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1 Introduction

There is considerable interest in the econometric evaluation of labour market programmes.

Overviews of the activities in this field can be found in Angrist and Krueger (1999), Heckman,

LaLonde and Smith (1999) and Lechner and Pfeiffer (2001). Many recent contributions to this

literature use explicitly a ’causal model’ of potential outcomes that is typically associated with

Neyman (1923), Roy (1951) and Rubin (1974). In this model causal inference relates to the

question about what would happen on average in one hypothetical situation (e.g. participating in

the programme) compared to another situation (e.g. not participating in the programme1) for a

particular population. It is an advantage of this so-called counterfactual framework that it clarifies

the distinction between associations and causal statements. The latter typically require some ad-

ditional knowledge for identification that is not verifiable from the data. The recent literature

seems to concentrate on ways to obtain knowledge about causal effects without imposing strong

parametric modelling assumptions on the link between assignment and outcomes used to measure

the success of specific treatments.2 It is an important feature of this strand of the literature that the

causal framework used is basically a static one. The static framework provides a considerable

simplification as compared to a dynamic setting and allows the derivation of exiting results with

respect to nonparametric identification and robust estimation.

Unfortunately, although a static model may provide a good approximation in some cases, it is

generally insufficient for the analysis of many active labour market (or other) policies, because

many such policies consist in sequential strategies of assigning people to different subpro-

grammes. In many cases the effects of the subprogrammes in which the individual participated so

far have an influence on the choice of the next subprogramme. For example, an unemployed is

first assisted with job search. If she remains unemployed, then she is send to a training pro-

gramme. If she still remains unemployed, then she is allocated to an employment programme,

and so on. Obviously any static causal framework has a very hard time, i.e. needs a lot of simpli-

fying assumptions, to even be able to define the interesting questions, not to mention the ability

                                                          
1 To stick to the terminology of that literature that has strong links to statistics and biometrics we will use the term

treatment from now on as a substitute for programme.
2 Recent examples are papers by Imbens and Angrist (1994) for the identifying power of instrumental variables,

Heckman and Vytlacil (2001b) and Vytlacil (1999) for nonparametric selection models, and by Rubin (1977) and
Lechner (2001b) for the conditional independence assumption.
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to discuss identification of parameters of interest, namely the effects of different strategies (se-

quences of treatments).

One way to address these issues would be to ’return’ to structural parametric econometric models

for panel data, like duration models (see van den Berg, 2000) or regression models of some sort

(see Baltagi, 1995). These models can in principle accommodate dynamics and selectivity in a

fairly direct way. It appears however that they have not (yet) been used to tackle the problem of

causal effects of dynamic treatment regimes explicitly. When they are used (e.g. Lalive, van

Ours, and Zweimüller, 2000), there is no explicit definition of the causal effects being estimated.

In the light of the literature on nonparametric identification of static causal models, the depend-

ence of these models on parametric functional form assumptions to achieve identification is a

undesirable feature of this approach. Yet, once identification is achieved nonparametrically, these

models can play an important part in reducing the dimensionality problem in estimating various

conditional expectations of observables variables in dynamic treatment settings. Using parametric

models only at the estimation step has the advantage that the fundamental economic relations that

do lead or do not lead to identification are not obscured by some functional form assumptions

that always come with using models at the identification stage.

There is a related literature in epidemiology and biostatistics that uses counterfactual outcomes

explicitly in a dynamic setting (e.g. Robins, 1986, 1987, 1997, Robins, Greenland, and Hu,

1999). These papers typically assume some sort of sequential randomisation, which will also play

a role in this paper as a benchmark case. However, their assumptions (and also their notation) are

motivated from applications in biostatistics, do not always correspond to assumptions that would

seem to be appropriate for many econometric applications. We reformulate and extend their

framework to arrive at new and interesting results.

In this paper we generalise the econometric counterfactual static causal evaluation model to a dy-

namic context. By drawing on recent extension of the static model to multiple treatments

(Imbens, 2000, Lechner, 2001a), and on the literature on bounding treatment effects (Balke and

Pearl, 1997, Heckman and Vytlacil, 2001a, Lechner, 1999, Manski, 1989, 1990, Robins, 1989,

Pearl, 2000), we provide a framework to discuss different definitions of the effects of interest and

their nonparametric identification under various assumptions relating to the content of the

information available to the researcher about the connection between the assignment decision and

the outcomes of the treatments. In doing so we explicitly avoid parametric or semiparametric
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modelling assumptions to achieve identification and explore how far our extensions of the

nonparametric literature based on the static model will lead us without having to rely on

parametric models for identification.

Specifically, we explore the potential of several assumptions of the sequential randomisation

variant. These assumptions basically suppose that the current assignment to a programme can be

treated as independent of the (potential) outcomes conditional on some information set. They

differ with respect to the important notion of which information set to condition on. In fact in any

application the information set required to make these assumptions plausible defines the variables

that need to be observed in the sample. We show what kind of effects are identified using as-

sumptions that could be plausible for example in rich data sets (and institutional circumstances)

sometime found in labour economics.3 Furthermore, we also derive bounds for cases where spe-

cific assumption are partially violated.

The following section defines the notation as well as effects of interest in a dynamic treatment

setting. Section 3 proposes several identification strategies and discusses their identifying power

with respect to the parameter defined in Section 2. In Section 4 nonparametric bounds are devel-

oped for some of the cases when these assumptions are not sufficient to identify particular

parameters of interest. Finally, Section 5 summarises our main findings and concludes. Appendix

A contains the proofs of the lemma and theorems. Appendix B and C contain further expressions

and derivations for bounds derived under possible violations of the identifying assumptions not

considered in Section 4.

2 The notation of the dynamic causal model

2.1 The variables

We consider a world with a finite number of T + 1 discrete time periods indexed by t

( 0,1,...,t T= ). The particular treatment received by the population of interest in the beginning of

                                                          
3 In fact we plan to apply these identification results to the estimation of the effects dynamic regimes in active

labour market policies in Switzerland and Germany. For these countries rich administrative data sets that allow to
address these issues are available.
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each period is described by a T + 1 dimensional vector of random variables 0( ,..., )TS S S= .4

Starting in period one each treatment in the particular period can take a finite number of M values

( 1,...,m M= ). In period 0 everybody receives the same treatment 1(0, ,..., )TS S S= . A particular

realisation of S in period t is denoted ts . Furthermore denote the history of variables up to period

t by a bar below a variable, e.g. 1(0, ,..., )t ts s s= .5 Therefore, for each period t there are tM  (t is

not an index, but an exponent) different possibilities of sequences of treatments so far. In the last

period a member of the population is observable in exactly one of TM  treatment sequences. This

notation allows also to specify incomplete or partial sequences by considering sequence ts  with

t T< . The importance of this distinction becomes clear during the discussion of the definition of

the effects of the treatments and their identification. To sum up, we consider

1

( 1)

1

TT
t

t

M M
M

M=

−=
−∑  different potential outcomes.6 Every individual belongs to exactly T poten-

tial outcomes that overlap over time.

Variables used to measure the effects of the treatment, i.e. the potential outcomes, are also

indexed by the treatments and denoted by 0 1( , ,..., )t t t ts s s s
TY Y Y Y= . After t and before t + 1, i.e. after

the treatment of period t and before the next treatment, one of those potential outcomes is observ-

able and denoted by tY . The resulting observation rule is defined in equation (1):7

1
1

1 1 1

1( ) ... 1( ) ... 1( )
t T

j jj
t T

M M M
s ss

t t t t T t
j j j

Y s j Y s j Y s j Y
= = =

= = = = = = = =∑ ∑ ∑ . (1)

Having defined treatment status and potential outcomes it remains to define variables that in-

fluence treatment selection and (or) potential outcomes, so called attributes and potential con-

founders, denoted by X. In general we allow the treatment status to influence the values of these

variables (introducing some endogeneity, a term to be defined later on). Therefore, there are

                                                          
4 We avoid the technical term units for members of the population. In resemblance to our motivating application we

call them individuals instead. Generally the notation set-up in this section follows the spirit of Rubin (1974) and
others.

5 To differentiate between different sequences sometimes it will be convenient to assign a specific value (e.g. j) to

the specific sequence or to index a sequence like j
ts .

6 Note that this is a geometric sequence.
7 The observation rule is similar to the consistency condition used by Robins in several papers.
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potential values of the X variables depending on the treatment sequences, so that they have also to

be indexed by the treatments ( 0 1( , ,..., )t t t ts s s s
TX X X X= ). The K dimensional vector tX  can be

observed at the same time as tY . The corresponding observation rule for tX  is analogous to the

one given in equation (1). It is convenient to collect the potentially endogenous variables Y and X,

as well as their potential counterparts in (K+1) x T dimensional matrices denoted by

0 1( , ,..., )TH H H H= , ( , ’) ’t t tH Y X= , and 0 1( , ,..., )t t t ts s s s
TH H H H= .

We call a variable endogenous, if its potential outcomes differ across treatment states (e.g. V is

called endogenous if s
t tV V τ≠  for some t and sτ ). In other words, at least one of the treatments

has a causal effect on an endogenous variable. Similarly, we denote a variable as strictly ex-

ogenous if no treatment has any effect on it (e.g. V is called strictly exogenous if s
t tV V τ=  for all

t, τ  and all sτ ). An equivalent statement is that every treatment is non-causal for a strictly ex-

ogenous variable.

Example

7KH�IROORZLQJ�UHVWULFWHG�YHUVLRQ�RI�WKH�JHQHUDO�IUDPHZRUN�ZLWK�0� �7� ���VKRXOG�KHOS�FODULI\LQJ�WKH�LGHDV�RI�WKH�SDSHU�

7KH�WUHDWPHQWV�YDULDEOHV�DUH�QRZ�GHILQHG�DV�IROORZV�

1 2(0, , )S S S= �� 1 1(0, )s s= �� 2 1 2(0, , )s s s= �� 1 {(0,0), (0,1)}s ∈ �� 2 {(0,0,0), (0,1,0), (0,0,1), (0,1,1)}s ∈ �

,Q�WRWDO�WKHUH�DUH�WZR�� 12 ��GLIIHUHQW�WUHDWPHQW�VHTXHQFHV�LQ�WKH�ILUVW�SHULRG��DQG�IRXU�� 22 ��GLIIHUHQW�WUHDWPHQW�VH�

TXHQFHV�LQ�WKH�VHFRQG�SHULRG��7KXV�WKHUH�DUH�
22(2 1)

6
2 1

− =
−

�SRWHQWLDO�RXWFRPHV��7KH�REVHUYDWLRQ�UXOH�VLPSOLILHV�WR�

1 0 11 10 00 01
1 1 1 2 1 2 1 2 1 2(1 ) (1 ) (1 )(1 ) (1 )t t t t t t tY s Y s Y s s Y s s Y s s Y s s Y⋅ ⋅= + − = + − + − − + − �

7KH�FKDQJHV�LQ�WKH�UHPDLQLQJ�YDULDEOHV� tsY �� tsX �� tsH ��Y �� X �� H DUH�REYLRXV�

Before defining causal effects in detail we assume that all random variables introduced so far

have finite support.
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Assumption 1-I (finite support)

The joint support of all random variables is defined on a closed set.

As a short hand notational convention the upper and lower bounds of the support of a vector of

random variables A is denoted by L A  and U A . In practise this assumption is only in rare cases

restrictive, because one could usually assume that the lower bound is a very large, but finite

negative number, and the upper bound is a very large, but finite positive number. ASSUMPTION 1-

I has the virtue that we need not be concerned about the existence of (unconditional) moments of

the various random variables.

2.2 The effects

The purpose of the desired empirical analysis is to estimate the mean causal effect of a sequence

of treatments defined up to period τ  ( ksτ ) compared to another sequence of the same length ( lsτ )

for a particular population and for a period t, denoted by ,k ls s
t

τ τθ  ( )t τ≥ . Note that we consider

only pair-wise effects of sequences that have the same length. Comparing sequences of different

lengths does not appear to be attractive, because it amounts to a comparisons of some well-de-

fined sequence with another sequence that is only partially specified and left undetermined for

some periods before period τ  (each sequence contains all possible treatments - including the

state of no treatment - up to that period). The other restriction implied in the notation is to only

consider effects of treatments after they have happened. This is not restrictive at all however,

because the vector of potential treatments could be redefined such as to include future partici-

pation as a current treatment status (for example to allow anticipatory effects of future treatments

on current outcomes, like the famous Ashenfelter’s, 1978, dip story).

The question remains for what subpopulations to consider mean causal effects. Trivially, mean

causal effects can be constructed for all subpopulations defined by variables that do not depend

on the treatment (i.e. they are strictly exogenous). All what follows is also valid in strata defined

by these variables. The other extreme, namely a causal statement that is conditional (partially) on

the effects of the treatments, does not make much sense. Thus, conditioning on H in general is

inappropriate without exogeneity assumptions about H. However, conditioning on treatment
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status (instead of treatment outcome) is appropriate, because it allows the typical comparisons of

(many different) effects of treatment on the treated compared to treatment on the nontreated. For

consistency reasons we consider only subpopulations defined by treatment status going not be-

yond the last period of the specified treatment sequence. In other words, to avoid further compli-

cations we do not consider the effects of a treatment in the past conditional on future treatment

status. If a comparison for such a group is desired one may always prolong the specified sequence

of treatments to match the period used for defining the group. The definition of the average

causal effects is given in equation (2):

, ( ) : ( | ) ( | )
k l k ls s s sj j j

t t ts E Y S s E Y S sτ τ τ τ
τ τ τ τ τθ = = − =
% % % % %

,

                                     t Tτ τ≤ ≤ ≤% , k l≠ , , {1,..., )k l M τ∈ , {1,..., )j M τ∈ % . (2)

Note that for 0τ =%  we obtain the average effect for the population. To ensure that equation (2)

can be interpreted as a causal effect the standard assumptions of the Rubin (1974) model are also

necessary, like SUTVA. They mainly imply that the effects of treatment on person i does not

depend on the treatment choice of other people. Note the resemblance of the effects to effects that

are typically of interest in the static evaluation literature, namely the average treatment effect

(ATE) and the average treatment effect on the treated (ATET). Here, we may call ,k ls s
t

τ τθ  the dy-

namic average treatment effect (DATE). Accordingly, , ( )
k ls s k

t sτ τ
τθ  as well as , ( )

k ls s l
t sτ τ

τθ  may be

termed dynamic average treatment effects on the treated (DATET) and the nontreated (i.e. per-

sons with lS sτ τ= ).

Table 1 summarises the notation as well as definitions introduced so far. Obviously there are

many cases in between when the condition set consists of a shorter sequence than the ones evalu-

ated, but we refrain from inventing other names for these effects and will call them all DATET

instead.
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Table 1: Summary of notation and definitions

6\PERO 0HDQLQJ 7LPLQJ
0,1,...,t T= WLPH�SHULRGV ��

1(0, ,..., )TS S S= 59��WUHDWPHQW EHJLQ�RI�SHULRG

1(0, ,..., )t ts s s= VSHFLILF�VHTXHQFH�RI�WUHDWPHQWV�XQWLO�SHULRG�W EHJLQ�RI�SHULRG

{1,..., }ts M∈ 0�H[FOXVLYH�WUHDWPHQWV�LQ�HDFK�SHULRG EHJLQ�RI�SHULRG

0 1( , ,..., )t t t ts s s s
TY Y Y Y= 59��SRWHQWLDO�RXWFRPHV HQG�RI�SHULRG

0 1( , ,..., )TY Y Y Y= 59��REVHUYDEOH�RXWFRPHV HQG�RI�SHULRG

0 1( , ,..., )t t t ts s s s
TX X X X= 59��SRWHQWLDO�FRQIRXQGHUV HQG�RI�SHULRG

0 1( , ,..., )TX X X X= 59��REVHUYDEOH�FRQIRXQGHUV HQG�RI�SHULRG

0 1( , ,..., )t t t ts s s s
TH H H H= �� ( , ’) ’t t ts s s

t t tH Y X= 59��FROOHFWLRQ�RI�SRWHQWLDO�RXWFRPHV�DQG�FRQIRXGHUV HQG�RI�SHULRG

0 1( , ,..., )TH H H H= �� ( , ’) ’t t tH Y X= 59��FROOHFWLRQ�RI�REVHUYDEOH�RXWFRPHV�DQG�FRQIRXGHUV HQG�RI�SHULRG
, ( )

k ls s j
t sτ τ

τθ
%

PHDQ�FDXVDO�HIIHFW�RI�VHTXHQFH� ksτ �FRPSDUHG�WR

VHTXHQFH� lsτ �IRU�WKRVH�SDUWLFLSDWLQJ�LQ�
jsτ%

HQG�RI�SHULRG

59��5DQGRP�YDULDEOH�

2.3 Connection of effects and outcomes in different periods and sequences

Before using this notation to discuss identification of the effects, it is useful to derive some con-

nection between the different treatment effects , ( )
k ls s j

t sτ τ
τθ
%

. It is of particular interest to see the

relation between different lengths of the conditioning sets jsτ%  and jsτ δ+%  (δ +∈� , ( ) tτ δ+ ≤% ),

when both sets coincide until period τ% .

Lemma 1 (connection of treatment effects defined for different lengths of conditioning set)

{ { { {
1

1 1

, ,
1 1

1 1

( ) ... ( , ,..., ) [ ( , ,..., ) | ]
k l k l

M M
s s s sj j j j

t t
m m

s ss s

s s m m P S s m m S sτ τ τ τ

δ
τ ττ δ τ δ

τ τ δ τ δ τ δ τ τθ θ
+ ++ +

+
= =

= = =∑ ∑
% %% %

% % % % % %

.

The proof is direct by applying the definitions of the treatment effect.

Because treatments are observable, ( | )j jP S s S sτ δ τ δ τ τ+ += =
% % % %

 is identified. Thus, LEMMA 1 implies

that if the treatment effects are identified on ’finer subpopulations’ given by jsτ δ+% , they are also
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identified on the ’coarser subpopulation’ defined by jsτ%  and can be computed as a weighted aver-

age.

Before similar relationships are derived for the same conditioning set but different treatments

(again coinciding until period τ ), the following relations among potential outcomes from differ-

ent periods are useful:8

1 2

2 1

( , ) ( , , )
1 2 2 1 1

1 1 1

1[( )] 1[( )]1[( )] ...
k k k

M M M
s s m s m m

t t t
m m m

Y S m Y S m S m Yτ τ τ
τ τ τ+ + +

= = =
= = = = = =∑ ∑ ∑ (3)

Equation (3) states that the individual potential outcome of a shorter sequence specified up to

period τ  is the same as the potential outcome of a sum of possible potential outcomes for longer

sequences consisting of the same subsequence of treatments up to period t.

Equation (3) can be used to establish a connection between the treatment effects over time

( , ( )
k ls s j

t sτ τ
τθ
%

, ,
1( , , ,..., )

k ls s j
t s s sτ δ τ δ

τ τ τ δθ + +
+ +⋅

%

) in LEMMA 2-I.

Lemma 2-I (connection of treatment effects defined for different lengths of treatments)

, ( , ),( , )
1 1

1

( ) ( | ) ( , , )
k l k l

M
s s s m s mj j j

t t
m

s P S m S s s s mτ τ τ τ
τ τ τ τ τ τθ θ+ +

=
= = = ⋅ =∑% % % %

 =

     = 1 1

1

( , ,..., ),( , ,..., )
1 1 1 1

1 1

... ( ,..., | ) ( , , ,..., )
k l

M M
s m m s m mj j

t
m m

P S m S m S s s s m s mτ δ τ δ

δ

τ τ δ δ τ τ τ τ τ δ δθ+ + + +
= =

= = = ⋅ = =∑ ∑ % % %

.

The proof is contained in Appendix A.1.

Note there is a minor complication for cases when τ  and τ%  do not coincide (i.e. τ τ<% ), because

then the effect of the sequence is conditioned on an unspecified part. In slight abuse of our pre-

viously introduced notation the unspecified part is denoted by bullets in LEMMA 2.

LEMMA 2 implies that we can infer the effects of shorter sequences from comparisons of all

longer sequences that are exactly the same after period τ  weighted by their probability of occur-
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rence. This is intuitive, because if a pair of sequences is the same after period τ , the causal effect

of their difference must be entirely due to differences of the sequences until period τ .

The properties derived so far are useful to obtain the identification results as well as the bounds in

the next sections.

Example (continued - 1)

7KH�IROORZLQJ����SDLU�ZLVH�HIIHFWV�FDQ�EH�GHILQHG�IRU�WKH�H[DPSOH�

L� (0,0, ),(0,1, )
1 (0)θ ⋅ ⋅ �� (0,0, ),(0,1, )

2 (0)θ ⋅ ⋅

(0,0,0),(0,1,0)
2 (0)θ �� (0,0,0),(0,0,1)

2 (0)θ �� (0,0,0),(0,1,1)
2 (0)θ �� (0,0,1),(0,1,0)

2 (0)θ �� (0,0,1),(0,1,1)
2 (0)θ �� (0,1,0),(0,1,1)

2 (0)θ �

�LL� (0,0, ),(0,1, )
1 1( )sθ ⋅ ⋅ �� (0,0, ),(0,1, )

2 1( )sθ ⋅ ⋅

(0,0,0),(0,1,0)
2 1( )sθ �� (0,0,0),(0,1,1)

2 1( )sθ �� (0,0,0),(0,1,1)
2 1( )sθ �� (0,0,1),(0,1,0)

2 1( )sθ �� (0,0,1),(0,1,1)
2 1( )sθ �

(0,1,0),(0,1,1)
2 1( )sθ ������������������������������������������ 1 {(0,0, ), (0,1, )}s ∈ ⋅ ⋅ �

�LLL� (0,0,0),(0,1,0)
2 2( )sθ �� (0,0,0),(0,1,1)

2 2( )sθ �� (0,0,0),(0,1,1)
2 2( )sθ �� (0,0,1),(0,1,0)

2 2( )sθ �� (0,0,1),(0,1,1)
2 2( )sθ �

(0,1,0),(0,1,1)
2 2( )sθ ������������������������������������������ 2 {(0,0,0), (0,1,0), (0,0,1), (0,1,1)}s ∈ �

:LWK�UHVSHFW�WR�GLIIHUHQW�FRQGLWLRQLQJ�VHWV�XVHG�IRU�WKH�GHILQLWLRQ�RI�WKH�YDULRXV�HIIHFWV��WKH�FRQQHFWLRQ�EHWZHHQ�WKH

HIIHFWV�VLPSOLI\�DV�IROORZV�

, , ,
1 1(0) (0,0) [ 0] (0,1) [ 1]

k l k l k ls s s s s s
t t tP S P Sτ τ τ τ τ τθ θ θ= = + = �

, , ,
1 1 2 1 1 1 2 1 1( ) ( ,0) [ 0 | ] ( ,1) [ 1| ]

k l k l k ls s s s s s
t t ts s P S S s s P S S sτ τ τ τ τ τθ θ θ= = = + = = �

6LPLODU�VLPSOLILFDWLRQV�FDQ�EH�REWDLQHG�IRU�WKH�FRQQHFWLRQ�RI�GLIIHUHQW�SRWHQWLDO�RXWFRPHV�XVLQJ�WKH�REVHUYDWLRQ�UXOH�

1 1 1( ,1) ( ,0)
2 2(1 )s s s

t t tY S Y S Y= + − �

+HQFH��ZH�JHW�WKH�IROORZLQJ�UHODWLRQV�IRU�WKH�H[SHFWHG�SRWHQWLDO�RXWFRPHV�

1 1 1( ,1) ( ,0)
1 1 2 1 1 1 1 2 2 1 1 1 1 2( | ) ( 1| ) ( | , 1) [1 ( 1| )] ( | , 0)

k k ks s sj j j j j
t t tE Y S s P S S s E Y S s S P S S s E Y S s S= = = = = = + − = = = = �

                                                                                                                                                                                           
8 Note that these relations hold for all elements of H, not just the potential outcomes, but also the potential

confounders.
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7KLV�UHVXOW�FRQQHFWV�WKH�GLIIHUHQW�HIIHFWV�

1 1 1 1 1 1, ( ,1),( ,1) ( ,0),( ,0)
1 2 1 1 1 2 1 1 1( ) ( 1| ) ( ,1) [1 ( 1| )] ( ,0)

k l k l k ls s s s s sj j j j j
t t ts P S S s s P S S s sθ θ θ= = = + − = = �

3 Identification

Suppose we have an indefinitely large random sample from the population and observe

1,...,{ , , }i i i i Ns y x = .9 In this section we explore different assumptions that identify various treatment

effects with such data and assumption that might be appropriate in some econometric evaluation

studies based on very informative data.

3.1 Nondynamic treatment regimes

Let us assume that in addition to ASSUMPTION 1 the researcher has enough information in the

beginning of the initial period so that assignment to the treatment in every period can be treated

as random conditional on that information. In other words, this case is equivalent to a scheme

where the assignment of all treatments is made in the initial period and is subsequently not

changed when new information arrives.

Assumption 2-I (full conditional independence assumption, F-CIA)

a) 0 0,..., |ts s
tY Y S X xτ =C ;  10

b) 0 01 ( | ) 0t tP S s X x> = = > ; 0 0x χ∀ ∈ , t ts∀ ∈S , :1t t τ∀ ≤ ≤ , Tτ ≤ .

Part a) of ASSUMPTION 2-I states that conditional on some exogenous variables 0X  all potential

outcomes are independent of all assignments up to the last period for which the treatment is

specified. This assumption is valid within a set defined by exogenous characteristics 0χ . Part b)

                                                          
9 As a convention, capital letters usually denote random variables, whereas small letters denote specific values of

the random variable. When we deviate from this convention it will be obvious (like for T and t).
10 |A B C c=C  means that each element of the vector of random variables A is independent of the random variable

B conditional on the random variable  C  taking a value of  c.
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is the usual common support requirement (CSR), basically stating that all sequences to be evalu-

ated must have a positive probability of occurring in all strata defined by the values of 0x  that are

in the set of interest 0χ .11 Obviously, only sequences that are feasible can be evaluated (otherwise

they would have zero probability anyway and violate the support condition). Such sequences de-

fined up to period t are elements of the set tS . Assumption 2-I implies that subsequent treatment

choices do not depend on the outcomes of the treatments in the previous periods, because the

complete treatment sequence is chosen initially based on the information contained in 0X . New

information revealed in later periods does not play any role for the selection into the treatment. In

the language of biometrics as suggested for example by Murphy, van der Laan, Robins, and

CPPRG (2000), such a mechanism is appropriately called a NONDYNAMIC TREATMENT REGIME.

Note also that this assumption corresponds to the CIA assumption of the static multiple treatment

framework as discussed by Imbens (2000) and Lechner (2001a), where the treatment assignment

is independent of the potential outcomes conditional on some exogenous variables. In these mod-

els assumptions like 2-I identify all effects.12

The full conditional independence assumption (F-CIA) can also be written in a sequential way, so

that the potential outcomes are independent of treatment choice conditional on previous treat-

ments. An interpretation is that the assignment decision for the next period is made in the begin-

ning of the period taking into account treatment history and the initial information (and also of

course other information would be allowed if it is conditionally independent of the potential out-

comes).

Assumption 2-II (F-CIA – sequential version)

a) 1 1 0 0,..., | ,ts s
t t tY Y S S s X xτ

− −= =C ;

b) 0 01 ( | ) 0t tP S s X x> = = > ;            0 0x χ∀ ∈ , t ts∀ ∈S , :1t t τ∀ ≤ ≤ , Tτ ≤ .

                                                          
11 Strictly speaking all effects discussed below are defined on the set 0χ  (support). However, for notational

convenience this dependence will not be made explicit in the following. For some considerations about the
relevance of this assumption see Lechner (2001c).

12 The multiple treatments in their framework correspond to the particular sequences here.
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Again, this assumption implies a nondynamic treatment regime because any new information

related to the outcomes that might be revealed after period 0 does not play any role in the selec-

tion process. Thus, it is not surprising that LEMMA 3 states that both assumptions are statistically

identical.

Lemma 3

ASSUMPTIONS 2-I and 2-II are statistically identical.

The proof of LEMMA 3 is given in Appendix A.2.

Example (continued - 2)

3DUW�D��RI�$668037,21���,��)�&,$��WUDQVODWHV�WR�WKH�H[DPSOH�DV�IROORZV���

(0,0) (0,1) (0,0,0) (0,1,0) (0,0,1) (0,1,1)
1 0, , , , , |Y Y Y Y Y Y S XC �DQG�� (0,0,0) (0,1,0) (0,0,1) (0,1,1)

2 0, , , |Y Y Y Y S XC �

3DUW�D��RI�$668037,21���,,�WUDQVODWHV�LQ�WKH�VDPH�ZD\�

(0,0) (0,1) (0,0,0) (0,1,0) (0,0,1) (0,1,1)
1 0, , , , , |Y Y Y Y Y Y S XC �DQG� (0,0,0) (0,1,0) (0,0,1) (0,1,1)

2 1 0, , , | ,Y Y Y Y S S XC �

7KH�SURRI�RI�LGHQWLILFDWLRQ�LV�VKRZQ�RQO\�IRU�RQH�H[DPSOH��WKDW�FRXOG�EH�FRQVLGHUHG�D�ZRUVW�FDVH��,W�LV�RQH�RI�WKH�
PRVW

FRXQWHUIDFWXDO
�FDVHV��L�H��LW�FRQVLGHUV�WKH�FRXQWHUIDFWXDO�RXWFRPH�LQ�ERWK�SHULRGV�

0 2

(0,1,0) (0,1,0)
2 2 0 2

|
[ | (0,0,1)] { [ | (0,0,1), ] | (0,0,1)}

X S
F Y S E F Y S X S= = = = � 

 �
0 2

(0,1,0)
2 0 2

|
{ [ | (0,1,0), ] | (0,0,1)}

X S
E F Y S X S= = � 

 �
0 2

2 0 2
|

{ [ | (0,1,0), ] | (0,0,1)}
X S
E F Y S X S= = �

:KHQ�ZH�XVH�WKH�VHTXHQWLDO�YHUVLRQ�RI�WKH�IXOO�UDQGRPLVDWLRQ�$668037,21����,,��WKH�SURRI�RI�LGHQWLILFDWLRQ�LV�RI�FRXUVH

WKH�VDPH�DV�EHIRUH��,W�PLJKW�QHYHUWKHOHVV�EH�LOOXVWUDWLYH�WR�VHH�WKH�SURRI�RI�WKH�HTXLYDOHQFH�RI�WKH�VHTXHQWLDO�YHUVLRQ

                                                          
13 For the sake of brevity any reference to the sets 0χ , χ  and tS  is omitted in the example.
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DQG�WKH�QRQVHTXHQWLDO�YHUVLRQ�RI�&,$�IRU�WKLV�H[DPSOH��+HUH��ZH�YHULI\�WKDW� (0,1,0)Y �LV�LQGHHG�LQGHSHQGHQW�RI

1 2( , )S S �FRQGLWLRQDO�RQ� 0X ��VR�WKDW� (0,1,0) (0,1,0)
1 2 0 0 1 2 0( , , | ) ( | ) ( , | )F Y S S X F Y X F S S X= �KROGV�

(0,1,0) (0,1,0)
1 2 0 2 1 0 1 0( , , | ) ( , | , ) ( | )F Y S S X F Y S S X F S X= � 

 � (0,1,0)
1 0 2 1 0 1 0( | , ) ( | , ) ( | )F Y S X F S S X F S X � 

������ � (0,1,0)
0 2 1 0 1 0( | ) ( | , ) ( | )F Y X F S S X F S X � � (0,1,0)

0 2 1 0( | ) ( , | )F Y X F S S X �

Next, assume that assignment is decided each period based on initial information, as well as on

treatment history and new information that is revealed up to that period. However, the informa-

tion revealed has not been caused by past treatment, thus the observed tX  is independent of the

treatment status in the same period tS  given past information about X and treatment status. The

participation decision may be based on the values of time varying confounders observable at the

beginning of the period, but they are not influenced by the treatments of this period (note that tS

is observed before tX ). Thus, we call such information STRICTLY EXOGENOUS (We use only a

week version of strict exogeneity for which t τ= ). Note that this is still a nondynamic treatment

regime, because functions of the outcomes of the treatments do not appear in the conditioning set.

Assumption 3 (sequential conditional independence assumption, S-CIA)

a) 1 1 1 1,..., | ,ts s
t t t t tY Y S S s X xτ

− − − −= =C ;

b) 1 1 0 0|X S X x=C    and   1 1 2 2 2 2| ,t t t t t tX S S s X x− − − − − −= =C , ( 2t > );

c) 1 11 ( | ) 0t t t tP S s X x− −> = = > ; t tx χ∀ ∈ , t ts∀ ∈S , :1t t τ∀ ≤ ≤ , Tτ ≤ .

Note that ASSUMPTION 3b coincides with a different formulation where 1tX −  and the treatment

history 1tS −  are independent conditional on 2tX − . It does however not imply

1 1 1 2 2| ,t t t t t tX S S s X x− − − − −= =C , so that selection into treatment in period t could still be based on

information acquired in period t-1. ASSUMPTION 3 again holds for all feasible sequences, as well

as for all values of tx  that are in the set tχ .
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Part b) of ASSUMPTION 3 can be reformulated in terms of potential confounders: The treatment in

period t is not causal for the value of X observed in this period given the history (note that tS  is

observed before tX  is observed). Thus, the distributions of potential confounders are identical

conditional on observed treatment and observed confounder history.

Lemma 4 (noncausality condition)

ASSUMPTION 3b) is equivalent to the following noncausality condition:

1(0, )
1 1 1 0( | , )

ks kF X S s X=  1(0, )
1 1 1 0( | , )

ls lF X S s X= =  and

2 1( , )
1 1 1 2 2 2( | , , )

k
t ts s k

t t t t t tF X S s S s X− −
− − − − − −= =  2 1( , )

1 1 1 2 2 2( | , , )
l

t ts s l
t t t t t tF X S s S s X− −
− − − − − −= = =  ( 2t > ).

The proof is contained in Appendix A.3.

Theorem 1

ASSUMPTION 1 is satisfied. If ASSUMPTION 2 and / or ASSUMPTION 3 holds, all treatment effects up

to period τ  are identified.

The proof is contained in Appendix A.4.

Example (continued - 4)

1RZ�ZH�FRQVLGHU�IRU�VLPSOLFLW\�RQO\�WKH�SRWHQWLDO�RXWFRPH� (0,1,0)Y ��3DUWV�D��DQG�E��RI�WKH�6�&,$�DVVXPSWLRQ�VLPSOLI\�LQ

WKH�H[DPSOH�DV�IROORZV�

D� (0,1,0)
1 0|Y S XC ��������������� (0,1,0)

2 1 1| ,Y S S XC �

E� 0,0 0,1 0
1 1 1 1X X X X= = = ��� 1 1 0|X S XC �

1RWH�WKDW� 1 2 0|X S XC �DQG� 1 2 1 0| ,X S S XC �LV�H[SOLFLWO\�DOORZHG�IRU��,GHQWLILFDWLRQ�LV�VKRZQ�DV�IROORZV�
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1 0

(0,1,0) (0,1,0)
1 2 1 2 0 1 1 2

,
( | 0, 1) [ ( | 0, 1, , ) | 0, 1]

X X
F Y S S E F Y S S X X S S= = = = = = =

1 0

(0,1,0)
1 0 1 1 2

,
[ ( | 0, , ) | 0, 1]

a

X X
E F Y S X X S S= = = = �

6R�
1 0

(0,1,0)
1 2 0 1

,
[ ( | 0, 1, , )

X X
E F Y S S X X= = �GRHV�QRW�GHSHQG�RQ� 2S ��,W�UHPDLQV�WR�VKRZ�WKDW�LW�GRHV�QRW�GHSHQG

RQ� 1S �HLWKHU�

(0,1,0) (0,1,0),
(0,1,0) 1 1 0 1 0 1 0

1 0 1
1 0 1 0

( , 0, | ) ( , | ) ( 0 | )
( , 0 | , )

( | ) ( | )

a bF Y S X X F Y X X F S X
F Y S X X

F X X F X X

= == = = �

%HFDXVH�
(0,1,0)

(0,1,0)1 0
1 0

1 0

( , | )
( | , )

( | )

F Y X X
F Y X X

F X X
= �DQG� 1 0 1 0 1( 0 | ) ( 0 | , )

b

F S X F S X X= = = ��ZH�JHW�

(0,1,0) (0,1,0)
1 0 1 0 1 1 0 1( , 0 | , ) ( | , ) ( 0 | , )F Y S X X F Y X X F S X X= = = �

7KXV� (0,1,0)Y �DQG� 1S �DUH�LQGHSHQGHQW�FRQGLWLRQDO�RQ� 0 1( , )X X ��KHQFH�DOO�HIIHFWV�DUH�LGHQWLILHG�

(0,1,0)
1 2( | 0, 1)F Y S S= = =

1 0

(0,1,0)
0 1 1 1

,
[ ( | , ) | 0, 1]

X X
E F Y X X S S= =

�������������������������������� �
1 0

1 2 0 1 1 2
,

[ ( | 1, 0, , ) | 0, 1]
X X
E F Y S S X X S S= = = = �

3.2 Dynamic treatment regimes

Next we rebalance the assumptions by weakening the conditions on the conditioning set and

strengthening the assumptions on the randomisation process. Assume that in addition to AS-

SUMPTION 1 the researcher knows enough in the beginning of each period so that the assignment

to the treatment in every period can be treated as independent from potential outcomes condi-

tional on that information. In contrast to the previous assumptions the relevant information set

may contain variables related to realisation from observed outcome variables of previous periods

(with the exception of period 0). However, the conditional independence assumptions applying to

outcomes are also assumed to hold for the potential values of these ’endogenous’ confounding

variables. This set-up constitutes the first and in fact most restrictive DYNAMIC TREATMENT

REGIME we consider in this paper.
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Assumption 4 (sequential endogenous conditional independence assumption – SE-CIA)

a) 1 1 1 1,..., | ,ts s
t t t t tH H S H h S sτ

− − − −= =C ;

b) 1 1 1 11 ( | , ) 0t t t t t tP S s H h S s− − − −> = = = > ,  1 1t th − −∀ ∈ H , t ts∀ ∈S , :1t t τ∀ ≤ ≤ , Tτ ≤ .

The set 1 1t th − −∀ ∈ H  is defined analogously to the set 1tχ − .

Theorem 2

If ASSUMPTIONS 1 and 4 are satisfied, then all treatment effects up to period τ  are identified.

The proof is contained in Appendix A.5.

This assumption appears to be attractive, because it allows to account for the outcome of previous

treatments (predetermined endogenous variables) in the conditioning set, but still is strong

enough to give identification of all effects. However, the additional assumption that not only po-

tential outcomes, but also potential confounders are randomised could be a problem in practise. It

means that once a variable is discovered that influences both the participation decision as well as

the potential outcomes, one can only use that variable in the conditioning set, if the remaining

conditioning variables explain all systematic correlations between the potential value of that vari-

able and the participation process. Obviously once many variables are needed to make sure that

potential outcomes are conditionally independent of the assignment process, these conditions are

very hard to verify, and thus undesirable.

Example (continued - 5)

3DUW�D��RI�WKH�6(�&,$�DVVXPSWLRQ��$668037,21����VLPSOLILHV�LQ�WKH�H[DPSOH�DV�IROORZV�

(0,1,0) (0,1,0) (0,1) (0,1)
1 0, , , |Y X Y X S XC ������

1

(0,1,0) (0,1,0)
2 1 1 1 0, | , , ,

H

Y X S S Y X XC 14243

7KH�DERYH�FRQGLWLRQV�LPSO\�UHVWULFWLRQV�IRU�WKH�IROORZLQJ�H[SHFWDWLRQV�
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(0,1,0) (0,1,0)
1 0 1 0( | 1, ) ( | 0, )E Y S X E Y S X= = = �� (0,1,0)

0[ ( | )]E Y X= �

(0,1,0) (0,1,0)
1 0 1 0( | 1, ) ( | 0, )E X S X E X S X= = = �� (0,1,0)

0[ ( | )]E X X= �

(0,1,0) (0,1,0)
1 1 2 1 1 1 2 1( | , 0, ) ( | , 1, )E Y S s S H E Y S s S H= = = = = ��������� 1 {0,1}s∀ ∈ �

(0,1,0) (0,1,0)
1 1 2 1 1 1 2 1( | , 0, ) ( | , 1, )E X S s S H E X S s S H= = = = = �������� 1 {0,1}s∀ ∈ �

(0,1) (0,1)
1 0 1 0( | 1, ) ( | 0, )E Y S X E Y S X= = = �� (0,1) (0,1)

1 0 1 0( | 1, ) ( | 0, )E X S X E X S X= = = �

7KHVH�HTXDWLRQV�FRXOG�EH�XVHG�WR�HVWDEOLVK�LGHQWLILFDWLRQ�RI�WKH�FRXQWHUIDFWXDO�HYHQW�� (0,1,0)
2| (0,0,1)Y S = �

(0,1,0)
2( | (0,0,1))F Y S =  �

1

(0,1,0)
2 1 2{ [ | (0,0,1), ] | (0,0,1)}

H
E F Y S H S= =

 �
1

(0,1,0)
1 2 1 2{ [ | (0,0), 1, ] | (0,0,1)}

H
E F Y S S H S= = =

4

=
1

(0,1,0)
1 2 1 2{ [ | (0,0), 0, ] | (0,0,1)}

H
E F Y S S H S= = =

4

=
1

(0,1,0)
1 1 1[ ( | (0,0), ] | (0,0,1)}

H
E F Y S H S= = �

7KH�REVHUYDWLRQ�UXOHV�FDQ�EH�XVHG�DW�WKDW�VWDJH�

(0,0,0) (0,0,1) (0,1,0) (0,1,1)
1 2 1 2 1 2 1 2 11[ (0,0,0)] 1[ (0,0,1)] 1[ (0,1,0)] 1[ (0,1,1)]Y S Y S Y S Y S Y= = + = + = + = �

(0,0,0) (0,0,1) (0,1,0) (0,1,1)
1 2 1 2 1 2 1 2 11[ (0,0,0)] 1[ (0,0,1)] 1[ (0,1,0)] 1[ (0,1,1)]X S X S X S X S X= = + = + = + = �

*LYHQ� 2 (0,0,1)S = ��ZH�REWDLQ� (0,0,1)
1 1Y Y= �� (0,0,1)

1 1X X= ��LPSO\LQJ� (0,0,1)
1 0 1( , )H X H= ��7KHVH�HTXDOLWLHV�FDQ

EH�XVHG�WR�FRPSOHWH�WKH�SURRI�

1

(0,1,0)
1 1 2[ ( | (0,0), ) | (0,0,1)]

H
E F Y S H S= =

(0,0,1)
0 1

(0,1,0) (0,0,1)
1 0 1 2

,
{ [ | (0,0), , ] | (0,0,1)}

X H
E F Y S X H S= = = �

1RZ�ZH�XVH�WKH�DVVXPSWLRQ�WKDW�WKH�SRWHQWLDO�FRQIRXQGHUV�DUH�UDQGRPLVHG�DV�ZHOO�

(0,1,0) (0,0,1)
(0,1,0) (0,0,1) 1 1 0

1 0 1 (0,0,1)
1 1 0

( , | (0,0), )
( | (0,0), , )

( | (0,0), )

F Y H S X
F Y S X H

F H S X

== =
=



21

(0,1,0) (0,0,1)4
1 1 0

(0,0,1)
1 1 0

( , | (0,1), )

( | (0,1), )

F Y H S X

F H S X

==
=

(0,1,0) (0,0,1)4
1 0

(0,0,1)
1 0

( , | )

( | )

F Y H X

F H X
=

= (0,1,0) (0,0,1)
0 1( | , )F Y X H � � (0,1,0) (0,0,1)

1 0 1( | (0,1), , )F Y S X H= �

&ROOHFWLQJ�WKH�GLIIHUHQW�SDUWLDO�UHVXOWV�VKRZV�LGHQWLILFDWLRQ�

(0,1,0)
2( | (0,0,1))F Y S = � �

1

(0,1,0)
1 1 2[ ( | (0,0), ] | (0,0,1)}

H
E F Y S H S= = � 

 
(0,0,1)

0 1

(0,1,0) (0,0,1)
1 0 1 2

,
{[ ( | (0,1), , )] | (0,0,1)}

X H
E F Y S X H S= =

 
0 1

(0,1,0)
1 0 1 2

,
{[ ( | (0,1), , )] | (0,0,1)}

X H
E F Y S X H S= =

 
0 1

(0,1,0)
1 2 0 1 2

,
{[ ( | (0,1), 0, , )] | (0,0,1)}

X H
E F Y S S X H S= = =

 
0 1

2 0 1 2
,

{[ ( | (0,1,0), , )] | (0,0,1)}
X H
E F Y S X H S= = �����T�H�G�

7KLV�JLYH�XV�WKH�LGHQWLILFDWLRQ�RI� (0,1,0)
2( | (0,0,1))F Y S = ��'HQRWH� (0,1,0) (0,0,1)

1 0 1( | (0,1), , )F Y S X H= �DV�IXQF�

WLRQ�RI� (0,0,1)
1H �� (0,0,1)

0 1( , )g X H ���7KH�NH\�LQVLJKW�LV�WKDW�WDNLQJ�H[SHFWDWLRQV�RI�WKLV�IXQFWLRQ�ZLWK�UHVSHFW�WR�WKH

VDPH�FRQGLWLRQLQJ�VHW�DV�WKH�RQH�WKDW�GHQRWHV�WKH�SRWHQWLDO�FRQIRXQGHUV�LV�WKH�VDPH�DV�WDNLQJ�H[SHFWDWLRQV�ZLWK

UHVSHFW�WR�WKH�GLVWULEXWLRQ�RI�WKH�REVHUYDEOH�FRQIRXQGHUV�LQ�WKH�UHVSHFWLYH�VXEVHW�

(0,0,1)
0 10 1

(0,0,1)
0 1 2 0 1 2

,,
[ ( , ) | (0,0,1)] [ ( , ) | (0,0,1)]

X HX H
E g X H S E g X H S= = = �

Compared to ASSUMPTION 3 (S-CIA) the additional restrictiveness of SE-CIA as defined in

ASSUMPTION 4 is that the same randomisation assumed to hold for the potential outcomes also

holds for the potential confounders. This part is relaxed in ASSUMPTION 5.

Assumption 5 (partial sequential endogenous conditional independence assumption – PSE-CIA)

a) 1 1 1 1,..., | ,ts s
t t t t tY Y S H h S sτ

− − − −= =C ;
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b) 1 1 1 11 ( | , ) 0t t t t t tP S s H h S s− − − −> = = = > ; 1 1t th − −∀ ∈ H , t ts∀ ∈S , :1t t τ∀ ≤ ≤ , Tτ ≤ .

ASSUMPTION 5 is weaker than ASSUMPTION 4, because it does not require randomisation of the

confounding variables, and still allows to condition on endogenous variables, i.e. observable

variables that are functions of the outcomes of previous treatments. Note that ASSUMPTION 4 as

well as ASSUMPTION 5 contain implicitly a typical (exogenous) initial condition for period 0 by

assuming that the conditioning set in period one does not contain any endogenous variable (i.e.

0 0
tsH H= , ts∀ ). Without that initial condition (or without other restrictive assumptions that could

be imposed alternatively) it does not appear to be possible to obtain identification of interesting

causal parameters.

Theorem 3

Assumptions 1 and 5 are satisfied.

a) All treatment effects of the form ,
1( )

k ls s j
t sτ τθ  and ,k ls s

t
τ τθ , t Tτ ≤ ≤  are identified.

b) All treatment effects of the form 1 1( , ),( , )
1( , )

k k k ls s s s k j
t s sτ τ τ τ

τ τθ − −
−  and 1 1( , ),( , )

1( )
k k k ls s s s k

t sτ τ τ τ
τθ − −

− , t Tτ ≤ ≤ ,

are identified.

c) All treatment effects of the form 1 1( , ,..., ),( , ,..., ) ( )
j k k j l l

v v v vs s s s s s j
t wsτ τ τ τ τ τ

τθ − − + − − +
− , : 0v v τ∀ < < ,

:w w vτ∀ ≥ ≥ , t Tτ ≤ ≤ , are identified.

The proofs of the three parts of THEOREM 3 are given in Appendix A.6.

THEOREM 3 shows that the price for relaxing the assumption that the potential confounders follow

the same randomisation process as the outcomes comes in three different ways: Part a) states that

if identification of pair-wise comparisons of all sequences is desired, then this is still possible, but

only for coarser subpopulations, namely individuals defined by their treatment choice in the first

period. It is however not possible, to identify all effects for example for groups of individuals

defined according to their difference in the second period.14 The relevant distinction between the

                                                          
14 Hence the usual average treatment effects (ATE) as usually defined in the static framework are identified, whereas

several average treatment effects on the treated (ATET) are not identified using ASSUMPTION 5 only.
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population defined by treatment choice in the first period and subsequent periods is that in the

first period treatment choice is random conditional on exogenous variables, whereas in the

second and later periods, randomisation into these treatments is conditional on endogenous

variables.

Part b) and c) state that specific comparisons are identified for finer subpopulations. Part b) refers

to comparisons of treatment that differ only with respect to the treatment in the last period. Such

comparisons are identified for subpopulation that have the same sequence as the common part of

the two sequences compared (namely up to period t-1). The populations could be defined by any

treatment state in the final period (t). It is basically the same result as for case a), but with time

period 1τ −  playing the role of time period 0 (i.e. the period for which the treatment sequence

still coincides) in a). In this case the endogeneity problem is not really harmful, because the

endogenous variable 1Hτ − , which is the crucial one to condition on for identification, has been

influenced by the same past treatments when comparing the two sequences that differ only with

respect to the treatment in period τ .

Finally part c) states that all sequences that have a common part in the beginning are identified

for subpopulations defined as participating in that common part of the sequence. Of course, the

relevant subpopulations for which identification is obtained could be coarser, but not finer.

Compared to a) and b) the conditioning set for the effects is ’one period shorter’. The reason is

that the identification of sequences that differ for more than one period is more difficult: The

endogenous conditioning variable 1Hτ −  needed to make participants comparable to non-

participants in the specific sequence, is fluenced by all events during the sequence. However,

since the sequences differ, these events differ (they are same in case a) and b)) and thus the

endogeneity problem leads to some additional loss of identification.

Example (continued - 6)

3DUW�D��RI�WKH�36(�&,$�DVVXPSWLRQ��$668037,21����VLPSOLILHV�LQ�WKH�H[DPSOH�DV�IROORZV�

(0,1,0)
1 0|Y S XC �� ������ (0,1,0)

2 1 1| ,Y S S HC �

,GHQWLILFDWLRQ�LV�VKRZQ�QH[W��7KH�DERYH�FRQGLWLRQV�LPSO\�UHVWULFWLRQV�IRU�WKH�IROORZLQJ�H[SHFWDWLRQV�
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(0,1,0) (0,1,0)
1 0 1 0( | 1, ) ( | 0, )E Y S X E Y S X= = = �� (0,1,0)

0[ ( | )]E Y X= � ���

(0,1,0) (0,1,0)
1 1 2 1 1 1 2 1( | , 0, ) ( | , 1, )E Y S s S H E Y S s S H= = = = = �� 1 {0,1}s∀ ∈ � ���

7KHVH�HTXDWLRQV�FRXOG�EH�XVHG�WR�HVWDEOLVK�LGHQWLILFDWLRQ�RI�VRPH�FRXQWHUIDFWXDO�HYHQWV�GHILQHG�E\�SDUWV�D��DQG�F��LQ

7+(25(0�����

3DUW�E��LV�PRUH�RU�OHVV�LPPHGLDWH�LQ�WKLV�H[DPSOH��,W�LV�VXIILFLHQW�WR�VKRZ�WKDW� (0,1,0)
1 2( | 1, 1)E Y S S= = �LV�LGHQWLILHG�

1

(0,1,0) (0,1,0)
1 2 1 2 1 1 2( | 1, 1) [ ( | 1, 1, ) | 1, 1]

H
E Y S S E E Y S S H S S= = = = = = = � 

 �
1

(0,1,0)
1 2 1 1 2[ ( | 1, 0, ) | 1, 1]

H
E E Y S S H S S= = = = � 

 �
1

1 2 1 1 2[ ( | 1, 0, ) | 1, 1]
H
E E Y S S H S S= = = = �

$V�DQ�DQDORJ\�IRU�SDUW�D��RI�7+(25(0���LW�QHHGV�WR�EH�VKRZQ�WKDW� (0,1,0)
1( | 0)E Y S = �LV�LGHQWLILHG�

1 2

(0,1,0) (0,1,0)
1 1 1 1 2 1 1 1

,
( | ) {[ ( | , , )] | }

H S
E Y S s E E Y S s S H S s= = = =

 �
1 2 1

(0,1,0)
1 1 2 1 1 1 1 1 1

|
[ ( | , , ) | , ] | }

H S H
E E E Y S s S H S s H S s= = =

 �
1

(0,1,0)
1 1 2 1 2 1 1 1{[ ( | , 1, ) ( 1| , )

H
E E Y S s S H P S S s H= = = = ��

����� (0,1,0)
1 1 2 1 2 1 1 1 1 1( | , 0, ) ( 0 | , )] | }E Y S s S H P S S s H S s= = = = = �� 1 {0,1}s∀ ∈ �

8VLQJ�HTXDWLRQ�����DOORZV�WR�PDQLSXODWH�WKH�YDOXH�RI� 2S �LQVLGH�WKH�H[SHFWDWLRQ��KHQFH�ZH�JHW

� 2 1 1 1( 1| , )P S S s H= = ��� 2 1 1 1( 0 | , ) 1P S S s H= = = ��

1

(0,1,0) (0,1,0)
1 1 1 1 2 2 1 1 1( | ) [ ( | , , ) | ]

H
E Y S s E E Y S s S s H S s= = = = = ��������������� 1 2, {0,1}s s∀ ∈ �

,Q�SDUWLFXODU�ZH�JHW�LGHQWLILFDWLRQ�RI� (0,1,0)
1 0( | 1, )E Y S X= ��EHFDXVH�

(0,1,0)
1 0( | 1, )E Y S X= � �

1

(0,1,0)
1 2 1 1 0[ ( | 1, 0, ) | 1, ]

H
E E Y S S H S X= = = � 

                                                          
15 Part c) is not really relevant in a two period framework.
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������������������������ �
1

1 2 1 1 0[ ( | 1, 0, ) | 1, ]
H
E E Y S S H S X= = = �

,I� (0,1,0)
1 0( | 1, )E Y S X= �LV�LGHQWLILHG��WKHQ� (0,1,0)

1 0( | 0, )E Y S X= �LV�LGHQWLILHG�DV�ZHOO��EHFDXVH�RI�HTXDWLRQ�����

7KXV� (0,1,0)
1( | 1)E Y S = �

0

(0,1,0)
1 0 1[ ( | 1, ) | 1]

X
E E Y S X S= = = ��� (0,1,0)

1( | 0)E Y S = ��DQG�� (0,1,0)( )E Y �DUH�DOVR

LGHQWLILHG��8VLQJ�WKH�VDPH�DUJXPHQWV�WKHVH�SURSHUWLHV�FDQ�EH�VKRZQ�WR�EH�YDOLG�IRU�DOO�SRWHQWLDO�RXWFRPHV��WKXV�DOO

WUHDWPHQW�HIIHFWV�WKDW�DUH�XQFRQGLWLRQDO�RU�FRQGLWLRQDO�RQ�WKH�WUHDWPHQW�LQ�WKH�ILUVW�SHULRG�DUH�LGHQWLILHG�

Although even ASSUMPTION 5 is restrictive it has appeal for practical evaluation studies. For ex-

ample, in many European countries rich administrative data sets are made available recently that

would allow the assignment to the first treatment to be considered as random conditional on

exogenous information.16 Furthermore, these records compiled from labour offices and pension

systems typically allow to follow the individuals over time on a very detailed basis. Hence,

intermediate outcomes are observed that play a critical role to make the validity of ASSUMPTION 5

plausible.

At this point we need to clarify the relation of our results presented so far to previous work in the

fields of epidemiology and statistics, in particular by James Robins and co-authors.17 Several re-

sults similar to our identification results can already be found in those papers in a similar form.

Although, their assumptions are differently formulated, their spirit is similar. The interest is how-

ever not focussed on the parameters for particular subpopulations and differently defined se-

quences, as it is in this paper. Furthermore, in several cases they are specialised to focus on par-

ticular designs of actually implemented dynamic randomised studies in those fields, that could

differ very much from designs that would be compatible with designs resulting from our

ASSUMPTIONS 1 to 5 which are much more akin to the econometric evaluation literature (and

could well be used to approximate situations in observable studies provided they are based on

rich enough data). In particular our differentiated identification results especially resulting from

THEOREM 3 do not appear in that literature (see also the discussion of the G-computation algo-

rithm after the proof of THEOREM 3 in Appendix A.6).

                                                          
16 One example is Switzerland (see Gerfin and Lechner, 2000). Advanced efforts to collect such data in other

countries we are aware of in detail include Germany, Great Britain, and Sweden.
17 See for example Robins (1986), Robins (1989), Robins (1997), Robins, Greenland, and Hu (1999). The website

of James Robins (http://biosun1.harvard.edu/~robins) gives a comprehensive list of his papers relating to this
subject.
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3.3 A note on estimation

We leave an in depth discussion of estimation and inference in complex dynamic treatment stud-

ies using ASSUMPTION 1 to 5 to a companion paper. Here, we are confining ourselves to some

brief considerations.

When identification can be based on ASSUMPTION 2, it has already been noted that the framework

is exactly the same as the multiple treatment framework introduced by Imbens (2000) and

Lechner (2001a). For this framework issues of non- and semiparametric estimation are already

discussed by several authors including Brodaty, Crepon, and Fougère (2001), Imbens (2000), and

Lechner (2001b). The issue here is essentially to find appropriately weighted means over the re-

gression curves 0( )tsg x =  0 0( | , )t tE Y S s X x= =  for all relevant sequences ts . The appropriate

weights depend on the distribution of 0X  in the respective subpopulations defined by treatment

status and will differ depending on the precise effect that is estimated. For different estimators

that all use so-called propensity score properties to reduce the dimension of the estimation prob-

lem the reader is referred to the already mentioned papers.

Propensity score methods are a useful tool in practice. Rosenbaum and Rubin (1983) show that

for the binary static case so-called balancing score properties hold.18 These properties imply that

independence conditional on some vector of variables implies independence on specific functions

of these variables. These functions are called balancing scores. The balancing score with the low-

est dimension is the conditional participation probability, the so-called propensity score. The ad-

vantage of knowing balancing scores is that they provide ways to reduce the dimension of the

estimation problem and help to devise feasible semi- and nonparametric two-step estimators. The

first step is an estimation of the balancing score. The second step estimates the effect and uses

conditioning on the balancing score instead of the (original) variables that appear in the condi-

tioning set (see for example Hahn, 1998, Heckman, Ichimura, and Todd, 1998, Hirano, Imbens,

and Ridder, 2000). Since ts  may contain many different sequences and 0x  may be high dimen-

sional to make the identifying assumption plausible, the dimensionality problem hurting any

semiparametric and nonparametric analysis is certainly an issue already in that case.

Using the more general ASSUMPTION 3 that allows for time varying confounders we essentially

need estimates based on appropriately weighted regression curves depending on all regressors

                                                          
18 The results are extended to the case of multiple treatments by Imbens (2000) and Lechner (2001a).
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1( )ts
tg x − =  1 1( | , )t t t tE Y S s X x− −= = . The weights depend again on the distribution of participa-

tion probabilities conditional on 1tx −  and on the specific parameter of interest. Similarly, the in-

put to any estimator consistent under ASSUMPTIONS 4 and 5 will be based on 1( )ts
tg h −  =

1 1( | , )t t t tE Y S s H h− −= = . Because ASSUMPTIONS 4 and 5 also incorporate intermediate outcomes

from the programmes, conditioning sets appropriate for many applications may contain a large

number of variables and devising dimension reducing balancing scores will be a precondition for

using any sort of nonparametric estimation technique.

4 Bounds

4.1 Preliminaries

In this section we consider situations for which identification is not or only partially warranted. If

part of a chosen assumption appears to be particularly suspicious in a specific application, the

sensitivity of the results can be assessed by computing the possible range of results that could

occur if the respective assumption is violated. Furthermore, ranges for effect can be obtained un-

der milder conditions then required in ASSUMPTIONS 2 to 5 that could be relevant on their own

right. However, far from being complete, we consider only a few fairly specific examples of in-

teresting violations, because there are simply too many possible violations to provide bounds for

all of them in this paper. Many more cases are considered the Appendices B and C.

Before actually obtaining the bounds, some more remarks about the information available are

useful. Without further information the sample analogues identify the participation probabilities:19

( )t tP S s= , ( )t tP S s= , 1 1( | )t t t tP S s S s− −= = , t ts∀ ∈S , t T≤ . (6)

Assume that all sequence that belong to tS  have a positive probability to occur ( 0 ( )t tP S s< = ,

t ts∀ ∈S ). If this assumption is violated, there is no way to evaluate the effect of such a sequence

                                                          
19 For notational simplicity conditioning on attributes is omitted, but all those quantities are also identified

conditional on attributes. For the outcome variables this holds as long as the respective events in the conditioning
set have positive probability to occur.
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without extrapolating from the results obtained for some other sequence, a case not considered

here.

Furthermore, if appropriate support conditions hold, all conditional expectations of the observ-

able outcome variables are also identified, which in turn identify the following conditional ex-

pectations of the potential outcomes:

( | ) ( | )s s
t t tB E Y S s E Y S sτ τ

τ τ τ τ= = = = ,     sτ τ∀ ∈S , t Tτ ≤ ≤ . (7)

To obtain bounds along the lines suggested by Robins (1989) and Manski (1989, 1990),

ASSUMPTION 1-II states that the expectations of the outcome variables are bounded:20

Assumption 1 - II (known bounds for conditional expectations of outcomes)

D� ’ ’ ’ ’[ ( | ) | ] 1
ks j U j

L tP Y E Y S s Y S sτ
τ τ τ τ≤ = ≤ = = �

E� ’ ’ ’ 1 ’ 1 ’ ’[ ( | , ) | ] 1
ks j U j

L tP Y E Y S s H h Y S sτ
τ τ τ τ τ τ− −≤ = = ≤ = = �

’ 1 ’ 1hτ τ− −∀ ∈ H � ’ ’, , ’j ks s t Tτ τ τ τ τ τ∈ ∈ ≤ ≤ ≤S S �

In the following it will be useful to have a slightly different version of LEMMA 2 available.

Hence, we define LEMMA 2-II like LEMMA 2-I, except that it concerns the potential outcomes and

not the effects directly:

Lemma 2-II (connection of potential outcomes defined for different lengths of treatments)

( , )
1 1

1

( ) ( | ) ( , , )
k k

M
s s mj j j

t t
m

Y s P S m S s Y s s mτ τ
τ τ τ τ τ τ+ +

=
= = = ⋅ =∑% % % %

 =

                                                          
20 We assume that the bounds of all expected potential outcomes are the same in all subpopulations. A generalisation

is immediate, but increases the notational burden significantly. Furthermore, there seems to be no application of
the bounding literature so far where such differences in the bounds are assumed to exist.
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     = 1

1

( , ,..., )
1 1 1 1

1 1

... ( ,..., | ) ( , , ,..., )
k

M M
s m mj j

t
m m

P S m S m S s Y s s m s mτ δ

δ

τ τ δ δ τ τ τ τ τ δ δ+ + + +
= =

= = = ⋅ = =∑ ∑ % % %

.

The proof is contained in Appendix A.1 (first part of the proof of LEMMA 2-I).

For the selected examples that follow below, a particular version of this lemma has interesting

implications:

,
1 1

1

( | ) ( | , ) ( | )
k k

t t

M
s s mj j j

t t t t t t
m

E Y s E Y s S m P S m S s+ +
=

= = = =∑ , .j k≠ (8)

This leads to the following reformulation:

,
1 1

1
,

1
1

( | ) ( | , ) ( | )

( | , )
( | )

k k
t t

k
m st

M
s s mj j j

t t t t t t
m

s s j
t t j

t t t

E Y s E Y s S m P S m S s

E Y s S s
P S s S s

≠

+ +
=

+
+

− = = =

= =
= =

∑
  (9)

Equation (9) is particularly useful when some assumption identifies ( | )
k

ts j
tE Y s , but not

,
1( | , )

k
ts m j

t tE Y s S m+ = , and information about ,
1( | , )

k
ts s j

t tE Y s S s+ =  is needed to determine the

effects of interest.

4.2 No information about assignment

First, we consider the case when the researcher has no information about assignment (no other

information than the regularity conditions given by ASSUMPTION 1-II and equations (6) and (7)).

Hence, we may call the bounds presented in the following THEOREM 4 worst case bounds, be-

cause no randomisation assumption whatsoever is invoked.

Theorem 4 (worst case bounds)

Suppose ASSUMPTION 1-II holds and the information given in equations (6) and (7) is available.
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a) The bounds for , ( )
k ls s j

t sτ τ
τθ , ,

1( )
k ls s j

t sτ τ
τθ − ,..., ,

1( )
k ls s j

t sτ τθ , ,s t Tτ τ τ∀ ∈ ≤ ≤S  are not infor-

mative, when the sequence jsτ  has no common element with both sequences ksτ  and

lsτ . The upper bound is ( )U
LY Y−  and the lower bound is ( )U

LY Y− . The width is

2( )U
LY Y− .

b) The bounds for , ( )
k ls s k

t sτ τ
τθ  and , ( )

k ls s l
t sτ τ

τθ , ,s t Tτ τ τ∀ ∈ ≤ ≤S  are informative. They al-

ways include zero. For , ( )
k ls s k

t sτ τ
τθ  the upper bound is given by 

ks
t LB Yτ −  and the lower

bound is 
ks U

tB Yτ − . The symmetric argument applies to ( ),( ) ( )
k ls s k

t sτ τ
τθ . The width is

( )U
LY Y− .

c) The bounds for , , ,
1 2 1( ), ( ),...., ( )

k l k l k ls s s s s sk k k
t t ts s sτ τ τ τ τ τ

τ τθ θ θ− −  and ,
1( )

k ls s l
t sτ τ

τθ − ,

, ,
2 1( ),...., ( )

k l k ls s s sl l
t ts sτ τ τ τ

τθ θ− , ,k ls s
t

τ τθ  are sometimes informative. Their widths are between

2( )U
LY Y−  and ( )U

LY Y−  depending on 1 1( | )k kP S s S sτ τ τ τ− −= = , ..., 1 1( | )k kP S s S sτ τ= = ,

( )kP S sτ τ= . The exact bounds are given in Table 2.

Table 2: Exact bounds for the cases considered in THEOREM 4

(IIHFW 8SSHU�ERXQG /RZHU�ERXQG :LGWK
, ( )

k ls s j
t sτ τ

τθ ( )U
LY Y− ( )U

LY Y− 2( )U
LY Y−

, ( )
k ls s k

t sτ τ
τθ ( )

ks
t LB Yτ − ( )

ks U
tB Yτ − ( )U

LY Y−
,

1( )
k ls s k

t sτ τ
τθ −

1|(1 )
k ks sUY P τ τ −− +

1|k k ks s s
t LB P Yτ τ τ −+ −

1|(1 )
k ks s

LY P τ τ −− +
1|k k ks s s U

tB P Yτ τ τ −+ −

1|2( ) ( )
k ks sU U

L LY Y Y Y P τ τ −− − −

��� ��� ��� ���
,

1( )
k ls s k

t sτ τθ 1|(1 )
k ks sUY P τ− +

1|k k ks s s
t LB P Yτ τ+ −

1|(1 )
k ks s

LY P τ− +
1|k k ks s s U

tB P Yτ τ+ −

1|2( ) ( )
k ks sU U

L LY Y Y Y P τ− − −

,k ls s
t

τ τθ (1 )
ksUY P τ− +

k ks s
t LB P Yτ τ+ −

(1 )
ks

LY P τ− +
k ks s U

tB P Yτ τ+ −

2( ) ( )
ksU U

L LY Y Y Y P τ− − −

| : ( | )A BP P S A Bτ= = �

The proof of THEOREM 4 is given in Appendix A.7.
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Part a) of THEOREM 4 states the intuitively obvious that without further assumptions, the sample

does not contain any information about treatment effects in subpopulations where neither of the

sequences under consideration are observable ( , ( )
k ls s j

t sτ τ
τθ , ,

1( )
k ls s j

t sτ τ
τθ − ,..., ,

1( )
k ls s j

t sτ τθ , j ks sτ τ≠ ,

j ls sτ τ≠ ). Therefore, the upper bound on these effects are given by ( )U
LY Y−  and the lower

bounds are ( )U
LY Y− , so that the width (W) of these non-informative intervals for the true value

is 2( )U
LY Y− . Note that this marks a difference compared to the comparable bounds for static

treatment effects (Manski, 1990), for which the sample information reduces the bounds always by

half to a width of ( )U
LY Y− .

Part b) concerns the opposite case compared to part a): one of the sequences used to define the

effects is exactly equivalent to the sequence used in the conditioning set. In that case the intervals

shrink.

Part c) concerns the intermediate case, where one of the sequences used to define the effects is

equivalent to the sequence used in the conditioning set but do not have the same length. The

reduction depends on how large the subsample for which we identify the expectation is compared

to the other subsample considered. Depending on this probability ( 1|k ks sP τ τ − ), the width of the

bounds vary between ( )U
LY Y−  and 2( )U

LY Y− .

Note that none of these bounds exclude a zero effect, because the upper bound is always

nonnegative, whereas the lower bound is also nonpositive. Thus, as observed for the static model

as well, the worst-case bounds are of limited value in any policy analysis.

Example (continued – 7)

/HW�XV�DJDLQ�FRQVLGHU�WKH�FDVH�RI�ELQDU\�RXWFRPH�YDULDEOH�ZLWK�WZR�WUHDWPHQWV�HDFK�SHULRG�DV�ZHOO�DV�WKH�FRPSDULVRQ

EHWZHHQ�VHTXHQFHV���������DQG����������7KH�HQWULHV�LQ�7DEOH���VLPSOLI\�FRQVLGHUDEO\�
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Table 2-E: Exact bounds for the cases considered in THEOREM 4 (example)

(IIHFW 8SSHU�ERXQG /RZHU�ERXQG :LGWK
(0,0,1),(0,1,0) (0,1,1)tθ 1 1− 2
(0,0,1),(0,1,0) (0,0,1)tθ ( 1| 0,0,1)P Y = 1 ( 1| 0,0,1)P Y− + = 1

(0,0,1),(0,1,0) (0,0)tθ 1−
(0,0,1)|(0,0)[1 ( 1| 0,0,1)]P Y P− =

(0,0,1)|(0,0)1 ( 1| 0,0,1) )P Y P− + = (0,0,1)|(0,0)2 P−

(0,0,1),(0,1,0) (0)tθ � 
(0,0,1),(0,1,0)
tθ

1− � (0,0,1)[1 ( 1| 0,0,1)]P Y P− = (0,0,1)1 ( 1| 0,0,1)P Y P− + = (0,0,1)2 P−

4.3 Lack of information for the last period

Consider now the case in which the researcher can plausibly assume any of the ASSUMPTIONS 3

to 5 to hold, but only until period 1τ − . Thus, she has no reliable information about the last as-

signment in period τ , for which the desired effect is defined. In other words, respective treatment

effects of sequences defined up to period 1τ −  are identified, whereas those defined up to period

τ  are not.21 The focus of this section is to assess the value of the information contained in this

’one-period-short’ (OPS) randomisation assumption on the effects of interest.

First, let us consider a ’one-period-short’ version of ASSUMPTION 3:

Assumption 6-3 (sequential conditional independence assumption OPS, S-CIA-OPS)

a) 1 1 1 1,..., | ,ts s
t t t t tY Y S S s X xτ

− − − −= =C ;

b) 1 1 0 0|X S X x=C    and   1 1 2 2 2 2| ,t t t t t tX S S s X x− − − − − −= =C , ( 2t > );

c) 1 11 ( | ) 0t t t tP S s X x− −> = = > ; t tx χ∀ ∈ , t ts∀ ∈S , :1 1t t τ∀ ≤ ≤ − , Tτ ≤ .

Note that the only difference compared to ASSUMPTION 3 is that ASSUMPTION 6-3 holds only for

:1 1t t τ∀ ≤ ≤ − , but not for t τ= . ASSUMPTION 6-4 is a similar reformulation of ASSUMPTION 4:

                                                          
21 An example: There are several evaluations studies where researchers have access to good data explaining the

assignment to the first element of a sequence, but intermediate results are missing or are less reliable (see Gerfin
and Lechner, 2000, for such a case).
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Assumption 6-4 (sequential endogenous conditional independence assumption OPS, SE-CIA-

OPS)

a) 1 1 1 1,..., | ,ts s
t t t t tH H S H h S sτ

− − − −= =C ;

b) 1 1 1 11 ( | , ) 0t t t t t tP S s H h S s− − − −> = = = > ,  1 1t th − −∀ ∈ H , t ts∀ ∈S , :1 1t t τ∀ ≤ ≤ − , Tτ ≤ .

The bounds for these cases are given by THEOREM 5-3/4:

Theorem 5-3/4 (bounds under S-CIA-OPS) for 1 1( , ),( , )
1( , )

k ls s s s ks sτ τ
τθ − −

−

Given ASSUMPTION 1-II and either ASSUMPTION 6-3 or ASSUMPTION 6-4 hold, then Table 3a and

3b contain bounds for 1 1( , ),( , )
1( , )

k ls s s s ks sτ τ
τθ − −

−  and their corresponding widths. Their particular ex-

pression depend on (observable) constellations of the data.

Table 3a: Upper and lower bounds for 1 1( , ),( , )
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Table 3b: Width of the bounds for 1 1( , ),( , )
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The explicit derivation of the bounds is shown in Appendix A.8.

THEOREM 5-3/4 is only concerned with cases where the treatments in the last period of both se-

quences, i.e. the period in which no randomisation occurs, coincide. Otherwise, the OPS versions

of the assumptions are not informative at all. Without any information about the assignment

mechanism in that period, we know nothing about the effects of the final treatment (other than the

information implied by the worst-case bounds). In particular, the OPS assumption would not ex-

clude the possibility that the effects of the last treatment dominate the effects of all previous

treatments in the sequences. On the other hand, the bounds for these effects are also non-trivial,

although one might reason that because the effects of sequences up to 1τ −  are identified, and the

final element of each sequence is the same, there should be identification at least for populations

defined by treatment status up to period 1τ − . This is not true however, because such an argu-

ment requires the assumption that the effect of the last treatment on the potential outcomes is

independent of the treatments received in previous periods. Such an assumptions does not appear

to be in the spirit of this paper.

The bounds for the potential outcomes obtained under these assumptions cannot be larger than

the worst-case bounds, therefore we get different expressions for four different cases. It compli-

cates the presentation of the bounds, but there is no conceptional problem in an application, be-
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cause the quantities necessary to determine the applicable case are identified. However, inference

on the bounds is of course complicated by this fact.

Table 3b shows that the sharpness of the bounds depend mainly on the probability of being ob-

served in the final period in state s, that is the same for both sequences. In fact this a very intui-

tive result: If the whole population would be assigned to that state in last period of the sequence,

then the OPS assumptions would obviously identify 1 1( , ),( , )
1( , )

k ls s s s ks sτ τ
τθ − −

− . The less likely it is to be

observed in the state common to both sequences the more matters the extra uncertainty for the

final period that is induced by OPS.

Example (continued - 8)

/HW�XV�DJDLQ�FRQVLGHU�WKH�FDVH�RI�D�ELQDU\�RXWFRPH�YDULDEOH�ZLWK�WZR�WUHDWPHQWV�HDFK�SHULRG�DV�ZHOO�DV�WKH�FRPSDUL�

VRQ�EHWZHHQ�VHTXHQFHV���������DQG����������7DEOHV��D�(�DQG��E�(�VKRZ�WKDW�WKH�TXDQWLWLHV�DSSHDULQJ�LQ�7DEOH��D�DQG

7DEOH��E�VLPSOLI\�FRQVLGHUDEO\�LQ�WKLV�FDVH�

Table 3a-E: Upper and lower bounds for (0,0,0),(0,1,0) (0,0,0)θ

&DVHV (0,0,0)|(0,0) (0,1) (0,0)P O> (0,0,0)|(0,0) (0,1) (0,0)P O≤
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Table 3b-E: Width of the bounds for (0,0,0),(0,1,0) (0,0,0)θ
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In Appendix B we derive also expressions for bounds based on different conditioning sets

1 1( , ),( , )
1( , )

k ls s s s js sτ τ
τθ − −

−  as well as coarser conditioning sets 1 1( , ),( , )
1( )

k ls s s s ksτ τ
τθ − −

− . They have a similar

structure as the bounds presented in THEOREM 5-3/4. Therefore, we refrain from discussing them

here explicitly and refer the reader interested in the exact expressions to Appendix B.

It remains to establish bounds for an OPS version of Assumption 5. We show in Section 3 that

ASSUMPTION 5 provides less information about the effects than ASSUMPTION 3 or 4. Therefore

bounds derived under an OPS version of ASSUMPTION 5 cannot be sharper than the ones derived

under ASSUMPTIONS 5-3 or 5-4. In particular, when the sequences do not coincide in the final

period, we do not get more than the no-information bounds.

Generally, the derivation of these bounds is again analogous to the ones obtained in THEOREM 5-

3/4, although sometimes more tedious. Therefore, we refrain from presenting them in the main

body of this paper and refer the interested reader to Appendix C. We obtain as a by-product of the

considerations in this appendix, also a couple of bounds for effects that are not identified by

ASSUMPTION 5, but would be identified by ASSUMPTION 4. These considerations are independent

of OPS and thus carry additional information about the different informational content of those

two assumptions.

5 Conclusion

This paper approaches the problem of an econometric evaluation of dynamic programme se-

quences from an potential outcome perspective. We discuss the identifying power of several dif-

ferent stylised assumptions about the connection between the dynamic selection process and the

potential outcomes of the different sequences of programmes. These assumptions invoke differ-

ent sorts of randomisation compatible with different types of selection regimes. All assumptions

are framed in a way so that they need to be, and potentially can be, justified by sufficient know-

ledge about the selection process in conjunction with sufficiently rich data. Parametric forms are

not involved. In our most general case participation in the sequences is building up in the sense

that the decision in what programme to participate in the next period depends on the outcomes of

the part of the sequence that has already been completed. These types of so-called dynamic

treatment regimes are prototypical for the selection mechanism in many European active labour

market programmes. However, due to the endogeneity problem of selection on outcomes of past
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treatments, not all parameters of interest are identified, if the information set does not follow the

same type of randomisation process as the outcome variables. We show that although several

types of dynamic versions of the average treatment effects on the treated are not identified in this

case, dynamic versions similar to the average treatment effect for some broader population are

still identified.

We also present a bounds analysis to see what information is revealed by assumptions that are

plausible but do not allow an exact identification of the treatment parameter of interest. Since the

bounds are complex, we study only some examples to investigate some specific situations con-

sidered to be of particular practical interest.

We left many topics open for future research: First, with respect to estimation this paper does not

explore the identifying power of assumption similar to the ones coming from static instrumental

variable and static nonparametric selection models. Furthermore, the issue of estimation is yet

unresolved, although we conjecture that the form of our identification results allows a straight-

forward application of nonparametric methods extensively discussed in the static evaluation lit-

erature, particularly matching methods. However, the dimensionality problem due to many dif-

ferent sequences will become central in designing estimators for this kind of framework.

Nevertheless, reversing to a completely parametric framework for the estimation stage does not

appear to be attractive.
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Appendix A: Proofs of Lemmas and Theorems

A.1 Proof of Lemma 2-I

7R�VLPSOLI\�WKH�QRWDWLRQ��ILUVW�FRQVLGHU�WKH�FDVH� 1δ = �RQO\��2QFH�WKH�FRQQHFWLRQ�IURP�RQH�SHULRG�WR�DQRWKHU�LV�HVWDE�
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A.2 Proof of Lemma 3
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A.3 Proof of Lemma 4
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22 Depending on whether the elements of the vector of random variables A are continuous or discrete or both,

( | )F A B b=  denotes the distribution function, the probability mass function or a mixture of both, conditional on

the event that the random variable B equals a fixed value b.
23 For brevity, we concentrate on the case t>2. The proof for t=1 follows exactly the same lines as the proof given.
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A.4 Proof of Theorem 1
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A.5 Proof of Theorem 2
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A.6 Proof of Theorem 3
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t s sτ τ τ τ

τ τθ − −
− �LV�LGHQWLILHG��EHFDXVH�RI� 1 1( , ),( , )

1( )
k k k ls s s s k

t sτ τ τ τ
τθ − −

− � 

1 1( , ),( , )
1 1 1

1

( , ) ( | )
k k k l

M
s s s s k k

t
m

s m P S m S sτ τ τ τ
τ τ τ τθ − −

− − −
=

= =∑ ��,Q�WKH�IROORZLQJ�ZH�VKRZ�WKDW

1 ,
1 1( | , )

k k
t ts s k j

t t t tF Y S s S s−
− −= = �LV�LGHQWLILHG��,I�WKLV�LV�WUXH�WKHQ�WKH�UHVSHFWLYH�FRQGLWLRQDO�H[SHFWDWLRQV�XVHG�WR

GHILQH�WKH�HIIHFWV�DUH�LGHQWLILHG�DV�ZHOO��DQG�WKXV�WKH�SURRI�LV�FRPSOHWH�

1 1

1

, ,
1 1 1 1 1 1 1( | , ) [ ( | , , ) | , ]

k k k k
t t t t

t

s s s sk j k j k j
t t t t t t t t t t t t t

H
F Y S s S s E F Y S s S s H S s S s− −

−
− − − − − − −= = = = = = =

1

1

.5
,

1 1 1 1 1[ ( | , , ) | , ]
k k

t t

t

A
s s k k k j

t t t t t t t t t
H
E F Y S s S s H S s S s−

−
− − − − −= = = = = � 

1
1 1 1 1 1[ ( | , , ) | , ]

t

k k k j
t t t t t t t t t

H
E F Y S s S s H S s S s

−
− − − − −= = = = = �� T�H�G�

A.6.3 Part c)

'HQRWH�WKH�YHFWRU�� 1, ,...,j k k
v vs s sτ τ τ− − + ��DV�� 1:,j k

v vs sτ τ τ− − + ���:H�QHHG�WR�VKRZ�WKDW� 1:,( | )
j k

v vs s j
v vF Y S sτ τ τ

τ τ
− − +

− −= �LV

LGHQWLILHG��1RWH�WKDW�LI� 1:,( | )
j k

v vs s j
v vF Y S sτ τ τ

τ τ
− − +

− −= �LV�LGHQWLILHG�� 1:,( | )
j k

v vs s j
v wF Y S sτ τ τ

τ τ
− − +

− −= �� w vτ ≥ ≥ ��LV�LGHQWL�

ILHG�DV�ZHOO��EHFDXVH�LW�LV�D�FRXUVHU�FRQGLWLRQLQJ�VHW��EDVHG�RQ�REVHUYDEOHV��

1: 1:

1

, ,
1

,
( | ) [ ( | , , ) | ]

j k j k
v v v v

v v

s s s sj j j
v v v v v v v v

S H
F Y S s E F Y S s S H S sτ τ τ τ τ τ

τ τ
τ τ τ τ τ τ τ τ

− − + − − +

− + −
− − − − − + − − −= = = = �

%HFDXVH�RI�$668037,21��� 1:,
1( | , , )

j k
v vs s j

v v v vF Y S s S Hτ τ τ
τ τ τ τ

− − +
− − − + −= �GRHV�QRW�GHSHQG�RQ� 1vSτ − + ��+HQFH��ZH�JHW�

1: 1:

1

, ,
1 1

,
( | ) [ ( | , , ) | ]

j k j k
v v v v

v v

s s s sj j k j
v v v v v v v v v

S H
F Y S s E F Y S s S s H S sτ τ τ τ τ τ

τ τ
τ τ τ τ τ τ τ τ τ

− − + − − +

− + −
− − − − − + − + − − −= = = = = � 
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 � 1:,
1 1[ ( | , , ) | ]

j k
v v

v

s s j k j
v v v v v v v

H
E F Y S s S s H S sτ τ τ

τ
τ τ τ τ τ τ τ

− − +

−
− − − + − + − − −= = = �

1:,
1 1( | , , )

j k
v vs s j k

v v v v vF Y S s S s Hτ τ τ
τ τ τ τ τ

− − +
− − − + − + −= =  

�������� 1:

2 1

,
1 1 2 1 1 1

,
[ ( | , , , ) | , , ]

j k
v v

v v

s s j k j k
v v v v v v v v v v v

S H
E F Y S s S s S H S s S s Hτ τ τ

τ τ
τ τ τ τ τ τ τ τ τ τ τ

− − +

− + − +
− − − + − + − + − + − − − + − + −= = = =

�������� � 1:

1

,
1: 2 1: 2 1 1 1[ ( | , , ) | , , ]

j k
v v

v

s s j k j k
v v v v v v v v v v v v

H
E F Y S s S s H S s S s Hτ τ τ

τ
τ τ τ τ τ τ τ τ τ τ τ τ

− − +

− +
− − − + − + − + − + − + − − − + − + −= = = =

)LQDOO\��IRU�WKH�ODVW�SHULRG�UHOHYDQW��ZH�REWDLQ�D�VLPLODU�H[SUHVVLRQ�

1:,
1: 1 1: 1 2( | , , )

j k
v vs s j k

v v v vF Y S s S s Hτ τ τ
τ τ τ τ τ τ τ

− − +
− − − + − − + − −= = � 

 � 1:

1

,
1: 1: 1 1: 1 1: 1 2[ ( | , , ) | , , ]

j k
v vs s j k j k

v v v v v v v v
H
E F Y S s S s H S s S s Hτ τ τ

τ
τ τ τ τ τ τ τ τ τ τ τ τ τ τ
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−
− − − + − + − − − − + − − + − −= = = =

 �
1

1: 1: 1 1: 1 1: 1 2[ ( | , , ) | , , ]j k j k
v v v v v v v v

H
E F Y S s S s H S s S s H
τ

τ τ τ τ τ τ τ τ τ τ τ τ τ τ
−

− − − + − + − − − − + − − + − −= = = = �

5HFXUVLYH�VXEVWLWXWLRQ�RI�WKHVH�H[SHFWDWLRQV�VKRZV�WKDW� 1:,( | )
j k

v vs s j
v vF Y S sτ τ τ

τ τ
− − +

− −= �LV�LGHQWLILHG�

1:,( | )
j k

v vs s j
v vF Y S sτ τ τ

τ τ
− − +

− −= =

{ }1:

1 1

,
1: 1: 1 1: 1 1: 1 2

1 1

{ {... ( | , , ) | , ,

              ... | , , }| }
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v v

v v

s s j k j k
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H H H

j k j
v v v v v v v

E E E F Y S s S s H S s S s H

S s S s H S s

τ τ τ

τ τ τ
τ τ τ τ τ τ τ τ τ τ τ τ τ τ

τ τ τ τ τ τ τ

− − +

− − + −
− − − + − + − − − − + − − + − −

− − − + − + − − −
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1 1

1: 1: 1 1: 1 1: 1 2

1 1

{ {... ( | , , ) | , ,

              ... | , , } | }
v v

j k j k
v v v v v v v v

H H H

j k j
v v v v v v v

E E E F Y S s S s H S s S s H

S s S s H S s

τ τ τ
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− − + −
− − − + − + − − − − + − − + − −

− − − + − + − − −
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��T�H�G�

A.6.4 A note on Robin’s g-formula

7KH�ZHOO�NQRZQ�*�FRPSXWDWLRQ�DOJRULWKP�ZKLFK�DSSHDUHG�ILUVW�LQ�5RELQV���������LV�LQ�IDFW�UHODWHG�WR�SDUWV�RI�WKH�SURRIV

IRU�SDUW�D��RI�7KHRUHP����7KH�*�FRPSXWDWLRQ�DOJRULWKP�LV�JLYHQ�E\�WKH�IROORZLQJ�HTXDWLRQ�

1 1
,

Pr( 1) {Pr( 1| , , )
k

T

t t

s k
t t t t t t t t

all y x

Y Y Y y X x S s+ += = = = = =∑

�������������������� 1 1 1 1
1

[Pr( | , , )
t

kX x Y y X x S sτ τ τ τ τ τ τ τ
τ

− − − −
=

= = = =∏
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��������������������������� 1 1 1 1 1 1Pr( | , , )]}kY y Y y X x S sτ τ τ τ τ τ τ τ− − − − − −= = = = �

,I�WUHDWPHQW�UHFHLYHG�DW�HDFK�WLPH�LV�UDQGRPO\�DOORFDWHG�FRQGLWLRQDO�RQ�SDVW�WUHDWPHQW�DQG�FRYDULDWH�KLVWRU\��OLNH�LQ

$668037,21�������WKLV�HTXDWLRQ�KROGV�DQG�WKH�DOJRULWKP�GHVFULEHV�WKH�GLVWULEXWLRQ�RI�WKH�SRWHQWLDO�RXWFRPH�DW�WLPH

1t + �DV�D�IXQFWLRQ�RI�WKH�GLVWULEXWLRQ�RI�WKH�REVHUYDEOHV��7KXV�LW�LGHQWLILHV�WUHDWPHQW�HIIHFWV�RI�WKH�IRUP� ,k ls s
t

τ τθ DIWHU

VXLWDEOH�UHGHILQLQJ�WLPH�LQGLFHV��,W�KDV�KRZHYHU�QR�GLUHFW�LPSOLFDWLRQ�IRU�WKH�RWKHU�WUHDWPHQW�HIIHFWV�FRQVLGHUHG�KHUH�

A.7 Proof of Theorem 4

A.7.1 Part a)

3DUW�D��RI�7+(25(0���FRQFHUQV�WKH�FDVH�LQ�ZKLFK�WKH�VHTXHQFHV�XVHG�LQ�WKH�FRQGLWLRQLQJ�VHW�KDV�QR�HOHPHQWV�LQ

FRPPRQ�ZLWK�WKH�WZR�VHTXHQFHV�WR�EH�HYDOXDWHG��7KH�HIIHFWV�DUH�GHILQHG�DV�

, ( ) ( | ) ( | )
k l k ls s s sj j j

t t ts E Y s E Y sτ τ τ τ
τ τ τθ = − �

,Q�FDVH�RI�SDUW�D��WKH�XSSHU�DQG�ORZHU�ERXQGV�RI�WKH�H[SHFWDWLRQV�DUH�JLYHQ�GLUHFWO\�E\�$668037,21���,,��EHFDXVH�QR

VDPSOH�FRXQWHUSDUWV�FDQ�EH�REVHUYHG��7KXV�ZH�GHULYH�WKH�IROORZLQJ�XSSHU�DQG�ORZHU�ERXQGV�IRU�WKRVH�HIIHFWV�

, ( ) [ , ]
k ls s j U U

t L Ls Y Y Y Yτ τ
τθ ∈ − − �

7KH�ERXQGV�KDYH�D�ZLGWK�RI�2( )U
LY Y− �

A.7.2 Part b)

3DUW�E��FRQFHUQV�WKH�RSSRVLWH�FDVH�FRPSDUHG�WR�SDUW�D���RQH�RI�WKH�VHTXHQFHV�XVHG�WR�GHILQH�WKH�HIIHFWV�LV�H[DFWO\

HTXLYDOHQW�WR�WKH�VHTXHQFHV�XVHG�LQ�WKH�FRQGLWLRQLQJ�VHW��,W�LV�VXIILFLHQW�WR�FRQVLGHU� , ( )
k ls s k

t sτ τ
τθ �RQO\��EHFDXVH�RI

, ( )
k ls s k

t sτ τ
τθ  � , ( )

l ks s k
t sτ τ

τθ− �

, ( ) ( | ) ( | )
k l k l

ks
t

s s s sk k k
t t t

B

s E Y s E Y sτ τ τ τ

τ

τ τ τθ = −14243 � � ( | )
k ls s k

t tB E Y sτ τ
τ− ��Í���� , ( ) [ , ]

k l k ks s s sk U
t t t Ls B Y B Yτ τ τ τ

τθ ∈ − − �

                                                          
24 See for example Robins, Greenland, and Hu (1999, assumption 1).
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A.7.3 Part c)

1RZ�ZH�FRQVLGHU�LQWHUPHGLDWH�FDVHV�IRU�ZKLFK�WKH�ILUVW�SDUW�RI�RQH�RI�WKH�VHTXHQFHV�XQGHU�LQYHVWLJDWLRQ�DUH�WKH�VDPH

DV�WKH�FRQGLWLRQLQJ�VHW��7KH�UHPDLQGHU�SDUW�RI�WKH�FRQGLWLRQLQJ�VHTXHQFH�LV�OHIW�XQVSHFLILHG�

1 1( , ), ( , )
1 1 1( ) ( | ) ( | )

k l k ls s s s s sk k k
t t ts E Y s E Y sτ τ τ τ

τ τ τθ − −
− − −= − �

1RWH�WKDW�WKH�VDPSOH�LV�QRW�LQIRUPDWLYH�DERXW� 1( | )
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tE Y sτ
τ − ��+RZHYHU��WKH�VDPSOH�LV�LQIRUPDWLYH�DERXW
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ks s k
tE Y sτ

τ
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1 1( , ) ( , )
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1

( | ) ( | , ) [ | ]
k k

M
s s s sk k k

t t
m

E Y s E Y s m P S m S sτ τ
τ τ τ τ τ
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=
= = =∑

����� 1 1( , ) ( , )
1 1 1 1 1 1

1

1( ) ( | , ) [ | ] ( | , ) [ | ]
k k

M
s s s sk k k k

t t
m

m s E Y s m P S m S s E Y s s P S s S sτ τ
τ τ τ τ τ τ τ τ

− −
− − − − − −

=
= ≠ = = + = =∑ �

Í������ 1 1( , ) ( , )
1 1 1 1 1

1

max ( | ) 1( ) [ | ] [ | ]
k k

M
s s s sk U k k

t t
m

E Y s m s YP S m S s B P S s S sτ τ
τ τ τ τ τ τ τ

− −
− − − − −

=
= ≠ = = + = =∑

1( , )
1 1 1 1(1 [ | ]) [ | ]

ks sU k k
tY P S s S s B P S s S sτ

τ τ τ τ τ τ
−

− − − −= − = = + = =

Í������� 1 1( , ) ( , )
1 1 1 1 1

1

min ( | ) 1( ) [ | ] [ | ]
k k

M
s s s sk k k

t L t
m

E Y s m s YP S m S s B P S s S sτ τ
τ τ τ τ τ τ τ

− −
− − − − −

=
= ≠ = = + = =∑

1( , )
1 1 1 1(1 [ | ]) [ | ]

ks sk k
L tY P S s S s B P S s S sτ

τ τ τ τ τ τ
−

− − − −= − = = + = = �

&RPELQLQJ�WKHVH�UHVXOWV�DQG�XVLQJ�WKH�VKRUWFXW�QRWDWLRQ� 1|
1 1: ( | )

ks s kP P S s S sτ
τ τ τ

−
− −= = = ��ZH�REWDLQ�WKH�GHVLUHG

ERXQGV�IRU�WKH�HIIHFWV�

1 1 1 1 1 1 1( , ), | ( , ) | | ( , ) |
1( ) [ (1 ) , (1 ) ]

k l k k k k k ks s s s s s s s s s s s s s sk U U
t L t t Ls Y P B P Y Y P B P Yτ τ τ τ τ τ τ τ

τθ − − − − − − −
− ∈ − + − − + − �

+HQFH��WKH�ZLGWK�LV�JLYHQ�E\� 1|2( ) ( )
ks sU U

L LY Y Y Y P τ −− − − ��,WV�LQIRUPDWLRQDO�FRQWHQW�GHSHQGV�RQ�WKH�SUREDELOLWLHV

1| ks sP τ − ��7KH�ODUJHU� 1| ks sP τ − ��WKH�VKDUSHU�WKH�ERXQGV��,W�LV�FRPSULVHG�EHWZHHQ� ( )U
LY Y− �DQG�2( )U

LY Y− �

7KH�VDPH�DUJXPHQWV�FDQ�EH�XVHG�WR�GHULYH�WKH�ERXQGV�IRU�FRDUVHU�FRQGLWLRQLQJ�VHWV� T�H�G�
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A.8 Proof of Theorem 5-3/4

7KH�WUHDWPHQW�HIIHFWV�KDYH�WKH�IROORZLQJ�UHSUHVHQWDWLRQ�

1 1 1 1( , ),( , ) ( , ) ( , )
1 1 1( , ) ( | , ) ( | , )

k l k ls s s s s s s sk k ks s E Y s S s E Y s S sτ τ τ τ
τ τ τ τ τθ − − − −
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7KH�LQIRUPDWLRQ�ZH�KDYH�LV� 1( , )
1 1( | , ) ( | , )

ks s k kE Y s S s E Y s S sτ
τ τ τ τ

−
− −= = = �DV�ZHOO�DV�WKDW�$668037,216�����DQG���

��LGHQWLI\� 1 1
1 1( ) : ( | )

l ls sk kO s E Y sτ τ
τ τ

− −
− −= ��7KH�IROORZLQJ�UHODWLRQ�KROGV�EHWZHHQ�WKH�H[SHFWDWLRQV�RI�WKH�SRWHQWLDO�RXW�

FRPHV�

1 1 ,
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l l

M
s s mk k k

m

E Y s E Y s m P S m S sτ τ
τ τ τ τ τ
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= = =∑ � ����

7KLV�JLYHV�WKH�IROORZLQJ�ERXQGV�RQ�WKH�SRWHQWLDO�RXWFRPHV�XVLQJ�$668037,216�����RU������7R�VLPSOLI\�WKH�QRWDWLRQ�

GHQRWH� 1|
1 1: ( | )

ks s kP P S s S sτ τ
τ τ τ

−
− −= = = ��5HIRUPXODWLQJ�HTXDWLRQ������DQG�WDNLQJ�DFFRXQW�RI�WKH�IDFW�WKDW�HDFK

H[SHFWDWLRQ�KDV�WR�VWD\�ZLWKLQ�LWV�ERXQGV��ZH�REWDLQ�WKH�IROORZLQJ�XSSHU�DQG�ORZHU�ERXQGV�IRU�WKH�SRWHQWLDO�RXWFRPHV�

1

( , )1

1

1 1 1
1

1 |

( ) 1( ) ( | )
( , ) min ;

l

ls s

k

M
s k k

L
Y k U m

s s

O s Y m s P S m S s
U s s Y
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s s
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  
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�

7KXV��WKH�ERXQGV�RQ�WKH�HIIHFWV�FDQ�EH�H[SUHVVHG�DV�IROORZV�

( , ) ( , )1 1
1 1 1 1( , ),( , ) ( , ) ( , )

1 1 1( , ) [ ( , ), ( , )]
l ls s s sk l k ks s s s s s s sk Y k Y ks s B U s s B L s s

τ τ
τ τ τ τ

τ τ τθ − −
− − − −

− − −∈ − −

7DNLQJ�DFFRXQW�RI�WKH�GLIIHUHQW�FDVHV�H[SOLFLWO\��ZH�JHW�WKH�IROORZLQJ�ERXQGV�

8��
1

1| 1( )
l
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sU k

s s
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Y O s
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Y Y

τ
τ τ τ

−
− −−>
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����

1 1
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−
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8���
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1| 1( )
l
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sU k

s s
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Y O s
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Y Y
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τ τ τ
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τ
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s s L
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Y Y
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1RWH�WKDW�IRU�WKH�GHULYDWLRQ�RI�WKH�ERXQGV�IRU�WKH�FDVHV�
1

1| 1( )
l

k
sU k

s s
U

L

Y O s
P

Y Y
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τ τ τ

−
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�DQG

1

1| 1( )
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O s Y
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Y Y

τ
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−
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− �LV�VXEVWLWXWHG�XVLQJ�WKH�UHVSHFWLYH�HTXDOLWLHV� T�H�G�



53

Appendix B: Additional bounds under ASSUMPTION 6-3 or 6-4

B.1 More general conditioning sets

,QVWHDG�RI�ERXQGV�IRU� 1 1( , ),( , )
1( , )

k ls s s s ks sτ τ
τθ − −

− ��ZH�DOORZ�DQ�XQUHVWULFWHG�FRQGLWLRQLQJ�VHW�LQ�DOO�EXW�WKH�ODVW�SHULRG�RI�WKH

WUHDWPHQW��)RU� 1 1( , ),( , )
1( , )

k ls s s s js sτ τ
τθ − −

− ��ZH�REWDLQ����GLIIHUHQW�FDVHV�IRU�WKH�ERXQGV
�ZLGWKV�

7KH�WUHDWPHQW�HIIHFWV�KDYH�WKH�IROORZLQJ�UHSUHVHQWDWLRQ�

1 1 1 1( , ),( , ) ( , ) ( , )
1 1 1( , ) ( | , ) ( | , )

k l k ls s s s s s s sj j js s E Y s S s E Y s S sτ τ τ τ
τ τ τ τ τθ − − − −

− − −= = − = �

$668037,216�����DQG�����LGHQWLI\� 1 1
1 1( ) : ( | )

l ls sj jO s E Y sτ τ
τ τ

− −
− −= �DQG� 1 1

1 1( ) : ( | )
k ks sj jO s E Y sτ τ

τ τ
− −

− −= ��8VLQJ�/(00$

��,,��WKH�IROORZLQJ�UHODWLRQ�KROGV�EHWZHHQ�WKH�H[SHFWDWLRQV�RI�WKH�SRWHQWLDO�RXWFRPHV�

1 1 ,
1 1 1 1

1

( | ) ( | , ) ( | )
k k

M
s s mj j j

m

E Y s E Y s m P S m S sτ τ
τ τ τ τ τ

− −
− − − −

=
= = =∑ � ����
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B.2 Coarser conditioning sets
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Table B.2a: Upper and lower bounds for 1 1( , ),( , )
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Appendix C: Additional bounds for an OPS version of ASSUMPTION 5

C.1 Preliminaries

,Q�WKLV�DSSHQGL[�ZH�H[DPLQH�ERXQGV�UHODWHG�WR�WKH�HIIHFWV�SUHVHQWHG�LQ�7+(25(0���XQGHU�WKH�236�DVVXPSWLRQ�DV

GHILQHG�LQ�WKH�IROORZLQJ��$V�D�E\�SURGXFW�ZH�REWDLQ�IRU�D�FRXSOH�RI�FDVHV�ERXQGV�IRU�HIIHFWV�WKDW�DUH�QRW�LGHQWLILHG�E\

$668037,21����EXW�ZRXOG�EH�LGHQWLILHG�E\�$668037,21����7KHVH�FRQVLGHUDWLRQV�DUH�LQGHSHQGHQW�RI�236�DQG�WKXV

KDYH�D�YDOXH�RQ�WKHLU�RZQ�

$668037,21�����GHILQHV�IRUPDOO\�WKH�236�YHUVLRQ�RI�$668037,21���

Assumption 6-5 (partial sequential endogenous conditional independence assumption OPS, PSE-

CIA-OPS)

a) 1 1 1 1,..., | ,ts s
t t t t tY Y S H h S sτ

− − − −= =C ;

b) 1 1 1 11 ( | , ) 0t t t t t tP S s H h S s− − − −> = = = > ; 1 1t th − −∀ ∈ H , t ts∀ ∈S , :1 1t t τ∀ ≤ ≤ − , Tτ ≤ .

:H�VKRZ�LQ�6HFWLRQ���WKDW�$668037,21���SURYLGHV�OHVV�LQIRUPDWLRQ�DERXW�WKH�HIIHFWV�WKDQ�$668037,21���RU����7KHUH�
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,Q�SDUWLFXODU��ZKHQ�WKH�VHTXHQFHV�GR�QRW�FRLQFLGH�LQ�WKH�ILQDO�SHULRG��ZH�GR�QRW�JHW�PRUH�WKDQ�WKH�QR�LQIRUPDWLRQ

ERXQGV�SUHVHQWHG�LQ�WKH�VHFWLRQ�����RI�WKH�PDLQ�ERG\�RI�WKH�SDSHU�

(VWDEOLVKLQJ�WKH�IROORZLQJ�OHPPD�VLPSOLILHV�VRPH�RI�WKH�DUJXPHQWV�XVHG�LQ�WKLV�DSSHQGL[�

Lemma 1-II (connection of treatment effects defined for different lengths of treatments)
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Table C.1a: Upper and lower bounds for 1 1,
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C.1.2 The effect of OPS
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C.3 Effects similar to those defined in part c) of THEOREM 3
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