"_1,S) (§k_l’ s) - LY(E"Z'AH‘S) (§k_l’ 9)l.

Taking account of the different cases explicitly, we get:

UY _ O(§k_z 1) (§k—1) : LY(§}<‘2'§"1'S) O(§k_213|r—1) (§k—l) - (1_ F)5r|§k_1 ) UY

sl K Q) =
) PRy (84,9 ey
C VY -0 () s
L2) plss < 22 L (85.9=Y
VY- Y ! -
o O (gf - Y Godad Ol (s)-(1- P51|§k_1) Y

u1) P5r|§r—1 > Uy (§_1’S) =

ps s,
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O<§k.z,sl_1) ( §k_ ) -

(§(k—2*§1—1~5)( K
R,

U2) Pl uY §,,9="Y

Table C.4a: Upper and lower bounds for g2 +91(s2519(gk g

Cases (sf254) (ck y (2.9 (s2.91)
poits 5 O (E) =Y o, 0T (Y)Y e, OF (Y)Y
Y- Y- Y Uy- Y
psis, UY—O(‘S'k’Z’g[’l) (§k—1) (B9 028 (g )~ (1-P315) Y [BE+9 Uy, (B vy,
Uy Y P e iy AEPEICY S ) g O (P
- B9 _OFS(g) - PSLS“)UY] plsh Pl
|:)S[|_Sk
k s s ks * (829 _Uy R(§49) _
PS{|§k_l _ UY—O(*SH’g”l) (§k—1) [BE9 — Y- % [BE+9 —Vy B+ — y] ) [B® Y, B¢ Y]
U
Y=Y B9 - Y]
e UY _O(§k,2,§,,l) (§k ) [B@’"S) _O(S 2 1)(§ )-@- polss oA Y [B(g,“,l,s) -y, B _ N [B(§kﬂ‘s) —uy, B Y]
Psr 1S-1 < UY Y -1 Ps|§k
L B(§k—115) — LY]

Note: Ps,|§k,l — P(ST - S|§r—1 :§‘k—1)’ O(§k7213|[—1) (§k—1) - E(Y(§k,zv3|r—1) |§T—l = §'k—l) ,

B =E(Y|S4=5%8 =5)
*) This case is only possible if P¥!¥: = 0.5 and O%+(s*,) =0.5("Y — ) . Note also that cases defined by an
inequality converge smoothly towards the cases defined by an equality.

Table C.4b: Widths for g %+9(%329 (g | g)

Cases Psr|§ 1> 0(5 i 1) (§‘ 1) Psrlg(fl — O(§_273r_1) (§k—l) - LY P3[|§k4 < O(§f—2v§r—1) (§k_1) _ LY
Y- Y- Y-y
., Y0 0P oy AP oy~ vy Y0,
P3r|§fl > p%L'—ik ( LY) P5r|§ Ps|§k,,
U
Y- Y
oot Y -OT () ne” D ev-) oy- ) oy -y
Y- Y
e k’z' ) 0(552,#1) k_l L vy - |_Y vy - LY
prits (Y 2O S
Y=Y

Note:  *) This case s only possible if P¥!¥ = 0.5 and O%+(s*,) =0.5("Y — ) . Note also that cases defined by an
inequality converge smoothly towards the cases defined by an equality.
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Next we show how the result change when we consider a conditioning set that is only defined up to period 7 —1. For

G52 9s"2519 (5K ) e obtain 4 different possible cases for the bounds' widths. Using LEMMA 1, we get

M
et(§"-215'r‘-1,5),(§"—z,3'r-115) (s) = gt(§"-215'f-1,5),(§"—z,§r-115) (s, MP(S. =m|S._, =5,

m=

M K o k
= gt(§—z’5r-115):(§-z:§z-1:s) (§k_1’ m)P(S, — m|§_1 :§k_1)

m=
m#s

+ 6t(§k_2,3f_1,3),(§k_2,§,_1,3) (§k—l' S) P(Sr — S|§r—1 — §k_1)

Using the information in Table C.4a and the non informative bounds “Y — Y, we can easily compute the bounds for

(5254952909 (K Y -
91 2+ 2+ (§—l)'

UY _ O(§k—215|r—1) (_S{k—l) :

Ul pSrI§k-1 >
) VY- Y

EPEIDICIT )
[
U

(s5) = i(“v - Y)P(S =m|S, =5

m#s

o . s O(§k—2:§r-1) ky_ 1- PS,I§k_1 UY C
+P(S, =s|S_ =55 ?@H, ) _ (§2)=( ) E
psrls

— (UY - LY)(:L_ Psr|§k—1) + pSr|§k-1 B(§k-1,5) _O(§k-z,5'r-1) (§rk—1) + (1_ p5r|§k-1) Uy

u2) pstss ¢ Y —O (5 |
UY _ LY

(S oMo g9
4
)

(§k—1) - (UY - Ly)(l_ pSr|§k-1) + pSr|§k-1 B(§k-115) — p5r|§k-1 LY

OF+¥(5) - Y .

L1 Psr|§k—1 >
) Uy - Y

EPEIDICIT )
[
L

(§1<_1) - _(UY — LY)(l_ pSrI§k-1) + pSrI§k-1 B(§k-1,5) _O(§k—2'slr—1) (§k_1) + (1_ pSf|§k-1) LY
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O(§k_2'8|r_1) (§k—1) -y,

L2 p5r|§k-1 <
) Uy - Y

EESOICIE I
[
L

(§k_1) = —(UY - LY)(l_ PS(|§k—1) + pSrI§k-1 B(§k-1,5) - pSrI§k-1 Uy

Table C.5a; Upper and lower bounds for g(& 9229 (gk

Cases pslsh 5 Ols=s) (s9)-.Y pelss < Ofses (89)-.Y
Y - Y Y-y
oot 5 Uy — Qs s (s) Y- LY)(l_k psth) 4 poifa g _ko@,z,#,ﬂ () (Y - Y)1- p&:\§,ﬁ,) + F:s\i:B(gz,s) - :’3%@2 vy,
Uy- Y +(A-P3E) Y, (Y - (- PR + (Y-a- P:’LS“) +PAIBE — ()
PSERBEY O3 (§1) +(1-P3E4) VY] +(1-PE)"Y]
o Y- O 25 (s,) [-(UY - Y)(L- Pt + PsapEs - Olsada) (g ) [-(UY = Y)(L- PI$s) + PSisap(sas) — psisavy,
P&t < 1 HL-P) Y, (UY - Y)(L- PP+ PIBEhO _psh v (VY - Y)(L- P + PSS g psish v

Uy - Y

Table C.5b: Widths for g% 952849 (gK )

Cases psish 5 O =% (g )= Y Pl < O (gk - Y
Uy - Y Uy - Y
oAl 5 Uy — (825 (s) VY- Y)A-PE) 2(UY - Y)(1- PS4 VY - Ol (5K
Uy-y
. Uy — O 8 (s) 2AVY - Y)(L- P + O3 (5 - Y (UY - Y)[2(1- P35 + P3is
Uy-Y

C.2.2 Boundsfor & 25982519 gk . )

Relating to the second part of THEOREM 3b), for treatment effects of the form Bt(§k‘2’s’k‘1’s"(§k‘2‘sl"1’s) (8, 9) we

obtain 16 different possible cases for the bounds' widths.

The treatment effects have the following representation:

a[(§k—215}(—115)v(§k—215|r—1x5) (5,09 = E(y(§"—z,8'r‘-1,5) |S<,00,9) - E(y(§"—z,§,-1,5) |S%,.0.9).
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ASSUMPTION 6-5 identifies O (§¢,) = E(Y&2%) | g€ ) and O 2% (* )= E(YE 2% | §¢)).

Using LEMMA 2-11, we have the following connection between the above identified expectations and the interesting
ones:

M

(Y& | g4,) = 2 E(Y& 25 | g5, o mP(S, =m|S, = §%,). (20)
m:

This gives the following bounds on the potential outcomes. To simplify the notation, denote

Sls2 — — <k
P =P(S =s[S.=5%) . Reformulating equation (20) and taking into account that the expectations stay
within their bounds, we obtain the upper and lower bounds for the potential outcomes:

O+ (5K,) = Z YAm# 9P(S, =mIS., = 55

Y(§(k—2*§1—1~ £ 2 2 E
U (5<,,%9) = mln%Y e D
E B

:min% O(§r2 -1)(§ 2)_ Y(l p%l§z)g

psrlst '

8 D

LY(E'k'Z'SI"l‘S) Q O(§ 251) (§ 2) _ UY(l Psr|§ 2) @

(_s, 5%, S) = Max ELY — E.

Thus, the bounds on the effects can be expressed as follows:

9(§k_215}(—1ys)v(§k_zrslr—1vs) (§k_2 ., S) O [ LY(;“_Z,SL‘_I ( s S) U Y(‘Sr 2919 (§k S),

—2a.1
U Y(§(—2‘51—1‘ ( o S) LY(Er—Z'Sr—l‘ ( " S)]
The different cases are exactly the same as in Table C.1a with P(S, =s|S,_, = §",) replacing

P(S,=s|S =5, Ols%2s) (s*,) and s 2 (s*,) replacing o (s)and Os- (5.
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C.3 Effects similar to those defined in part c) of THEOREM 3

(gt(§j—v'S}<—v+1""'5}<)l(§j—v'SIr—v+1"--vS|r)(§j ))
-W

C.3.1 A finer conditioning set

To analyse the bounds for treatment effects of the form Bt@‘j‘l‘v’ka‘v""‘S‘k‘l)’(§‘j‘1‘v’Slf‘v""’slf‘l) (S',.,,»S) we obtain 16 dif-

ferent possible cases. The simplification used earlier, namely to restrict our presentation to effects conditioning on the

same letter as one of the potential treatment ( j = k), does not conduce here to a reduction of the cases. But for

consistency reasons we present the bounds for j =K.

The treatment effects have the following representation:

et(§k—1—vvsr—vv“-vS}(—l)v(§k—1—vvSIr—vv-"vSIr—l) (§k—l—wi S) = E(Y(§k—1—vvslr(—vv"-vslr(—1) |§k_l_w’ S) —_— E(Y(§k—1—vvslr—vv-"vslr—1) |§k_l_wa S)

ASSUMPTION 6-5 identifies OS5 (gk  yi= E(Y &) | g€ ) and

O+ Sa) ( §k_1_w) = E(Y(§k‘1‘V’S¥‘V""’S¥‘1) | §k_1_w) . Using LEMMA 1-II, we have the following connection bet-

ween the above identified expectations and the interesting ones:

k | | M k | |
E(YS ot et g )= Y Bt | L mPS ., =mlS L, =85 (@)

m=.
This gives the following bounds on the potential outcomes. To simplify the notation, denote
Pvistiv = P(S.., =S|S ., = S%..,) - Reformulating equation (21) and taking into account that the expecta-

tions stay within their bounds, we obtain the upper and lower bounds for the potential outcomes:

(85 Sy v S1)
%—‘Y Ohs (§—1—w) Z Y:I-(m¢ S)P(Sr -w mlsr—l— -1— )E
psf-wl§1w

D
E B

UYErdedad (K o) = min

=min%Y O S”)(_S, ) — YA psr-wl§{1w)g
g P-ulsaw D

(5}(_1_vv5|r—vW~5|, 1) (§r -1-v —v —1) u Sr—w|§ -1-w
LY (s“.,.9= max%Y © (§%2) 2 "YA-P )Q.
w o sr—w|§ —1-w
0 P :
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Thus, the bounds on the effects can be expressed as follows:

Koo Ky d o d K CLINE S (Faystvegn)
6(§1vsrv Sr-1))(S1v Sy Srl)(§__1_w’s)|:|[LY (§_1_W,S)_UY (§_1_W’S)’

I ) (g v op)
U Y (§k—l—w’ S) - LY (§k—1—wi S)]

The different cases are exactly the same as in Table C.1a with P(S,_,, =s|S,_,, = §%,..,) replacing
P(S, =5|S =), O SrS(gf, ) and OFSS)(f, ) replacing 0%+ (5)  and

0%(s.

C.3.2 Theeffect of OPS

For all treatment effects of the form @& %5198 hsvs19 (gl o o) we obtain 16 different possible

cases for the bounds' widths. The simplification used earlier, namely to restrict our presentation to effects conditioning

on the same letter as one of the potential treatment ( j = k'), does not conduce here to a reduction of the cases. But

for consistency we present the bounds for j =K.

The treatment effects have the following representation:

gt(ilfvysfkwv---15571v5),(§k717v,§w,---,#1,5) (s* 9= E(y(§k717v,557v,---,5571,5) IS¢ )~ E(y(ilfv,#v,---,éHVS) 1S4 mS).

-1-w l.l

ASSUMPTION 6-5 identifies Q" vsv3) (g | y:= E(Y & avsvs) | g€y and

O rvshs) (gF Y= E(Y S vSesa) | gK Y Using LEMMA 2-11, we have the following connection bet-

ween the above identified expectations and the interesting ones:

k M k | | m
E(YS o g, )= Y By s dan | g e mP(S =mIS ., =50 ()

m=.
This gives the following bounds on the potential outcomes. To simplify the notation, denote
PIsw = P(S =s|S_ ., = §k_1_w) . Reformulating equation (22) and taking into account that the expectations

stay within their bounds, we obtain the upper and lower bounds for the potential outcomes:
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O, ) - ZYJ(m?fS)P(S M S = §1W)E

P5r|§ 4w |:|
E |

UY(§1—v§r—v gr15)(§_1 o ,S) mn%lY

—min %JY- O(§k—1—vrslr—v""'slr—1) (§k e ) Y(l pS,LSr 1—w) Q
D P5r|§ —1-w D

(e (8203 ( g U e

o (8%0,%9) = max %LY; ° (8%.,) =" YA-P*E) g
S{|§ 1w

g P E

Thus, the bounds on the effects can be expressed as follows:

1V5rv 1S, 1VSI{ erSp_qS
R CIRE 1o (L C NI E VA € )

($%w9) -

Y(§‘r—1—v'5f‘v""'sr—1' y(§r I

U (§ -1-w? 'S)]

The different cases are exactly the same as in C.3.1 with P(S, =s|S_, , = S%,..)-
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