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Abstract

This dissertation studies universal approximation between infinite dimensional
spaces, which is of particular interest for applications in Finance. In the finite
dimensional case, an interesting class of functions possessing the universal ap-
proximation property was discovered eighty years ago: neural networks, which,
as concatenation of affine and non-linear functions, are rich enough to ap-
proximate every continuous function on a compact set of the Euclidean space
arbitrarily well. However, this class of functions only gained wider attention
after the turn of the millennium by showing novel and promising applications
in the fields of image and speech recognition as well as computer games. To-
day, neural networks are well known and an integral part of machine learning,
a branch of artificial intelligence, used to solve high dimensional and non-linear
approximation problems, which were previously inaccessible with conventional
methods.

While the universal approximation property of neural networks between
finite dimensional spaces was mathematically proven forty years ago, the gen-
eralization to infinite dimensional spaces is not straight-forward. Of course,
one could argue that everything in our world is finite, such as the number of
atoms. Nevertheless, a generalization of neural networks and their approx-
imation property to infinite dimensional spaces would be desirable to solve
problems in functional data analysis, dynamical systems and partial differen-
tial equations. This would allow to learn path-dependent functionals, such
as the payoff of an Asian option, or more general operators, for example the
solution operator of a partial differential equation.

In a first application, the universal approximation result between infinite
dimensional spaces is used in the framework of Stochastic Portfolio Theory
(SPT) to learn an optimal path-dependent portfolio. SPT is a relatively new
area of mathematical finance, which attempts to describe equity markets with
observable characteristics under realistic assumptions. In this context, a gener-
ating function determines the weights of a portfolio and its overall investment
behaviour, so that an optimal portfolio can be learned by approximating the
optimal generating function. Furthermore, this approach of portfolio gener-
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ation has been extended to the path-dependent setting, where the generated
portfolio can also depend on the past market trajectory. Since the generating
functional now depends on a continuous path, an infinite dimensional object,
we use a functional neural network to approximate the optimal path-dependent
functional.

In a second application, we use the universal approximation result with infi-
nite dimensional range to approximate the pricing operator of financial deriva-
tives with non-linear dynamics, which corresponds to the solution operator of
certain Hamilton-Jacobi-Bellman equations. We use this approach to learn
American option prices in a complete market as well as European option prices
in an incomplete market. The method is model-free in the sense that it can
be applied to any financial market model and the entire value function of the
financial derivative of interest can be learned from other known option prices.

In summary, we solve problems in Finance by using machine learning tech-
niques, where we prove the applicability of these methods mathematically
through concepts of functional analysis.



Zusammenfassung

Diese Dissertation befasst sich mit universeller Approximation zwischen un-
endlich dimensionalen Raumen, die fiir Anwendungen in den Finanzwissen-
schaften von besonderem Interesse ist. Im endlich dimensionalen Fall wurde
eine interessante Klasse von Funktionen mit der universellen Approximation-
seigenschaft vor achtzig Jahren entdeckt: Es war die Geburtsstunde neuronaler
Netzwerke, die als Verkettung affiner und nichtlinearer Funktionen gentigend
reichhaltig sind, um jede stetige Funktion auf einer kompakten Menge des Eu-
klidischen Raumes beliebig gut zu approximieren. Grossere Aufmerksamkeit
erlangte diese Funktionsklasse erst nach der Jahrtausendwende durch neuartige
und vielversprechende Anwendungen in der Bild- und Spracherkennung sowie
der Computerspiele. Heute sind neuronale Netzwerke ein fester Bestandteil
des maschinellen Lernens, einem Zweig der kiinstlichen Intelligenz, welche zur
Losung hochdimensionaler, nichtlinearer Approximationsprobleme eingesetzt
werden, die mit bisherigen Methoden unzuganglich waren.

Wiéhrend die universelle Approximationseigenschaft von neuronalen Netz-
werke zwischen endlich dimensionalen Raumen vor vierzig Jahren mathema-
tisch bewiesen wurde, folgt die Verallgemeinerung auf unendlich dimension-
ale Raume nicht direkt. Natiirlich konnte man argumentieren, dass in un-
serer Welt alles endlich ist, wie bspw. die Anzahl der Atome. Dennoch wére
eine Ver-allgemeinerung von neuronalen Netzwerken und ihrer Approximation-
seigenschaft auf unendlich dimensionale Rdume wiinschenswert, um Probleme
in der funktionalen Datenanalyse, dynamischen Systeme und partiellen Differ-
entialgleichungen zu l6sen. Dies wiirde erlauben, pfadabhéngige Funktionale,
wie die Auszahlung einer asiatischen Option, oder allgemeinere Operatoren,
bspw. den Losungsoperator einer partiellen Differentialgleichung, zu lernen.

In einer ersten Anwendung wird die universelle Approximationsresultat
zwischen unendlich dimensionalen Rdumen im Rahmen der Stochastischen Port-
foliotheorie (SPT) benutzt, um ein optimales pfadabhéngiges Portfolio zu ler-
nen. SPT ist ein relativ neues Gebiet der Finanzmathematik, das versucht,
Aktienmérkte mit beobachtbaren Eigenschaften unter realistischen Annahmen
zu beschreiben. In diesem Zusammenhang bestimmt eine generierende Funk-
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tion die Gewichte eines Portfolios und sein gesamtes Investitionsverhalten, so
dass ein optimales Portfolio durch Approximation der optimalen generieren-
den Funktion gelernt werden kann. Dariiber hinaus wurde dieser Ansatz der
Portfolio-Generierung ins pfadabhangige Setting erweitert, so dass das gener-
ierte Portfolio auch von der Vergangenheit des Markts abhangen kann. Da das
generierende Funktional nun von einem unendlich dimensionalen Pfad abhéngt,
verwenden wir ein funktionales neuronales Netzwerk, um das optimale pfad-
abhéangige Funktional zu approximieren.

In einer zweiten Anwendung benutzen wir das universelle Approximation-
sresultat mit unendlich dimensionalen Wertebereich, um den Preisbildungsop-
erator von Finanzderivaten mit nichtlinearen Dynamiken zu approximieren,
der dem Losungsoperator bestimmter Hamilton-Jacobi-Bellman-Gleichungen
entspricht. Wir verwenden diesen Ansatz, um amerikanische Optionspreise
in einem vollstandigen Markt sowie europaische Optionspreise in einem un-
vollstandigen Markt zu lernen. Die Methode ist modellfrei in dem Sinne, dass
sie flir ein beliebiges Finanzmarktmodell angewendet werden kann, und die
gesamte Wertefunktion des interessierenden Finanzderivat aus anderen Op-
tionspreisen, die im Markt bekannt sind, gelernt werden kann.

Zusammenfassend 16sen wir Probleme in den Finanzwissenschaften durch
maschinelles Lernen, wobei wir diese Methoden mathematisch durch Konzepte
der Funktionalanalysis beweisen.
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Chapter 1

Introduction

The aim of this thesis is to solve problems in Finance using novel techniques
from the field of machine learning, which were previously inaccessible with
conventional methods. We first give an introduction into the terminology of
machine learning and motivate the topic of the thesis from an economic point
of view, followed by the mathematical notation and preliminaries, which are
later used in this dissertation.

1.1 Motivation and Terminology

Thanks to the breakthrough of machine learning technologies after the turn
of the millennium in the areas of image and speech recognition as well as
computer games, machine learning has become an integral part of our daily
lives. In the following, we will go into more details regarding the different
terms used in machine learning and motivate the various applications in the
world of Economics and Finance.

1.1.1 Terminology in Machine Learning

The term machine learning appeared the first time in the technical report
[Sam59] of Arthur L. Samuel in 1959 written for IBM. However, it took until
the turn of the millennium when Tom M. Mitchell came up with a more formal
definition for algorithms in machine learning: “A computer program is said to
learn from experience E with respect to some class of tasks T" and performance
measure P if its performance at tasks in T, as measured by P, improves with
experience E” (see [Mit97]). This definition is similar to the rather operational
definition of machines from Alan M. Turing in [Tur50], where the question “Can
machines think?” is now replaced by “Can machines do what we (as thinking
entities) can do?” (see [Har08]).
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In the current literature, the terms machine learning and artificial intelli-
gence are often abusively interchanged, creating confusion among practitioners
and non-experts, which is why it is important to distinguish between the dif-
ferent terminologies. Machine learning has actually emerged from the quest for
artificial intelligence, where we refer to the textbooks [Mit97] and [RN16] for
more background. Meanwhile, many new terms have been established in the
field of machine learning, which is why we give a brief overview of the most
important terminologies below and refer to [KP98] for a complete glossary.

Artificial intelligence is an umbrella term for the others, describing gen-
eral machines trying to solve problems, which, unlike humans and animals,
lack consciousness and emotional feelings. Data science, in turn, is an inter-
disciplinary subfield of artificial intelligence, which uses scientific methods and
computer algorithms to extract knowledge from structured and unstructured
data. Finally, machine learning is a particular branch of data science, which
studies the computer algorithms improving automatically through experience.
Besides some other methods, these algorithms can be generally classified into
three groups: supervised learning, unsupervised learning and reinforcement
learning, see [Mit97] and [RN16].

In supervised learning, the computer is typically provided with a set of in-
put data (features) and output data (targets), for which a model should be
estimated to predict other outputs. Hereby, the term prediction does not only
incorporate forecasting of a time series, for example, but also applies to a set-
ting with labelled observations, where the model is first learned on a given
training set (input and output data set), and one would like to predict the tar-
get depending on an independent test set. This machine learning method does
not only solve the estimation problem, but tries to achieve a goodness of fit
in an independent test set by minimizing a given loss function. Typical tools
for supervised learning are regularized regression (lasso/ridge regression and
elastic net), random forest, regression trees, support vector machines (SVMs),
and neural networks (NNs). The difference of these machine learning meth-
ods compared to other traditional econometric and statistical approaches is
the data-driven model selection, which means that the model is determined
depending on the given training data rather than just performing a single es-
timation.

In unsupervised learning, the computer finds clusters of observations which
are similar in terms of the input data, where the algorithm learns the objective
only based on the input data and should detect hidden patterns by itself. This
method is commonly used in video, image and speech recognition, for which
there exists a variety of different tools such as hierarchical clustering, k-means
clustering, mixture models, method of moments, autoencoders, and generative
adversial networks (GANs). The typical output in unsupervised machine learn-
ing is a partition of the input data, where the elements in each partition are
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similar to each other according to a given metric. These tools are very useful
as a data-driven way to find similar research articles or news items, which can
then be added as additional variable to another given model.

In reinforcement learning, the computer interacts with the environment and
tries to maximize a certain objective function (reward function), and thus differs
from supervised learning by not requiring labelled data as training set. Typical
examples can be found in the areas of game theory, control theory, information
theory and multi-agent systems, which have applications in our daily lives, such
as robots and self-driving cars. Besides these three main areas, there are also
methods in dimension reduction and meta learning.

In all these methods, there is usually a trade-off between the expressiveness
of the model, i.e. the complexity of the model, and the risk of overfitting,
i.e. when the model becomes too flexible compared to the sample size. In
the latter case, the model is learned relatively well on the training set, but
its generalization ability on an independent test set is rather poor. There
are many tools to avoid these two extreme phenomena, e.g. cross-validation,
regularization or averaging over many different models.

These novel machine learning techniques have nowadays different applica-
tions ranging from Biology, over Computer Science, Economics, Finance, Mar-
keting, Robotics to Sport Sciences, whereas one should definitely not forget
ethical issues regarding the learned bias of cultural prejudices.

1.1.2 Impact of Machine Learning in Economics and F'i-
nance

Various leading economists predict that machine learning will have a ground-
breaking impact on Economics and Finance (see, e.g., [Ath19] for Economics,
[SS18] for Business and Marketing, [EKOO19] for Quantitative Finance, and
[AD19] for Risk Management). The first attempts of machine learning applica-
tions in Economics or Finance took place in the 1980s, with, for example, the
premature artificial intelligence model of Michael D. Cohen and Robert Axelrod
in [CA84] from the year 1984, where a checker player learns based on his past
experiences during the game, which considerably outperformed other state-of-
the-art models at this time. Another interesting application was discovered
by Halbert White in [Whi88], where neural networks have been used to find
non-linear regularities in the price movements of the IBM stock data in order
to predict future returns. However, the most important and successful applica-
tions of machine learning in Economics and Finance were only developed after
the turn of the millennium, of which we highlight some examples at the end
of this subsection, focusing in particular on the applications in Quantitative
Finance to which this dissertation contributes.

So far, much of the empirical work in Economics and Finance consisted of
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choosing a suitable regression model and estimating its parameters on the full
data set, which relies on statistical theory in order to obtain predictions and
confidence intervals. Since the primary interest of this empirical work is only fo-
cused on the causal effect, machine learning methods bring a new, data-driven
alternative by viewing the estimation procedure as algorithms, where many
different models are compared to each other. While the trade-off between ex-
pressiveness and overfitting relied in traditional approaches of Econometrics
on consistency and asymptotic normality, machine learning approaches are not
concerned with this kind of parameter uncertainty anymore and use the per-
formance evaluation on an independent test set. In addition, classical models
in Econometrics and Statistics needed an identification assumption (that the
parameter can be identified with infinitely many data), whereas machine learn-
ing does not address this concern at all and makes the model credible with
the evaluation on an independent test set. These two differences make ma-
chine learning methods better applicable, also to more complicated problems
in Economics and Finance.

Another reason for the success of machine learning methods in Economics
and Finance is the so-called technique of “Stochastic Gradient Descent (SGD)”,
which is used for the estimation procedure of many models, such as neural
networks. SGD is a method to optimize a complicated objective (loss) function
with respect to the model parameters by averaging over the gradient evaluated
at different sample data. This estimate of the gradient is noisy, but unbiased,
and follows the idea that it is more efficient to descend into a valley by taking
many steps in various directions instead of taking fewer steps in the right
direction. In addition, SGD prevents from getting stuck in a local minima,
where the model is good but not optimal, and it can lead to performance
improvements, which allows the estimation of more complex models.

In addition, the digitalization across the global world is leading to the cre-
ation of many economic and financial data sets, which can be fed into machine
learning algorithms. These data sets could range from individual consumer
behaviour to explicit financial transaction data, which are both recorded at
high time frequency. Machine learning methods are able to process these large
amounts of data by extracting the relevant information and thus work like an
automatic research assistant, only faster and more efficiently. Moreover, the
performance of machine learning methods will improve in the next years due
to new innovations and faster computers, which is a consequence of the rapidly
evolving technology, where anyone can easily implement algorithms with the
open-source software Python, and where the code of many excellent machine
learning algorithms are publicly available. Therefore, machine learning meth-
ods will certainly continue to have a major impact on Economics and Finance.
In the following, we will now give some examples of machine learning applica-
tions for each field Economics, Business and Marketing, Finance as well as Risk
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Management, which already showed promising results when comparing them
to traditional methods.

For Economics, [Ath19] predicts that machine learning will lead to a sig-
nificant change in many economic fields. For example, the measurement and
analysis of an economic variable and the result of an economic outcome can be
made at a more granular level and over a longer time period. Moreover, large-
scale administrative data sets as well as documentation and storage might be
easier to handle at working places, which simplifies interdisciplinary work and
will change the organization of a company. Machine learning will also affect
the interplay between the government, industry, education, and health, where
for example teaching might be changed more towards the topics of computer
science and data analytics skills. However, there are still some open problems
regarding policy issues such as insurance, liability, safety, data sharing, fari-
ness, and many others, which need to be addressed for further applications in
Economics.

For Business and Marketing, the authors of [SS18] predict that machine
learning brings the fourth industrial revolution in the next few decades. In
sales, the machine learning techniques automate the standard selling activities
by taking into account the recorded customer behaviour. Moreover, machine
learning models can simulate buying centers with all their complexities, inform-
ing sales people with all the respective data, which can be used to anticipate
demand increase or potential pitfalls.

For Quantitative Finance, the authors of [EKOO19] note that the recent
advances in machine learning are already finding commercial applications in
the financial industry. Indeed, these tools are perfectly applicable to the fi-
nancial industry with large available data sets such as stock market prices and
transaction data. For example, the everyday task in a bank of calibrating a
financial market model with historical data was driven so far by the model’s
computational tractability rather than matching the observed data. For this
purpose, neural network approaches offer a complete new perspective, such as
in [Herl7] and [BS18], as well as in [HMT21] by including rough volatility, and
additionally in [CKT20] for a general local volatility model with GANs. On
the other hand, banks offer and sell financial products such as options and
other derivatives, for which the price of such a contract and the corresponding
hedging strategy needs to be computed. Because pricing and hedging are in
general very non-linear (in incomplete markets), machine learning techniques
offer a new approach and outperform the classical methods. For example, semi-
reccurent neural networks were successfully applied in [BGTW19] for pricing
and hedging financial derivatives, whereas [LNP19] showed that rough paths
can be used to learn the option payoff and the corresponding hedging strategy.
Moreover, [BCJ19] applied machine learning techniques to optimal stopping,
which can be used for American option pricing, while [GHJW18] approximated
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the solution of the associated Black-Scholes partial differential equation of an
European option. Another example is the general portfolio selection problem,
which can be approached with novel machine learning techniques such as the
problem of maximizing utility from terminal wealth, see for example [FS03]
with a probabilistic model or [GTX19] with reinforcement learning. Within
the framework of Stochastic Portfolio Theory (SPT) initiated by [Fer02], the
application of Gaussian processes in [KSV16] showed promising results to ob-
tain optimal portfolios. Another common machine learning application con-
sists of stock return predictions, mostly by using neural networks, for which
[Son05] gives a useful overview. Hereby, news sentiment and attention variables
obtained from social media and news article can be used as additional charac-
teristics to improve the return prediction, which was applied in [ASB20] for the
prediction of stock market volatility. On the other hand, dynamic program-
ming is used for algorithmic trading in [CJK16], where the traders learn from
changes in prices and update their predictions. This dissertation contributes to
this field of Quantitative Finance by proposing additional interesting machine
learning applications.

For Risk Management, [AD19] describes how machine learning techniques
will transform the fields of credit risk, market risk, operational risk, and com-
pliance, by also mentioning the practical limitations of these novel methods
because of the lack of suitable data management policies and necessary skillsets
in firms. Hereby, machine learning methods outperform traditional models be-
cause the data preparation allows for partially incomplete data and the tech-
niques allow for a better semantic understanding of unstructured data. In
addition, the identification of various risks can be recognised by machine learn-
ing through hidden patterns, and the methods can handle the huge amount of
unconventional data in financial risk management.

Altogether, machine learning will have a substantial impact on the fields
of Economics and Finance by providing new methods, which outperform the
classical approaches by the nature of these new algorithms.

1.1.3 Significance of the Thesis for Economics and Fi-
nance

Overall, machine learning techniques can be used in Quantitative Finance in
a very broad range to achieve different goals, for which we have mentioned
some particular examples in the previous section. This dissertation contributes
twofold to the steadily growing area of machine learning applications in Quan-
titative Finance. On the one hand, we provide a theoretical framework for a
better understanding why machine learning methods work so well by relying on
mathematical concepts borrowed from Functional Analysis, Topology, Proba-
bility Theory and Statistics. On the other hand, we apply these theoretical
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results to develop new machine learning methods, which are able to solve dif-
ferent non-linear problems in Quantitative Finance such as finding a portfolio
outperforming the S&P500 or pricing a complicated financial contract.

The first theoretical part of this thesis introduces the generalization of neu-
ral networks to high and infinite dimensional spaces, which can be seen as
contribution to the area of supervised machine learning. Artificial neural net-
works were discovered by Warren McCulloch and Walter Pitts in [MP43] and
are inspired by the functionality of a human brain, where the input data is
fed into the system, passes through various connections (called synapses in Bi-
ology) and so-called neurons, with the information being transformed in the
latter, and is finally returned on the other end as output. This system can be
described in mathematical terms by the concatenation of affine and non-linear
maps, where the affine maps represent the connections between the different
neurons and where the non-linear map is applied to transform the information
of the data. In an economic setting, such neural networks can therefore be seen
as a model representing a certain functional relation, for which the so-called
universal approximation theorems proved by [Cyb89] and [Hor91] ensure under
some assumption the existence of such an approximating neural network.

The infinite dimensional generalization of these neural networks, which we
shall call abstract neural networks (ANN) in the following, are able to pro-
cess mathematically more abstract data (infinite dimensional data) such as
continuous paths, discontinuous functions or (probability) measures. If both
the input and output spaces are finite dimensional Euclidean spaces, we speak
of learning a function f : R® — R?, while for an infinite dimensional input
space we would learn a functional F' : X — R, where X could be the space of
continuous paths. The third case is learning an operator 7' : X — Y, where
both the input and output spaces are infinite dimensional, e.g. a continuous
path is transformed into another one. Since economic or financial data are
often of this functional type (see [RS05]), we approximate an economic rela-
tion with an abstract neural network. Therefore, this thesis contributes as a
theoretical framework to overcome the black box image of neural networks and
shows in universal approximation results that ANNs be used to approximate
such relations represented by a function, a functional or an operator, where not
only the value of the function(al)/operator can be approximated but also the
(functional) derivatives, which corresponds to the change of the value of the
function(al) /operator compared to the change in the input data.

The applications of these universal approximation results for abstract neu-
ral networks between infinite dimensional spaces have various and far-reaching
applications, in particular in the areas of Economics and Finance. In many
cases, economic data are mathematically more abstract (i.e. infinite dimen-
sional) and given by paths (e.g. historical gross domestic product) or surfaces
(e.g. implied volatility surfaces), which can be used as input data of the abstract
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neural network, whereas the output data might again be infinite dimensional
such as another path (e.g. economic growth) or another function (e.g. trading
strategy). Moreover, a contract in Finance can depend on the whole path of
the stock price such as it is the case for an Asian option, defined as the average
over the historical path, where the stock price might also have jumps. These
so-called path space functionals are in particular interesting for pricing and
hedging financial derivatives, where the payoff depends on the entire history of
the stock price. All these cases can be covered by the theoretical framework
of this dissertation, where we provide besides randomized ANNs and a rough
path approximation result two particular applications in the second and third
part related to optimal portfolios in Stochastic Portfolio Theory (SPT) and
general option pricing in Mathematical Finance.

Of course, there are also particular cases which are not covered by the the-
oretical framework of this thesis, in particular when the output space admits
a more complicated structure than a vector space. This is for example the
case for normed probability measures as output space, where the sum of two
probability measure is no longer a probability measure anymore, or more gen-
erally for geometric learning on more complicated manifolds. For this purpose,
[KB20], [KP21] and [Kra21] provide useful results to approximate an infinite
dimensional neural network with output space given by a manifold.

Altogether, this dissertation establishes a comprehensive theoretical frame-
work for various machine learning applications with mathematically proven
results using concepts from Functional Analysis, which can be directly applied
to problems in the world of Economics and Finance.

1.2 Mathematical Preliminaries

In this section, we introduce the mathematical notation and the main pre-
liminaries in form of already existing mathematical results in the literature.
We start with examples of metric spaces and Banach spaces, extend the con-
siderations to more general topological (vector) spaces, state several existing
Stone-Weierstrass theorems, and introduce the basic foundations of Stochastic
Analysis.

1.2.1 Metric Spaces and Banach Spaces

As usual, N = {0,1,2,...} denotes the set of natural numbers, whereas Z =
{...,—1,0,1,...} represents the set of integers. In addition, R denotes the set of
real numbers and we define the d-dimensional vector space R¢ over R as vectors
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r = (21,...,7q) ", with x; € R, which is equipped with the usual Euclidean norm

d 3
E (Z |1'i|2> : (1.2.1)

for z € R%. More general, X is called a vector space (over R) if the vector space
axioms are satisfied for the vector addition X x X 5 (z,y) — = +y € X and
scalar multiplication R x X 3 (A\,2) — Az € X. We now introduce introduce
metric spaces and Banach spaces.

Definition 1.1. For a set X, the map dx : X x X — R is called a metric (on
X)) if the following three axioms are satisfied:

(i) Positive Definiteness: dx (z,y) = 0, for all x,y € X, and dx(z,y) = 0 if
and only if x =y,
(i) Symmetry: dx(x,y) = dx(y,z), for all x,y € X,
(iii) Triangle Inequality: dx(z,2) < dx(z,y) + dx(y, 2), for all z,y,z € X.

Ifdx : X x X — R is a metric on X, the pair (X,dx) is called a metric space.

Example 1.2. The real numbers R with distance function d(x,y) = |x — y|
form a metric space. More general, the Euclidean space R® equipped with the
Euclidean metric d(x,y) = |x — y| is a metric space, where || - | denotes the
Euclidean norm in (1.2.1).

Definition 1.3. For a vector space, the map | - |x : X — R is called a norm
(on X) if the following three axioms are satisfied:

(i) Positive Definiteness: ||z|x = 0, for all x € X, and ||z|x = 0 if and only
if x =0.

(i) Absolute Homogeneity: ||Az|x = |A||z]|x, for all \e R and x € X.
(#1) Triangle Inequality: |z + yllx < |z|x + |yl x, for all x,y € X.

If|  llx : X > R is a norm on X, the pair (X,|| - |x) is called a normed
(vector) space.
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Remark 1.4. Every normed vector space (X, | - ||x) can be seen as a metric
space by defining dx(x,y) = || — yl||, but the reverse is not necessarily true.
For example, the trivial metric on R defined by

1 rT=y
d(l‘, y) Il{x:y} : {O v 4y
is not induced by a norm (except for the zero space X = {0}) since it violates
the absolute homogeneity condition in Definition 1.3(ii). However, if X is a
vector space and the metric dx : X x X — R is absolutely homogeneous and
translational invariant, i.e. dx(Az, \y) = |Mdx(x,y) and dx(x + z,y + 2) =
dx(z,y), for all A\ e R and x,y,z € R, then ||z|x = dx(x,0) satisfies the norm
arioms.

Example 1.5. The following are examples of metric and normed vector spaces.

(i) Euclidean Space: The space R? together with metric d(x,y) = |z — y| is
a metric space, and forms together with the norm | - | defined in (1.2.1)
a normed vector space.

(ii) Space of Sequences: For some 1 < p < oo, let IP be the space of sequences
(Zn)nen < R whose IP-norm

1
3
|zl = (Z JL‘nl”>
neN

is finite. Then, (IP,|| - |i») is a normed vector space and for p < q, the
embedding 19 < [P holds true by the Hélder inequality (see Lemma 1.7(ii)
below).

(iii) Continuous Functions: For a given compact subset Q < R™ (see Def-
inition 1.9(vi) below), let C°(Q) be the space of continuous functions
x: Q@ — R with supremum norm || - |co(q) defined by

lzllco @y = sup [z (u),
ue

for x€ CO(Q2). Then, (C°(Q), |- |co(q)) is a normed vector space.
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Example 1.5 (continued).

(iv) LP Spaces: For some 1 < p < oo and a measure space (Q, %, 1) (e.g. a
probability space such that p(Q) = 1), let LP(Q) := LP(Q, X, u) be the
space of functions x : Q@ — R whose LP(Q)-norm

beluoiay = (], |x<u>|ﬁdu<u>);’

is finite. Then, (LP(Q), || ]lzr(q)) is a normed vector space and for p < q,
the embedding L1(Q) < LP(Q) holds true by the Holder inequality (see
Lemma 1.7(ii)). Moreover, case (ii) is a special case with = N and the
counting measure p : X — R defined by u(A) = #A, for Ae X.

Remark 1.6. A significant difference between Example 1.5(ii)-(w) and Exam-
ple 1.5(i) is the dimension. While the Euclidean space R? is finite dimensional
with dimension d, the other spaces I[P, CY(Q), and LP()) are infinite dimen-
sional (for C°(Q) and LP () this is true if Q or supp(u) are infinite dimensional
sets). This can be seen by observing that a vector x € R? can be described by
finitely many numbers, whereas a path x € C°([0,T]) contains infinite amount
of information about the evolution of the trajectory.

In the case of the Banach space LP(Q) := LP(Q, %, i), the Minkowski in-
equality replaces the triangle inequality, where the Holder inequality and Jensen
inequality also play an important role.

Lemma 1.7. For some 1 < p < o0 and a measure space (2, %, i), consider the
Banach space LP () := LP(Q, X, u). Then, the following holds true.

(i) Minkwoski’s inequality: | f + gllr) < [ fllzr) + l9lzr ), for all f,g€
().

(ii) Hélder’s inequality: ||f - gl < flzr)lgllLa), for all f e LP(Q)
and g € LI(Q), where 1 < g < o0 such that 1/p+ 1/q = 1.

(iii) Jensen’s inequality: If () =1 and if ¢ : R — R is convexz, it holds that
¢ (§o f(@)du(x)) < §q o(f(@))dpu(), for all f e LN().

In addition, a metric spaces can be either complete or incomplete. Let
(X, dx) be ametric and let (x,,)nen be a sequence in X, which is called a Cauchy
sequence if for every € > 0 there exists some N € N such that dx (z,,zm,) <€,
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for all n,m > N. On the other hand, the sequence (z,,)nen is said to converge
to the limit x € X if for every € > 0 there exists some N € N such that
dx(xn,x) <eg, foralln > N.

Definition 1.8. A metric space (X,dx) is complete if every Cauchy sequence
converges. Moreover, a complete normed vector space (X,| - |x) is called a
Banach space.

We now introduce the topological properties of a given subset in a normed
vector space (X, | | x)-

Definition 1.9. Let (X, |- |x) be a normed vector space and define the open
ball of radius r > 0 with center 29 € X as B,(xg) = {x € X; |z — zo|lx <7}
Then, we introduce the following.

(i) A subset U < X is open if for every xo € U there exists some r > 0 such
that By (x) < U.
(i) A subset A < X is closed if A°:= X\A is open.
(i11) The interior of a subseILE c X is defined as E = g p open G Whereas
its closure is defined as E = ﬂECQ GeX closea G- In addition, the bound-
ary of E is defined as OF = F\E
(iv) A subset E = X is dense if E = X, i.e. if for every ball B := B,(xo) < X,
it holds that B n E # {}.
(v) A subset E — X is bounded if sup . [z]|x < o0.

(vi) A subset E < X is compact if E < X is closed and totally bounded,
where the latter means that for every € > 0 there exists finitely many
points x1,...,xn € X such that X < | J;_; Be(w).

These properties are all related to the norm topology, i.e. the topology induced
by the norm || - | x .

Remark 1.10. We give some examples of Definition 1.9. In R with metric
dr(z,y) = |z —yl, the open interval Ja, b with a < b is an open subset, whereas
[a,b] is a closed subset. The interior of E =]a,b] is equal to |a,b[, and the
closure of E is given by [a,b] such that the boundary is equal to {a,b}. In
addition, it is known that the set of rational numbers Q = i%; p,qe Nt s

dense in R. Finally, a subset of an Euclidean space is compact if and only if it
is closed and bounded.
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If (X,|-]|x) and (Y, |- |y) are Banach spaces, the space of continuous linear
maps T : X — Y is denoted by L(X;Y’), where we note that not all linear
maps are necessarily continuous in infinite dimensional spaces. However, the
space L(X;Y) defines again a Banach space with norm given by

Tx Y
HTHL(X;Y) = sup [7<] = Ssup HTQTHYv
zeX H.’EHX zeX
z#0 el x <1

for T € L(X;Y). In the real-valued case of Y = R, the space X* := L(X;R)
is called the dual space of X consisting of continuous linear functionals on X.
Hereby, the following Hahn-Banach theorem plays a crucial role together with
the well-known separation theorems in [Str14, Satz 4.2.444.5.1], which can
be used to show the following useful result in Corollary 1.14 for the machine
learning applications of this thesis.

Theorem 1.11 (Hahn-Banach, [Str14, Satz 4.1.1]). Let X be a vector space
with a vector subspace E < X and suppose that p : X — R is a sublinear
function, i.e.

p(Ax) = Ap(x), for all X =0, and

p(x+y) <px) +ply), foralzyelX.

If f : E — R is a linear map such that f(x) < p(x), for all x € E, then there
exists a linear extension F : X — R such that F|g = f and F(x) < p(z), for
allz e X.

(1.2.2)

Remark 1.12. Every norm satisfies the two conditions in (1.2.2) and is there-
fore a sublinear function.

Theorem 1.13 (Hahn-Banach Separation, [Strl4, Satz 4.2.4]). Let E < X be
a proper closed vector subspace of a Banach space (X, | | x) and assume that
2o X\E with d := dist(xo, F) = inf.ep | — 20| x > 0. Then, there exists some
le X* such that l(z) = 0, for all z € E, and l(xg) = d.

Proof. Let Ey = {x + tzg; « € E, t € R} and define the linear function f : Ey —

R by f(z+txg) = td such that f(z) =0, for all z € E, and f(x¢) = d > 0. For
y=x +txg € By with t # 0, it follows that

[F ()l = [tld < [¢]

—x
so- | = lean + ol = s,
X
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such that | f|lL(zer) < 1. In order to show that | f|z(g,;r) = 1, choose some
e>0and z € F withd < |zg—z|x < d+e. Then, it follows for y = xo—x € Ey
that f(y) =d = d%‘szyHX, which shows that

)l d
f R) = Sup > .
ez = s 0> 20

Letting ¢ — 0 implies that ||f|.(g,z) = 1. By applying Theorem 1.11, we
obtain the linear functional | € X* with I(z) = 0, for all z € F, and I(zg) = d
as extension of f: Fg — R to X. O

Corollary 1.14 (Hahn-Banach Denseness). Let E < X be a vector subspace
of a Banach space (X, | -||x). Then, E is dense in X if and only if for every
continuous linear functional | : X — R wvanishing on E, i.e. l(x) = 0, for all
x € E, it follows that | : X — R wvanishes everywhere, i.e. l(x) = 0, for all
reX.

Proof. We prove that E — X is a proper closed vector subspace if and only if
there exists a continuous linear functional [ € X* vanishing on E, which is not
identical to zero everywhere on X.

For necessity, let [ € X* be a non-zero continuous linear functional vanishing
on E. By continuity it follows that [ : X — R vanishes on E, which is a proper
subset of X, because [ : X — R is non-zero.

For sufficiency, let E be a proper closed vector subspace of X such that there
exists a point zg € X\F with dist(xg, E) := inf {|z — 20| x; z € E} > 0. By
the Hahn-Banach separation theorem in Theorem 1.13, we obtain a continuous
linear functional [ € X* with I(xg) = dist(zo, E) > 0, I(z) = 0, for all x € E,
and ||| x+ = 1. Hence, [ : X — R vanishes on F, but is not identical to zero
everywhere on X. O

Using the dual space of a normed vector space (X, | - |x), we can define
weaker topologies than the norm topology on (X, | - |x) and (X*,| - |x=).
On (X, | - |lx), the weak topology T, is induced by weak convergence, where a
sequence (T, )neny in X converges weakly to some z € X if I(x,) — I(z), for
all [ € X* as n — oo. On the other hand, the weak--topology T,+ on X* is
induced by the weak-#-convergence, where a sequence (I, )nen in X* converges
in the weak-+-topology to some [ € X* if [,,(z) — l(x), for all z € X, as n — o0.
Both topologies are in general not metrizable unless X is finite dimensional.

In the following, we now give different theorems to verify compactness of
a set in a given topology, which is in particular useful for machine learning
applications. We start with the well-known Banach-Alaoglu theorem involving
the weak-+-topology, followed by Arzela-Ascoli results for the norm topology.



1.2. MATHEMATICAL PRELIMINARIES 15

Theorem 1.15 (Banach-Alaoglu, [Rud91, Theorem 3.15]). Let X be the dual
of a normed vector space (S, | - |s). Then, the unit ball {x € X; |z|gx < 1} is
compact with respect to the weak-+-topology of X.

For the rest of this section, we assume that (X,dx) is a compact metric
space and (Y, | - |ly) is a Banach space such that C°(X;Y’) denotes the vector
space of Y-valued continuous functions with supremum norm || f|cocx;y) =

sup,cy |If(@)|y, where E = C°(X;Y) is called relatively compact if E is com-
pact in C°(X;Y).

Theorem 1.16 (Arzela-Ascoli, [Rud91, Appendix A5]). Let (X,dx) be a com-
pact metric space and let (Y,| -|ly) be a Banach space. Then, E < C°(X;Y)
1s relatively compact if and only if E is equicontinuous, i.e.

Ve>0:30>0:Vfe E:Vo,ye X: dx(z,y) <d = |f(z)— f»)ly <¢,

and there exists a dense subset D < X such that {f(x); f € E} is relatively
compact in'Y, for all x € D.

Corollary 1.17 (Arzela-Ascoli, [Str14, Satz 6.3.1]). Let Q@ < R™ be a bounded
subset. Then, E = CY(Q) is relatively compact if and only if E is bounded and
equicontinuous, i.e. supep | fllcoq) < o0 and

Ve>0:30>0:VfeE:Vz,yeQ: |z—y|<d = |f(z)— fly)|<e.

Corollary 1.18 (Fréchet-Kolmogorov, [Strl4, Satz 6.3.2]). Let 1 < p < o
and Q < R™ be bounded, and denote by A\ : F — R the Lebesgue measure,
where F denotes the Borel o-algebra of R™. Then, E < LP(Q) := LP(Q2, F, A)
1s relatively compact if and only if E is bounded and equicontinuous in LP,

i.e. SUpsep | flr(n) < o and

h—0
sup | f — f(- +h)|r@my —> 0,
feE

where [ :  — R is extended to all of R™ by setting it to zero outside of €.

These results cover the most preliminary mathematical results for metric
spaces and Banach spaces, which can be extended in some cases to more general
topological space introduced in the next section.
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1.2.2 Topological Spaces and Convenient Vector Spaces

In order to consider more general spaces than metric spaces and Banach spaces,
we introduce topological spaces in the following. They are considered to be the
most general type of mathematical spaces, which allow for the definitions of
limits, continuity and connectedness, see [Kel75].

Definition 1.19. Let X be a non-empty set and let 7x be a collection of
subsets of X. Then, Tx defines a topology on X if the following three axioms
are satisfied:

(i) Empty and full set: {}, X € 7x,
(i) Arbitrary unions: for all (U;);er with arbitrary I and U; € Tx, it follows
that J,.; Ui € 7x,
(#1) Finite intersections: for all (U;)?, with some n € Nx1 and U; € 7x, it
follows that (]_, U; € 7x.

el

If Tx is a topology on X, (X, Tx) is called a topological space, where Tx de-
scribes the open sets. Furthermore, E € Tx is an open neighborhood of x € X
if x € E. A neighborhood basis of z € X is a subfamily 7. € T of open neigh-
borhoods of x such that for any open neighborhood E of x there is some U € T,
with U c E.

Example 1.20. On the set X = {1,2}, the collection Tx = {{},{1,2}} de-
fines the so-called trivial topology, where only the empty and full set are
open. On the other hand, taking the power set as collection Tx = 2% :=
{{}, {1}, {2}, {1,2}} defines the so-called discrete topology, where every subset
18 open and closed.

Analogously to Definition 1.9, we repeat the topological properties of sub-
sets in a topological space.

Definition 1.21. Let (X,7x) be a topological space. Then, we introduce the
following.

(i) A subset U < X is called open if U € Tx.

(i) A subset A < X is called closed if A®:= X\Ae7x.

(iii) The interior of a subset E — X is defined as E= Uccr, gery G, whereas
its closure is defined as E = Neca Geery G- In addition, the boundary
of E is defined as OE = E\E.
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Definition 1.21 (continued).
(iv) A subset E < X is called dense if E = X.

(v) A subset E c X is called compact if every open cover of E has a finite
subcover, i.e. if for every (U;)ier with U; € Tx and E < | J,.; U;, we find
some finite index set Iy < I such that E Uielo U;.

el

These properties are all related to the given topology Tx. Moreover, if (X, 1)
and (X, 7o) are topological spaces with Ty € To, then 11 (resp. o) is called a
weaker (resp. stronger) topology than 1o (resp. 1 ).

Moreover, a function f : X — Y between two topological spaces (X, 7x)
and (Y, 7y) is called continuous if for every open subset V' € 1y, the preimage
f7YV) = {z e X; f(z) e V} € 7x is open as well. Using this, we introduce
the following separation axioms for topological spaces.

Definition 1.22. Let (X,7x) be a topological space. Then, we introduce the
following:

(i) (X,7x) is Hausdorfl if for every pair of distinct points x,y € X there
exist open neighborhoods U and V of x and y, respectively, such that
UnV ={}

(i) (X,7x) is completely regular if for every point xo € X and every closed
subset A c X with g ¢ A there exists a continuous function f: X — R
such that f(zo) =1 and f(z) =0, for all x € A.

A completely reqular Hausdorff space is also called a Tychonoff space.

A special class of topological spaces is given by topological vector spaces,
which satisfy the vector space axioms and for which vector addition X x X 3
(z,y) » = +y € X and scalar multiplication R x X 3 (\,z) — A2 € X
are continuous. A subclass is formed by the topological vector spaces, whose
topology is locally convex. Hereby, a subset E c X is called conver if Az +
(I1-=NyekE, forall z,ye X and X € [0,1].

Definition 1.23. A Hausdorff topological vector space (X, Tx) is locally convex
if the origin has a neighborhood basis, usually denoted by 7o, which consists
solely of conver sets.

In the following, we shall see that the topology of locally convex topological
vector spaces can be characterised by seminorms, where we assume from now
on that (X, 7x) denotes a topological vector space.
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Definition 1.24. The map p : X — R is called a seminorm if the following
properties are satisfied:

(i) Absolute homogeneity: p(Az) = |Alp(z), for all X\ e R and z € X,
(i) Subadditivity: p(x + y) < p(z) + p(y), for all x,y € X.

Moreover, if a seminorm p : X — R is positive definite, i.e. p(x) =0 < x =0,
then p: X — R is a norm.

In addition, a subset E < X is called balanced if \E := {\z; x € E} € E,
for all A € [—1,1], whereas a subset E — X is absorbing if for every x € X
there exists some ¢ > 0 such that |A| > ¢ if and only if x € AE.

Theorem 1.25 ([SW99, Chapter 11§1]). If P is a family of seminorms on X,
then the topology Tx induced by sets of the form {x € X; p(x) < e}, fore >0
and p € P, turns (X, 7x) into a locally convex topological vector space. Con-
versely, if (X, 7x) is a locally convex topological vector space with neighborhood
base of zero Ty consisting of balanced and convex sets, then the locally convex
topology induced by the Minkowski functionals pg(x) = inf {\ > 0; z € AE}, for
FE € 19, coincides with Tx.

Example 1.26. For an open subset Q < R"™, let X = CP(Q) be the space of
compactly supported smooth functions x :  — R equipped with the topology
Tx, which is generated by the seminorms py k() = Max|q|<k SUPex |0%T(u)l,
for k € N and compact subsets K < Q, where a = (aq,...,a,) € N™ denotes
a multi-index with |a| :== a1 + ... + a,. Then, (CL(Q),7x) defines a locally
convex topological vector space.

For the definition of completeness of a Hausdorff topological vector space
(X,7x), we define a net as a pair (4, f), where f: A — X is a map from the
directed set (A, <) to X, which converges to some point x € X if for every open
neighborhood E of x there exists some a € A such that f(b) € E, for all b > a.
In addition, a net (A, f) is a Cauchy net if for every neighborhood E of zero
there exists some a € A such that f(b) — f(c) € E, for all b, ¢ > a.

Definition 1.27. A Hausdorff topological vector space (X,Tx) is said to be
complete if every Cauchy net (A, f) converges to some point x € X.

The completion of a Hausdorff topological vector space (X, 7x) is given by
the complete topological vector space (Y, 7y ) such that ¢ : X — Y defines a con-
tinuous linear embedding with dense image and 7x coincides with the topology
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{L_l(V); Ve Ty}. Moreover, one can show that every Hausdorff topological
vector space possesses a completion, which is unique up to isomorphism, see
[SW99, Theorem I§1.5].

Now, we consider the dual space X* consisting of all continuous linear
functionals [ : X — R, on which we extend the notion of the weak and weak-x-
topology. The weak topology is the weakest topology on X such that all maps
X 3z — l(x) € R are continuous, for all [ € X* whereas the weak-+-topology
is the weakest topology on X* such that all maps X* 31 — [(z) € R are
continuous, for all x € X.

Theorem 1.28 (Hahn-Banach, [SW99, Theorem 11§4.2]). Let (X,7x) be a
locally convex topological vector space and let E < X be a vector subspace.
Suppose that f : E — R is a continuous linear functional on E. Then, there
exists a continuous linear functional F': X — R such that F|g = f.

Corollary 1.29. Let (X,7x) be a locally convex topological vector space and
let E < X be a vector subspace. Then, E is dense in X if and only if for
every continuous linear functional [ : X — R wvanishing on E, it follows that
I : X — R vanishes everywhere.

Proof. The proof follows along the lines of the proof of Corollary 1.14, where
we use the Hahn-Banach theorem for locally convex topological vector spaces
in Theorem 1.28 instead of Theorem 1.11. O

In order to define differentiability on locally convex topological vector spaces,
we use the satisfactory and natural approach of convenient analysis introduced
in [KM97], where we assume that (X, 7x) denotes a locally convex topological
vector space, whose topology 7x is generated by the family of seminorms P.
Hereby, a subset F c X is bounded if p(E) := {p(x); x € E} is bounded in R,
for all seminorms p € P.

A sequence (z)neny © X is called Mackey-convergent to the limit z € X
if there exists a bounded, convex and balanced subset £ < X and a sequence
(an)neny © R with lim,,—,o a,, = 0 such that =, — x € a,E, whereas (z,)nen
is called a Mackey-Cauchy sequence if there exists a bounded, convex and bal-
anced subset £ < X and a double sequence (@nm )n,men With limy, e Gpm = 0
such that z,, — x,, € apm E.

Definition 1.30. A locally convez topological vector space (X,Tx) is called
convenient if every Mackey-Cauchy sequence (x,)neny © X converges to some
limit x € X.
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For a convenient vector space (X, Tx), the vector space of smooth curves
C®(R; X) does not depend entirely on the topology 7x, only on the correspond-
ing bornology (system of bounded sets), see [KM97, Corollary 1.2.11]. Hereby,
acurve ¢ : R — X is called differentiable if the limit ¢/(t) := limy,_¢ M
exists, for all t € R, whereas a curve ¢ : R — X is smooth if the iterated deriva-
tives k1) = (c(k))/ exist, for all £k € N. In addition, we call ¢ : R — X a
Lip* -curve if all derivatives up to order k exist and are locally Lipschitz, i.e. ev-

ery point r € R has a neighborhood U < R such that {%, t,seU,t# 5}
is bounded. Then, convenient vector spaces are equivalently characterized by

the differentiability of X-valued curves.

Theorem 1.31 ([KM97, Theorem 1.2.14]). The following are equivalent:

(i) (X,7x) is convenient.

(ii) For every curve ¢ : R — X such that [ o ¢ is smooth, for all l € X*, it
follows that c € C* (R, X).

(i3) Any smooth curve c € C*(R; X) is locally Riemann-integrable.

By [KM97, Lemma I1.2.24Proposition 1.3.7] and assertion (iii), every se-
quentially complete locally convex vector spaces is convenient, whereas condi-
tion (ii) in Theorem 1.31 ensures that the concept of weakly smooth curves
and smooth curves are equivalent in convenient vector spaces. Furthermore,
we define the ¢®-topology 7.~ on a convenient vector space (X, 7x) as the final
topology with respect to all smooth curves ¢ € C*(R; X) such that F ¢ X
is ¢®-open if and only if ¢7}(FE) is open in R, for all ¢ € C*(R; X). Then,
it follows by [KM97, Theorem 1.2.14] that the ¢®-topology is finer than any
locally convex topology on X with the same bounded subsets such that the
embedding (X, 7.x) € (X, 7x) holds true, where (X, 7.=) is not necessarily a
topological vector space because the continuity of the vector addition might be
violated.

For convenient vector spaces (X, 7x), (Y, 7y) and a ¢®-open subset E < X,
amap f: E — Y is called smooth (on E) if for every smooth curve ¢ €
C?®(R; E), the curve foce C*(R;Y) is also smooth. We denote by C*(E;Y)
the vector spaces of smooth maps f : F — Y equipped with the initial locally
convex topology of C*(E;Y) s f—lo foce C*(R;R), for ce C*(R; F) and
Y’ :={l:Y — R linear and bounded}. This topology is the weakest topology
on C®(E;Y) such that f — [ o f oc is continuous, for all ¢ € C*(R; E) and
leY’, where C*(R;R) is equipped with the topology of compact convergence
in each derivative. Then, C*(E;Y) is by [KM97, Lemma 1.3.74+1.3.11] a con-
venient vector space and we define C*(FE) := C*(E;R).
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Similarly, a map f : E — Y is called Lip® (on E) if foc e Lip"(R;Y),
for all ¢ € C®(R; E), where Eipk(R;Y) is the vector space of Lip*-curves
equipped with the initial topology of the derivatives of order j < k consid-
ered as linear mappings into the space of Lip®-curves equipped with the locally
convex topology of uniform convergence on bounded subsets of R and of the
difference quotient on bounded subsets of {(s,t) € R?; s # t}, see [KM97, Def-
inition I11.12.10]. Using this, we denote by Lip®(E;Y) the vector space of
Lip®-maps f : E — Y with the initial topology of Lip*(E;Y) 3 f — foce
LipF(R;Y), for ¢ € C*(R; E). By [KM97, Definition I11.12.11], Lip*(E;Y) is
a convenient vector space and we define Lip*(FE) := Lip*(E;R).

Theorem 1.32 (Main Structure Theorem for Convenient Spaces, [KM97] and
[FK88]). Let (X,7x), (Y, 7v), (Z,72) be convenient vector spaces and let E <
X and F 'Y be c®-open. Then, the following hold true.

(i) Every smooth map f € C*(E;Y) is ¢®-continuous.

(i) Multilinear maps f: X % ... x X =Y are smooth if and only if they are
bounded.

(i4i) For a smooth map f € C*(E;Y) (resp. Lip"* -map f e Lip*TH(E;Y)),
the directional derivative df : E x X — Y defined by

df (z)(v) [z +tv),

for x € E and v € X, exists, is linear, bounded and smooth (resp. L'z'pk).
Similarly, the higher order derivatives d*f : Ex X x X =Y, ..., d"f :
Ex X x..xX —Y exist, which is true for any k € N in the case of
feC®(E;Y).

(iv) The chain rule holds true, i.e. for smooth maps g € C*(E;Y) and f €
C*(F;Z) (resp. Lip®-maps g € Lip"(E;Y) and f € Lip"(F;Z), where
k= 1) with g(E) c F, it holds that d(f o g)(z)(v) = df (9(z))(dg(z)(v)),
forallze E andve X.

(v) Taylor’s formula holds true, i.e. for every smooth map f € C*(E;Y)
(resp. f e Lip"TH(E;Y)), it holds that

flx+v) = Z idjf(x)(v, e U) + f wd”“f(x + tv)(v, ..., v)dt,

o nl

for alln e N (resp. n < k) and [z,z +v] :=={z +tv; t € [0,1]} c E.
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Theorem 1.32 (continued).

(vi) The exponential law holds true (cartesian closedness), i.e. C*(ExF;Z) =
C®(E;C®(F; Z)).

(vii) The evaluation map ev : C*(E;Y) x X — Y defined by ev(f,z) = f(x)
and the composition map comp : C*(Y;Z) x C*(E;Y) — C®(E;Z)
defined by comp(f,g) = f og are smooth.

(viii) A linear map [ : E — C®(F;Z) is smooth if and only if ev(-,v) o f :
F — Z is smooth, for allve F.

Theorem 1.32 shows that convenient calculus inherits many analytical prop-
erties, which are true on finite dimensional spaces, making the theory natural
for applications in infinite dimensional vector spaces. Further details on con-
venient calculus can be found in [KM97] and the references therein.

1.2.3 Stone-Weierstrass and Nachbin’s Theorem

The Stone-Weierstrass theorem and Nachbin’s result can be used to establish
density of a function class in a given function space. We begin with the vector
space of polynomials over a subset £ c R collected in

Pol(E) = {Eax»—> Zakxk;neN, akeR}.
k=0

For a compact subset K < R, Karl Weierstrass proved in [Wei85] that poly-
nomials in Pol(K) are dense in C°(K), which we show in the following with
the simple and beautiful proof of Sergei Bernstein. For this purpose, we use
the Bernstein polynomials defined by B, ix(z) = (7)z*(1 — )", for z € R,
n € Nand & = 0,...,n and introduce the Bernstein approximation operator

B, : C°(]0,1]) — C°(]0,1]) defined by

B = 31 (2) oty = 57 (5) ()0 -0

for f € C°([0,1]) and z € [0,1], where B,(f) € Pol([0,1]) is a polynomial
approximating f € C°([0, 1]).

Theorem 1.33 (Weierstrass, [Wei85]). Let K < R be compact. Then, Pol(K)
is dense in C°(K).
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Proof. By using affine transformations, we can restrict ourselves without loss
of generality to K = [0,1]. Let € K and assume that (Xj)ren., is an
i.i.d. sequence of Bernoulli-distributed random variable such that P[ X}, = 0] =
1—xz and P[ X} = 1] = z. Define S,, := X; +... + X,,, for which the law of large
numbers shows that %Sn converges in probability to E[Xy] = z, as n — oo,
where S, is binomially distributed, i.e.

P[S, = k] = (Z) 2F(1 = 2)"F = B, i(2),

for k = 0,...,n. Hence it holds for some given f e C°([0,1]) and § > 0 that

B~ <E||f () - 1) | <22 | |3 ~a] 2] sup 1700
+ |2 o] <o s (S = S0)]

(1.2.3)
Since f € C°([0,1]) is uniformly continuous, there exists for fixed ¢ > 0 some
0 > 0 such that |u — v| < ¢ implies |f(u) — f(v)| < &/2, for all u,v € [0,1].
Using this for the second term on the right-hand side of (1.2.3), we have

IP’[S"—QC
n

<a] wp [f) ~ fW) < swp [fw) ~ f@)] < 5. (124)

lu—v|<d lu—v|<d

On the other hand, using Markov’s inequality for the first term on the right-
hand side of (1.2.3), inserting E [(S,, — nx)?| = naz(1 — z) < n/4 and choosing
n € Nx1 such that n > || [ co(jo,17)/(6%€), it follows that

2
QIP’[ 25] sup |f(u)] < 3 l(in—l“) ]|f|00([0,1])

u€e[0,1]

Sn
— -z
n

Qq

(1.2.5)

1

2n52 SUP ||f||00([o 1) < 5
By inserting (1.2.4) and (1.2.5) into (1.2.3), we conclude for large enough n € N
that

1Buf = fleoqouy = sup [(Baf)(@) — f(a)] <&

z€[0,1]

Since e > 0 and f € C°([0,1]) were chosen arbitrarily, it follows that Pol([0,1])
is dense in C°([0, 1]). O
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Subsequently, Marshall Harvey Stone generalized Weierstrass’ approxima-
tion result in [Sto48] to more general compact Hausdorff topological spaces by
replacing the polynomials with an arbitrary subalgebra.

Definition 1.34. Let (X,7x) be a topological Hausdorff space and let A <
C°(X) be a subset. Then, we introduce the following.

(i) A is closed under addition (or additively closed) if a1 + a2 € A, for all
ai,as € A.

(i) A is closed under multiplication (or multiplicatively closed) if a; - as €
A, for all a1,a2 € A, where the multiplication is defined pointwise by
(a1 - az)(z) = a1(x) as(x), for every x € X.

(iii) A is point separating (on X) if for distinct x1,x9 € X there exists some
a € A with a(x1) # a(zg).

(iv) A vanishes nowhere (on X) if for every x € X there exists some a € A
with a(x) # 0.

Moreover, a vector subspace A = C°(X) is called a subalgebra (of C°(X)) if
A is closed under multiplication.

Theorem 1.35 (Stone-Weierstrass, [Sto48]). Let (K, Tx) be a compact Haus-
dorff topological space and assume that A = C°(K) is a subalgebra. Then, A
is dense in C°(K) if and only if A is point separating and vanishes nowhere.

Indeed, Theorem 1.35 generalizes Theorem 1.33 since Pol(K) is a point
separating subalgebra of C°(K), where the sum and product of two polynomials
define again a polynomial and the identity « — p(x) := x € Pol(K) separates
points of K because we have p(x1) = x1 # x2 = p(z2), for distinct points
x1,%2 € K. Later, the Stone-Weierstrass theorem has been generalized to the
vector-valued case, where the output is infinite dimensional (see [Pro77]), and
to non-compact input spaces using weighted topologies (see [Nac65]).

Leopoldo Nachbin extended the Stone-Weierstrass theorem in [Nac49] to
the approximation of the derivatives. For E < R? open, a function f :
E — R is k-times differentiable (on E) if the partial derivatives 0%f :=

|l . . R
m exist on E and are continuous, for all multi-indices a € NZ =
1 Y%

{aeN% |a] :=a; + ... + ag < k}. From this, we define C*(E) as the vec-
tor space of k-times differentiabl functions on E equipped with compact-open
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topology of order k, which is generated by seminorms of the form

Iflera = D5 10%Flooy = D, Sulglao‘f(x)h
xTe

d d
aeNg aeNg

for K < E compact. Hereby, the Bernstein polynomials B, ; can also be
used to approximate a function f € C¥(E) including its derivatives, which
generalizes Theorem 1.33.

Theorem 1.36 (Weierstrass with Derivatives). Let E < R be open. Then,
Pol(E) is dense in C*(E).

Proof. Without loss of generality, we can restrict ourselves to the case £ < R
be open with K = [0,1] ¢ E and k = 1, where we fix some f € C'(E).
Moreover, we introduce the difference operator D,, : C°([0,1]) — C°(]0,1])

defined by

FO=P)z+y) = (0=
1
forn € Ns; and f € C°([0,1]). Then, it follows for every x € [0, 1] by the mean-

value theorem that D, f(z) = f'(&), for some £ € [0, 1] with |z —&| < 1/n, such
that D, f converges uniformly to f’, as n — oo.

(Dn f)(x) =

b

Now, we conclude that (B, f)" = Bn_1Dnf and |By|Lco(o,17),c0([0.1])) =
1, and use Weierstrass’ result in Theorem 1.33 such that B, f converges uni-
formly to f, as n — oo. In addition, it follows from

H (an)/ - f/HCO([O,l]) = ”Bn—l (an - f/) + Bn—lfl - f/HCO([O,l])
< Bn-tlzeoqoan.coqo.n [P = £l coqony
+ HBn—lfl - f/HCU([O,l]) =0

that (B, f)" converges uniformly to f’, as n — oo, which completes the proof.
O

Leopoldo Nachbin extended Stone’s result in Theorem 1.35 to the func-
tion space C*(E) with an open subset £ — RY, or analogously generalized
Weierstrass’ approximation result with derivatives in Theorem 1.36 by replac-

ca
ing polynomials with more general subalgebras. Hereby, Vf = (a—f a—f>

0x1 """ dxq

denotes the gradient of a function f e C1(E).
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Theorem 1.37 (Nachbin, [Nac49, p. 1550]). Let E < R be open and assume
that A = C*(E) is a subalgebra. Then, A is dense in C*(E) if and only if A is
point separating, vanishes nowhere, and for every x € E and v € RN\{0} there
exists some a € A such that v’ Va(x) # 0.

Theorem 1.37 can be used to show the approximation of a function f €
C*(E) by an element of the subalgebra such that for every ¢ > 0 and compact
K < E there exists some a € A with |[f — a|crk) < €, where the function
a € A approximates not only the function value of f : E — R, but also its
derivatives.

1.2.4 Stochastic Analysis and Pathwise Ito Calculus

In this section, we introduce the foundations of Stochastic Analysis, for which

we assume that (2, A, F,P) denotes a filtered probability space with filtration

F = (F)tefo,00f satisfying the usual conditions, i.e. Fy is trivial, A is P-complete

and the filtration is right-continuous, i.e. 73 = (),., Fs. For E ¢ R?, an E-

valued stochastic process is a measurable map X : Q x [0,00[— E, which is

called F-adapted if the random variable X; : 0 — E is F;-measurable, for all
€ [0,0[. We abbreviate the stochastic process by X = (X (t))e[o,00[-

Definition 1.38. Let X be an F-adapted stochastic process, for which we define
the following:

(i) X : Q x [0,00[— E is a (sub-/super-) martingale if E[|X;(t)]] < oo,
foralli =1,..,d and t € [0,0[, and it holds that E[X (t)|Fs] = X (s),
a.s. (resp. =, resp. <), foralli=1,...,d and 0 < s <t < 0.

(i) X : Q x [0,00[— E is a local (sub-/super-) martingale if there exists an
increasing sequence of stopping times (Tx)gen with P[limy_,q 7, = 0] = 1
such that the stopped process X™ defined by X™(t) = X(t A 1), for
t e [0,00[, is a true (sub-/super-) martingale, for all k € N.

(iii) X : Q x [0,00[— E is a process of finite variation if for every i =1,...,d
and T' > 0, we have sup, (0,1 |Xi(t) — Xi(s)| < 0, a.s.

(iii) X : Qx[0,0[— F is a semimartingale if there exists a local martingale M
and a process of finite variation A such that X (t) = X(0) + M(t) + A(t),
for all t € [0, 0].

An example of a martingale is the one-dimensional Brownian motion B =
(B(t))te[0,00[, Which is defined by the following properties: B has independent
and normally distributed increments such that B(t) — B(s) ~ N(0,t — s),
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B has a.s. continuous sample paths ¢t — X(¢), and it holds that B(0) =
0, a.s. Other examples of (local) martingales are the compensated poisson
process or other driftless diffusion processes. In addition, we introduce the
stochastic integral (Ito integral) of some F-predictable locally integrable pro-
cess h with respect to the semimartingale X as L?(f2)-limit Sz h(u)dX (u) :=
im0 2opeq P(tk) T (X (tks1) — X (tk)), for a sequence of partitions (mp)nen
of [s,t] with mesh |m,| := maxg_1, . n |tk — tk—1| = 0, as n — oo.

Theorem 1.39 (Tto’s formula, [[tod4]). Let X be a semimartingale and assume
that f € C*(RY) is a function. Then, it holds that

ooy - soxon = 33 [ 2 panaxi

+mem]>waxm

a.s., for all t € [0, 0.

For the applications in this thesis, we introduce the pathwise Ito calculus of
Follmer developed in [F6181]. We fix a refining sequence of partitions (Tj,)nen
of [0, [, with T,, = {0 = ¢ < ¢} < ...}, such that T,, = T,4+1 and ¢} — o,
as k — o0. Moreover, we denote the successor of some ¢t € T,, by ¢’ defined
as ¢ = min{u € T,; u > t} and assume that |T,| := maxser, [t —t| — 0, as
n — o0. Hereby, we suppose that the continuous path X : [0, 00[— RY exhibits
pathwise continuous quadratic variation along (T, )nen in the sense of [F6181],
where Si denotes the space of symmetric positive definite matrices in R4*¢

Assumption 1.40. Suppose that the path X : [0,0[— R admits continuous
S4 -valued quadratic variation [X] : [0,00[— S% along (T, )nen in the sense of
[Fol81], i.e. for any i,5 =1,...,d and t € [0,T] the sequence

Y (Xils) = Xi(9)) (X5(5) = X5(s)) (1.2.6)

seT,,, s<t

converges to a finite limit, as n — 0, denoted by [X;, X;]¢, such that t —
[Xi, X;]¢ is continuous.

We note that the limit in (1.2.6) depends on the choice of the partitioning
sequence (T, )nen. However, in the case of sample paths of a semimartingale
X, [Xi, X,]+ coincides with the classical quadratic variation (X;, X;);. Under
Assumption 1.40, the Ito formula still holds true in this pathwise setting.
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Theorem 1.41 (Pathwise Ito formula, [F6181]). For an open subset U < R,
let f e C*(U) be a function and assume that the path X : [0,00[— U satisfies
Assumption 1.40. Then, it follows that

FX (1) - F(X(0)) = j VH(X(3)TAX(5) + 5 3 f D f(X ())d[Xi, X1,

Zjl

for all t € [0,00[, where the pathwise stochastic integral is defined as

JVf NTdX (s ) = lim DOVHX ()T (X(s) - X(s),  (1.2.7)
seT,,,s<t

for t € [0,00[, and where the series on the right-hand side of (1.2.7) converges
absolutely.

Moreover, a function ¢ : [0,0[— U is called an admissible integrand (on U)
if there exists a function f € C?(U) with £(¢) = Vf(X(t)), for all ¢ € [0, 0],
where U < R? is an open subset. In this case, Theorem 1.41 gives an expression
for the pathwise stochastic integral, which we call the Follmer integral.
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Universal Approximation






Chapter 2

Universal Approximation in Finite
Dimension

Universal approximation on R? is a property of a function class, which estab-
lishes their density within a given function space of interest. Artificial neural
networks are an example of such a class of functions, which were introduced
in the seminal work of Warren McCulloch and Walter Pitts in [MP43] and are
inspired by the functionality of the human brain. It was only later proven by
George Cybenko and Kurt Hornik in [Cyb89] and [Hor91] that this class of
functions indeed possesses the universal approximation property.

The proof of [Cyb89] relies on the Stone-Weierstrass theorem and therefore
does not provide any approximation rates. The same holds true for the proof
of [Hor91], where Fourier methods are additionally applied. Subsequently, the
literature on approximation-theoretic results for neural networks with one sin-
gle hidden layer was rapidly growing so that we only highlight two important
results. In [Bar93], the approximation error depends on the number of nodes
in the hidden layer, whereas [Can98] showed fundamental lower bounds on ap-
proximation rates. The literature on approximation results for neural networks
with more than one hidden layer is even richer, and we only mention the work
of [BGKP19] on optimal approximation error rates.

Finally, we also introduce recurrent neural networks (RNNs), where we
focus on echo-state networks (ESNs) introduced in [Jael0], which is a special
class of RNNs, whose universality was shown in [GO18].

2.1 Neural Networks

Inspired by the functionality of a brain, neural networks transmit informa-
tion through a graph of neurons. In mathematical terms, neural networks are
defined as concatenation of affine and non-linear maps.



32 CHAPTER 2. UNIVERSAL APPROXIMATION IN FINITE DIMENSION

Definition 2.1. Let L,d,Ny,...,Np e N with L = 2, and let p: R — R be a
function. Let Wy : RNi=1 — RN be affine functions given by Wi(x) = Ayx + by,
for some A; € RN*Niwi gnd by € RN, Then, a function ¢ : RT — RNE given
by

o) =(WropoWp_10..0Wyo0poWi)(x),

for x € RY, is called a neural network, where (Ai)i=1,... 1 are the weight matri-
ces, (by)i=1,....r the bias vectors, and where p : R — R denotes the activation
function acting componentwise. Hereby, L denotes the number of layers (with-
out counting the input layer), Ni,..., N1 represent the dimensions of the
hidden layers and No, Ni, of the input and output layer, respectively. The total
number of non-zero weights, i.e. the number of non-zero entries in Ay, ..., Ap,
s denoted by M and called the network’s connectivity.

In this case, we speak of a feed-forward neural network, which can be in-
terpreted as directed graph with nodes arranged in L + 1 hierarchical layers
and edges only between adjacent layers. The input is fed into the input layer
on one side of the graph, whereas the output is returned on the other side, see
Figure 2.1.

1st Hidden Layer

Input Layer%O 2nd Hidden Layer
Output Layer

-

W1 W2

Figure 2.1: An example of a neural network ¢ : R — R with two hidden layers, where
d=3, L =3 and (N1, N2) = (5,3).

In this chapter, we will always assume that the ouput is one-dimensional,
i.e. N, = 1, because the components of the output of some higher dimensional
neural networks can be considered separately. In addition, we collect all neural
networks ¢ : R? — R with activation function p : R — R and L — 1 hidden
layers in NN _,, where we let NN ,, be the set of neural networks with
arbitrary hidden layers but connectivit’y at most M, from which we define the
set of arbitrary networks as NN = ey NNV -

Moreover, the activation function p : R — R can be chosen differently, where
the sigmoid function p(z) = 1/(1 + exp(—=)) and the ReLU function p(z) =
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max(z,0) appear the most frequently in the literature. Both are continuous,
even Lipschitz continuous, whereas only the first one is bounded and smooth.
Because of the unboundedness of the ReLU function, some usual approxima-
tion arguments cannot be directly applied to neural networks with the ReLLU
activation function. Besides these two activation functions, there are also other
activation functions such as the hyperbolic tangent p(z) = tanh(x), the heavy-
side function p(x) = 1 (>0}, and the softplus function p(z) = log(1 + exp(z)).

2.2 Universal Approximation

Neural networks have been successfully applied for various problems in different
areas because of their approximation capabilities. In mathematical terms, this
property of neural networks is usually shown in so-called universal approxima-
tion theorems, which establishes density of neural networks within a function
space of interest. Following the ideas of [Cyb89], we show universal approxima-
tion of neural networks ¢ € NN with one hidden layer, which can be easily
generalized to deep neural networks with finitely many hidden layers. For this
purpose, we introduce the following two properties of an activation function.

Definition 2.2. Let K < R? be compact. The function p : R — R is called
discriminatory (on K) if for every finite signed Radon measure p : F — R
satisfying for every a € R and be R that

J p(a"z+b)du(z) =0, (2.2.1)
K

it follows that p : F — R wvanishes everywhere. Hereby, F denotes the Borel
o-algebra of K.

Definition 2.3. The function p : R — R is called sigmoidal if lim,_, o p(z) #
lim,_, o p(x), where both limits are assumed to exist, and for every e > 0 there
exists some xg € R such that |p(z9)] < €.

The condition for an activation function p : R — R to be discriminatory is
difficult to verify, whereas the sigmoidal property is characterised by the easier
condition that the limits in opposite directions must differ. Following [Cyb89,
Lemma 1], we show that the sigmoidal condition implies the discriminatory

property.

Lemma 2.4. Let p : R — R be bounded, Borel-measurable and sigmoidal.
Then, p is discriminatory.
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Proof. Let p : R - R be a sigmoidal function with p_ := lim,,_o p(z) #
lim, o p(x) =: p; and suppose that u : F — R is a finite Radon measure
satsfying (2.2.1). Fix a € R? and b € R, for which we observe that

o a'r+b>0
p()\(aTx+b)+9) Amg p(0) a'z+b=0,
p— a'z+b<0

for all # € R. Because p : R — R is bounded, we can apply dominated
convergence to conclude that

0= [ PO @t ) 10 dute) =F o | Taraspcodul)
K K
+ P+ L{ Lamzqb>0ydp(z),

where we have used that 8 € R can be chosen arbitrarily, which implies that
p(0)u ({aTx +b= 0}) = 0. Because every continuous function h € C°(R) can
be approximated pointwise by step functions, i.e. by linear combinations of
1 1p<0y and 1y, 440y using p— # py, we conclude by dominated convergence
that

J g (aTac) du(z) =0,
K

for all a € R? and continuous functions g € C°(R). Choosing g(x) = exp(z),
we observe for every n € N>y and aq, ..., a, € R? that

J T e Ty (z) = J elortran) o g 0y — 0, (2.2.2)
K K
Let A = span {:c > el e“lz; neNsy, a, € Rd} such that by taking finite

linear combinations of (2.2.2), we have

J a(x)du(z) =0, (2.2.3)
K

for all a € A. Since A is a point separating subalgebra, which vanishes nowhere,
it follows by the Stone-Weierstrass in Theorem 1.35 that A is dense in CY(K),
which shows that (2.2.3) holds true, for all f € C°(K). This however implies
that p : F — R vanishes everywhere, whence p : R — R is discriminatory. O
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Theorem 2.5 (Universal Approximation, [Cyb89, Theorem 1]). Let K < RY
be compact and assume that p : R — R is continuous and discriminatory.
Then, NN is dense in C°(K), i.e. for every f € C°(K) and e > 0 there exists
some ¢ € NN such that

I = ¢leo) = sup|f(e) - o(@)] <e.

Proof. Assume by contradiction that N'Af is not dense in C°(K). Then, there
exists by Hahn-Banach in Corollary 1.14 a non-zero, continuous linear func-
tional [ : C°(K) — R vanishing on NN, which can be represented by Riesz
representation with some finite signed Radon measure p : F — R such that

= § f( , for all f € C°(K). However, because p : R — R is dis-
crlmlnatory, 1t follows that p : F — R vanishes everywhere, which contradicts
the assumption that [ : C°(K) — R is non-zero. O

Discriminatory functions are not the only functions, for which N7 is dense
in C°(K). For example, if p € L*(R) is a function with S]R x)dxz # 0, it follows
by Wiener’s Tauberian theorem in [Wie32] that NAY is dense in Ll( ). On
the other hand, [Hor91, Theorem 2] and [Pin99, Theorem 3.1] show that NAY
is also dense in C°(K), if p : R — R is bounded, continuous and non-constant
or if p : R — R is continuous and non-polynomial, which includes in particular
the ReLU activation function p(z) = max(z,0).

Universal approximation for deep neural networks with more than one hid-
den layer follows by iteration. Since NANY is an additively closed and point
separating family, the arguments in Lemma 2.4 can be adapted to show univer-
sal approximation of neural networks with two hidden layers. By iterating the
argument, we obtain universal approximation for neural networks with finitely
many hidden layers.

In addition, Theorem 2.5 can be generalized to LP-spaces on measure spaces
(©2,%,v), to Besov spaces B;yq(Rd) and differentiable function spaces C*(E),
where the latter is considered in the next section. The essential ingredients are
an additively closed and point separating set of functions, which is here given
by the set of linear maps {x —a'zae Rd}, a weak topology, which allows
to apply the dominated convergence theorem, and a discriminatory activation
function for the corresponding linear functionals.

2.3 Universal Approximation with Derivatives

In this section, we consider the approximation of a differentiable function by
neural networks, where not only the function itself but also its derivatives are
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simultaneously approximated. This could be of particular interest for appli-
cations in Physics, where the velocity of a path needs to be approximated in
addition. More precisely, we try to find a neural network with smooth activa-
tion function such that ||f — ¢[cr k) < €, for some given ¢ > 0 and compact,
non-empty subset K < R?. A first approach was provided in [HSW90] using
Fourier arguments, whereas the convolution idea of [Hor91] is presented in the
following.

Theorem 2.6 (Universal Approximation on C*(E), [Hor91, Theorem 3]). Let
E < RY be open and assume that p : R — R is k-times differentiable and
discriminatory. Then, NN is dense in CF(E), i.e. for every f € CF(E),
e > 0 and compact subset K — E there exists some ¢ € NN such that

If = elovy = D) sup0°f(z) — 0%p(x)] <e.

q TeK
aeNy;

Proof. Assume by contradiction that NN is not dense in C¥(E). Then, there
exists by Hahn-Banach in Corollary 1.14 a non-zero, continuous linear func-
tional [ : C¥(E) — R vanishing on NN, which can be represented by Riesz
representation with finite signed Radon measures (ua)aeNg : F — R such that
I = ZaeNg Spa 0% f(x)dpa(z), for all f e C*(RY). Let n : R* — R be the
bump function defined by

n(e) = {Ce Pz <1

0 otherwise '

for z € R?, where C' > 0 is chosen such that {3, n(z)dz = 1. For e > 0, we
define . : R — R by n.(x) = 5%77 (%), for z € RE If f: RT — R is locally
integrable, we define the convolution 7. * f € C*(R?) by

(e @) = |

ne(z —y) f(y)dy,
Rd

for z € R%, such that 0%(n. = f)(z) = (0“0 * f) (z), for all a € N{ and z € R?.
In addition, if f: RY — R is bounded, it holds that [ * f|coga) < | fllcowa),
and if f : R? — R is continuous, 7. * f converges uniformly on compacta
to f, as ¢ — 0. Similarly for (ta)aene : F — R, we define the convolution

ne * € C*(RY) by

(1) @) = [ = y)da(y)

R
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for x € R and « € Ng. Now, we observe that for every continuous function
f:RY > Rand ae N;Ci, it follows by Fubini’s theorem that

[ s e = [ ([ s e ) na

(2.3.1)
- |t N@nao)

such that lime_o §p0 f(2) (0 * pa)(@)de = §pu f(@)dpa(x). Hence, we define
the continuous linear functional I. : C¥(R?) — R by

= 3 | s s po) ).

aeNy

for f € C*(R9), which is the mollification of [ : C*(E) — R. Using (2.3.1) and
integration by parts, we have

L= [ S [0 re s udiao) |ty = [ 16+ )meordn

d
aENﬁ R

- fRd Z (*1)\04\6&(7)5 # o) () | f(z)dz,

d
aeNg

=:h5(93)

for all f € C*(RY), where we define h. : R¢ — R as above. Since [ : C*(E) — R¢
vanishes on NN, it follows that I(p(- +y)) = 0, for all p € NA{ and y € RY.
From this, we conclude that I.(p) = 0, for all p € NN and by using that
p: R — R is discriminatory for the measure h.(x)dz, it follows that he(z) = 0,
for all z € RY. Therefore, I. : C*(R?) — R vanishes everywhere and using that
I(f) = lim. 0l (f), for all f e C*¥(E), it follows that [ : C*(E) — R vanishes
also everywhere, which, however, contradicts the assumption that [ : C*(E) —
R is non-zero. Hence, NN7 is dense in C*(E). O

Universal approximation with derivatives of deep neural networks can be
obtained by iterating the argument, which shows that neural networks with
finitely many hidden layers and smooth activation function can be used to
approximate differentiable functions including their derivatives arbitrarily well.
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2.4 Recurrent Neural Networks

Recurrent neural networks (RNNs) can be considered as neural networks with
connections along a temporal sequence, such that RNNs are able to exhibit
temporally dynamic behaviour. RNNs are used in handwriting and speech
recognition, for which there exist various architectures, ranging from the first
RNN, called the Hopfield RNN in [Hop82], to long short-term memory networks
(LSTMs) in [HS97], and echo-state networks (ESNs) in [Jael0] and [GO18]. In
the following, we consider the latter class of RNNs.

Echo-State networks (ESNs) are a special class of recurrent neural net-
works, where the neurons are initialized randomly and only the linear readout
is trained. With this dynamical reservoir, echo-state networks are rich enough
to approximate dynamical systems arbitrarily well, where a dynamical system
F = (g, h) is defined as

for t € Z, where (x;)4cz is the input sequence in R?, (u;)sez is the hidden-
state sequence in R™, and (y;)«ez is the output sequence in R™. Hereby, g :
R™ x R — R"™ and h : R” — R™ are functions and we say that F' = (g, h)
has the echo-state property (ESP) if the system F = (g, h) has the existence of
solutions property and the solutions are unique. Then, an echo-state network
is a dynamical system of a special form.

Definition 2.7. Let p: R — R be a Borel-measurable function. Then, for an
input sequence (xt)iez, the system o = (A,C, W, b, p) defined by

)

ug = p(Aus_1 + Cxy + b)
y =Wy

fort € Z, is called an echo-state network (ESN), where A € R"*", C' e R"*4,

W e R™*™ and b e R™. Hereby, (ut)ez is called the hidden-state sequence and

the output sequence is denoted by (yt)iez-

Let D < R? be the domain of the input sequences, and define D% =
{r = (..,2_1,70,21,...); 7y € D}, D%~ = {2 = (...,m_1,20); 24 € D} as well as
D%+ = {x = (x¢,21,...); 7; € D} as the (semi-)infinite sequences with values
in D, which are equipped with the supremum norm ||z|s = sup,ey |||, for
x € D%, where the supremum is taken over t € Z_ (resp. t € Zy) for D%~
(resp. D?+). Let E = R¥ be the domain of the hidden-state sequence, for
which we introduce E%, EZ- and E%+ analogously.
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We call the map U : D’ — E%- a filter, whereas H : D~ — E is a
functional. A filter U : D*~ — E%- is called causal if for every z,y € D%~
satisfying z, = ys, for all s < ¢, for some ¢t € Z_, it follows that U(x); =
Ul(y):, whereas the filter U : D%~ — EZ- is called time-invariant if U(z);_s =
U(z._s)t, for all s,t € Z with t < s. Moreover, a causal and time-invariant filter
U : D?- — E%- satisfies the fading memory property (FMP) if it is continuous
for the weighted sequence topologies, see [GO18, Definition 2.5]. In addition,
we can associate to every filter U : DZ~ — E%- a functional Hy : D%~ — R"
by defining Hy (z) = U(x)o, for z € D*-.

An echo-state network ¢ = (A, C,W, b, p) can be seen as a filter sending
the input (x¢)iez_ to the output (y;)iez_, which we denote by a slight abuse
of notation with y = ¢(x). In this case, ¢ : D?~ — (R?)%- has by [GO1S8,
Corollary 3.2] the echo-state property and the fading memory property if p :
R — R is Lipschitz continuous with Lipschitz constant L, such that ||AlsL, =
Omax(A)L, < 1, where omax(A) denotes the largest singular value of the matrix
A e R™", In addition, let B{(0) be the open ball of radius one around the
origin in R? and call p : R — R a squashing function if lim, , . p(x) = —1 and
lim, o p(x) = 1, e.g. the shifted sigmoid function p(x) = 2/(1 + exp(—z)) — 1
or the tangens hyperbolicus p(z) = tanh(x).

Theorem 2.8 (Universal Approximation of ESN, [GO18, Theorem 4.1]). Let
U : B{(0)2- — (RY)%- be a causal and time-invariant filter, which has the
fading memory property, and let p : R — R be a continuous, non-decreasing
squashing function. Then, for every e > 0 and weighting sequence w € Z_ there
exists an echo-state network ¢ = (A, C,W,b, p) such that

1U(z) — ()] = tselgj [U(z): — o(z)¢] < e, (2.4.1)

for all input sequences (v¢)iez_ with x; € B{(0). If the echo-state network
p = (A, C,W,b,p) satisfies additionally the echo-state property, then the filter
¢ @ BH0)2- — (RY)Z- is unique and time-invariant. In addition, the corre-
sponding reservoir functional Hy, : B4(0)2- — R? satisfies

|Hu(z) — Hp(z)| <,
for all input sequences (x¢)iez_ with x; € BE(0).

In applications, the weight matrices A € R™*", B € R™*? and the bias
b e R"™ of an echo-state network are randomly drawn from a given distribution,
and only the linear readout W e R™*™ is trained. Choosing the mean squared
error as loss functions, the training effort reduces to a simple linear regression,
which can be computed efficiently also for high dimensional problems.
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Chapter 3

Universal Approximation on Weighted
Space

The universal approximation property of neural networks was proven for differ-
ent families of functions over finite dimensional spaces, as described in the pre-
vious chapter. However, in many cases these classical results cannot be directly
extended to infinite dimensional spaces, which are needed, e.g. for applications
in functional data analysis, dynamical systems and partial differential equa-
tions (PDEs). For this purpose, we introduce so-called abstract neural networks
(ANNSs) between infinite dimensional spaces, which are defined as the infinite
dimensional analogue of neural networks between Euclidean spaces, where we
use an additive family as affine functions and apply a non-linear transforma-
tion on each hidden layer. Similar generalizations of neural networks to infinite
dimensional spaces were recently obtained in [KB20] by inserting finite dimen-
sional spaces in between and in [BDG21] for functionals defined on a Fréchet
space.

In order to show the universal approximation property of abstract neu-
ral networks, we rely on classical approximation theory including the Stone-
Weierstrass theorem and results of Nachbin type. Inspired by Leopoldo Nach-
bin’s weighted approximation problem in [Nac65], we use the structure of a
weighted space to consider non-compact input spaces, where a weight function
controls the approximation outside of large compact sets and the growth of
the functions to be approximated is controlled by the growth of the weight
function. For this purpose, we extend the vector-valued Stone-Weierstrass of
R. Creighton Buck in [Buc58] to this weighted setting, where the measure the-
oretic extension of the Stone-Weierstrass theorem of Erret Bishop in [Bis61]
should also be mentioned as well as the quantitative version in [Mac77], known
as the Lemma of Machado, reducing the approximation problem to antisym-
metric subsets.
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Subsequently, we show that abstract neural networks with smooth acti-
vation functions are not only able to approximate the values of a particular
function of interest, but also its derivatives. For this purpose, we generalize
Nachbin’s result for differentiable functions in [Nac49] to this weighted set-
ting, where we use convenient analysis introduced by Andreas Kriegl and Peter
W. Michor in [KM97] to define differentiable calculus on infinite dimensional
manifolds. Hereby, we apply several ideas of the classical approximation the-
ory for differentiable functions on infinite dimensional spaces, for which [L.1a86]
gives a useful overview, where the Nachbin type results of Joao B. Prolla in
[PG76] and [AP80] should also be mentioned.

Finally, we provide two particular applications of the universal approxima-
tion results for (smooth) abstract neural networks, which can be unified in this
vector-valued framework of a weighted spaces. First, we show that the inner
weights of an abstract neural network can be initialized randomly and only the
linear readout needs to be trained in order to get a sufficient approximation
of a given function. Secondly, we present an application related to path space
functionals, which can be learned using the signature of a path, relying on the
theory of rough paths introduced by Terry Lyons in [LCLO7].

3.1 DMotivational Examples between Infinite
Dimensional Spaces

In order to obtain an overview of the applicability of the results, we first con-
sider three particular examples. The first example is within functional data
analysis, which is a branch of statistics trying to analyse data, where every
sample is considered as a continuous function. Hence, one would like to learn
a functional f : C°(K) — R, where K = R" is a compact subset. Then,
the results of this chapter show that the functional f : C°(K) — R can be
approximated by learning an abstract neural network ¢ : C°(K) — R of the
form

ol) = i o [ _atwan(u +0c).

for x € CY(K), where N € N>y, vy,...,vy are finite signed Radon measures
on K, B, b € R, and p : R — R denotes an activation function. The neural
network is still “abstract” because it consists of mathematically abstract objects
such as Radon measures. By replacing them for example by conventional neural
networks playing the role of a density function, the abstract neural network can
be implemented on a computer.

In the second example, we would like to learn a non-anticipative relation
between two paths. More precisely, let x € C°([0,T]; R™) be an input path and
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let y € C°([0,T];R) be the output path given by y(t) = f(t,x), for t € [0,T],
such that y only depends on z up to time ¢. For the stopped path z! defined
by z!(s) = z(s at), for s € [0, T], we introduce the space of stopped paths Ap =
{(t,2"); (t,2) € [0,T] x C°([0,T],R™)} as in [Dup09] and [CF10], which defines
together with dy ((t,2), (s,9)) = [t — s| + sup,e[o 7y [2' (1) — y*(u)| a complete
metric space. Hence, a measurable map f : Ay — R satisfies f(t,z) = f(t,z!),
for all (¢,x) € Ar, which shows the non-anticipative behaviour of f : Ap — R.
In this setting, we approximate a non-anticipative functional f : Az — R by
an abstract neural network ¢ : Ap — R of the form

N n t
o(t,x) = Z Brp (akt + Z J xi(uw)dv(u) + bk> ,
k=1 i=1v0

for (t,z) € Ar, where v, are Radon measures, B, ar,br € R, and p: R —> R is
an activation function. In this case, the Radon measures can also be replaced
by conventional neural networks for the implementation.

Finally, we try to learn the solution operator of a partial differential equa-
tion 0y (t,u) + A(z(t,-))(u) = 0, where A : WEP(R") — WFP(R") is a non-
linear operator on the Sobolev space W*P(R"), see [Rau9l], [AF08], [Bréll]
and [Eval5]. We approximate the solution operator W*P(R™) — Wk (R")
propagating the initial solution o = (0, -) € W*P(R") to the solution x(t,-) €
WkP(R™) at some fixed time ¢ > 0, by learning an abstract neural network
©: WFP(R") — WFP(R™) of the form

N
o(zg) = Z Brp (ag * zo + by), for zg € WEP(R™),
k=1

with (ay * xo) (v) := §g,. ax(u)zo(v — w)du, where B € R, ap € CL(R™) and
by € WEP(R™). Hereby, the convolution aj, * o € WHP(R") is well-defined
by similar arguments as in [Bréll, Lemma 9.1] for the case £k = 1, and p :
WFP(R") — WkP(R") is a non-linear operator. For the implementation, the
functions a, € C(R™) and by € W*P(R") might be replaced by conventional
neural networks in NN, with pg € CP(R) and py € WHP(R), respectively.

These three examples provide a first overview over the broad range of ap-
plications of this approach. From a mathematical perspective, the input space
is allowed to violate the vector space structure (second example), whereas the
output space can also be infinite dimensional (third example).

For more background in Functional Analysis, we refer the reader to the
textbooks [KM97] and [SW99], whereas the textbooks [Pro77] and [L1a86] give
useful overviews on the vector-valued approximation using polynomial algebras
and the approximation of differentiable functions including the derivatives.
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3.2 Weighted Space and Stone-Weierstrass

For the universal approximation result between infinite dimensional spaces, we
use the structure of a weighted space for the input and hidden layer space.
Weighted spaces were first introduced in [RS06] for Kolmogorov equations in
infinite dimensions, and also used in [DT10] and [CT19] as well as [CT20] in
the context of splitting schemes for (stochastic) partial differential equations
((S)PDEs) and generalized Feller processes.

3.2.1 Functions on Weighted Space

In the following, the input space (X, 7x) is assumed to be a completely regular
Hausdorff topological space, whereas the output space (Y, 7y) is supposed to
be a complete locally convex topological vector space whose topology 7y is
generated by the family of continuous seminorms P = {p : ¥ — R seminorm}.

Definition 3.1. We call ¢ : X —]0,00[ an admissible weight function (on
(X, 7x)) if every preimage Kg :=¢~1(]0, R]) = {x € X; ¥(x) < R} is compact
with respect to Tx, for all R > 0.

An admissible weight function ¢ : X — ]0, o[ is necessarily lower semicon-
tinuous and bounded from below by a strictly positive constant. In this case,
the pair (X,%) is called a weighted space, which is by definition o-compact
with respect to 7x because we have X = | Kr. If (X, 7x) is furthermore a
separable locally convex topological vector space and v : X — ]0, oo[ is convex,
then ¢ : X —]0, 00 is continuous on E < X if and only if F is locally compact
with respect to 7x, see [CT20, Remark 2.2].

In the following, we present some particular examples of weighted spaces
(X, 1), where the compactness of the preimages Kr = % ~1(]0, R]) needs to
be verified with a suitable criterion (e.g. Arzela-Ascoli type theorems as in
Theorem 1.16). Usually, one does not recover the full space of interest in this
o-compact setting, but a large subspace of the input space. In particular, we
give some examples related to the input spaces of the abstract neural networks
used in the introductory examples in Section 3.1.
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Example 3.2. In the following, we give particular examples of admissible
weight functions ¥ : X — 10, oo[.

(1)

(i)

(iii)

(i)

(v)

For the FEuclidean space X = R™ with the topology induced by the norm
lz| = (X, m?)lp, we choose the weight function (x) = exp (||z|) such
that Kr = v~1(]0, R]) is bounded and closed, and thus compact in R",
for all R > 0. Hence, (R™, 1) is a weighted space.

If X is defined as the dual of a Banach space (S, | - |s) equipped with the
weak-#-topology, the weight function can be defined as (x) = exp (||z]s%)
such that Kr = v~1(]0, R]) is by Banach-Alaoglu in Theorem 1.15 com-
pact in the weak-+-topology, for all R > 0. Hence, (S*,1) is a weighted
space.

For some a > 0 and compact subset Q@ c R", let X = C*(Q) be the space
of a-Holder continuous functions x : £ — R such that the Holder norm

Hxﬂca(m = HxHCO(Q) + ||z||o s finite, where
z(u) — z(v
fall = sup =]
wwea  |u—
uFEvV

forx e C*(Q). Then, C*(2) is the dual of a Banach space (S, |-|s) (see
Section 3.6) such that C*(QQ) can be equipped with a weak-+-topology. In
this case, the weight function ¥(x) = exp (Hcha(Q)) 18 by Banach-Alaoglu
in Theorem 1.15 admissible and (C*(Q2),v) is a weighted space.

Instead of the weak-+-topology in (iii), we could consider X = C*(Q)
with the norm topology generated by | - ||co(qy such that (X, | - |coq))
is an incomplete normed vector space. In this case, we define the weight
function ¢(x) = exp (|z]|ca(q)) such that K = ¢~*(]0, R]) is by Arzela-
Ascoli in Corollary 1.17 compact with respect to || - | co(q), for all R > 0.
Hence, (C*(Q),v) is a weighted space.

For some a > 0 and T > 0, let X = AT be the space of stopped
a-Holder continuous paths with metric dyy : AF x AT — [0,00[ in-
troduced in Section 3.1, which can also be expressed as quotient space
Ag =1[0,T] x C*([0,T]; R™)/ ~ by identifying (t,x) ~ (s,y) if and only
if t = s and 2t = y*. Then, we define the weight function as (t,z) =
exp (@] co(jo,7):rm)) such that Ar := {x e C*([0,T;R"); (t,x) € Kr}
is by Arzela-Ascoli in Theorem 1.16 compact with respect to the morm
|- lco(ro,r7;mmy- In this case, [0,T] x Ag is by Tychonoff compact in the
product topology of [0,T] x C°([0,T];R™) such that Kr is as quotient
also compact with respect to do : AF x AF — [0, 0[. Hence, (A,v) is a
weighted space.
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Example 3.2 (continued).

(vi) For a measure space (2, F,u) and some 1 < p < o, let X = LP(Q)
be the space of LP-functions x : Q@ — R such that the norm ||z||rrq) =
(§q, |ac(w)\pd,u(w))1/p is finite. Then, the dual of L1(Q) is isometrically
isomorph to LP(Q), with 1/p + 1/q = 1, such that L () can be equipped
with a weak-#-topology. In this case, Y(x) = exp (|z]Lr(q)) is by Banach-
Alaoglu in Theorem 1.15 admissible and (LP(Q),v) is a weighted space.
For p = o, the dual of L*(Q) is isometrically isomorph to L™ (Q) if p :
F — [0, 00[ is o-finite, where L® () := {x : Q@ > R; x is p-a.e. bounded}.

(vii) For a bounded subset Q  R™ and the Lebesgue measure X : F — [0, 0],
we could consider a subset X < LP(QY) := LP(QQ, F, \) instead of LP(£2)
consisting of functions x : Q1 —> R such that

lz —2(- + h)| r@n)

|zll, = |zl Lr ) +  sup
P v heRm™\ {0} |7

is finite, where x : Q — R is extended to R™ by setting it to zero out-
side of Q. Similarly as in (iv), we equip X with the norm topology
| - L) instead of the weak-+-topology and define the weight function
¥(x) = exp (|z]p). Then, Kr =¢~1(]0, R]) is by Fréchet-Kolmogorov in
Corollary 1.18 compact with respect to | - | Lr(q), for all R > 0, such that
(X, ) is a weighted space.

From now on, ¢ : X —]0, oo[ shall always denote an admissible weight func-
tion. Besides the vector space of bounded and continuous functions CP(X;Y),
we introduce the vector space of Y-valued functions

reX QZ)( )

whose growth is controlled by the growth of ¢ : X — ]0, o[, equipped with the
topology 7)) generated by the family of seminorms

Bw(X;Y)z{f X =Y, sup () < oo, foreachpeP},

zeX

Q= {f = q(f) = supp(f(2))/¢(x); pe 7’} 7

such that (By(X ;Y),Tg) is itself a locally convex topological vector space.
Moreover, since Tg is a weaker topology on C,? (X;Y) than the uniform topology
79 such that the embedding CP(X;Y) € By (X;Y) holds true.
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Definition 3.3. We define By, (X;Y) as the 7,)-completion of Cy (X;Y), which
1s a complete locally convex topological vector space with topology 7'2 generated
by the family of seminorms Q. IfY =R, we write By(X) = By(X;R), where

the weighted norm | f| s, (x) = supex %Eg‘ turns By (X) into a Banach space.

If X is compact, the weight function ¢ (x) = 1 is admissible. However,
on general spaces, ¥ : X —]0,00[ grows on the compact preimages Kg :=
¥~1(]0, R]) such that elements of By (X;Y) are typically unbounded, but their
growth is controlled by the growth of ¢ : X — 10, 00[. For Y = R, the following
result characterizes functions in By (X), which relies on the Tietze extension
theorem for the Stone-Cech compactification of the completely regular Haus-
dorff space X, where we follow the proof of [DT10, Theorem 2.7].

Lemma 3.4 ([DT10, Theorem 2.7]). Let f : X — R be a function. Then,
f € By(X) if and only if f|k, € C°(KRg), for all R >0, and

. (@)
A S )

=0. (3.2.1)

In particular, f € By(X) for every f € C°(X), where (3.2.1) holds true.

Proof. For sufficiency, let f € By(X) and fix € > 0. By definition of By (X)
there exists g € CP(X) with |f — g|s,(x) < /2 such that |f(z)]/¥(x) <
/2 + |g(z)|/1(z), for all z € X. Choosing R > 2¢~ ! sup,x |g(x)|, we have

[f(=@)] _ e lg(x)| _ € | sup,ex |g(@)|
< -+ sup < -+ <eg,
zeX\Kr Y(z) 2 zeX\Kr Y(z) 2 R

showing that (3.2.1) holds true. In addition, it follows that sup,cx, [f(z) —
g(z)| < Rsup,ex |f(z) — g(x)|/(x) < eR/2, for all R > 0, such that f|k,, :
Kpr — R is continuous as the uniform limit of continuous functions.

For necessity, let f : X — R such that f|g, € C°(Kg), for all R > 0,
and (3.2.1). Define f, : X — R by f,(z) = min(max(f(z), —n),n), for v € X
and n € N, such that f|x, € C°(KRg) implies f,|x, € C°(Kg). By [Bou74,
Proposition IX§1.3+4], (X, 7x) can be embedded into its Stone-Cech compact-
ification ()Z’ ,T%), where Kp is also compact in X. By the Tietze extension
theorem in [Bou74, Théoreme 1X§4.2], there exists an extension g, r € Cp(X)
with gn rlkg = fulks and sup,ex |gn,r(2)] < n. From this, it follows that

|fn(®) = gnr(z)| _ 2n
B < s ; < =, 3.2.2
an gn,RHBw(X) zei(u\I;(R Ll)(ﬁ) R ( )
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which implies that f,, € By (X) because g, r € Cp(X) < By(X) and the right-
hand side of (3.2.2) can become arbitrarily small. Moreover, there exists by
(3.2.1) some R > 0 with sup,ex\x, |f(2)|/¥(z) < /2, for which we choose
some n € N with n > sup,cf . |f(2)| such that f|x, = fu|k,. This implies

|f(z) = fn(2)] |fn ()]
— fn < su T~ <2 su <eg,
17 = Fulls, ) ;ceX\I;(R () a:eX\li(R ()
which shows that f € By (X). O

In addition, there exists for every f € By (X) with sup,cx f(z) > 0 by
[DT10, Theorem 2.8] some xg € X such that f(z)/v(z) < f(xo)/1(z0), for all
x € X, showing the analogy with functions vanishing at infinity.

3.2.2 Weighted Stone-Weierstrass Theorem

In this section, we generalize the Stone-Weierstrass in Theorem 1.35 to our
weighted setting with vector-valued functions, where X is a o-compact com-
pletely regular Hausdorff space and the admissible weight function ¢ : X —
10, oo[ controls the approximation outside of large compact sets.

However, we have to assume an additional condition related to Nachbin’s
definition of localisability (see [Nac65, Definition 4]), where the weighted ap-
proximation problem allows for more than one upper semicontinuous weight
v:X — [0,00[ (e.g. v(z) = 1/¢(x), for an admissible weight function ¢ : X —
10, o0[) and can therefore represent other topologies.

Definition 3.5. A subalgebra A < By (X) is called locally point separating
(under ¥ : X — 0, 0[) if there exists a point separating vector subspace A — A
such that x — exp (|a(z)|) € By (X), for all @ e A.

Remark 3.6. A subalgebra A < By (X) is locally point separating under any
given admissible weight function v : X — 10, 00[ if the subalgebra A = CP(X)
1s point separating and consists only of bounded functions. This is related to
the so-called “bounded approximation problem”, see [Nac65, Theorem 1].

Theorem 3.7 (Stone-Weierstrass on By (X)). For a subalgebra A < By(X),
the following are equivalent.

(i) A is locally point separating and vanishes nowhere.
(i) A is 7)-dense in By(X).
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Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating or does not vanish nowhere. If A is not locally
point separating, there exists either a point separating vector subspace A = A
such that z — exp (|a(x)]) ¢ By(X), for all @ € A, or there exist distinct
x1,22 € X with a(z1) = a(zg), for all a € A satisfying © — exp (|a(x)]) €
By (X). In the first case, we obtain a contradiction because A < A contains
the zero function, whereas otherwise we define the proper closed subalgebra
Ay = {f € By(X); f(z1) = f(z2)} of By(X). In addition, if A does not vanish
nowhere, i.e. there exists xgp € X with a(zg) = 0, for all a € A, we define
the proper closed subalgebra Ay = {f € By(X); f(xo) = 0}. Then, the Tg—
closure of A lies either in A; or A, such that the 70-closure of A is also a
proper subalgebra of By, (X), which contradicts the assertion in (ii) such that
the assumptions in (i) must be satisfied.

For the other direction, it suffices to show the approximation of some f €
CP(X) by an element a € A, because Cy (X) is by definition Tg—dense in By (X).
We first assume that A consists only of bounded functions in Cp(X) such that
the assumption of A being locally point separating reduces to A being point
separating. Let f € CP(X), fix ¢ > 0, and define M = (infyex O(x) " >
0 as well as b = sup,cy |f(2)] + ¢/(4M). Choosing R > 4b/s, we observe
that the restriction A|x, is a point separating subalgebra of C°(Kg), which
vanishes nowhere, such that there exists by the classical Stone-Weierstrass in
Theorem 1.35 some a € A with

€
su z) —a(z)] < —,

s (@) = alo)] < 37
which implies |a(x)| < e/(4M) + supgex |f(x)] = b, for all © € Kgr. Let
g € CP(R) be the function defined by g(s) = max(min(s,b), —b), for s € R, such
that g(a(z)) = a(z), for all x € Kg. Then, it follows that

If = goals,00 < M swp [5() —al@)] + s 'j;ig o 'gfj((j)”'

e supgex [f(@)] | supsex lg(a(2))]
< M4M + R + R

(3.2.3)
For ¢ = sup,.x |a(x)|, we find by Weierstrass’ approximation result in Theo-
rem 1.33 some polynomial p,, € Pol(R) satisfying |g(s) — pn(s)| < &/(4M), for
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all |s| < ¢. Using this, we observe that

I(g —pn) o als,x) <M sup l9(a(x)) = pn(a(z))| < M ‘s1|1<p 9(s) — pn(s)]

M-S — €
M T

(3.2.4)
Combining (3.2.3) with (3.2.4) and using that p, o a € A because A is a sub-
algebra, we conclude that

3e €

If =pnoals,x) <|f—goals,x)+(g—prn)oals,x) < Tti-¢

Since € > 0 and f € CY(X) were chosen arbitrarily, it follows that A = CP(X)
is Tg—dense in By (X).

For the general case of a locally point separating subalgebra A < By (X
with point separating vector subspace A — A such that z — exp (|a(z)|) €
By(X), for all @ A, we first show that 2 — cos (d(z)) and z — sin (@(z)),
with @ € A, belong to the Tg—closure of A. Indeed, let @ € A and fix some
€ > 0, for which there exists by Lemma 3.4 some R > 4/e such that

(@) _ e

zeX\Kr Y(z) 4
Let ¢ = sup,e g, |a(x)| such that the Taylor polynomial of the cosinus p,(s) =
Yo ((72—,3?52’“ satisﬁes sup| |<C | cos(s)—pn(s)| < m Choosing n € N large

enough such that (2n+1), < 557 and using that [p,(s)| < exp(|s|), we conclude
that

|(cos —pn) 0, (x) < M sup |cos(a(x)) —pn (a(z)) |

reKRr
s lOS@E@ L b (a)
zeX\Kgr Y(z) zeX\Kg Y(z)
£ SUP,cx |cos (a(x))| exp (|a(z)|)
<M— + + sup ——————=
e 1 ¢

< <
2 TR "1S°

Since € > 0 was chosen arbitrarily, it follows that z — cos (a(z)) belongs to the
Tg—closure of A, which holds analogously true for the function x — sin (a(z)),
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for all G € A. Hence, we conclude that the subalgebra
»Atrig = {1‘ — \q cos (51(58)) + Mg sin (62(10)) ; )\1, Ao € R, &1,’&2 € .Z}

of CP(X) < By(X) is point separating, vanishes nowhere and lies in the 7'12—
closure of A. By applying the above arguments to the subalgebra Az <
Cy(X) consisting of bounded functions, we conclude that Agyig is 7,)-dense in
By (X). However, because Ayig lies in the qu—closure of A, A is also Tg—dense
in Bw (X) O

For the vector-valued case, we state the vector-valued Stone-Weierstrass of
R. Creighton Buck in [Buch8] with compact Hausdorff domain, for which we
introduce the notion of a submodule.

Definition 3.8. Let A = C°(X) be a subalgebra and let W < CO(X;Y) be a
vector subspace. Then, W is called an A-submodule if a-w € W, for alla € A
and w € W, where x — (a - w)(zx) := a(x)w(x).

Theorem 3.9 (Stone-Weierstrass, [Bucb8, p. 103]). Let (X, 7x) be a compact
Hausdorff space and let (Y,7y) be a locally convex topological vector space.
Assume that A = C°(X) is a subalgebra and let W < C°(X;Y) be an A-
submodule. Then, the following are equivalent.

(i) A is point separating and vanishes nowhere, and W(x) := {w(x); w € W}
is dense in 'Y, for all x € X.

(ii) W is dense in C°(X;Y).

For the vector-valued Stone-Weierstrass on weighted spaces, we consider the
weight functions ¢, : X —]0,00[ defined by 9y, () = ¥(z)/(1 + p(w(x))),
for x € X and some w € By(X;Y) and p € P.

Lemma 3.10. For every w € By (X;Y) and p € P, the weight function ¥y, p :
X —]0,0[ is admissible.

Proof. For w e By(X;Y) and p € P, it follows that x — 1 + p(w(z)) € By(X)
such that Lemma 3.4 implies impg—,o, SUP,e x\ g, (1 +p(w(2))) /¢ (x) = 0. Using
this, we find for every R > 0 some R > R such that z € Kuwp,r = 1,5(0, R]),
i.e. Pup(r) < R, implies z € K = ¢v~'(]0,R]). Hence, K, r € Ky is by
continuity of z — 1 + p(w(z)) closed and thus compact, which shows that
Ywp + X —10,00[ is admissible. O
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Theorem 3.11 (Stone-Weierstrass on By (X;Y)). Let A< By(X) be a subal-
gebra and assume that W < By (X;Y) is an A-submodule. Then, the following
are equivalent.

(i) A wvanishes nowhere and is locally point separating under every weight
function ¥y, : X —10,0[, for all w e W and p € P. In addition,
W(x) := {w(z); we W} is dense in Y, for all z € X.

(i) W is 7, -dense in By(X;Y).

Proof. In order to show that (ii) implies (i), we assume by contradiction that A
is not locally point separating under some 1y, , : X —]0, [, does not vanish
nowhere, or there exists some x3 € X such that W(x3) < E, for a proper closed
vector subspace £ c Y. If A is not locally point separating under ¢, , : X —
10, o[, there exists either a point separating vector subspace A c Awith 2 —
exp (|a(x)|) ¢ By, ,(X), for some @ € A, or there exist distinct z1, 75 € X with
a(z1) = a(xy), for all a € A satisfying x — exp (|a(z)]) € By, ,(X). In the first
case, we obtain a contradiction because A< Ais a vector subspace such that
A contains the zero function, whereas in the second case we define the proper
closed A-submodule Wy = span{a - f; f € By(X;Y), a € A, a(z1) = a(z2)}.
Moreover, if A does not vanish nowhere, i.e. there exists some xg € X with
a(zg) = 0, for all a € A, or W(x3) is containted in F, we define the proper
closed A-submodules Wy = span{a - f; f € By(X;Y), a € A, a(zg) = 0} and
Wy =spanfa - f; f € By(X;Y), a € A, f(x3) € E}. Then, the Tg—closure of W
lies either in Wy, W5 or Ws, such that the Tg—closure of W is a proper closed
A-submodule of By (X;Y'), which contradicts (ii) such that the assumptions (i)
must be satisfied.

For the other direction, we first show that the T,B)-CIOSUI‘G of Wis a CP(X)-
submodule. Let g € CP(X) and let w : X — Y belong to the Tg—closure of W,
fix some ¢ > 0 and p € P, and define ¢ = sup,cy |g(z)|. Then, there exists
some w € W with ¢ (@0 — w) = sup,.x p (0(z) — w(z)) /1(z) < €/(2¢), which
implies

_ lg(z)lp (wW(z) — w(z)) p(w(z) — w(z))

I
q(g-w—g-w)=sup <csup———— = < —,
( )= sup (@) S ) 2

2

.2.5)
where ¢ € Q denotes the corresponding seminorm. Moreover, ¢, , : X — ]0,00[
is by Lemma 3.10 admissible and for every a € A, we have a - w € By(X;Y)
such that z — |a(z)|(1 + p(w(x))) € By(X). Then, it follows by Lemma 3.4
that a € By, ,(X) such that A is also a subalgebra of By, ,(X). Hence, by
applying the Stone-Weierstrass in Theorem 3.7 on By,  (X) there exists some



3.2. WEIGHTED SPACE AND STONE-WEIERSTRASS 53

a€ Awith g —als,, (x)<¢/2 such that

plg(z)w(z) — a(z)w(z))

q(g-w—a-w)=sup

reX ¢(33)
o 1@ @I @ @) (5
reX ¢(33

e
=g - CLHwaYP(X) < 5

By combining (3.2.5) with (3.2.6), we conclude that ¢ (g - @ — a - w) < €, which
shows that g - w : X — Y belongs to the Tg—closure of W, because € > 0 and
p € P were chosen arbitrarily, and W is an A-submodule. Since g € C{(X) and
w € W were also chosen arbitrarily, the Tg—closure of Wis a CP(X)-submodule.

Finally, in order to show (i) we first observe that Cy(X;Y) is 7,)-dense
in By(X;Y) such that we only need to approximate some f € CP(X;Y) by
an element w € W. Let f € C)(X;Y), fix e > 0 and p € P, and define b =
sup,cx p(f(z)) as well as M = (infzex (). For R > max(4(b+1)/e, 1/M),
we observe that the restricted subalgebra A|g, of C°(Kg) and the restricted
Al p-submodule W|g,, of C°(Kg;Y) satisfy the assumptions of the classical
Stone-Weierstrass in Theorem 3.9 such that there exists some w € W with

sup p (f(x) — w(z)) < —

< —. 3.2.7
:L’EKR 4M ( )

Define ¢ = sup,c g, p(w(7)), for which it follows by (3.2.7) that ¢ < &/(4M) +
b. From this, we define the function g € CP(X) by g(x) = min(l + ¢, 1 +
p(w(z)))/(1 + p(w(z))), for x € X, such that g(z) = 1, for all z € Kg. Then,
the function g - w € CP(X;Y) is bounded with sup,.x p(g9(z)w(z)) < 1+ ¢ <
1+ b+ ¢/(4M) and belongs to the 7)-closure of W, because the latter is a
Cy(X)-submodule. Using (3.2.7), it follows that

q(f —g-w) <M sup p(f(z)—w(x))

zeKp
p(f@)) o plg@)w(z))
+:z:€SXu\II){R w(ﬁf) +x€X\1?(R w(x)
<M & N SupxeX;(f(I)) N Supxexpg(x)w(x))

b 1+b €

&
<: <e,
1R R TamrSC

where ¢ € Q is the seminorm corresponding to p. Since € > 0, p € P and
f e CY(X;Y) were chosen arbitrarily, W is Tg—dense in By (X;Y). O
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Remark 3.12. In Theorem 3.11, A < By(X) is locally point separating under
every Py, p 2 X —10,00[, for allw e W and p € P, if either A = CP(X) consists
only of bounded functions (see Remark 3.6) or if A < B 5(X) is locally point
separating under /¢ : X —10,00[ and W is a subset of B ;(X;Y). In both
cases, the multiplication A x W 3 (a,w) — a - w € By(X;Y) becomes jointly
continuous.

While the real-valued Stone-Weierstrass in Theorem 3.7 can be applied to
the weighted polynomial approximation problem of Sergei Bernstein in [Ber24],
the vector-valued Stone-Weierstrass in Theorem 3.11 is a special case of [Nac65,
Theorem 6], which has been generalized by Joao B. Prolla in [Pro71] extending
the measure theoretic version of Erret Bishop in [Bis61] for the compact case.
In addition, Silvio Machado derived in [Mac77] a quantitative version relying
on Zorn’s lemma, see also [BD81] and [Ran84].

3.3 Neural Networks in Infinite Dimension

In [MP43], [Cyb89] and [Hor91], neural networks were introduced between
finite dimensional Euclidean spaces, whereas in the following, we assume that
the input space (X,) is given by a weighted space, the hidden layer space
(Z,4z) is a complete weighted topological vector space, whose topology 7
is locally convex, and the output space (Y, 7y) is given by a complete locally
convex topological vector space.

3.3.1 Abstract Neural Networks

First, we introduce the infinite dimensional analogue of the weight matrices
and bias vectors used in neural networks between finite dimensional spaces,
followed by the definition of the abstract neural network.

Definition 3.13. A subset H < By (X; Z) is called an additive family (between
X and Z) if H is closed under addition, point separating and contains the
constant functions.

Remark 3.14. In the finite dimensional case of X = R™ and Z = R™, an
additive family is given by H = {x — Ax + b; A€ R™*" be R™}, showing the
analogy to affine maps with weight matrices and bias vectors, whereas H =
{x — Az +b; Ae N™*" b e R™} is an even smaller additive family.



3.3. NEURAL NETWORKS IN INFINITE DIMENSION 55

Definition 3.15. For an additive family H < By (X; Z), a subset R < By, (Z; Z)
called the activation family, and a subset L < L(Z;Y") called the linear readout,
we define an abstract neural network (ANN) ¢ : X - Y by

N
= > Beow(hi(x)), (3.3.1)

k=1

forxz e X, where N € N>y, (1, ...,Bn € L denote the linear readouts, p1, ..., pN €
R are the activation functions and hq,...,hx € H represent the hidden layer
maps. Moreover, ./\/NH L denotes the set of ANNs of the form (3.3.1), where
the triple (H,R, L) is zts architecture (between X and Y'), see Figure 3.1.

Hidden Layer

(Z Yz)
Input Layer Output Layer

(X, %) (Y, 7v)
zeX / \ . p(z)eY
\ /

Figure 3.1: An example of an abstract neural network ¢ : X — Y with architecture
(H,R, L) and N = 3 number of nodes.

Remark 3.16. In [Cyb89] and [Hor91], neural networks were introduced be-
tween X = R™ and Y = R with Z = R, where the additive family H consists
of affine maps h(x) = a'x + b, with a € R™ and b € R, the activation family
R = {p} is a singleton p : R — R, and the linear readout L contains functions
B(2) = wz, with w € R. Then, N./\/HTZ%‘C is dense in C°(R™) on compacta if
p: R — R is continuous and either 7

(i) bounded and sigmoidal (or discriminatory in the sense of Definition 2.2,
see [Cyb89, Theorem 1)),

(i) bounded and non-constant (see [Hor91, Theorem 2]),
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Remark 3.16 (continued).
(iii) non-polynomial (see [Pin99, Theorem 3.1]), or

(iv) non-affine and differentiable at one point with non-zero derivative (see
[KL20, Theorem 3.2]).

If p: R — R is additionally bounded, NNT%* is 70-dense in CO(R™) because
70 is a weaker topology on CI?(R”) than the topology of uniform convergence

on compacts. Finally, by using that Tg is again a weaker topology on C’E(R"),
which is 7} -dense in By (R™), NNERE is also m9-dense in By (R™).

For the infinite dimensional generalization of neural networks described in
Remark 3.16, we first consider the case with a multidimensional output ¥ = R¢
followed by some examples with infinite dimensional spaces.

Example 3.17 (Learning a Function). An abstract neural network ¢ : R™ —
R with Z = R can be obtained by stacking d real-valued neural networks on
top of each other such that ¢ : R™ — R? is given by

Sy Bieo ((af) e+ b}
p(x) = : = 3 Brp (Apz + by,
S Bt (o) T2+ 0g) )

where L consists of diagonal matrices B, = diag(B;, ...,5,?) and H contains
hidden layer maps h(x) = Agz + by with Ay = (ai,...,ad)" € R" and
br € R, In addition, the activation function p : R* — RY is obtained by com-
ponentwise application of some py : R — R used in Remark 3.16, i.e. p(z) =
(po(z1), -+ po(2a)) T

On the other hand, a fully connected neural network ¢ : R™ — R with
Z = R™ is obtained with H = {x— Az +b; Ac R™*" beR™} and L =
{z — Wz, We Rdxm}.

Example 3.18 (Learning a Functional). For a weighted space (X,v¢) andY =
Z =R, an abstract neural network ¢ : X — R consists of hidden layer maps
h: X — R, a bounded and continuous activation function p : R — R described
in Remark 3.16, and the linear readout is given by L = {z — wz; w € R}.
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Example 3.19 (Learning an Operator). For a weighted space (X,v) and a
complete locally convex topological vector space (Y,7y), we choose Z = R™
such that the additive family of an abstract neural network ¢ : X —'Y consists
of hidden layer maps h : X — R™ and the linear readouts are of the form
B(z) = yw'z, forw € R™ and y € Y. Hereby, the activation function p :
R™ — R™ 14s chosen as in Fxample 3.17.

On the other hand, deep abstract neural networks with finitely many hidden
layer can be constructed by concatenation as in the case with neural networks
between Euclidean spaces, see e.g. [GBC16].

Remark 3.20. For weighted locally convex topological vector spaces (Z1,11)
and (Za,1), let H be an additive family between X and Zy, assume that Ry <
By, (Z1;7Z1) and Re < By, (Z3; Z3), and suppose that L1 < L(Z1; Z) and
Lo © L(Z2;Y) are linear readouts. If./\/'./\/'gjzzzl’ﬂ1 is Ty -dense in By (X; Za), it
18 an additive family between X and Zs such that an abstract neural network
p: X = Y with two hidden layers is of the form

Z Brpr: (pr(z 2 Brpr (2 Brtprt (P (z )))

k=1 =1

for x € X, where 8 € Lo, pr € Ra and ¢}, € NNHRl’Ll, with By € Ly,
Pri € R1, hg € H, see Figure 3.2.

1st Hidden Layer

(71, 7/le)
2nd Hidden Layer
Input Layer (Z2,vz,) Output Layer

. h11 B11 %
( w)ﬁ Bi2 : B11 TY
ha1 ? Ba1 ‘ D O (z)eY
\H% e R
o> @
=

Figure 3.2: An example of an abstract neural network ¢ : X — Y with two hidden layers,
where (N1, N2) = (2,2).

zeX

Analogously to Remark 3.20, it is possible to construct abstract neural
networks with finitely many hidden layers, for which the results of the upcoming
sections can be generalized by iterating the argument.
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3.3.2 More Examples of Abstract Neural Networks

For a given input space (X,), hidden layer space (Z,1z), and an output
space (Y, 7y), finding an additive family H between X and Z is not always
straightforward. If X is additionally a locally convex topological vector space,
the additive family can be found with the help of continuous linear maps.

Lemma 3.21. Let (X,v) and (Z,v¥z) be weighted topological vector spaces,
where the topology Tx of X is also locally convex. Then, H = {x — v(z)+b; v €
L(X;Z),be Z} is an additive family between X and Z.

Proof. By definition, H is closed under addition and contains the constant
functions. For point separating, let x1,xz5 € X be distinct and define £ =
span{xi,z2}. If 1 and xo are linearly independent, we define the continuous

~

linear functional | : E — R by I[(Ajz1 + Aaxa) = Aq, for \; € R, such that
[(1) = 1 # 0 = I(z3). Otherwise, if #; and x, are linearly dependent, we
can assume without loss of generality that z; # 0 and z3 = Azy, for some
A € R\{0,1}, such that the continuous linear functional [ : E — R defined
by l(Az1) = A, for A € R, satisfies [(z1) = 1 # A = I(z2). In both cases,
I: E — R can be extended by Hahn-Banach in Theorem 1.28 to a continuous
linear functional I : X — R such that © — h(z) := I(x)z € H with z € Z\{0}
satisfies N N
h(z1) =U(z1)z = l(z1)z # l(x2)z = l(x2)z = h(xs).

Since x1,2z9 € X were chosen arbitrarily, it follows that H is point separating
on X. O

Lemma 3.21 shows in particular that an abstract neural network over a
locally convex topological vector space (X, 7x) with hidden and output layer
Z =Y =R is given by some function ¢ : X — R of the form

N
o(x) = > Bep (le(x) + br),
k=1

for x € X, where [, € X*, B;,br € R, and p : R — R is an activation function
as in Remark 3.16. In the following, we revisit the introductory examples of
Section 3.1 and consider some additive families.
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Example 3.22. We consider the abstract neural networks of the motivational
examples in Section 3.1 again.

(1)

(i)

(iii)

For a compact subset Q < R", let X = C°(Q) and Z =Y = R. Then,
an additive family is given by

H—{CO(Q)ax'—»f x(u)du(u)+beR;u:f—w&,bem},
Q

with v : F — R denoting a finite signed Radon measure defined on the
Borel o-algebra of ), whereas the activation family R consists of activa-
tion functions p: R — R described in Remark 3.16.

Let X = At be the space of stopped paths and let Z =Y = R. Then, an
additive family is given by

no oot
ViZ]:—>R
7—[={ATa(t,x)n—>at+;in(u)dm(u)+beR, abeR },

with v; © F — R denoting a finite signed Radon measure defined on
the Borel o-algebra of [0,T], whereas the activation family R consists of
activation functions p : R — R described in Remark 3.16.

Using the Sobolev space W1P(Q) such that X =Y = Z = WHP(R"), an
additive family is given by

H={W"P(R") 320 a*zo+b ac CPR"), be WPR")},

where the convolution a x xg € WHP(R™) is by [Bréll, Lemma 9.1] well-
defined. In this case, an activation function p : WHP(R") — WLP(R")
can be obtained by the pointwise evaluation of a sigmoidal function pg €
C}(R) with bounded derivatives and po(0) = 0, where [Bré1l, Propo-
sition 9.5] shows that p(z) = (u— po(z(u))) € WLHP(R™), for all z €
WLP(R™). Similar results can be obtained for W*P(R™) with kp = n by
using the Sobolev or Nirenberg inequality, see [Ada76, p. 127].

Proof. For (i), the space of Radon measures is by Riesz representation theorem
isomorphic to X* = L(X,R) such that the conclusion follows from Lemma 3.21.
For (ii), we cannot apply Lemma 3.21 because At is not a vector space. How-
ever, H is closed under addition, contains the constant functions and for distinct
(t1,21), (t2, o) € Ar, we observe that if t; # to, the map (¢, ) — t € H sepa-
rates (t1, 1) from (t2, z2). Otherwise, if ¢; =t and 1 (ug) # x2(up), for some
ug € [0,T7, it follows by continuity that there exists a Radon measure v with
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mass around ug such that the map (¢,z) — >\ So u)dv;(u) € H separates
(t1,21) from (t9,x2). For (iii), H is closed under addltlon contams the con-
stant functions and for distinct x;,zy € WP (R™), there exists a measurable
set E < R™ with positive measure such that z1(u) > x2(u) or z1(u) < z2(u),
for all uw € E. Then, by using « — h(z) = 1g = x € H, it follows that

h(zy) — h(zs) =1 * (x1 — x2) = (v — JE(xl(v —u) —x2(v — u))du)

_ (v . L_E(xl(u) _ xg(u))du)

is a non-zero function in W1?(R™), because the right-hand side is non-zero, for
alve R" withv - E C E. O

On the other hand, we can also consider the dual of a Hausdorff locally con-
vex topological vector space (S, Ts) as input space (X, 7x ), where the topology
Tx of X is defined as the weak-*-topology.

Lemma 3.23. Let (S,7s) be a non-trivial locally convex topological vector
spaces and define (X,7x) as the dual of (S,7s) equipped with the weak-s-
topology. Then, the set H = {x — a(x) +b; a € L(X;Z), b€ Z} is an additive
family between X and Z.

Proof. By definition, H is closed under addition and contains the constant
functions, whereas for point separating, we first observe that S # {0} implies
X # {0}. Indeed, choose some s € S\{0}, let E = span{s} and define [ € E* by
I(s) = 1. Then, [ : E — R can be extended by Hahn-Banach in Theorem 1.28
to some non-zero z € X = S*, showing that X # {0}. Now, let z1,25 € X be
distinct points such that there exists some s € S with z1(s) # 22(s). Then, we
conclude for z — h(x) := (s — z(s)z) € H with some z € Z\{0} that

h(z1)(s) = z1(s)z # 22(5)z = h(x2)(s),
showing that # is point separating on X, because x1, x2 € X were arbitrary. [J

Lemma 3.23 shows that an abstract neural network ¢ : S* — R over the
dual S* of a locally convex topological vector space (5, 75) equipped with the
weak-#-topology and with hidden and output space Z =Y = R is given by

Zﬁkﬂ x(sk) + bk),

for x € S*, where s € S, B, br € R, and p: R — R is as in Remark 3.16.
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Example 3.24. Let (Q,¢q) be a weighted space and define (X,7x) as the
dual of By, () equipped with the weak-+-topology, which can be identified by
the Riesz representation theorem in [DT10, Theorem 2.4] with the space of finite
signed Radon measures M consisting of p : F — R satisfying SQ Yo (w)du(w) <
o0, where F denotes the Borel o-algebra of Q. For Z =Y = R, an additive
family is by Lemma 3.23 given by

H= {h M-S R; h(p) = JQ flw)dp(w) +b, feBy,(R),be R},

whereas the activation family R consists of activation functions p : R — R
described in Remark 3.16. These abstract neural networks ¢ : M — R could be
used to learn a (probability) measure over (2,1q).

These results give a first overview of the broad variety of abstract neural
networks and their applications. In the following, we derive sufficient conditions
for universal approximation of abstract neural networks.

3.3.3 Universal Approximation of Abstract Neural Net-
works

Universal approximation was first proven for neural networks between Eu-
clidean spaces in [Cyb89] and in [Hor91] using functional analytical arguments
including the Hahn-Banach theorem and Fourier theory. Later, other univer-
sal approximation results were found for different activation functions, such as
in [Pin99], whereas other results are about the approximation rates of neural
networks, e.g. [Bar93], [Can98] and [BGKP19]. In the following, we generalize
the universal approximation property of abstract neural networks by lifting the
finite dimensional universal approximation results to this infinite dimensional
setting.

For this purpose, we still assume that the input space (X, ) is given by a
weighted space, the hidden layer space (Z,1 ) is a complete weighted topolog-
ical vector space, whose topology 7z is locally convex, and the output space
(Y, 7y) is given by a complete locally convex topological vector space. In the
following, we start with the main universal approximation result, which can be
used to lift the universal approximation property of real-valued neural networks
defined on R™ to higher and infinite dimensional spaces.
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Definition 3.25. An architecture (H, R, L) between X and Y is compatible
with another architecture (G, R, K) between Z and Z if

(i) for every g€ G and h € H, it follows that goh € H,

(i1) for every h € H, it holds that sup,ex wzdf?z(;”)) < o,

(iii) the set|J. cr ez{7(2)} is dense in Y, where the set ' < L(Z;Y') is given
by ={ve L(Z;)Y);YVae K:vyoae L}

Remark 3.26. The first condition in Definition 3.25 is satisfied for every
additive family H between X and Z if the additive family G between Z and Z
admits the simple form G = {Z 3z~ Az+be Z; Ne N, be Z}, which might
not be the case for more general additive families G. The second condition
ensures that the value of a hidden layer map in H grows under the weight 1z :
Z —10,0[ at most like 1 : X —]0,0[, while the third condition guarantees
that the variety of the linear readout IC is transferred to the linear readout L.

Theorem 3.27 (Universal Approximation on By (X;Y)). Assume that the
architecture (H, R, L) between X andY is compatible with another architecture
(G,R,K) between Z and Z. If ./\/'./\/QRIC is Ty, -dense in By, (Z;Z), then

./\/NHRL is T)-dense in By(X;Y), i.e. for every f € By(X;Y), e > 0 and
q € Q there exists some p € NJ\/H RoL such that

-0 s p(f(xd)) (;)@(x))

where p € P denotes the seminorm correponding to q € Q.

<e,

Proof. Let A = {z — Ay cos (2f(h1(x))) + Agsin (23 (ha(x))); \i € R, zf € Z%,
h; € H} be a subalgebra of CP(X) < By(X) and introduce the vector sub-
space W = span{z — a(x)y(20); a€ A, y€T, zg € Z} of By(X;Y), which is
by definition an A-submodule, where I' := {y € L(Z;Y); Va e K: yoa € L}.
Now, we show that W lies in the 7'3—(3108111"6 of NN%;}E, for which we
assume that Pz is a family of seminorms generating the topology 7z of Z,
which exists by Theorem 1.25. Fix some ¢ > 0 and p € P, and let h € H
as well as v € T, for which we define Cy := sup,.x ¥z(h(z))/¥(x) and the
operator seminorm Cp := SUp,cyz ,, (»)<1 P(7(2)), for some pz € Py existing by
continuity of v € L(Z;Y") such that sup,., p(y(2)) < Cosup,., pz(2). Using
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that NASRK i ) -dense in By, (Z; Z), there exists for the function z —
w'(z) = cos(z (z ))zo € By,(Z;Z), with z* € Z* and 7z € Z, some ¢ €
NN%E & such that

pr(w'(2) —¢'(2) e
W uzl2) =00y

For the function z — w(x) := cos (z*(h(z))) 'y(zo) € W, we define the corre-

sponding abstract neural network ¢ := yo¢' o h e NNy HR ﬁ, where we use
that g o h € H, for all g € G, such that (3.3.2) implies that

Yz(hlz)) o PO () —a¢'(2)

(3.3.2)

sup < sup

zeX () cex  W(x) ez Vz(2)
<OiCumpPH B <o

Since € > 0 and p € P were chosen arbitrarily, it follows that x — w(z) =
cos (z*(h(z))) v(z0) € W belongs to the Tw -closure of NJ\/H RL which holds
analogously true for z — sin (z*(h(x))) v7(z0) € W. Hence, we conclude by the
triangle inequality that linear combinations of these functions belong to the
Tw closure of NN HR, L, which shows that the entire A-submodule W lies in

the Tw -closure of ./\/'NH RL

Finally, we apply the weighted Stone-Weierstrass in Theorem 3.11 to show
that /\//\/’7;;1 is Tw -dense in By (X;Y). For this, we observe that A vanishes
nowhere and consists of bounded and point separating functions such that it is
by Remark 3.12 locally point separating under every ¢, , : X — ]0, o[, whereas
for some x € X and y* € Y* with y*(w(x)) = 0, for all w € W, it follows
that y*(y(z)) = 0, for all z € Z and vy € I. Using that (. .c,{7(2)} is by
assumption dense in Y, we conclude that y* : Y — R vanishes everywhere such
that W(z) = {w(z); w € W} is by Hahn-Banach in Theorem 1.29 dense in Y,
for all z € X. Hence, W is by the weighted Stone-Weierstrass in Theorem 3.11
Tg—dense in By (X;Y). However, because W lies by the above arguments in the

7, -closure of NN?;}L, NN%?L is also 7,)-dense in By (X;Y). O

In the following, we show particular applications of Theorem 3.27 to ob-
tain universal approximation results between different input and output spaces,
where we consider the cases of Example 3.17-3.19.
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Corollary 3.28 (Example 3.17(i)). Let X = R" and Z =Y = R? with weight
functions ¢(x) = exp (|z|?) and ¥z (z) = exp(|z]), respectively. Let H =
{z — Az + b; Ac RY"™, be R} be the additive family, assume that R = {p}
consists of a singleton p : R? — R obtained by the componentwise application
of a function pg € CS(R) satisfying one of the conditions in Remark 3.16, and
suppose that the linear readout is L = {z — diag(51, ..., Ba)z; P1, ..., Ba € R}.

Then, ./\/'./\/'g,;%f 18 Tg—dense in By(R™;RY).

Proof. Since the abstract neural networks in NN ];f,;ﬁ’f are obtained by stacking

real-valued neural networks on top of each other (see Example 3.17(i)), we

observe that each ¢ € NN gﬁ@’f can be written as

N

p(x) = 2 Brp(hi(z)) =

k=1

S Bieo ((ah) "+ 1)

S Bipo ((af) o+ 0f)
N d
= 3 2 Bieo ((ah) "= +0)

for E,g = Bie;, with e; denoting the ith unit vector in R¢, such that NN%{%‘;C =

NN;,?’D{{T}’[:“7 where Ho = {R" 2z —a'z+beR;acR", beR} and Ly =
{R S5z fze;eRY BeR,i=1,..., d}. Now, we consider the additive family
G={Raz—Az+ceR; AeN, ce R} on R with weight ¢r(z) = exp (|2]?)
and the linear readout K = {R3z— wz € R; we R}, where we use that
the function py € CP(R) satisfies one of the conditions in Remark 3.16 such

that NN]}%H{{O}’K is 7, -dense in By, (R). Hence, we only need to check that

(Ho, R, Lo) is compatible with (G, R,K) such that /\/Nﬂz‘,j?’ﬂgﬁ"}’“ is by The-

orem 3.27 7,)-dense in By, (R™;R%). Indeed, it follows for every x ~— h(z) =
a'z+be Hoand g(z) = Az+ce G that x — (goh)(z) = (Aa) Tz + (A\b+c) € Ho.
Moreover, we observe for every z + h(z) = a'x + b e Ho that

.

h |a"z+0| lallz]

sup vz(h(@) sup ———— < exp ([b]) sup ——
ellel cex el

< Q0.
reX ’(/J(.’E) rxeX

In addition, we observe that I' := {ye L(Zy;Y); Vae K:yoae€ Ly} coin-
cides with I' = {z > ze;; i = 1,...,d} such that (J o ,cp{7(2)} = R?. Hence,

NJ\/];;%f = N./\/'gf”ﬂ{{g(’}’ﬁ" is by Theorem 3.27 Tg—dense in By (R™;RY). O
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Remark 3.29. Corollary 3.28 is a generalization of the real-valued universal
approzimation results in [Cyb89] and [Hor91] to weighted spaces, where we
obtain universal approximation of neural networks ¢ : R — R on compacta by
choosing for a compact subset K < R™ the weight function (x) = 1.

Corollary 3.30 (Example 3.17(ii)). Let X = R", Z = R™ and Y = R? with
weight functions (x) = exp (|z?) and ¢z(z) = exp (||z])), respectively. Let

= {zx+— Ax + b; Ae R™*"™ be R™} be the additive family, assume that R =
{p} consists of a singleton p : R™ — R™ obtained by the componentwise applica-
tion of a function py € CY(R) satisfying one of the conditions in Remark 3.16,
and suppose that the linear readout is given by L = {z — Wz, We Rdxm}.

Then, ./\/'./\f]}?n%f 18 Tw -dense in By,(R";RY).

Proof. Similarly as in the proof of Corollary 3.28, we can write an abstract

neural network ¢ € NN E;,LR T as

( )Tx-i-b};),

for E,’C = 5};1)2-, where v; € R? can be any vector. In this case, we have
/\/’NE,;%f = NN;ff’D{@’;“}’E", withHo = {R" sz —a'z+beR;acR", be R}
and £07 = {R 3z |—>,zv eR%ve Rd}. Then, the proof follows along the lines
of the proof of Corollary 3.28, where I' = {R sz z2weRyve Rd} such that
User, 2er{7(2)} = R%. Hence, NNEE Rd = NN;;S”&ZOLLO is by Theorem 3.27
Tg—dense in By (R™;RY). O

N
Z Brp(hi(x Z

HMS

Corollary 3.31 (Example 3.18). Let (X,%) be a weighted space, let (R,¢R)
be the hidden layer space and let Y = R be the output space. Assume that
H is an additive family with sup,.x Yr(h(z))/¢(z) < 0, for all h € H, let
R = {p} consist of a singleton p € CY(R) satisfying one of the conditions in
Remark 3.16, and suppose that the linear readout is L = {z — wz; w € R}.
Then, N/\/HRL is 79-dense in By(X).

Proof. For the additive family G = {R 3z — Az + c€ R; Ae N, c € R} and the
linear readout K = {R 3 z — wz € R; w € R}, it follows by Remark 3.16 that
NNg Rk s Tpp-dense in By, (R). Then, for z — g(2) := A\z+be Gand h e H,
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it follows that  — (goh)(x) = Ah(x) +b e H and sup,x Yr(h(z))/¥(x) < o0,
and we have I' = {z — wz; w € R}, which implies (. ,p{7(2)} = R, such

that ./\/NH RLis by Theorem 3.27 Tw -dense in By (X). O

Corollary 3.32 (Example 3.19). Let (X, ) be a weighted space, let (R™, gm )
be the hidden layer space and let (Y, 7y) be a complete locally convex topological
vector space. Let H be an additive family with sup,cx Yrm (h(z))/1(x) < o
for all h € H, assume that R = {p} consists of a singleton p : R™ — R™ ob-
tained by componentwise application of po € Cp(R) satisfying one condition in
Remark 3.16, and let L = span {Rm sz—yw' zeY;weR™, ye Y}. Then,

NN?EL is 7)-dense in By(X;Y).
Proof. Similarly as in the previous proofs, we can write an abstract neural
network ¢ € N/\@?ﬁ as

N
Z Brp(hy(x Z

~.

;i hi.(x))

||M§

for E}C = Biy;, where y; € Y and h{ is the ith component. Then, N/\/‘Dzl,j,%f =
NNTo b Lo - here Hy = {X 52> hi(z) e Ry he H, i = 1,...,d} and Lo =

{Rozw— zyeY;yeY}. Then, the proof follows along the lines of the proof
of Corollary 3.28, where we use I' = L(R;Y) such that (), cp{7(2)} =Y

Hence, NNH S J\/'/\/J;?{/{p()}'ﬁo is by Theorem 3.27 7)-dense in By (X,Y).
O

Corollary 3.28-3.32 are the universal approximation results of the four spe-
cial learning problems presented in Example 3.17-3.19, where the hidden layer
is always finite dimensional. Similarly as in Remark 3.29, the weight function
¥ : X —]0, o[ can be chosen as ¢)(z) = 1 to obtain the universal approximation
results on compacta within the space C°(X;Y) of continuous and vector-valued
functions.

The arguments in Theorem 3.27 can be iterated to obtain universal ap-
proximation of deep abstract neural networks with finitely many hidden lay-
ers, which we show in the following for the particular case of an abstract
neural network with two hidden layers. Let (Z1,vz,) and (Z2,%z,) be the
weighted locally convex topological vector spaces representing the two hid-
den layers, for which we assume that there are architectures (Gy,R1,K1) be-
tween Z; and Z; and (Ga, Ra, K2) between Z and Z5 such that NN%ZI’Q

i i R2.Ks .
15 ngl -dense in By, (Z1;Z1) and NNZ‘;Zj 2 s ngz—dense in By, (Z2; Zs).
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For simplicity, we assume that the additive families G; and Go are given by
Gio2 = {Z123212— An12+be Z12; e N, be Z; 2}. In addition, we sup-
pose that £ ¢ L(Zy;Z5) and Lo < L(Z2;Y) are linear readouts. Then, by
showing that NNy a3 Rl’Ll is an additive family between X and Z, we can ap-
ply Theorem 3.27 agaln to show that abstract neural networks with two hidden
layers have the universal approximation property.

Theorem 3.33 (Universal Approximation of Deep ANN). Let (G1, R1,K1) and
(G2, Ra, K2) be two architectures between Zy and Zy or Zy and Zsy, respectively,
such that N./\/’%Eflcl is ngl -dense in By, (Z1;Z1) and NNZZ§§K2 is 7-OZ2 -
dense in By, (Z2;Z2). Assume that H is an additive family between X and
Z1, which satisfies sup,cx Yz (h(x))/v(x) < oo, for all h € H, and suppose
that the linear readouts L1 < L(Z1;Z2) and Lo < L(Z2;Y) are such that

U ery, ez, 11(21)} ds dense in Zo and |, ,er, ez, {72(22)} is dense in Y,
where
Ty :={y € L(Z1; Zs); Va1 € Ky s o ay € L1},

Ty i={vel(ZY);Vase Ka:ya0az € La}.
If sup,e x ¥z, (p(z))/Y(x) < o0, for all p € NN?Z“Q, the set of ANNs

hkl eH
NN?(:;EI’EI’RQ’Q =4z 2 Brpr (2 Brerpri (hier (z ))) i Prl € R, pr € Ro
=1 Bri € L1, Br € Lo

with two hidden layers is Tg-dense in By(X;Y).

Proof. Since the architecture (H,R1,L1) between X and Zs is compatible
with the architecture (G1, R1, K1) between Z; and 7y, NN’;:Z“& is by The-
orem 3.27 7)-dense in By(X;Z). Now, we assume by contradiction that

NN j’;{( Z“Ll is not point separating or does not contain the constant func-
tions such that there exist distinct points 1,2z, € X with ¢(z1) = ¢(x2), for

all p e NNy M, Rl’ﬁl, or there exists some proper closed subspace F < Y such
that span {ﬁp( ) BeLy,peR,be Z1} < E. In both cases, it follows that
the 7'1/) -closure of NN?:?;‘LI is a proper closed vector subspace of By (X; Z2),

which contradicts the fact that NN 7;:72221’& is 7-dense in By (X; Z), such that
NN M, Rl £ must be point separating and must contain the constant func-
tions. In addition, because NN %:Zl"cl is closed under addition, it follows
that NN s Rl £1 is an additive family between X and Zs. Then, the archi-

tecture (N N ?7;21’&,732, Ez) between X and Y is by assumption compatible
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with the architecture (Ga, Ro,K2) between Z; and Zs such that by applying
Theorem 3.27, it follows that NN%:@“ELR%& is 7)-dense in By (X;Y). O

By iterating the argument, Theorem 3.33 can be generalized to deep ab-
stract neural networks with finitely many hidden layers. In addition, the ar-
gument can be generalized to LP(£2)-weighted vector-valued functions, where
p: F — [0,00] is a possibly non-finite, positive Radon measure on X, which
is finite on every compact subset K < X and therefore in particular on every
preimage Kr = ¢~1(]0, R]), for all R > 0.

So far, we have lifted the universal approximation property from real-valued
neural networks, where the hidden layer space (Z, 1) was always finite dimen-
sional. If (Z,1)z) becomes infinite dimensional and R < By, (Z; Z) consists of
several activation functions, NN g;} £ has under some additional assumptions
the universal approximation property if for every hidden layer map h € H
there exists a direction given by zo € Z\{0}, with x — j(h(z))zo € H, for
some j € Z*, and there exist some p € R and z* € Z* such that the function
Rat— z*(p(tzp)) € R satisfies one of the conditions in Remark 3.16.

3.4 Smooth Neural Networks in Infinite Dimen-
sion

In the previous section, we have considered the approximation of a given func-
tion by an abstract neural network, while for certain applications the simulta-
neous approximation of the function and its derivatives might be of particular
interest, e.g. in Physics, where the velocity along a path should also be approx-
imated arbitrarily well. For the finite dimensional case, [HSW90] has proved
the universal approximation property including the derivatives of conventional
neural networks between FEuclidean spaces. For the vector-valued case in this
weighted setting, we first introduce continuously differentiable functions be-
tween the input space (X, 7x) with values in the output space (Y, 7y ).

3.4.1 Differentiable Lipschitz Functions on Weighted Space

For the input space (X, 7x), we introduce the notion of a manifold over con-
venient vector spaces. A chart (U, ¢) on X is a bijection ¢ : U — ¢(U) c E
from a subset U < X onto a c¢™-open subset ¢(U) of a convenient vector space
(E,7g). A family of charts (U;, ¢;)ier with ¢;(U;) < E;, for convenient vec-
tor spaces (Fy, Tg, )ier, is a C®-atlas over (E;, g, )icr if (U;)ier forms an open
cover of X and ¢; o qu_l 19 (Ui nUj) — E; is smooth, for all ¢, j € I. If such a
C®-atlas exists for X, then X is called a C*-manifold over (E;, TE, )icr-
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For this section, we assume that the input space (X, 7x) is a weighted space
(X, ), which is also a smoothly Hausdorft C*°-manifold over convenient vector
spaces (E;, T, )ier with atlas (U;, ¢;)ier, where smoothly Hausdorff means that
C*(X) separates points of X such that (X, 7x) is by [KM97, Section VI.27.4]
topologically Hausdorff. Moreover, if the convenient vector spaces (E;, Tg, )icr
are finite dimensional, we recover the classical definition of a manifold over
finite dimensional spaces. On the other hand, the output space (Y, 7y ) is also a
convenient vector space, with topology 7y generated by the family of seminorms
P.

For k € Nx, let Lip®(X;Y) be the vector space of functions f : X — Y
such that f oc e Lip*(R;Y), for all ¢ € C®(R; X), which is equivalent to
foot e Liph(p;(U;);Y), for all i € I, see [KM97, Lemma VI.27.17]. On
Lip* (X;Y), we define the initial locally convex topology 7 of C*-convergence
on compacts generated by

. G) ). PEP, ce CO(R; X)
f ‘max sup p <(foc) (t)) " K < X compact

7=0,....k ter
c(t)eK

7

which can be equivalently characterized by seminorms of the same form, but
with ¢ € C®(R;U;) and i € I. Moreover, this topology 7% is equivalent to
the C*-topology in Section 1.2.2 if X is finite dimensional (see [Bom67]).
In addition, we define /Jip’,f(X ;Y) as the vector subspace of bounded Lip*-
functions in Lipk(X ;Y) with bounded derivatives, which we equip with the
initial locally convex topology 77 of uniform C*-convergence generated by

f—max;_q, g Sups;cp P ((f o c)(j) (t)), for pe P and ce C*(R; X).
Using the admissible weight function ¢ : X — ]0, o[, we define the weighted
locally convex topology 7'£ generated by

P Supp(<foc><” (1))

j:o,...,kteRW%pepvceC (R; X) p, (3.4.1)

which can be equivalently characterized by seminorms of the same form, but
with ¢ € C®(R;U;) and i € I. Moreover, we observe that T]Z is a weaker

topology on Lipy(X;Y) than 7%,

Definition 3.34. We define the weighted space of vector-valued and Lip”-
functions EipZ(X;Y) as the c®-completion of (Eipf(X;Y),Tzﬁ), which is by
definition a convenient vector space with topology T{Z generated by the family of
seminorms Q in (3.4.1). If Y = R, we write Ez’pi(X) instead of Eipi(X;R).
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Hereby, the growth of the functions in Eipi (X;Y) as well as the growth
of their derivatives is controlled by the growth of ¢ : X —]0, o[, where the
Lipschitz constant of the kth derivative is not included.

3.4.2 Weighted Nachbin Theorem with Convenient Cal-
culus

In this section, we generalize the classical Nachbin result in Theorem 1.37 to
this weighted setting, where we assume that the input space (X, 1) is a weighted
space, which is a C*-manifold over finite dimensional spaces (E;, Tg, )ier- First,
we consider the real-valued case with Y = R and later extend the result to the
vector-valued case with convenient vector space (Y, 7y ) as output space, where
we use polynomial algebras as in [Pro77]. Similar results for differentiable
functions over an infinite dimensional Banach space have been found in [PG76)
and [AP80], for the topology of compact convergence and the compact-open
topology, respectively. In addition, [Nac91] showed a weighted Nachbin result
for polynomials over R?.

Definition 3.35. A subalgebra A c Ez’pﬁj(X) is called locally point separating
of order k (under ¢ : X —]0,00[) if there exists a point separating vector
subspace A = A such that

(i) for every @€ A and c € C*(R; X), it holds that

(1+]@e0® @f ) e cateon

I . = 4.2
Joe ]irfaxk e P(e(t)) b Ba2
c(HeX\Kp

with the convention that the supremum over the empty set is set to be
zero, where K := ¢~1(]0, R]) = {z € X; ¢(z) < R} denotes the compact
preimage,

(ii) for every i€ I there exists some m € Nx1 and 71, ..., T € A such that the
function 7 : Uy — R™ defined by 7(x) = (ﬁl(x),...,ﬁm(x))T, for x € Uj;,
is an embedding, i.e. continuous and injective.
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Remark 3.36. The condition (i) guarantees that the exponential series to-
gether with the derivatives (via the upper estimate of the Bell polynomials on the
right hand-side of (3.4.6)) converges under the weight function ¢ : X —]0, o[,
which coincides for k = 0 with the notion of locally point separating in the
non-differentiable case introduced in Definition 3.5. On the other hand, the
second condition in (i) ensures that every subset of X can be detected through
elements of the point separating vector subspace Ac A

We start with proving the weighted Nachbin theorem over an open subset
U < R? without manifold structure, where ¢ : U —]0,0[ is an admissible
weight function on U. In this case, the topology 7% on Eipk(U) coincides
with the topology of uniform convergence on compact subsets of U, whereas
the weighted topology 7'5 on Eip’z}(U ) can be equivalently generated by the
weighted norm | - || cipk (1) defined by

HfHCipk(U) = Imax sup w’
v o<lal<k ger  P(T)

lal
for f e L’ipﬁ,(U ), where 0“f = awaif denotes the partial derivatives, and

T‘l _._aajzd
where o € N¢ denotes a multi-index, with N¢ = {& € N%; |a| < k}. Moreover,
we observe that if U < R? is bounded, 7'5 is equivalent to the topology induced

by [ lor@)-

Remark 3.37. If X := U c R? is open with weight function ¢ : U —]0, 00|,
we observe by choosing curves of the form c(t) = xt? in (3.4.2), for some x € X
and j =0,..., k, that the condition (3.4.2) implies that

| (1 +16°()* ) exp (a(a)])
lim max sup =0, (3.4.3)
R—o0 1<|a|<k zeU\Kg 1/’(37)

which we use as definition of locally point separating of order k if X :=
U c R? is finite dimensional. Hereby, the supremum in (3.4.3) can also be
taken over U\Bg(0) instead of U\Kg, where Bg(0) := {z e R% |z < R}.
In particular, the polynomials in Pol(U) are locally point separating of order
k under the weight ¢(x) = exp (|z|?) with point separating subspace A =
{Usaxr—wr, eRyweR, i=1,...d}.

In addition, we need the following multivariate Leibniz formula and Faa
di Bruno formula, which generalize their one-dimensional versions in [Apo67,
Example 5.11.4] and [Faab5] as well as [Fad57], respectively.
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Lemma 3.38 (Multivariate Leibniz Rule). For U < R open, let f,g e C*(U).
Then, we have

(@)= Y (g) & f(2)0* P g(),

0<B=<a

forallz e U and aeN{ = {a = (a1, ...,aq) €N o] := a1 + ... + ag < k},
where (g) = B‘(a il with a! = ap!---ay!, and where < « if and only if
Bi < a;, foralli=1,...,d. In addition, it holds that

°(f - 9)(@) <2 max [7F(@)| max [07f(@)], (3.4.4)

0<|Bl<lal (UNRIESLY

for alla e N{ and x € U.

Proof. While (3.38) can be shown by induction on |a| = 0, ..., k with the prod-
uct rule, the inequality (3.4.4) follows by estimating (3.38) pointwise from
above, where 35, (g) =2lel < 2k for all o € N¢. O

Lemma 3.39 (Multivariate Faa di Bruno Formula). For U = R? and V < R™
open, let f € CF(V) and g € C*(U;R™) with g(U) = V. Then, it follows that

o (@

Frogw- Y Pfay Y a[]IRCs)
1<[Bl<]e s=1 (ksl)eAs(a,8) J=1 ;! ( l')ﬂ

(3.4.5)

for all a € N¢ with |a| > 1 and x € U, where

Ay(a, B) = {(kl,...,ks;ll,...,ls) e N o, Rl > 0,0 <l < }

2ok =8, 25 kil =«
with 1 < 1 if and only if either 1| < [I], or || = |I| with Iy = Iy, ..., li_y = li_1
and l; <;, for somei=1,....,d. In addition, it holds that

10°(f e 9)(@)| < Ckym,a max IO”Bf(g(x))I(H max - max {07, )k>7
1<|8l<lal 1<hy<lal i=1,...,
(3.4.6)

Jor all z € U and 1 < |a| < k, where the constant Ch, p, q := 2 (k)™ k(d+m)
does not depend on x € U, f e C*(V) and g e CF(U;R™).
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Proof. While (3.4.5) was shown in [CS96, Theorem 2.1], the inequality (3.4.6)
follows by estimating (3.4.5) pointwise from above and by inserting that for
every j =1,....,s, x € U and (k;1) € As(c; 8), it holds that

m i %51
1—[ ([}ljgi(x))k” < max <1, max . max |07 gi(x )|>

=1 1<]y|<k i=1,...,m

<1+ max max 107 gs(2)|* .
I<h|ski=

In addition, we use that |A,(o, B)] < |a*@T™ and a! < (K)? as well as
{BeN™ 1< |8 <|al}| < (B)™ such that

o s
1 d+w (d+m)
Z Z Z al 7]&1"“ < (k) szs m
1<[BI<lal S=1 (ke Ay (a8) =1 K3 (51) s=1
(k')d+7n k_k(d+m) - Ck muds
where we have inserted that Zle ksldtm) — 1 < okk(d+m) for | = 1, and

Z§:1 fs(d+m) — derm% < 2kk(d+m), for all k > 2. O

Theorem 3.40 (Nachbin on (Cipi(U),T]Z)). For U < R? open, let (U, %) be a
weighted space. For a subalgebra A Eipiz(U), the following are equivalent.

(i) A is locally point separating of order k, vanishes nowhere, and for every
re U and v e RN{0} there exists some a € A such that v Va(z) # 0.

(i) A is Ti—dense in Liph(U).

Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating of order k, or does not vanish nowhere, or
there exists some r3 € R? and v € R?\{0} such that v'Va(z3) = 0, for all
a € A. If Ais not locally point separating of order k, then A is either not point
separating at all, or there exists a point separating vector subspace A < A
such that either (3 4.3) is violated, for some @ € A, or for every m € N>1
and 71, ..., im € A, the function U 5 z — n(x) == ((z), ..., Tm(z )) e R™ i
not an embedding. In the first case, we define the proper closed bubalgebra
A ={fe Lipi(U); f(x1) = fz2)} of £ip§)(U), whereas in the second case,
we obtain a contradiction because the vector subspace A < A contains the zero
function satisfying (3.4.3). In the last case, every function U 3 z — fj(x) :=

(H1(2), ..., Tm(2)) " € R™ can only violate the injectivity such that there exist
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distinet 31 # @52 depending on 7 : U — R™ with j(x5,1) = f(x5,2). From
this, we define for every function U 3 & — #j(x) := (1 (2), ... m(z)) " € R™ the
proper closed subalgebras Ay = {f € EipZ(U); flxz1) = f(:cﬁ72)} of Lipfb(U).
On the other hand, if A does not vanish nowhere, there exists some zg € U with
a(xg) = 0, for all a € A, from which we define the proper closed subalgebra
Ay = {f € Eipﬁ,(U); flxo) = O}. In the third case, we define the proper closed
subalgebra Az = {f € EipZ(U); v Vf(xs) = 0}. Then, the Tﬁ—closure of A lies
in one of the proper closed subalgebras A;, Az, Az or Ag, for 71, ..., 7m € A,
such that the Ti—closure of A is also a proper closed subalgebra of Lipﬁ,(U ),
which contradicts the assumption in (ii) such that the assertions in (i) must be
satisfied.

For the other direction, it suffices to show the approximation of some
f e Lipf(U) by an element of A since Lipy(U) is by definition | - Hﬁiplfz(U)—
dense in EipZ(U ). We first assume that A consists only of bounded functions,
i.e. sup,ep la(z)] < oo, for all a € A, such that by looking at (3.4.3) the as-
sumption of A being locally point separating of order k reduces to A being
point separating. Let f € Lipy(U) be a function, fix some ¢ > 0, and define b =

MaXo<|a|<k SUP ey |0% f(2)|[+¢€/(6M), where M := max (1, (infger w(x))fl) >
0. Choosing R > 6b/e, we consider the compact preimage Kr = ¢~*(]0, R])
and let U 3 z — n(z) := (n(2),....nm(x))" € R™ be an embedding with
Mooy € A, where Cp 1= maXog|a|<k SUP ey maxi=1’,,,,m|6°‘ni(x)|k/z/)(m).
Then, there exists some Ry > R and 6 € C*(R™) such that 0 < 6(y) < 1, for
all y e R™, 0(y) =1, for all y € n(Kg), 0(y) =0, for all y € R™\n(Kg,), and

g
P0(y)| < 7
LSTBS s e [2°6()] 96C m.ab(M + Co)

where C}, g > 0 is the constant introduced in Lemma 3.39. Then, it follows
by Lemma 3.39 that

|0%(0 o n)(z)]
D e S O JE S T
1+ max) g|y|<k MaAXi=1,...,m |m77i(37)|k
... Sup
xeU w(x)
<C c (M + C) < ——
= k’m’d2k60k7m7db(M+ Co) 0/ 2k6b"
(3.4.7)

Moreover, we observe that A is also a subalgebra of C*(U), which satisfies the
assumptions of the classical Nachbin result in Theorem 1.37 such that there
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exists for the compact set Kr, < U some a € A with

a a £
If = allerrny) :oiﬁﬁ}ékz?éi 0% f(x) = 0%a(2)| < 37

(3.4.8)
which implies |0%a(x)| < &/(6M) + |0°f(x)] < b, for all 0 < |a| < k and
v € Kg,. Now, we define the function g : R™*! — R by g(y, 2) := 0(y)z,
for (y,z) € R™*! such that g € C*(R™*!) and g(n(z),a(z)) = a(z), for all
x € Kg. Then, by using Lemma 3.38 and sup,cg= [0(y)| < 1 as well as (3.4.7),
it follows that

10%(g 0 (n®a))(x)|

max  sup

0<|o|<k zeU\K Y(x)
Yo<s<a (3) [0°(0 0 n)(@)| [0 Pa()]
< max sup
0<|a|<k reKr,\Kr d)(ﬂ?)
108 (0 o n)(x
<b max  sup Zo<6<a (/3)| (0 om)( )|
0<|er|<k geU\ KR Y(x)
10(n(x))| <a> 02(6 0 ) ()]
<b max sup ———— +b max —_—
0<l0<h setriin V(@) 0<al<k ng B Y(z)
181>1
b ‘65(0077)(x)| €
< —sup|0(n(2))| +2Fb max sup —— L < =
R$€IIJ)| (77( ))‘ 1<|BI<k weg w(ﬂf) 3
<1 <e/(26b)

Using this and (3.4.8), we conclude that

102 f(x) = 0%(g o (n@a))(x)|

If—go (n@a)Hapi(U) = max sup

0<lal<k zelr Y(z)
|0°f ()|
< M sup |0%f(x) — 0%(z)|+ max sup ———
S (77 f) ~ 2%l + mas s O (3.4.9)
|0°(go (n®a))(z)] € b e 2
+ max su <M— 4+ =4 - < —.
0<|B\<kmeU\II)(R Y(x) 6M R 3 3

For C1 = maxg<|y|<k SUP ey |07a(z)[* /v(x), we define the constant Cy = 1 +
Co + C1. Then, there exists by the Weierstrass approximation result with
derivatives in Theorem 1.36 applied on the compact set K := n(U) x a(U) <
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R™*+! some polynomial p,, € Pol(R™*1) such that

B.3)

lg —anCk(g) = max sup |o¢ g(y, z) — 0By (Y, 2)

<|(B,9)I<k (y,2)eK
3

. —
SMCy m+41,dCo

Using this, it follows together with C}, 41,4 = 1 and Cy > 1 that

l9(n(x), a(x)) = p(n(z), a(x))]

aup ) SM sup |g(y,2) = pn(y, 2)|
weU (v.2)eR (3.4.10)
€ 9
<M_——————— < ..
3Mck’m+1,dc2 3

On the other hand, we conclude with the help of Lemma 3.39 and using M > 1
that

max sup 10°((9 — pn) © (n®a)(x))]
1<|al<k zeU Y(z)

< Chmi1d max  sup ‘a(ﬂ’j)g(y,Z) — a(ﬁ’j)pn(y,z)‘~-~
1<l () et

1 + max; <||<, Max (maXizly.“7d |6'Yni(x)|k , |(97a(x)|k)
. .Sup
xeU ’l/)(l‘)

£
< Crmitd=——————-0Cy < =.
=TI MC g 1,4C2 3

I ™

(3.4.11)
Combining (3.4.9) with (3.4.10) and (3.4.11), and using that p, o (n®a) € A
as A is a subalgebra, we have

1 =Pno @) cipt 1) < 1f =90 (@) ipt )
2 €

+ (g —pn)o (n®a)“£ipi(U) <73 + 3=¢

Since ¢ > 0 and f € Lipy(U) were chosen arbitrarily, it follows that A is
T&f—dense in EipZ(U).

For the general case of a locally point separating subalgebra A c Eipﬁ,( )
of order k with point separating subspace A © A such that (3.4.3) holds true,

for all G e A, let U 32— ij(x) := (F1(2), ooy T (2)) " € R™ with 7y, ..., i € A
be an embedding. Now, we show that « — cos (a(z)) and x — sin (a(x)), with
a € A, belong to the Ti—closure of A. Indeed, for @ € A and fixed ¢ > 0, we
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find by (3.4.3) some R > 4/e such that

o%(2)F) exp (Ja(z
. (14 0va@) ) exp (@) .

I<lal<k zeU\ K Y(x) 4C% 1,4

For C3 = max0<‘a‘<k SUP,cfcp, [0“a(2)], the cosine Taylor polynomial p,(s) =

P ((221), 52" satisfies

) ( ) CankJrl

—Dn _ = cos" J —_—

I cos =pnlcr(—c5.05)) ;Mmax |S|5133 (s) =Py’ (s)] < Gn—h U
271, k+1

for all n € N. Hence, by choosing n € N large enough such that m <

£

IMCrr 0 (10F)” it follows by using Cx 1,4 = 1, C5 > 0 and R > /4 that

sup 125 EE) =2 GO o g1y feos (@) — o ()
zeU w(x) €K R
cos (3(z) 19 (3(2))] .
Tl i@ L T ML on
P ey loos (3(x)) cp(E@) e 1 e
R - zesbu\%R Y(z) = 2 " R 4Ck14

On the other hand, Lemma 3.39 and |c05(3) (s)] < 1, exp(|s|]) = 1 as well as
‘p(]) ’ exp(]s|) show that

0% ((cos —pn) 0 @) ()] k
<MC ~pllon- 1+C
 Dnax sup o) kot.all €08 =pnllor (—c5.057) (1 + C5)

(1 + ]k @@)]) (1 -+ maxi<ppize 000"
+ Ck,1,a sup
zeU\Kr I)Z)(x)

€ k
<Mck’1’d2MC'k1d(1+C’?’f) (1+C%)

(1+ 107a@)[*) exp (ja(=)])
+2Ck,1,4 max  sup

1<|vI<k zeU\K i Y(z)

<e.

Slnce e > 0 was chosen arbitrarily, it follows that 2 — cos (a(z)) belongs to the
Tw closure of A, which holds analogously true for the function x — sin (a(z)),



78 CHAPTER 3. UNIVERSAL APPROXIMATION ON WEIGHTED SPACE

for all G € A. Hence, we conclude that the subalgebra
»Atrig = {1‘ — \q cos (51(58)) + Mg sin (62(10)) ; )\1, Ao € R, &1,’&2 € .Z}

of £ip5,(U) is point separating, vanishes nowhere, and for every x € U and v €

RA\{0} there exists some a € Aygig with v Va(z) # 0. By using the continuous
and injective function R 3 s +— g(s) := (cos(s),sin(s),cos(ms),sin(mws)) € R,
we observe that the composition

= Tuig(2) := (cos (7 (x)) , sin (75 (x)) , cos (wi; (x)) , sin (775 (2))); 1 1,

is also an embedding with components of Ae. Hence, by applying the above
arguments to Ag,ig consisting of bounded functions with embedding g : X —
R*™ it follows that Alrig s Ti—dense in EipZ(U ). However, as A,ig lies in the

T1’Z—CIOSHI‘€ of A, A is also T{Z—dense in Lipﬁ,(U). O

Remark 3.41. Theorem 3.40 is an extension of [Nac91, Proposition 4] to
the approzimation of differentiable functions defined on an open subset of R?
with subalgebra A < Eipi(Rd) instead of Pol(RY), whereas [Nac91] allows for
multiple upper semicontinuous weights v : X — [0,00[, e.g. v(z) = 1/¥(z).

Lemma 3.42. Let (X,v) be a weighted space, which is a C*-manifold over fi-
nite dimensional spaces (E;, Tg, )ier, and define the admissible weight functions

$i © ¢i(Us) —10,00[ by i(x) = ¢ (¢; '(x)), for x € ¢;(U;). Then, it follows
for every f € Eipﬁ,(X) and i€ I that fo¢;' e Eipii (0:(U)).

Proof. First, we observe that v; := 1 o ¢; ' : ¢;(U;) —]0,0[ are admissible,
because every ¢; : U; — ¢;(U;) is a diffeomorphism. Now, let f € Eipi(X),
fix e > 0,4 ¢e I and ¢; € CP(R; ¢;(U;)), from which we define ¢ := ¢; ' o¢; €
C*(R;U;). Since Eip,’j}(X) is defined as the ¢*-completion of (Eipb( ) 7'1];)
there exists g € Lipy (X) with maxj_g % Sup;eg |((f —g) o 0)D(t)] /vo(c(

e. From this, we define g; := g o ¢;* € Lipy(¢;(U;)) such that

(Fos" = g)oc)” 1) (=900 @)

S0 sk ilei(®) Ttk o)
showing that f o ¢; ! € Eipii(qﬁi(Ui)), since Lipfm (¢:(U;)) is defined as the
c®-completion of Lip¥(¢;(Uy)). O

<,
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Theorem 3.43 (Nachbin on (£ipZ(X),T$)). Let (X,v) be a weighted space,
which is a C*-manifold over finite dimensional spaces (E;, Ty, )icr- For a sub-
algebra A c Eipﬁ,(X), the following are equivalent.

(i) A is locally point separating of order k, vanishes nowhere, and for ev-
ery ¢ € C*(R; X) with ¢(0) # 0 there exists some a € A such that
(aoc) (0) #0.

(i) A is Ti-dense in EipZ(X).

Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating of order k, or does not vanish nowhere, or
there exists some ¢ € C*(R; X) with ¢/(0) # 0 such that (a o c¢)’ (0) = 0, for all
a € A. If Ais not locally point separating of order k, then A is either not point
separating at all, or there exists a point separating vector subspace A < A such
that either (3.4.3) is violated, for some a € A, or for some i € I, the function
Ui 32— ij(x) := (f1(2), .. Tm(2)) " € R™ is not an embedding, for all m € Nx4
and 71, ..., € A. In the first case, we define the proper closed subalgebra
A ={fe Lipfb(X); f(21) = f(z2)} of EipZ(X), whereas in the second case,
we obtain a contradiction because the vector subspace A < A contains the zero
function satisfying (3.4.3). In the last case, every function U; 3 © — 7j(z) :=
(H1(2), ..., Tm(2)) " € R™ can only violate the injectivity such that there exist
distinct points x5 1 # 52 depending on 7 : U; — R™ with 7j(z5.1) = 7(25,2)-
From this, we define for every function U; 3 = — 7(z) := (71 (z), ,ﬁm(x))T €
R™ the proper closed subalgebras Az = {f € Lipi (X); flzsq) = f(x,m)} of
Eipfp(X ). On the other hand, if A does not vanish nowhere, there exists some
xo € X with a(zg) = 0, for all a € A, from which we define the proper closed
subalgebra Ay = {f € L’ipi(X); f(xo) = 0}. In the third case, we define the
proper closed subalgebra Az = {f € Lipi (X); (foe)(0)= 0}. Then, the TjZ—
closure of A is contained in one of the proper closed subalgebras A;, Az, As
or Aj, for 1,...,7m € A, such that the Ti—closure of A is also a proper closed
subalgebra of [,ipfz (X), which contradicts the assumption in (ii) such that the
assertions in (i) must be satisfied.

For the other direction, let f € ,Cip’J) (X), fix some € > 0 and assume without
loss of generality that ¢ € C®(R;U;), for some ¢ € I. Using Lemma 3.42, we
consider the function fo¢; ' € ;Cipioqﬁ.—l (¢i(U;)) with open subset ¢;(U;) < E;
and admissible weight function v; := ¥ o ¢; ' : ¢;(U;) — 10, o[, from which we
define d := dim(¢;(U;)) and ¢; := ¢; o ¢ € C*(R; ¢;(U;)). Then, we observe
that the subalgebra A; := {ai i=ao ¢i_1; a€ A} of Lip’fm (¢:(U;)) is locally
point separating of order k, because A is locally point separating of order
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k with point separating subspace A < A such that (3.4.3) holds true under
¥+ X —]0,00[, for all @ € A, from which we define the point separating

vector subspace A; = {60@_1; ae fT} c A; such that (3.4.3) holds true

under ©; : ¢;(U;) —]0,00[, for all a; € A. Similarly, A; vanishes nowhere,
because for every ug € ¢;(U;) we define xg = qb;l(uo) such that there exists
some a € A with a;(ug) = a(z¢) # 0, where a; := ao¢; ' € A. In addition,
for uz € ¢;(U;) and v € RN{0}, let ¢y, € CP(R;0;(U;)) be a curve with
Cuzw(0) = ug and ¢, ,(0) = v such that ¢ := 67! 0 Cuy.p € CP(R; X) satisfies
d(0) = v Ve; H(uz) # 0. Then, there exists some a € A such that v Va;(uz) =
(ao¢)'(0) # 0, where a; :== ao (;Si_l € A. Hence, by applying the weighted
Nachbin result in Theorem 3.40 to the function f o ¢; ' € ﬁipﬁ,i (¢i(U;)) with
curve ¢; € CP(R; ¢;(U;)), there exists some a; := a o qﬁi_l € A;, with a € A,
such that

max sup |((f —9)° C)(j)<t)| = max sup |((f ° (b;l —ai)o Ci)(j)(m <eg

7=0,....k teRr w(C(t)) §=0,....k 1R wz(cz(t)) s
Since ¢ > 0, ¢ € C*(R;U;) and f € Eipfp(X ) were chosen arbitrarily, A is
TfZ—dense in Eipi(X), -

For the vector-valued setting, we introduce polynomial algebras and define
for convenient vector spaces (E, 7g) and (F, 7r) the set P,(E; F) = C°(E; F) as
the vector subspace generated by maps of the form x +— I(z)"y, forn e N, [ € E’
and y € F. The elements of P, (F; F) are called the n-homogeneous continuous
polynomials of finite type and Py(E; F') denotes the vector subspace generated
by all P,(E; F), for n e N.

Definition 3.44. A = C°(X;Y) is called a polynomial algebra if r o a € A,
for allae A and r e P¢(Y;Y).

Equivalent characterizations of polynomial algebras are given in [Pro77,
Lemma 4.6], e.g. A = C°(X;Y) is a polynomial algebra if and only if A’ :=
{loa; 1€Y', ae A} is a subalgebra of C°(X) and A/ ®Y < A.

Besides using polynomial algebras for the vector-valued generalization of
the weighted Nachbin result in Theorem 3.43, we need to show that finite rank
operators in Eipﬁ, (X)®Y are T]Z-dense in Eipﬁ} (X;Y).

Definition 3.45. (E,7g) has the c*-approximation property if E' ® E is
Tew-dense in L(E; E).
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Remark 3.46. A weaker condition is the approzimation property of (E,Tg),
i.e. E'® E is dense in L(E; E), see [Ada95]. If C*(E; E) is a Fréchet space,
then the ¢®-topology of C*(E; E) is by [KM97, Lemma 1.4.11] equivalent to
the classical topology.

Lemma 3.47. Assume that (X,v) is a weighted space, which is a C*-manifold
over finite dimensional vector spaces (E;, g, )icr- If (Y, 7y) admits a predual
(F,7F) having the c¢*-approzimation property, i.e. F' =Y, then EipZ(X) RY
is Tﬁ-dense in Eipﬁ, (X;Y).

Proof. We first show that if U < F is a an open subset of a finite dimen-
sional space (E,7z) and (Y,7y) is as above, then Lip"(U) ® Y is ¢®-dense in
Lip®(U;Y). By the exponential law in [FK88, Proposition 4.4.5], we observe
that Lip"(U;Y) = Lip"(U; F') =~ L(F; Lip"(U)). Since Lip*(U) is a convenient
vector space, [KM97, Lemma 1.6.9] shows that Lip*(U)®Y =~ F'® Lip*(U) is
¢®-dense in L(F; Lip*(U)) = Lip*(U;Y).

For the general case, it is enough to prove that EipZ(Ui) ®Y is Tlﬁ—dense
in EipZ(Ui; Y') since T£ can be generated by curves ¢ € C*(R;U;), with i € I.
Then, it follows by the first step and because ¢; : U; — ¢;(U;) is a diffeo-
morphism that Lip¥(U;) ® Y is 7F-dense in Lip*(U;;Y), which implies that
Lipf (U;)®Y is 7F-dense in Lipy (Uy;Y), as 7F is a weaker topology. Since 7'5 is

again a weaker topology on Lipy (Us;Y) than 7/, we conclude that Eipﬁj(Ui)@Y
is T{Z—dense in Cipi(Ui; Y). O

Definition 3.48. A polynomial algebra A c Eip’,f, (X;Y) is called locally point
separating of order k if the subalgebra A’ := {loa; l €Y', a € A} is locally point
separating of order k.
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Theorem 3.49 (Nachbin on Eipi(X;Y)). Let (X,1) be a weighted space,
which is a C*-manifold over finite dimensional spaces (E;,Tg,)icr, and as-
sume that (Y, Ty) is a convenient vector space with predual (F,Tr) having the
c® -approximation property. For a polynomial algebra A c L’z'pi(X;Y), the
following are equivalent.

(i) A is locally point separating of order k, vanishes nowhere, and for ev-
ery ¢ € C*(R; X) with ¢(0) # 0 there exists some a € A such that
(aoc) (0) #0.

(ii) A is Tj—dense in Eipﬁ,(X;Y).

Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating of order k, or does not vanish nowhere, or
there exists some ¢ € C®(R;X) with ¢/(0) # 0 such that (aoc) (0) = 0,
for all a € A. If A is not locally point separating of order k, then A’ :=
{loa;leY’, ae A} is either not point separating at all, or there exists a point
separating vector subspace A’ « A such that either (3.4.3) is violated, for some
& € A, or for every m € Nsq and 7}, ..., 7, € A’, the function X 5z — 7/ (z) :=
(#,(x), ..., 7, (z))" € R™ is not an embedding. In the first case, we define the
proper closed polynomial subalgebra A; = {f € Eipi(X;Y); flzy) = f(a:g)}
of EipZ(X ;Y), whereas in the second case, we obtain a contradiction because
the vector subspace A" < A contains the zero function satisfying (3.4.3). In
the last case, every U 5z > i (z) := (i} (2), ..., 7, (z)) " € R™ can only violate
the injectivity such that there exist distinct points 7 1 # x5 2 depending on
7 U — R™ with 9 (z5.1) = 7 (x5 ,2). From this, we define for every function
Uszw— if(z) = 7),..i7,(x) € R™ the proper closed polynomial
subalgebras Ay = {f € Cipi(X;Y); f(@iy 1) = f(ziy2)} of Cipi(X;Y). On
the other hand, if A does not vanish nowhere, there exists some xy € X with
a(xzg) = 0, for all a € A, from which we define the proper closed subalgebra
Ay ={fe Eipf;(U); f(xo) = 0}. In the third case, we define the proper closed
subalgebra Az = {f € Eipi(U); (foc) (0)=0}. Then, the Tllz—closure of A
is contained in one of the subalgebras A;, As, Az or Ay, for 71, ...,7, € A,
such that the Tlﬁ—closure of A is also a proper closed subalgebra of Lipﬁ)(U ),
which contradicts the assumption in (ii) such that the assertions in (i) must be
satisfied.

For the other direction, let f € Lipﬁ,(X; Y) be a function, fix some e > 0, p €
P and c € C*(R; X). By Lemma 3.47, there exists a function g € Lipfp(X) ®Y
of the form g(z) = > b;(z)y;, with some n € N5y, b; € Eipi(X) and y; €Y,
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such that ‘
p((F=9)00V®) . G2
max su < - 4.
FR0 K 1ok (elD)) 2
Then, the subalgebra A’ = {loa;l €Y’ ae A} of Eipi (X) satisfies the as-
sumption of the weighted Nachbin result in Theorem 3.43 such that for every
b; € Eipi (X) with p(y;) > 0, there exists some a; € A" with

((b: — a;) o )Y (1) .
PR w(e(t) = 2np(y)’

whereas otherwise, if p(y;) = 0, we set a;(z) = 0, for all z € X. By combining
(3.4.12) with (3.4.13), we conclude for the function z — a(z) := >, a;(2)y; €
A ®Y, satisfying a € Aas A/’ QY < A, that

p((F=a)00? )

(3.4.13)

p((f =900 1)

S ORI  SET0)
P (((g*a) 0c)” (t))
IS (elD))
. (i —ai) o)) (1)
< gt L) mex ey <

Ase>0,peP,ce OCP(R;X) and f € £ip§)(X;Y) were chosen arbitrarily, A
is qu—dense in ﬁipi (X;Y). O

For the infinite dimensional generalization of Theorem 3.43 and Theo-
rem 3.49, we would additionally need to assume that (X,) is a smoothly
Hausdorff C*-manifold over convenient vector spaces (E;, Tg,):er having the
c¢®-approximation property. Moreover, the (polynomial) algebra A must satisfy
an additional condition such that every composition with a finite rank operator
m; € El ® E; on each model spaces (E;,7g,) belongs to the T{Z—CIOSUIQ of A.
The same idea was used in [PG76, Theorem 3.3] and [AP80, Theorem 4.3] for
the approximation of differentiable functions defined on an open subset of a
Banach space with respect to the topology of compact convergence and the
compact-open topology, respectively.
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3.4.3 Universal Approximation of Smooth Abstract Neu-
ral Networks

In this section, we prove the universal approximation property of smooth ab-
stract neural network in this weighted setting, which generalizes the universal
approximation results in [HSW90] and [Hor91] for smooth neural networks be-
tween Euclidean spaces. Hereby, we assume that the input space is a weighted
space (X, ¢), which is a C*-manifold over finite dimensional spaces (E;, Tg, )ier-
In addition, the hidden layer space (Z,1z) is given by a weighted space, which
is a convenient vector space (Z,7z), and the output space is also a convenient
vector space (Y, 7y ), whose topology 7y is generated by the family of semi-
norms P, and admits a predual (F, 7r) having the ¢*-approximation property
such that F/ >~ Y.

In this setting, a smooth abstract neural network is defined analogously
as in Definition 3.15, where now all maps need to be smooth enough. For an
additive family H EipZ(X ; Z) consisting of hidden layer maps h : X — Z,
a subset R ﬁipiz (Z; Z) containing the activation functions, and the linear
readout £ < L(Z;Y), amap ¢ : X — Y is called a smooth abstract neural
network (smooth ANN) if it is of the form

N
o(x) = > Brpr(hi()), (3.4.14)
k=1

for z € X, where N € Noq, Bk € L, pr € R and hy € H. Then, the derivatives
of ¢ : X - Y can be computed with Theorem 1.32(iv) and we denote by
/\/N??ﬁ the set of smooth ANNs of the form (3.4.14).
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Remark 3.50. In [HSWI0] and [Hor91], smooth neural networks were intro-
duced between X = R™ and Y = R with hidden layer space Z = R, where the
additive family H consists of affine maps h(z) = a'x + b, with a € R™ and
b e R, the activation family R = {p} is a singleton p € CF(R), and the linear
readout s given by L = {z — wz; w € R}. Then, N/\/@‘,ﬁg‘ is dense in C*(R™)
on compacta if p e C*(R) is either

(i) m-finite, i.e. 0 < § [p™)(2)|dz < 0, for some m > k with p € C™(R)
(see [HSWI0, Corollary 3.4]),

(i) bounded and non-constant (see [Hor91, Theorem 3+5]), or

(#1) discriminatory in the sense of Definition 2.2 (see Theorem 2.6).

If we assume p € Lipi(R) in addition, then NNE;,L%E is also TF-dense in
Liph (R™) because TF is a weaker topology on Lipl(R™) than 7F. By using that
T{Z is again a weaker topology on Lipf(R™), where Lipf(R™) is by definition

N pone gy -dense in Liph (R™), NNILE s 7k -dense in Lipk (R™).
Lipl (R™) P R™R P P

For the generalization of smooth neural networks to this weighted and
vector-valued setting, we could consider the same abstract neural networks as
in Example 3.17-3.19. Moreover, deep smooth abstract neural networks with
finitely many hidden layers can be constructed by concatenation as described
in Remark 3.20.

Definition 3.51. An additive family H < Lip,’;(X;Z) between X and Z is
called strong if

(i) for every ce C*(R; X) with ¢’(0) # 0 there exists some h € H such that
(hoc)'(0) #0, and

(ii) for every i € I there exists some m € Nxy and hy, ..., hy, € H as well as
2y ey 2iy € Z' such that U; 3 x — (2] (h1(x)), ..., z;n(hm(x)))T e R™ is an
embedding, i.e. continuous and injective.
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Theorem 3.52 (Universal Approximation on Cipi (X;Y)). For a strong ad-
ditive family H < Lz’p’{z (X;2), assume that the architecture (H, R, L) between
X andY be compatible with another architecture (G, R,K) between Z and Z.
If Z' < Lipl, (Z) and N./\fg K s 7y, -dense in Lipl,,(Z; Z), then N/\ﬂ;;}ﬁ
18 Tqﬁ-dense m Ezpw(X Y), i.e. for every f € EipZ(X;Y), e>0and qge Q
there exists @ € NJ\/H L such that

p(((f =900 1)

W= BT )

where p € P and ¢ € C*®(R; X) are the seminorm and the curve correponding
to g€ Q.

Proof. Let A = span{x — z'(h(z))"yo; n €N, 2’ € Z', he H, yo € Y} be a poly-
nomial algebra, which is contained in Eipﬁ} (X;Y), because it holds by assump-
tion that Z' < Lipl, (Z).

First, we show that A lies again in the 7j-closure of NN §;’§‘ Let
Pz be a family of seminorms generating the topology 77 of Z, which exists
by Theorem 1.25, fix some ¢ > 0, p € P, ¢ € C*(R;X) and consider the
function z — a(z) = 2'(h(z))"yo € A, for some n € N, 2/ € Z', h € H
and yp € Y, where we define Cy := sup,.x ¥z (h(x))/v)(z). Then, there ex-
ists some v € T := {ye L(Z;Y); Vae K:yoae L} and zg € Z such that
p(yo — 1(z0)) < £/(20), where Cy = max;_o,_ supyer (a0 ) ()] /u(elt).
Moreover, we define C3 := sup.cy ,,, (-)<1 P(7(2)) and ¢z := hoce Lip*(R; Z).
As NNg RK s T,’lzz—dense in Eipﬁ,z(Z; Z), there exists for the function z —
az(z):=2'(2)"z € EipZZ(Z; Z) some @z € NN%?K with

Pz (((az —¢z)ocz)V (t)> £
max su < ,
20k te]IIg Yz(cz(t)) 20103

(3.4.15)

where we have used that the topology 7'1’;2 on Eipiz (Z;Z) can equivalently
be generated by Lip®-curves instead of smooth curves, see [KM97, Theo-
rem I11.12.11]. For the function x — b(z) := 2’'(h(x))"y(20), we define ¢ :=
~yopzohe J\/NH RoL , by using that goh € H, for all g € G, such that (3.4.15)
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implies that

p((a=¢)o0)? @)
; naaxk igﬂg D) < Cop(yo — v(20))
+ ~max sup (((b B (P) ° C)(j) (t)>
P E0) Co

o pz (((az = ¢z) 0 c2)? (1))

+ max sup <e.

! 3 j -k teR wz(c(t))

Since € > 0 and p € P were chosen arbitrarily, it follows that  — a(z) =
2'(h(x))"yo € A belongs to the Tw -closure of /\/'NH L By the triangle inequal-
ity, also linear combinations of such functions are contained in the Ti—closure

<022

of NNy . R £ such that the entire polynomial algebra A lies in the Tj—closure

of NN R Rk,
Fmally, we apply the weighted Nachbin result in Theorem 3.49 to show
that NNH RE s T{Z—dense in ﬁipi(X;Y). For this, we observe that A is

locally point separating of order k& with point separating vector subspace A=
{2z oh; 2’ € Z', h € H}, where we have used that H and Z’ are point separating,
and where we have employed that H is strong such there exists for every i €

I some m € Ny, hy,....,h,, € H and zi,...,2/, € Z' such that U; 3  —

7 (x) == (Fi(2), ... im(x))" € R™ is an embedding, with 7j; := ziohj € A,
for j = 1,...,m. Moreover, A vanishes nowhere, because for every zg € X
there exist some h € H and 2z’ € Z’ such that z — a(z) := 2'(h(z))yo € A,
with some yo € Y\{0}, satisfies a(zg) # 0. Furthermore, there exists for every
ce€ C®(R; X) with ¢/(0) # 0 by using that # is strong some h € H and 2’ € Z’,
with 2’ ((ho¢)'(0)) # 0, such that x — a(z) := 2/(h(z))yo € A, with some
yo € Y\{0}, satisfies (a 0 ¢)’(0) = 2’ ((hoc)(0))yo # 0. Hence, by applying
the weighted Nachbin result in Theorem 3.49, it follows that A is Ti—dense
in Lip}(X;Y). However, because A lies in the 7/-closure of /\/’N?@L, we

conclude that ./\/NH L s also 7-dense in Lipfp (X;Y). O

Theorem 3.52 is a generalization of [HSW90, Theorem 3.1] to this weighted
setting, where we obtain universal approximation on a compact subset K < X
by choosing 9 (x) = 1 and applying Theorem 3.52. Moreover, the argument
in Theorem 3.52 can be iterated to obtain universal approximation of deep
smooth abstract neural network with finitely many hidden layers. In addition,
it is possible to consider an infinite dimensional hidden layer space (Z,1z)
and several activation functions in R < Elpwz(Z Z) such that NN e R £is
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under some additional assumptions Ti—dense in EipZ(X ;YY) if for every hidden
layer map h € H there exists a direction given by zg € Z\{0}, with 2 —
j(h(x))zg € H, for some j € Z', and there exist p € R and 2z’ € Z’ such that
R st~ Z/(p(tzp)) € R satisfies one of the conditions in Remark 3.50.

3.5 Randomized Abstract Neural Networks

Abstract neural networks can be used to learn a function between infinite di-
mensional spaces. However, the training of the parameters hy € H and 8 € L
is a non-linear regression task, which means a general non-convex optimiza-
tion problem. In addition, by taking into account infinite dimensional objects
such as paths or functions, the number of parameters in the abstract neural
network can become very large to ensure satisfactory approximation, which in
turn leads to an unstable or unfeasible training procedure.

To overcome this issue, we borrow ideas from the field of reservoir com-
puting, where the key idea is that the inner parameters of the abstract neural
network are initialized randomly and only the linear readout is trained. This
brings us back to a convex optimization problem (if the loss function is also
convex) and by choosing the size of the hidden layer large enough, we obtain a
sufficiently rich random basis of the hidden layer. In the literature, [RR07] and
[GGO20] showed that this approach is successful for conventional neural net-
works between finite dimensional Euclidean spaces, whereas [HTW19] proved
that the trained randomized neural network behaves asymptotically like the
spline interpolation. Moreover, it was shown in [KB20, Section 3.3] that train-
ing only the linear readout can be generalized to infinite dimensional input
and output spaces, which was also applied to echo-state networks (ESNs) as
mentioned in Section 2.4.

In our infinite dimensional setting, we assume that the input space (X, )
is a separable metrizable weighted space, the hidden layer space (Z,¢z) is a
weighted Banach space with norm | - |z, and the output space (Y, | - |ly) is
another Banach space. Furthermore, we suppose that H < By (X;Y) is an
additive family between X and Z, £ < L(Z;Y) is a linear readout between
Z and Y, and R < By,(Z;Z) contains the activation functions on Z such

that N. /\/ #, R Lis Tw -dense in By (X;Y'), which means that the abstract neural
networks in N Ny H, R £ admit the universal approximation property.

In order to 1nclude randomness, we assume that there exists a probability
space (€2, 3, P) with locally compact topological space (€2, 7o) such that h : Q —
‘H defines an H-valued random variable, where we suppose that the distribution
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of h : Q — H is such that for every distinct pair x1, x5 € X, we have

Pl{we @ hw)(z1) # h(w)(x2)}] > 0,

P[{w € Q; h(w)(z1) # 0}] > 0 (3.5.1)

Let (hg)ken ~ h be a sequence of independent and identically distributed
(i.i.d.) random variables, from which we define for some N € N>, a randomized
abstract neural network (RANN) ¢ : Q x X — Y by

N
E/kak hi(w) (@), (3.5.2)

for w e Q and z € X, where p, € R and B € L. Hereby, we denote by
RNy H, R “ the set of such randomized abstract neural networks in (3.5.2) and
by 1n1t1ahzmg the hidden layer maps h1, ..., Ay € H randomly, it only remains to
train the linear readouts fi, ..., Bn € L given the realizations h; (w), ..., Ay (w) €
H. The following lemma ensures in particular that ¢ : 2 x X — Y is a random
function.

Lemma 3.53. The randomized abstract neural network ¢ : Q@ x X — Y in
(3.5.2) is product-measurable, i.e. ¥ QF /T -measurable, where F and T denote
the Borel o-algebra of X and Y, respectively.

Proof. First, we observe that w — hi(w)(x) is ¥/S-measurable, for all k € N
and x € X, where S denotes the Borel o-algebra of Z. By continuity of z —
Z}Jgle Brpr(z) on every compact preimage Kz r = v, (]0, R]), we conclude
that w — ¢(w)(z) is ¥/T-measurable, for all z € X. On the other hand,
we observe that © — @(w)(x) is by definition continuous on every compact
preimage Kr = ¢~1(]J0,R]), for all w € Q and R > 0, such that (w,z) —
p(w)(z) is by [AB06, Lemma 4.51] X ®F /T -measurable, where Fr denotes the
Borel o-algebra of Kr. Because this holds for every R > 0, (w,z) — ¢(w)(x)
is ¥ ® F/T-measurable. O

Now, we consider a randomized ANN ¢ : Q — B, (X;Y) as random vari-
able in LP(Q; By (X;Y)), with 1 < p < oo, where we assume that the ran-
dom variable py o h : Q — By(X;Z) belongs to LP(§; By (X; Z)) such that

E [Hp o h“%“xz)] < oo, for all p € R, which implies by Minkowski’s inequality
that

1 N 1
lelze@is,(x;v)) =E [H‘p”%w(x;y)] "< Z 1Bkl Lz E [Hpk © hHgd Xz ]p
k=1
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is finite, such that ¢ € LP(; By (X;Y)) is well-defined, where we have used
that hy, ho, ... are identically distributed. In the following, we show that any
random function f € LP(Q; B, (X;Y)) and therefore any deterministic function
f e By(X;Y) can be approximated by a randomized abstract neural network

pe RNTIRE,

Example 3.54. For X =R" and Z =Y = R with weights ¢(x) = exp (|z[?)
and ¥z(z) = exp(|z]), we consider H = {x —a'x+b;acR" beR}, an
activation function p € CY(R) and a linear readout L = {z — wz; w € R} such
that J\/‘N;;,LR s Tw -dense in By (R™). Then, we define h: Q — H as h(w) =
(x— 3" ai(w)z; + b(w)), for independent random variables a;,b ~ N(0,1)
following a mormal distribution. Because p : R — R is bounded, we have

E [Hpo hH%w(R")] <, for all 1 < p < o0.

Lemma 3.55 ([HNVW16, Lemma 1.2.31]). If (2, 7q) is locally compact, then
the space C2(Q; By (X;Y)) of compactly supported random variables is dense
in LP(Q; By (X;Y)) with respect to | - || e 5, (x;v))-

Theorem 3.56 (Random Universal Approximation). Let 1 < p < oo and
assume that the architecture (H, R, L) between X andY is compatible with an-
other architecture (G, R, K) between Z and Z such that Nj\fg RK s ), -dense
in By, (Z;Z). If the random variable h : Q — H with h € LP(Q By(X;Z))

satisfies (3.5.1), then RN?(EL is dense in LP(Q; By(X;Y)), i.e. for every
feLP(Q;By(X;Y)) and € > 0 there exists some ¢ € RN?@L such that

2) — oz pq1/p
17 = Plusam,oxary = B | (sup LS )T
Proof. First, we show the approximation of f € C9(Q;B,(X;Y)) by some
© € RN 7;55 in a weighted supremum norm. For this purpose, let f €
C(Q; By (X;Y)) with support contained in a compact set K < Q and fix
some ¢ > 0. Let (Xo,%x,) be the weighted space with Xg = K x X and
1/1X0(w7$) = (z), for all (w,z) € K x X, and define the additive family
Ho={(h1+ ... +hn+Db)|x,: Xo— Z;neNxq, h; ~ h, be Z}, which implies

that NNHO’R - RNH R L’X . In this case, the compatibility of g o h € H,
for all g € G and h € H, 1mpolies gohg € H, for all g € G and hg € Ho.
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Moreover, for every hg € Hg there exists by additivity of H some h € H such
that sup(, ;e x, ¥z (ho(w) (%)) /1x, (W, ) < sup,ex Yz (h(2))/1(x) < o0, which
shows that the architecture (Hg, R, L) between Xy and Y is also compatible
with the architecture (G, R, ) between Z and Z. Hence, we conclude by ap-
plying Theorem 3.27 that there exists some ¢ € RNy HO’R c such that

|f(w)(@) = pw)(@)]y |f(w) (@) = pw)(@)]y

sup = sup
(w,z)eNx X ¢XO (va) (w,z)eQx X ¢(x)

<eg,

which shows that ’R./\/'H L is dense in Co(%;By(X;Y)), because € > 0 and
f e COUQ;By(X;Y)) were chosen arbitrarily. Since the topology induced by
|- o8, (x:v)) is a weaker topology on C2(Q; By(X;Y)) than Tgxo, where
C(Q; By (X;Y)) is by Lemma 3.55 dense in LP(§%;B,(X;Y)), the set of ran-
domized abstract neural network RNy’ e R £ is also dense in LP (4 By (X;Y)).

O

By an application of the Markov inequality, it follows from Theorem 3.56
that RANNS are able to approximate any function f € By, (X;Y') with an error
that rarely exceeds a certain tolerance € > 0.

Corollary 3.57. Let 1 < p < o and assume that the architecture (H, R, L)

between X and Y is compatible with another architecture (G, R, K) between Z

and Z such that NN%? *is Tw -dense in By, (Z; Z). If the random variable

h:Q — H with h € LP(Q;By(X;Z)) satisfies (3.5.1), then for every f €
LP(Q; By (X;Y)) and 6,¢ > 0 there exists some ¢ € RNH L such that

p {0 L0l )

Proof. Let f € LP(Q;B,(X;Y)) and fix §,¢ > 0. Then, there exists by The-
orem 3.56 some ¢ € R./\/‘Z}Lz}ﬁ satisfying E [Hf — @ng(x-Y)] < 6eP such that
the conclusion follows by applying the Markov inequality.

Now, we apply these arguments to the universal approximation result with
derivatives in Theorem 3.52 to show that smooth RANNs are able to approxi-
mate differentiable functions arbitrarily well. For this purpose, we assume that
the input space (X, ) is a weighted space, which is a C*-manifold over finite
dimensional spaces (F, | - ||g, )icr, the hidden layer space (Z,1z) is a Banach
space with norm | - |z, and the output space (Y| - ||y) is also a Banach space
with predual (F,| - |r) having the approximation property.
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Theorem 3.58 (Random Smooth Universal Approximation). Let 1 < p < «©
and let H < Eipﬁ,(X;Z) be a strong additive family. Assume that the ar-
chitecture (H, R, L) between X and Y is compatible with (G, R,K) between Z

and Z such that NN%ZK is Tlﬁz -dense in £ipﬁjz (Z;2). If h : Q — H with
he LP(Q;EipZ(X;Z)) satisfies (3.5.1) and

P [{w e Q; (h(w) 0 )'(0) # 0}] > 0, (3.5.3)

for all ¢ € C*(R; X), then R./\/';[;zﬁ is dense in LP(Q;EipZ(X;Y)), i.e. for
every f € LP(; Eipw(X;Y)) and € > 0 as well as ¢ € C*(R; X) there exists
some @ € RNH R such that

pl/p

§ mwaWf@O@mUﬂy

§=0,0k eR P(e(?))

Proof. Since [Zipﬁ) (X;Y) is alocally convex topological vector space, we can use
the arguments of [HNVW16, Proposition 1.2.2, Lemma 1.2.19(i)] applied to ev-
ery ¢ € C*(R; X) such that simple functions of the form w — " | 14, (w) fm,
for n € Ny, Ay, € ¥ and fp, € ﬁipZ(X;Y), are dense in LP(Q;EipZ(X;Y)).
Hence, the arguments of [HNVW16, Proposition 1.2.31] are still valid such
that C2(€Q; Eipﬁ, (X;Y)) is dense in LP (€ Eipi (X;Y)). The remaining proof
follows along the lines of the proof of Theorem 3.56, where we use the universal
approximation result in Theorem 3.52 instead of Theorem 3.27. O

Corollary 3.59. Let 1 < p < o0 and let H Ezpw(X Z) be a strong additive
family. Assume that (H,R, L) between X and Y is compatible with (G,R,K)
between Z and Z such that ./\/./\/'gR’C 18 Tiz—dense in Ez'pﬁz(Z; Z). If the
random variable h : Q — H with he LP(Q;Eipi(X;Z)) satisfies (3.5.1) and
(3.5.3), then for every f € L”(Q;Lipﬁ;(X;Y)) and 6, > 0 as well as ¢ €
C*(R; X)) there exists some @ € RN;:@’L such that
(@) =) 0P ()]
Pl<we; max sup Y

J=0,....k ¢eR P(c(t))

>¢ < 4.

Proof. The proof follows by applying the same arguments including Markov’s
inequality as in the proof of Corollary 3.57, where Theorem 3.58 instead of
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Theorem 3.56 is applied. O

Moreover, the arguments in Theorem 3.56, Corollary 3.57, Theorem 3.58
and Corollary 3.59 could be generalized to locally convex topological vector
spaces as hidden and output layers.

3.6 Lipschitz Functions and Signature
Methods

In this section, we show another application of the weighted Stone-Weierstrass
stated in Theorem 3.11, which is related to the theory of rough paths introduced
by Terry Lyouns, see [LCL0O7]. Hereby, the signature of a path consisting of its
iterated integrals can be used to approximate any path space functional arbi-
trarily well. For example, [CO18] and [KO19] introduced kernel-based methods
to learn functionals depending on the signature, whereas [CGOT20] considered
a randomized version of the discrete-time signature. These novel techniques
have been succesfully applied for hedging and optimal stopping problems in
Finance, see for example [LNP19] and [JLP20]. Opposed to these results, we
consider here the non-compact input space of Lipschitz functions equipped with
a weak-#-topology, where we follow the notation of [Wea99).

3.6.1 Predual of Lipschitz Functions

For a pointed metric space (9, dg), i.e. a metric space with designated origin
0 € S, we will show the existence of a Banach space E(S), the so-called Arens-
Eells space, whose dual can be naturally identified with the space of Lipschitz
functions preserving the origin. More precisely, let (Y, |||y ) be a Banach space,
for which a map f: S — Y is called Lipschitz if there exists a constant C' > 0
such that

1£(s) = f(O)ly < Cds(s,t), (3.6.1)

for all s,t € S. Using this, we introduce the following two spaces of Lipschitz
functions.
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Definition 3.60. For a metric space (S,ds) and a Banach space (Y, | - |y ),
we introduce the following.

(i) The Lipschitz space Lip(S;Y) is defined as bounded Lipschitz functions
[+ 8 =Y with norm || f|Lips;y)y = max (L(f),supges [ f(s)]y), where
L(f) denotes the Lipschitz constant of f : S — Y, which is defined as the
smallest number C' > 0 such that (3.6.1) holds true.

(i) If (S, ds) is additionally pointed, we define the Lipschitz space Lip,(S;Y)
as Lipschitz functions f : S — Y preserving the origin, i.e. f(0) = 0
which is equipped with the norm || f|Lip,(s:v) = L(f)-

)

In both cases, we abbreviate Lip(S) := Lip(S;R) and Lipy(S) := Lipy(S;R) if
Y =R.

For every (pointed) metric space (S, dg), Lip(S;Y) and Lip,(S; Y") are again
Banach spaces with their corresponding norm, see [Wea99, Proposition 2.3]. We
start by showing that Lip(S) and Lip,(S) admit a predual, with the help of

~

the so-called De Leeuw’s map ® : Lipy(S) — B(S), which is defined by

f(s) = f(B)

(N t) = T

for a function f € Lipy(S) and (s,t) € S, where § = {(s,t) € S x S; s # t}
denotes the space S x S without diagonal, and where B(S) denotes the space
of bounded functions f : § — R on S such that sup & |f(s,t)] < o0, see

[Wea99, Theorem 2.35]. ’

Lemma 3.61. For a compact metric space (S,dg), the following holds true:

(i) Lip(S) is a dual space and on bounded subsets of Lip(S), the weak-x-
topology coincides with the topology of uniform convergence.

(ii) If (S,ds) is additionally pointed, then Lipy(S) is a dual space and on
bounded subsets of Lip,(S), the weak-+-topology coincides with the topol-
ogy of uniform convergence.

Proof. This follows by combining [Wea99, Theorem 2.37] and [Wea99, Proposi-
tion 2.39] for (ii) as well as [Wea99, Corollary 2.38] and [Wea99, Corollary 2.40]
for (i). O

Now, we introduce the vector space M of so-called molecules, which are
defined as functions m : S — R with finite support such that >, _om(s) = 0.
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In addition, we define the pairing (f,m) := > _¢ f(s)m(s) such that for every
f € Lipy(S) and m € M, it holds that

[<f, ol < [ fllLipg sy I &)

where || - | g(s) is defined in the following. An elementary molecule is defined
as mgt = L5y — Ly € M, for s,t € S, such that every molecule m € M has an
expression as linear combination of elementary molecules.

Definition 3.62. The Arens-Eells norm of a molecule m € M is defined as

Im| z(s) = inf {Z lailds (i, ti); m = Z aiMis;t;5 Sisti € 5} )

i=1 i=1

where the infimum is taken over all finite linear combinations of elementary
molecules. In this case, the Arens-Eells space E(S) is defined as the || - | g(s)-
closure of M, which becomes with | - | z(sy a Banach space.

In the non-linear Banach space literature, the Arens-Eells space & (S) is
known as the Lipschitz-free space and denoted by F(S), see e.g. [GK03|. Now,
we can identify the predual of Lip,(S) with AE(S).

Theorem 3.63. Let (S,d) be a pointed compact metric space. Then, E(S)*
is isometrically isomorphic to Lipy(S) and on bounded subsets of Lipy(S), the
weak-+-topology coincides with the topology of uniform convergence.

Proof. This follows by combining [Wea99, Theorem 3.3] and [Wea99, Proposi-
tion 2.39). O

For the vector-valued case with finite dimensional (Y)| - |y), we use that
the dual of Y* is equal to Y, and consider the projective tensor product
E(S)®,Y*, which consists by [SZ06, Theorem II1§6.4] and because Y* is
finite dimensional of elements of the form T = Z;‘l=1 m; ® 1, for n € N,
m; € £(S) and [; € Y*, and which is equipped with the norm [T 5g)g_ v+ =

2im1 Imjllmes) Ity

Theorem 3.64 ([Wea99, Theorem 3.6]). Let (S, d) be a pointed metric space.
Then, the map ¢ : S — M defined by 1(s) = my, for s € S, isometri-
cally embeds S into E(S). Moreover, for every f € Lipy(S;Y) there exists
a unique continuous linear map Ty € L(&E(S);Y) such that Ty o v = f with

1Tt m(s); vy = [ fllLipy(siv) -
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Corollary 3.65. Assume that (S, d) be a pointed compact metric space. Then,
(B(S)®Y*)* is isometrically isomorphic to Lipy(S;Y), and on bounded sub-
sets of Lipy(S;Y), the weak-+-topology coincides with the topology of uniform
convergence.

Proof. By Theorem 3.64, it follows that Lip,(S;Y) is isometrically isomorphic
to E(S)* ® Y*, which is in turn isometrically isomorphic to L(&(S);Y). In
this case, B(S)®,Y* is a predual of Lipy(S;Y) identified with L(&E(S);Y),
because there exists a continuous dual pairing (£E(S)®,Y*) x Lipy(S;Y) - R
defined by

n
<Ta f> = Z<l] ofamj>7
j=1
for f € Lipy(S;Y) and T € B(S)®.Y* of the form T = Z?Zl m; ®1;, for some
m; € B(S) and [; e Y*.

Now, we show that weak-* convergence on the unit ball of Lip,(S;Y) im-
plies uniform convergence. Let (fn)nen < Lipg(S;Y) with || fp|Lip, (s;v) < 1
converging in the weak-*-topology to f € Lipy(S;Y) with |f[rip,(siv) < 1.
Then, it follows for f > T(f) := {lo f,ms) € B(S)®,Y* that

LT = 1U(f(9) = UF(0) = U(f(s)),

where we have used that f,,(0) = f(0) = 0 implies I(f,(0)) = {(f(0)) = 0. Since
(3.6.2) holds true for all [ € Y* and s € S, we conclude that f,(s) — f(s), as
n — oo, for all s € S, showing pointwise convergence. Moreover, fix some ¢ > 0
and ng € N, and let {s1,..., s} be an e-net in S such that || f,(s;) — f(s:)]y <
e/3, for all i = 1,....,k and n = ng. As every s € S is at most ¢ away of some
point in {s1, ..., s}, we have

[£n(s) = F(S)ly <[ fnls) = Fulsi)ly + [ falsi) = f(si)ly + 1 (si) = f(s)ly
< ds(s,si) + [ fu(si) = f(si)ly + ds(siys) <e,

(3.6.2)

for all s € S and some i = 1, ..., k, which yields uniform convergence.
Conversely, let (fn)nen be a sequence in Lipy(S;Y) with | fn|Lip,(siv) <

1 converging uniformly to f € Lip(S;Y) with |f|Lip,(s;v) < 1. Then, f,

converges pointwise to f, and for every m € M and [ € Y*, we have

Ao fuymy =Y Ufals)m(s) "=3 Y U(f(s))m(s) = o fim). (3.63)

seS seS

Since /(S) is defined as the | -|| g(s)-closure of M and sup,,ey || fal|Lip, (s;v) < 1,
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(3.6.3) holds also for every m € E(S). In this case, (3.6.3) is still valid for
T =Y _,mj®I;, with [; € Y* and m; € M, such that (T, f,,) — (T, f),
as n — oo, for all T € A(S)®,Y*, which shows convergence in the weak-#-
topology. O

Hence, we have found for a compact metric space (S,dg) a predual of
Lipy(S;Y") such that Lip,(S;Y) carries a weak-#-topology, which coincides on
bounded subsets with the topology of uniform convergence.

3.6.2 Signature of Geometric Rough Paths

The predual of Lipschitz continuous functions can be used in the setting of
rough paths. For this purpose, we recall some basic notation and definitions
from rough path theory as used in [FV10], and introduce the free nilpotent Lie
group GV (R?) in the following. The extended tensor algebra T((R?)) over R?
is defined as

T(RY) = é'})o RA®",

where (R?)®" denotes the nth tensor space of R? with convention (R%)®° := R.
On T(R%), we define the standard addition “+”, the tensor product “®” used
for multiplication, and scalar multiplication “-” by

n 0
a+b=(a"+b")"_,, a®b_<2an_k®bk> , Ara=(Ma"), L,

k=0 n=0

for a,b e T(R?) and A € R, where a™ denotes the projection to the nth level of
a € T(R?). In addition, let

T(RY) :={ae T(R?); INeN:a" =0, for all n > N} = T((R%))

be the tensor algebra over R?. Let {ey,...,eq} be a basis for R? with dual
basis {ef,...,e¥} of (R?)* such that {e;, ® - ®e;,; i1,....in € {1,...,d}} and
{er ® - @ef 5 i1, ., in € {1, ...,d}} are bases of (RY)®" and ((R%)*)®", re-
spectively. Then, we observe that

{er =€, Q- ®e;,;neN, I=_(i1,...,i,) € {1,....,d}"} U {1},
{6}“ =6 @ - ®ef ;neN, I=(ig,..i,) € {1,...,d}”} u {1*}

are bases of T(RY) and T'((R%)*), respectively, where 1 = (1,0,0, ...
is the unit element, and where 1* € T'((R%)*) is such that 1*(a) =
a € T(RY).
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Definition 3.66. For I = (i1,...,i,) € {1,...,d}" and J = (j1,...,Jm) €
{1,...,d}™, we define the shuffle product W inductively by

* * L __ * * * * * *
61 L 6‘] T (6(7;17-4477;n—1) L 6‘]) ®6in + (61 L e(jlv---;jm71)> ®ejm,7

with e W 1* = 1* W e} = e}, which is extended by bilinearity to the extended
tensor algebra T((R?)*).

Let C*=2([0, T]; R?) be the space of continuous paths Z : [0,T] — R? of
finite variation. For a given N € N and a path Z € C1=v21([0, T]; R?), we define
its step-N signature over the interval [s,t] < [0,T] by

t pun U2
SN(Z)ss i= <1J dZu,...,J J J AdZy, ® - ® dZy,_, @dZuN)
s<u<t s Js s

e TV(RY),

where TV (R?) := @ﬁfzo(Rd)(@” denotes the truncated tensor algebra of or-
der N over R%. The corresponding space of lifted paths of finite variation in

Cr=var ([0, T]; R?) is the step-N free nilpotent group
GN(RY) := {Sn(Z)o,r; Z € C([0,T];RY)} « TV (RY),

which is equipped with one of the following metrics, either the submanifold met-
ric dé,N(Rd)(g, h) = maxg—1,. N Hgk — th or the Carnot-Carathéodory metric

(see [FV10, Definition 7.41]) defined by d3x ga)(9.h) = lg™' ®h|,,, where

lgllee = inf{SOT |dZ|; Z € CY=v2 ([0, T]; RY), Sn(2)or = g}. These metrics

are not equivalent (unless d = 1), but there exists by [FV10, Proposition 7.49]
some C' > 0 such that

dé‘”(Rd)(ga h) < CdéN(Rd)(ga h), dQGN(Rd)(gv h) < Cdé‘N(]Rd)(ga h)l/Na

for all g, h € GV (R?) belonging to a bounded subset of GV (R?) with respect
to | - lee-

In the following, we use the Carnot-Carathéodory metric and introduce for
a path X : [0,7] — GY(R?) the map X : Ay — GN(R) defined by X, =
X' ®Xy, for (s,t) € Ay, where Ay = {(s,t) € [0,T]?% s < t} denotes the two-
dimensional simplex. For 0 < a < 1, we introduce the a-Holder metric over
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[s,%] given by

||XZ,’U - YZLL,UH "
do—ms1,[s,(X,Y) = x| <u.§B£t] TTu—ope )
u<v

for X,Y : Ay — GU/l(R?). Using this, we define the space of geometric a-
Holder rough paths as the d,, _ps1,[0,7]-closure of the step- N signatures obtained
from paths with finite variation.

Definition 3.67. For 0 < a <1, a map X : Ay — GI/2(R?) is a geometric
a-Hélder rough path if there exists a sequence (X (k))ren < CT=% ([0, T]; R?)
such that (S)1/a)(X(k)))ken : A2 — GU/l(RY) converges in the do—nst[0,1]-
metric to X. We denote by GQ4, ([0, T];R?) the space of geometric a-Hélder
rough paths.

In addition, every geometric a-Holder rough path X € GQ, ([0, T]; R?) can
be uniquely extended to a map X< : Ay — T(R?) by [LCLO07, Theorem 3.7],
which we call its signature. For example, the sample paths of a continuous
semimartingale are almost surely a geometric a-Holder rough path with a €
11/3,1/2]. In addition, the shuffle product can be used to describe the product
of two linear functionals.

Lemma 3.68 ([LCLO07, Theorem 2.15]). Let X € GQ, ([0, T];R?) and Iyl €
T((R*)*). Then, it holds that

h (X5E) b (X557) = (hwis) (X57)
for all (s,t) € As.

By Lemma 3.68, every X € GQ,([0,T]; R?) satisfies Chen’s relation X7 ®
X5P = X5, forall 0 < s < u <t < T, which means that the whole path
information is contained in its signature X0<7 % In the following, we consider con-
tinuous paths X : [0, T] — RY, for example a sample path of a continuous semi-
martingale. Hereby, we assume X (0) = 0 and define the space of rough paths
Qr = {t—X;:=Xg,:[0,T] > GI(RY); X e G ([0, T]; R?), X(0) = 0},
which we equip with the seminorm

i

Xp—X2\"

IX|o = max ( sup 3 = X3 S|> ,
1/a

n=1 s5,t€[0,T] |t — S|”0‘
s<t

b EEEE)

where | - | denotes the norm on (R%)®".
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Definition 3.69. For X € C°([0,T];R?), we define its time-augmentation as
t— X; = (t,X;) € R From this, we define the rough path space Qr =
{t > Xy = Ko [0,7] — T(RIH): X € GO ([0, T]; RY), X (0) = o},

We now show that every continuous functional depending on X € QT can
be approximated with the help of linear functionals in T'((R%*1)*) applied
on the signature X&OTO. For this purpose, we introduce the weight function

¥ Qr — 10, o[ given by
(&) = exp (IR12). (3.6.4)

for X € Qr, where [X|,, = SUPyefo,7] MAXp=1,... [1/al |X7|. Using the results of
Section 3.6.1, we know that (AZT carries a weak-#-topology, where every func-
tional in B, (Qr) can be approximated by a linear combination of the signature
XoT € T(R4*1), for which we first show the following lemma.

Lemma 3.70. Let X € GQ4([0,T];R?) and assume that there exists some | €
T/l (RY)*) such that t — 1(Xo4) is strictly monotone. Then, the signature
X5F uniquely determines X : Ay — G/ (RY),

Proof. This follows immediately from [BGLY16], where the signature Xg7
uniquely determines X : [0,T] — GI/*I(R?) up to tree-like equivalences (see
[BGLY16, Definition 1.1]). However, they are ruled out by assuming that there
exists a linear functional [ e TIV/l((R%)*) such that t — I(Xg) is strictly
monotone. [

Theorem 3.71. The set {SA)T 5X Z(Xé%); le T((Rd“)*)} is T, -dense in

Bd,(ﬁT), i.e. for every f € B¢(QT) and € > 0 there exists some [ € T((R4F1)*)
such that

with X(0) = 0 defined on the compact metric space ([0,T],dy) with d,(s,t) =
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[t — s|*. Since (Y] - [y) is finite dimensional, the space BE(S)®,Y* is by
Corollary 3.65 a predual of Lip,(S;Y’), where the weak-#-topology coincides
with the topology of uniform convergence on bounded subsets of Q7. From
this, we define the weight function ¢ : Qr — ]0,00[ as in (3.6.4) such that the
preimage K = 1~1(]0, R]) is bounded and by Banach-Alaoglu compact in the
weak-#-topology, for all R > 0, and ¢ : Qp — ]0, o[ therefore an admissible
weight function. Moreover, we observe that X — [1(X57) + (X57) = (I1 +
1)(X5%F) € Aand X — 1 (X5F) b(X55F) = (i) (X55) € A, by Lemma 3.68,
for all l € T((R%*1)*) and X € Q7, such that

A= {0 5% > UK5H); 1 TR

is a subalgebra of Bw(ﬁT), see also [LCLO7, Theorem 2.15]. In addition, it
follows with Lemma 3.70 and the time augmentation that the signatures Xg7

and Y57 of distinct X,Y € Qr differ, which implies for some [ € T((R4T1)*)
that the function X — a(X@O) = l(FAi(fOTO) e A satisfies a(X) := Z(FA{(TOTO) #
l(YA{'(?TC) = a(YA{'). Hence, A is locally point separating with point separating

subspace A = A because

exp (’a(f{)‘) B exp (‘Z(XE%)D
e 0Kz )

N n
exp (Zn:1 20 ((Ra+1y%)@n HXO,T”>
< sup

~ < w’
XeQr exp (SUpte[mT] Max, 1, |1/a] HXB‘,tHQ)

for all a € A of the form a(§§) = l(§§§$) =V ln(X&T)» where [ € T'((R4T1)¥)

n=0

can be written as [ = YN 1, for some [, € (RH1)®)*  In addition, A

vanishes nowhere because for every X € Q7 we can choose 1* € T((R4T1)¥)
such that X — a(X) := 1*(X57) € A satisfies a(X) = 1, for all X € Qr. Then,
the conclusion follows from the weighted Stone-Weierstrass in Theorem 3.7. [

In Theorem 3.71, we have used the weak-*-topology of QT as_weighted
topology to consider the approximation beyond compact subsets of {27, which
differs from the usual rough path norms. Moreover, one would only con-
sider the first NV iterated integrals for an application in practice and learn a

given functional f € B¢(QT) by regressing on the truncated signature X§¥ =

(1, X8 s Xp) € TV (RY).
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Chapter 4

Universal Approximation on Space of
Stopped Paths

The space of stopped paths (Ar,dy) defined in the introductory example in
Section 3.1 was originally introduced in [Dup09], [CF10] and [CF13] to gen-
eralize Follmer’s pathwise Ito calculus (see Section 1.2.4). More precisely, the
pathwise Ito formula in Theorem 1.41, also called the change of variable for-
mula, was generalized by [CF10] to non-anticipative functionals by using their
horizontal and vertical derivatives. Hereby, the non-anticipative functional is
able to depend on the history of the trajectory, and we introduce a special type
of abstract neural networks, so-called “functional neural networks”, for which
we prove a particular universal approximation result with derivatives such that
not only the value of the non-anticipative functional can be approximated, but
also their horizontal and vertical derivatives.

4.1 Non-Anticipative Functional Calculus

In the following, we introduce non-anticipative functionals and the pathwise
functional Ito calculus, where we now use capital letters for paths and func-
tionals in contrast to Chapter 3. Let U < R? be an open subset and consider a
continuous path Y € C°([0,T]; U). We define the stopped path Y : [0,T] — U
at time t € [0,T] by Y(s) = Y(s A t), for all s € [0, 7], and introduce the space
of stopped paths Ap given by

Ap = {(t,Y"); (t,Y) e [0,T] x C°([0,T],U)} = ([0,T] x C°([0,T],U)) / ~,

where ~ denotes the equivalence relation defined by (¢,Y) ~ (s, Z) if and only
ift = s and Y* = Z°. Moreover, we equip Ar with the metric do, : A7 x Ap —
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[0, o0[ defined by

doo((t,Y), (5,2)) = [t —s| + sup_[Y'(u) — Z*(u)],
ue[0,T]

for (t,Y),(s,Z) € Ar such that (Ar,dy) becomes a complete metric space.
With this, we can now introduce path-dependent functionals, which are called
non-anticipative functionals.

Definition 4.1. A non-anticipative functional is a measureable map F : Ap —
R. In addition, F is continuous if F' is continuous with respect to dy, i.e. if
for every € > 0 there exists some § > 0 such that

do((t,Y),(s,2)) <6 = |F(t,Y)— F(s,Z)| <e.

By CY%°(A7), we denote the vector space of all continuous non-anticipative
functionals defined on Ar.

Moreover, a non-anticitpative functional F' : Ax — R is called boundedness-
preserving if for every compact subset K < R? there exists a constant C' > 0
such that (¢,Y) € [0,T] x C°([0,T]; K)/ ~ implies that |F(¢,Y)| < C. In
addition, a non-anticipative functional F' : A7 — R is called continuous at
fized times if the map Y — F(¢,Y") is continuous with respect to the supremum
norm | - o, for all t € [0,T7].

Next, we recall the notions of differentiability for non-anticipative function-
als. A non-anticipative functional F : Ay — R is called horizontally differen-
tiable if the limit

exists for all (¢,Y) € Ap and if DF : Ay — R is a boundedness-preserving non-
anticipative functional such that for every 0 < s <t < T and Y € C°([0,7],U),
the function [s,t] 3 7 — DF(r,Y*) is Borel-measurable and it holds that

F(t,Y*)—F(s,Y®) = Jt DF(r,Y?®)dr.

On the other hand, F' : Ar — R is called vertically differentiable if the map v —
F(t,Y + vl ) is differentiable at 0, for all (¢,Y) € Ap. In this case, the ver-
tical derivatives of F' at (¢,Y) are denoted by VxF(¢,Y) = (0;F(t,Y))i=1
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for which the ith partial derivative is defined as

F(t,Y" + he;d —F(t,Y!
6P (1Y) = tim - eilp) — F(t,Y")
’ h—0 h )

for i = 1,...,d and (t,Y) € Ar. We denote by CP?(Ar) the space of non-
anticipative functionals F' € C%°(Ar) such that F : Az — R is continuous at
fixed times, p-times horizontally differentiable and ¢-times vertically differen-
tiable, where DF,...,DPF € C*°(Ar) and VxF, ..., V4 F € C%°(A7) are con-
tinuous at fixed times and boundedness-preserving. Under Assumption 1.40,
we obtain the following pathwise functional Ito formula, which generalizes
Follmer’s pathwise Ito formula in Theorem 1.41.

Lemma 4.2 ([CF10, Theorem 3|). Suppose that the path X : [0,T] — U sat-
isfies Assumption 1.40, where U < R? is open, and assume that F € CH2(Ar).
Then,

F(t,X)—F(0,X) = f DF (s, X)ds + Jt VxF(s,X)TdX(s)

1 G [
+5 > JO 0 F (s, X)d[ X4, X;]s,

i,j=1

for all t € [0, T], where the pathwise stochastic integral is defined as

t

J- VxF(s,X)"dX(s) = lim Z VxF(s, X)T (X(s') — X(s)), (4.1.1)
0 n—e seT,, ,s<t

fort € [0,T], and where the series on the right-hand side of (4.1.1) converges

absolutely.

In addition, a functional ¢ : [0, T]xC([0,T],U) — R%is called an admissible
functional integrand for Y on U if there exists some F' e C§’2 (Ar) such that
E(tY) = VxF(t,Y), for all (t,Y) € [0,T] x C([0,T],U), where U = R? is
open. In this case, Lemma 4.2 gives a pathwise expression for the stochastic
integral, which we call the Follmer integral as in Section 1.2.4.

4.2 Functional Neural Networks

Similarly as in Chapter 3, we would like to approximate a non-anticipative
functional by a specific type of neural network such that the non-anticipative
behaviour is preserved. Following the ideas of Section 3.3, we construct an
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additive family between A and R in order to define functional neural network
as follows.

Definition 4.3. Let N, My € N3 and p: R — R be a function such that py; €
./\/’/\/ZJ\/[1 are conventional neural networks of connectivity My, for k =1,..N
andi=1,...,d. Then, the map ® : A7 — R defined by

t Y Z ﬂkp <2 f <sz du + Z ARY; ) + Byt + bk> , (421)

i=1

for (t,Y) € Ap, is called a functional neural network (FNN), where N € N3,
is the number of neurons, A€ RV*? and B e RN are weight matrices, b e RV
is the bias vector, and where 8 € RN denotes the linear readout. Moreover,
we denote by M € N the number of non-zero entries in A and B, for which
the connectivity of the neural networks (Yri)k=1,... N,i=1,..d s added, and call
it the network’s connectivity.

By construction, a functional neural network ® : A — R satisfies ®(¢,Y) =
®(t,Y?), for all (t,Y) € Ap, such that ® : A7 — R is a non-anticipative
functional. Moreover, if p € C°(R) then ® € C%°(A7), whereas p € C?(R)
implies ® € C12(A7). In the latter case, the horizontal and vertical derivatives
are given by

N t
DO(t,Y) = > Bupf (2 f onri(W)Yi(u)du + ALY (t) + Byt + bk) .

d
: <Z eri(t)Yi(t) + Bk) ;

i=1

d ot
(Z f pri(w)Y;(u)du + A;Y(t) + Bt + bk> Ay,

alm

i Mz 3 MZ

t
J ori(W)Y; (w)du + ALY (t) + Byt + bk) Api A,

for all I,m = 1,..,d and (t,Y) € Ap. By FN7,,, we denote the set of
functional neural networks of at most connectivity M, and let FN¥ =
Unren FN pr be the set of all FNNs with arbitrary connectivity.
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Remark 4.4. Deep FNNs can be constructed by concatenation. Because FN',
18 again an additive family between Ar and R in the sense of Definition 3. 15’
the non-anticipative functional ® : Ap — R given by

N
O(L,Y) = Y. Brp (Wk(t,Y) +br) ,
k=1

for (t,Y) € Ap, is a functional neural networks with two hidden layers, where
B,beRY and ¥y, € .7-7\/'2’00

4.3 Universal Approximation with Derivatives

In the following, we use the universal approximation result in Theorem 3.52
to show that every smooth functional including its derivatives can be approx-
imated arbitrarily well by a functional neural network. For this purpose, we
restrict ourselves to the space of stopped a-Hoélder continuous paths A% intro-
duced in Example 3.2(v), which is defined as elements (¢,Y) € Ap with path
Y having finite Holder norm

Y (u
IYllcao,rirey = sup [[Y(s)] + sup
s€[0,T] u#s |u -

Using this, we define the weight function ¢ : Ag —]0,00[ by ¥(¢,Y) =
exp (HY||CQ([07T];R(1)), for (¢,Y) € A% and some fixed o« > 0, such that the preim-
age Kr = 1~1(]0, R]) is equal to Kg = ([0,T] x Ar)/ ~, for some equicontin-
uous and bounded subset Ap = C°([0,T]; R?). Hence, Ag is by Arzela-Ascoli
in Theorem 1.17 compact with respect to | - | co([o,r);re) and [0, 7] x Ag is by
Tychonoff therefore compact in the product topology of [0,7] x C°([0, T]; R?)
such that Kg is compact in the quotient topology induced by d. Because this
holds for every R > 0, the weight function 9 : A% — ]0, oo is admissible in the
sense of Definition 3.1.
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Remark 4.5. Using the weight function ¢ : A$ —10,00[ with o < 1/2, we
conclude for a path Y : [0,T] — RY satisfying Assumption 1.40 that (t,Y?)
belongs to AT, because there exists some R > 0 such that

b6, ¥) = exp ( sup [¥(s)] +sup LW Y
s€[0,T] u#s lu — s|*

)

P
< exp (|Y|CO([O,T];Rd) + 7;:Il’llaxd[}/ia}/’i]’]z“ ) < Ra

for allt € [0,T]. This means in particular that almost every stopped path of a
sample path of a d-dimensional Brownian motion B = (B(t))e[o,1] defined on
a filtered probability space (2, A,F,P) belongs to AF.

We now restrict ourselves to the space of smooth functionals CP7(A%) de-
fined on the space of stopped a-Hélder continuous paths AF. In addition, we in-
troduce the vector space Lip}?(A$) of bounded and smooth Lip??-functionals
with bounded horizontal derivative up to order p and bounded vertical deriva-
tives up to order g, where the highest derivatives are locally Lipschitz contin-
uous. We equip Lip}'?(A%) with the norm

p
|Flpqg= sup |F(&Y)|+ > sup |[D/F(LY)]
(t,Y)GA% j=1 (t,Y)EA%

+ sup |OmF(t,Y)].
> (t)y)eA%l (t,Y)

1<|m|<q
Furthermore, we introduce the set BY“(A%) = {F: A} = R; | Flly,p,q < 0}
of non-anticipative functionals, whose growth as well as the growth of their
horizontal and vertical derivatives are controlled by the growth of ¢ : A7 —
10, 0o[, where || - |4, denotes the weighted norm defined by

F(tY) | 2 DIF(,Y)
|Flypg= sup ————+ sup ————
1Flv.pa (. v)ers V(GY) j;(t,Y)eA% P(t,Y)

+ sup —— 22

1<§|<q<t’Y)eA% ¥(t,Y)
Finally, we define Eipﬁ;‘l(A%) as the completion of Lip}'?(A$) with respect to
P.q

the weighted norm | - ||y p,q, where it follows for some F' € Lip,*(A%) similarly
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as in the proof of Lemma 3.4 with Kr = 1 ~1(]0, R]) that

lim

su + su
et p Z p

|F(t,Y)|  « |DIF(t,Y)|
wveap ke YY) S eveaprn  PGY)

|Om F(t,Y)|
et sup — ] =0,
Z tV)ers\ky YY)

1<|m|<q
where we can use that every F € Eipﬂ;q(/\%) can be approximated by cylindrical
functionals such that the topology induced by | - |y,p,q is weaker than the
weighted topology T$ ax(P9) for the cylindrical functionals.

We now apply the universal approximation result with derivatives derived
in Chapter 3 to show that every smooth functionals Elpp ?(A%) can be approx-
imated arbitrarily well by a functional neural network. As activation function,
we consider a Lip™**P9_function p € £1pmax(p “D(R) such that

N

NNGEHE = {R 5w ) Bup (are + b) € Ry N € Noy, ag, by, B € R
k=1

(4.3.1)

is dense in C™a(P9)(K), for all compact subsets K — R, where we have

={z—az+b;a,be R} and K = {z — wz; we R}. For this purpose, Re-

mark 3.50 gives sufficient conditions on p € Llpmax(p D (R) such that NN D%&{ hK

maX(P q) (R)

is Ty (:2)_dense in Lip,, , where 9g : R —]0,00[ is an admissible

weight function on R.

Theorem 4.6 (Universal Approximation on Lip};?(A$)). Assume that p €

Lipy ™ ®.9) (R) is such that (4.3.1) is dense in C™*P9(K), for all compact
subsets K < R. Then, FN , is dense in Lipl'(Ag), i.e. for every F €
Lipy?(AT) and € > 0 there e:msts some ® € FNY _ such that

d,o0

1F = @|yp,p,q <e.

Proof. Since Lipy?(A%) is defined as the | - [y, 4-completion of Lipy?(AS),
we only need to approximate some F € Lip}’?(A%) by an element of FN oo
Hereby, we observe that the vector space of cylindrical functionals

C= {A% 5(tY) - i Loty ge(t — e, Y (8) = Y(tr), Y (t0), .., Y (tr)) € R} ;
= (4.3.2)
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is dense in CJ"?(A%) with respect to | - [,,q, where 0 < tg < ... <'t, < T is
a partition of [0,77], and where g, € C{°([0,T] x R? x R(k’“)d) are smooth
functions with g (0, z,yo, ..., yx) = gr(t,0,v0, ..., yr) = atJ 20,2, Y0y ooy Y) =
agw‘m (t,0,90,...,yx) = 0, for all j = 1,...,p and 1 < |m| < g. Since || - |y p,q
induces a weaker topology on Lip}’ q(AO‘) < CP?(Ag), there exists a cylindrical
functional G € C such that

€

F-G < -.
H |w,p,q 3

(4.3.3)

Hereby, the cylindrical functional G : AJ. — R can be considered as smooth map
G : Xg — R defined on Xy = [0,7] x R"*+2)4/ < with equivalence relation
given by (t,z,Y0,...,Yn) ~n (S,W,20,...,2,) if and only if s = ¢, x = w and
Yk = 2k, for all k = 0, ...,ng, with n; = max{k € {0, ...,n}; tx <t}. Hence, X
is a quotient manifold of [0, 7] x R("*2)¢ gyer R1+("+2)d where the horizontal
and vertical derivatives can be identified with the partial derivatives in the
first and second variable. In addition, we choose Z = Y = R as space for
the hidden layer and output space, where (R,g) is a weighted space with
Yr(z) = exp (|2|). Hereby, we use the additive family between A% and R given
by (£,Y) > H(t,Y) := § ¢(s)TY (s)ds + ATY (t) + Bt + b, where ¢; e NN
is a conventional neural networks, and where A € R? and B,b € R, such that

H = {h(t,z,yo,...,yn Z Tyt Atipr —t At) + ATz + Bt +b;

pe NNT 4, AeR4, B,beR}

is by construction a strong additive family between X and R. Since NN D%%p hK
is by Remark 3.50 dex(p “D_dense in Elpmax(p ‘D (R) and the topology induced

by || 4,p,q 15 on the finite dimensional manifold X, weaker than 7, ax(2) there
exists by Theorem 3.52 for the cylindrical functional G : AT — R an abstract

neural network of the form ¢(¢,Y) = lecv:l Brp(hg(t,Y)) satistying

g
IG — ‘P“w,p,q < 3 (4.3.4)

Hereby, we observe that the non- antlclpatlve functionals hy € H converge to
their continuous versions Hy(t,Y) := So (s)TY (s)ds + ALY (t) + Byt + by.
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Indeed, by the mean value theorem there is Cy > 0 with

n—1

Z L ' ZH(‘Pk(S) — () TY (s5)ds

1=0 Wtnt

< Coh|Y | co(po,11re) < C2hp(¢,Y),
DI H(E,Y) = DIh(t, V)] < |0 (0T Y () — 0 ()Y (1)
< Coh|Y | oo, rrey < C2htp(t,Y),

|Hk(t7Y) - hk(ta Y)| <

for all j = 1,...,p, where l; = max{l =1,...,n;t <t}. Since it also holds
that Omhg(t,Y) = OmH(t,Y), for all 1 < |m| < ¢ and (¢,Y) € AY, we have
|h — Hillp.p.q < C2h. Now, we use that the composition Lip™™*P?(X,) 3
f— po fe Lipmaxra) (Xo) is by [FK88, Proposition 4.4.15] continuous such
that Lipl?(A%) 3 hy = po hy € Lip}?(A%) is also continuous. Choosing
h > 0 small enough and defining the functional neural network ® € A by
(t,Y) =S| Bep(Hi(t,Y)), for (t,Y) € A, it follows that

lo — @ (4.3.5)

Wl m

Y,p,q <

Hence, by combining (4.3.3) and (4.3.4) with

—~

4.3.5), we conclude that

e € ¢
IF =@y pg < |F=Glypg+ |G —Clppg+le—Plypg < gtgtg=¢
Since ¢ > 0 and F' € Lip}?(A%) were chosen arbitrarily, it follows that FN7
is dense in Lip[)?(Ag). O

Remark 4.7. We observe that the space and time-dependent term of a func-
tional neural network, i.e. the terms involving A and B in (4.2.1), are needed
such that the corresponding additive family is strong in the sense of Defini-
tion 3.51. In this case, the Nachbin result in Theorem 3.49(i) ensures the
approzimation of the horizontal and wvertical derivatives in Lipi’q(A%), for
p,q = 1. Howewver, for uniwersal approximation of functional neural networks
mn Eip?ﬁ’O(A%) without derivatives, these terms could be omitted.

Remark 4.8. The argument in Theorem 4.6 can be iterated to obtain universal
approzimation of deep functional neural networks described in Remark 4.4, such
that universal approximation for functional neural networks with finitely many
hidden layers follows.
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4.4 Examples of Learned Non-Anticipative
Functionals

In this section, we illustrate in two particular examples how non-anticipative
functionals can be learned with functional neural networks, where we consider
the weighted space (A%, 1) described in Remark 4.5 with some fixed oo < 1/2.
Since the sample paths of a one-dimensional Brownian motion B = (B(t))e[o,1]
are a.s. continuous and (1/2 — ¢)-Holder continuous, for all € > 0, it follows
thatthe stopped path (¢, B') belongs a.s. to A%. In order to learn the non-
anticipative functionals, we use the package Tensorflow in Python to build
and train the FNNs, with N = 100 number of neurons and conventional NNs
ori of size L = (1,50,1), where we choose T' = 1 and generate 105 sample
paths of Brownian motions on [0, 1], discretized over n = 200 points, which are
split up into 80% for training and 20% for testing. The Adam algorithm (see
[KB15]) is applied over 10° epochs with learning rate 10~* and batchsize 500.

For the first example, we define F' : A$ — R as running maximum F(¢,Y) =
SUP,efo,4] Y (), which is not continuous with respect to de,. Following [Dup09],
we consider an approximation in C%°(A%). For some ¢ > 0 and continuous
function ¢g : R — R satisfying g(0) = 0 and g(2¢) = ¢, we define the approxi-
mation Fy 4 : A% — R by

FitY) e VO <P y) -2
F (t Y) _ F(tvy) —&+ g(Y(t) — F(t,Y) + 25) ( ) % (t)
o and Y (1) < F(t Y)
Y F(LY) <Y(t)

for (t,Y) € A%, such that F., € C*9(A%). In Figure 4.1, we depict the
approximating running maximum F; ; : A} — R with g(z) = /2 and ¢ = 0.001
by a functional neural network ® € FA 5700 in £1p0 O(A%).

In the second example, we consider the non- ant1c1pat1ve functional F' :
AT — R defined by

F(t,Y) == (Y(t A 1/2)? fY

N | =

for (¢,Y) € A, whose first horizontal and vertical derivative are given by

2Y(t)  t<1/2

DF(t,Y) = Y(t)?, VE(t,Y) = {Y(t) P> 12

The results for the approximation in ,Clpl 1(AO‘) are displayed in Figure 4.2.
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Figure 4.1: Learning the approximating running maximum F_ 5 : A% — R by some FNN
® : A% — R in the space Cip?p’O(A%).
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Figure 4.2: Learning F': A% — R by some FNN & : A% — R in the space Eip:p‘l(/\%),

where we normalize the mean squared error (MSE) for network training to account for the
different magnitudes of F', DF and VF.
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Part 11

Learning Arbitrages in
Stochastic Portfolio Theory






Chapter 5

Stochastic Portfolio Theory

Stochastic Portfolio Theory (SPT) is a novel stream in financial mathematics
initiated by Robert Fernholz and summarized in his monograph [Fer02], which
analyzes portfolio behaviour in equity markets. Opposed to classical portfolio
theory introduced by Markowitz in [Mar52], SPT is descriptive and consistent
with observable characteristics of portfolios in real equity markets, where the
assumptions of the theory can be easily verified and hold true in actual equity
markets. The main advantage of SPT is that no unobservable market charac-
teristics such as the drift process of the stock prices need to be estimated. This
is a new approach in contrast to the classical asset pricing theories, e.g. gen-
eral equilibrium theory in [Arr53], capital asset pricing models in [Sha64] and
[Mer69], as well as the market equilibrium characterized by the absence of ar-
bitrage and existence of equivalent martingale measures in [HK79] and [DS94].
In this chapter we follow the notation and results of [Fer02].

5.1 Market and Portfolios

In this section, we introduce the financial market model consisting of d € N
assets with infinite time horizon, where the vector of stock prices is denoted
by S = (S1(t), ..., Sa(t))te[o,0[- In many cases, S is modelled as a stochas-
tic process defined on a filtered probability space (2, A,F,P) such that S is
F-adapted. In addition, we introduce the capitalization X defined for each
stock ¢ = 1,...,d as the price multiplied by the number of outstanding shares,
ie. X;(t) = n;(t)Si(t), for all i = 1,...,d and t € [0,T], where n;(t) denotes the
number of outstanding shares of stock i at time .

As in [Fer02, Definition 1.1], we assume that the vector of capitalizations
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X follows a logarithmic Ito process, i.e.
t m et
log X;(t) = log X;(0) + f Yi(s)ds + ) J &ij(s)dB;(s), (5.1.1)
0 =170

for all ¢ = 1,...,d and t € [0, [, where B = (B4, ..., By) is an m-dimensional
Brownian motion, where the growth rate process v : 1 x [0, T] — R? is measur-
able, F-adapted and satisfies S(:)F |v(t)|dt < o0, a.s., for all T € [0, oo[, and where
the wvolatility process & : [0, 00[— R¥*? is measurable, adapted and satisfies

JT (£ (1) + .. + &a(t)?) dt < oo,
0

lim (fﬂ(t)2 + .o+ &d(t)Q) log(log(t))

t—0 t

&1(t)2 + ...+ fid(t)Z > 0,

=0,

a.s., for all i = 1,...,d, T € [0,00[ resp. ¢t € [0,0[. Reformulating (5.1.1) in
exponential form, we see that the capitalizations can be expressed as

0

X;(t) = X;(0) exp (J ~i(s)ds + Z L §ij(s)dBj(s)> ,

foralli=1,...,d and t € [0, o[, such that X;(¢) > 0 if the initial capitalization
satisfies X;(0) > 0.

From the volatilities £ = (&;;)i;, we define the covariance process o =
(0if)ij + Q x [0,00[— R by o(t) = £(t)E(t)T, for t € [0,00[, which is by
definition a positive semidefinite process, i.e. zTo(t)x = 0, a.s., for all z € R?
and ¢ € [0, 00[. In this case, we observe that

t d ot
dlog X;.log X1 = | sl = 3} | et syas

a.s., forall 4,5 =1,...,d and t € [0, oo[.
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Definition 5.1. The stock price process X is called a market if o(t) is a.s. non-
singular, for allt € [0,00[. In this case, a market X is non-degenerate if there
exists a number B > 0 such that

zlo(t)x = B)z|?, (NDg)

a.s., for all t € [0,00[. A market X has bounded variance if there exists a

number k > 0 such that
z'o(t)r < klx|?, (BVi)

a.s., for all t € [0, 00].

The non-degeneracy and bounded variance condition pertain the most in
real markets, reflecting that the variance cannot become arbitrarily large or
arbitrarily small. From now on, we shall always assume that the number of
Brownian motions is equal to the dimension of the market, i.e. m = d, and
that o is assumed to be non-singular as in Definition 5.1. Next, we introduce
portfolios as investment strategies.

Definition 5.2. A portfolio 7 is a measurable, F-adapted, R*-valued process
7= (m1(t), ..., a(t))te[o, 1] such that 7 is a.s. bounded and it holds that m(t) +
e + ma(t) = 1, a.s., for all t € [0,00[. In this case, a portfolio m is called
long-only if m;(t) = 0, for alli =1,...,d and t € [0, o0|.

If 7 is a portfolio, m;(t) denotes the fraction of wealth invested into the
1th stock, such that m,...,m4 are called the portfolio weights. Suppose that
Z(t) > 0 represents the value of the portfolio 7 at time ¢, then the amount
invested in stock 7 is equal to m;(t)Z,(t). Hence, the change of the portfolio
value induced by a change in stock i is given by 7;(t) Z; (t) d;{i "((tt)) such that the

total change in the portfolio value is equal to

or equivalently

= > imi(t) dX.(t) (5.1.2)

for ¢t € [0,00[. This equation expresses the instantaneous return of the portfolio
dZ () dx;(t)
Zr (t) Xi (t)
with respect to the portfolio weights.

value as weighted sum of the instantaneous return of the stocks



124 CHAPTER 5. STOCHASTIC PORTFOLIO THEORY

Proposition 5.3 ([Fer02, Proposition 1.1.5]). Let 7 be a portfolio in the market
X. Then, it holds that

log Z(t) = log Z,(0) + J Yr(8)ds + Z J s)&i;(s)dB;(s),
1,7=1
a.s., for all t € [0,0[, where the portfolio growth rate v, is given by

d
= Z 7Tz 'Yz (Z Ju UWW(t)>a

i=1

=7x(t)

where 0., denotes the portfolio variance given by onr(t) = 7(t)To(t)n(t), for
t € [0,00[, such that {log Z): = So Oxn(8)ds, a.s., for all t € [0,00[, and where
~v¥ represents the portfolio excess growth rate.

Corollary 5.4 ([Fer02, Corollary 1.1.6]). Let w be a portfolio with value process
Zx. Then, it follows that

d t t
log Zx(t) =10 Z:(0) + 3} | mi(s)dlog X(s) + | 42(s)ds,

a.s., for all t € [0, o0].

These expressions of the portfolio value can be used to measure the perfor-
mance of stocks or portfolios relative to another portfolio, which is frequently
of interest for example with respect to the S&P500. A natural benchmark is
the market portfolio consisting of all shares of all stocks in the market.

Definition 5.5. Let X; be a stock in the market X and n be a portfolio. The
relative return of X; with respect to n is given by (log (Xi(t>/Z”](t)))te[0 ool

Defining 0y, by 0in(t) = Z?:l oi;(t)n;(t), for i = 1,...,d and t € [0, o[, the

. . w2 - L
relative covariance process T = (Tij(t))tE[O,Oo[,z,]zl,...,d is given by

TiZ’ = 0j(t) — oin(t) — ojn(t) + onn(t),

for i,j = 1,...,d and t € [O oo[ In this case, we observe that we have
(log(X;/Zy), log(X /Zn) ) = So i(s)ds, as., foralli,j =1,...,d and t € [0, o0[.
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Lemma 5.6 ([Fer02, Lemma 1.2.2]). For a portfolio n, 7"(t) is a.s. positive
semidefinite with rank d — 1, for all t € [0,00[. In addition, the null space of
T(t) is spanned by n(t).

Next, we introduce the market portfolio, which we will use often as bench-
mark in the following.
Definition 5.7. The portfolio p with weights defined by

X;(t)

ml) = T X0

Al = {33 €]0, l[d; 1+ ..+ xg = 1},

(5.1.3)
fori=1,..,d and t € [0,00][, is called the market portfolio, and the weights
are called the market weights.

For the market portfolio, it holds that 0 < p;(¢) < 1, for all i = 1,...,d and
t € [0,00[, such that its weights take values in the open simpler A defined
on the right-hand side of (5.1.3). In addition, the corresponding value process
Z, is given by Z,(t) = Xi(t) + ... + X4(t), for all ¢t € [0,00[, because Z,
satisfies (5.1.2) with weights p;(t) defined in (5.1.3). Hence, Z,(t) represents
the capitalizations of all stocks in the market. Moreover, the logarithmic market
weights log p;(t) = log(X;(t)/Z,(t)) denotes the relative return of the ith stock
with respect to the market portfolio.

We denote the relative covariance of the market portfolio by 7 instead of
TH, where we observe that

X; X, t
(log 1, log i)t = <1og () ,log < J)> = J- 7ij(s)ds,
th Z/L t 0

a.s., foralli,j =1,...,d and t € [0, 00[. Furthermore, by applying Ito’s formula,
we conclude that

t t

115(8) 113 (5)d1og iz, 10g 1135 = J 115(8) 113 ()73 (5) ds,

(i e = f

0

a.s., for all 4,j = 1,...,d and t € [0,00[. In addition, we introduce the relative
return of a portfolio with respect to another portfolio.

Definition 5.8. Let m and n be two portfolios. Then, the relative return of
with respect to n is defined as log (Zx(t)/Zy(t)), fort € [0, 0.

If n = p is the market portfolio, we obtain by Corollary 5.4 that the relative
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return satisfies

1og(§:8) = log ( 8 ) ZJ mi(s)dlog ui(s) + J Vr(s)ds,

a.s., for all ¢ € [0, 0. In addition, it follows by [Fer02, Proposition 1.3.1] that
the growth rate of the portfolio determines its long term behaviour because we

have
1 T
hm — <logZ (T) - f v,r(t)dt> =0, a.s.
0

Using this and the other ingredients of the market introduced in this section,
we consider two different portfolio optimization problem.

Example 5.9 ([Mar52]). The classical Markowitz portfolio optimization prob-
lem in [Mar52] is given by minimizing the portfolio variance under a drift
constraint, i.e.

d
1
min = o, (t) subject to 2 (%(t) + O'“(t)> > ap,
7 long-only 2

portfolio 1=1

for fizedt > 0 and given ag € R, which can be solved with conventional quadratic
programming methods.

Example 5.10 ([Fer02, Example 1.3.8]). We consider the following optimiza-
tion problem, which does not involve the estimation of the drift process ;. Letn
be a benchmark portfolio and assume that all stocks have the same drift process
7, then the growth rate of n is given by ~v,(t) = v(t) + %Zgzl n:(t)7(t), a.s.,
for all t € [0,00[. If the tracking error of m with respect to n is small enough,
then minimizing

d d
1 1

. T .
min  w(t) 77(¢)w(t) subject to 3 Z mi(t)TH(t) = 0 + 3 ; n:i ()1 (t)

7 long-only

portfolio i=1
with fized t > 0 and some g > 0, yields a portfolio with growth rate about
Yo greater than the benchmark’s growth rate, where conventional quadratic pro-

gramming can be applied to solve the minimization problem.
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5.2 Market Behaviour and Diversity

Stochastic Portfolio Theory was introduced as a new concept in financial mathe-
matics to study the long-term behaviour of portfolios under reasonable assump-
tions on the market. Such assumptions were the non-degeneracy condition in
(NDg) and the bounded variance condition in (BV,) introduced in Defini-
tion 5.1, whereas we introduce two other conditions called “coherence” and
“diversity” in this section.

Definition 5.11. The market X is coherent if lim;_, o, log(p;(t))/t = 0, a.s.,
foralli=1,...d.

Since log p;(t) < 0, the market is coherent if none of the stocks decreases
too rapidly. In a coherent market, [Fer02, Proposition 2.1.2] shows that the
difference between the time-average growth rates of two distinct stocks must
be zero. For example, if all stocks have the same growth rate, then it follows
by [Fer02, Corollary 2.1.3] that the market is coherent. Assuming in addition
that the market is non-degenerate, we find the following (relative) arbitrage
opportunity.

Proposition 5.12 ([Fer02, Proposition 2.1.9]). Assume that the market X is
non-degenerate and coherent, and let w be the constant-weighted portfolio given
by mi(t) = pi, for alli = 1,...,d, with py + ... + pg = 1 and p1,...,pa = 0 as
well as p;,,pi, > 0, for at least two distinct indices i1,io € {1,...,d}. Then, it
follows that

1 Z.(T
h%riiiéf? log <ZMET;> >0, a.s.

Besides the coherence condition, market diversity plays a crucial role in real
equity markets. Diversity means that none of the assets can become arbitrarily
large and account for the entire market capitalization.

Definition 5.13. A market X is called diverse if there exists a number § > 0
such that for every t € [0,0[, it holds that

4maxd,ui(t) <1-4. (DVs)

i=1,...,

A market X is called weakly diverse if there exists a number § > 0 such that

.....

Even though the diversity condition is a fairly weak assumption on the
market, it has strong mathematical consequences. In the following, we give
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the relation of diversity to the excess growth rate of the market portfolio and
summarize the other results in [Fer02, Section 2.2] subsequently.

Proposition 5.14 ([Fer02, Proposition 2.2.2]). Assume that the market X is
non-degenerate and diverse. Then, there exists some § > 0 with

Vu(t) =6, (5.2.1)

a.s., for all t € [0,00[. Conversely, if X has bounded variance and there exists
some 0 > 0 such that (5.2.1) holds true, then X is diverse.

Moreover, if all the stocks in the market X have the same growth rate, it
follows by [Fer02, Proposition 2.2.3] that limy_,e = So v (t)dt = 0, a.s., which
implies that if X is additionally non-degenerate that X is not dlverse (see
[Fer02, Corollary 2.2.4]). Finally, we introduce the entropy function S(z) =
— Z?Zl x; log x;, which can be seen as a measure of diversity, determining the
uniformity of a probability measure, for which the following equivalent charac-
terization of diversity holds true.

Proposition 5.15 ([Fer02, Proposition 2.3.2]). The market X is diverse if and
only if there exists some € > 0 such that

S(u(t) > <.

a.s., for all t € [0, 0.

With the help of [Fer02, Theorem 2.3.4], we can look at the value process
of the particular entropy-weighted portfolio w, whose weights are defined as the
logarithmic gradient of the entropy function, i.e.

—pi(t) log pi(t)
S(u(t)

for i = 1,...,d and ¢ € [0,00[. This portfolio can be used to outperform the
market portfolio in the long-run.

mi(t) =

Corollary 5.16 ([Fer02, Corollary 2.3.5]). Let w be the entropy-weighted port-
folio in a non-degenerate and diverse market. Then, for sufficiently large T > 0,
it holds that
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The basic arguments used for Corollary 5.16 are the expression of the rela-
tive return for the entropy-weighted portfolio 7 with respect to the market port-
folio p in terms of the excess growth rate ;¢ given in [Fer02, Theorem 2.3.4] as
well as Proposition 5.14 and the equivalent characterization in Proposition 5.15.

5.3 Functionally Generated Portfolios

The main ingredient of Stochastic Portfolio Theory (SPT) is to construct invest-
ment strategies, whose relative performace with respect to the market portfolio
is captured in a simple equation. One particular example of such a portfolio
was presented in the previous section by the entropy-weighted portfolio, which
is constructed with the help of the entropy function S(z) = — Z?=1 z; log z;
measuring the diversity of the market. In this section, we consider more general
functions defined on the open simplex A? whose logarithmic gradient can be
used to construct a portfolio.

Definition 5.17. Let S : A? — [0, 0] be a strictly positive continuous function
and let m be a portfolio. Then, S : A? — [0,00[ generates the portfolio 7 if
there exists a measurable process of finite variation © such that

log <§:g;) =log S(u(t)) + O(1), (5.3.1)

a.s., for all t € [0,0[. Then, S : A4 — [0,00[ is called the generating function
of ™ and the process © is called the drift process.

Since O is of finite variation and the relative return ¢t — log (Z(t)/Z,(t)) is
a semimartingale, ¢t — log S(u(t)) is also a semimartingale. Moreover, (5.3.1)
provides a decomposition of the relative return into a part involving the gener-
ating function and the drift part. Hereby, the generating function part usually
determines the short-term behaviour and the drift component the long-term
behaviour of the portfolio, which is in particular the case if log S is bounded on
A?. In the following, we denote the partial derivatives of a function f : U — R
with U c R% by D; f = %f and D;; f = fiforalli,j=1,..d.

_2
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Theorem 5.18 ([Fer02, Theorem 3.1.5]). Let S : U — [0,00[ be a twice
differentiable function defined on an open neighborhood U of A% such that
x +— x;D;log S(z) is bounded on AY. Then, S : U — [0,0[ generates the
portfolio m with weights given by

d

mill) = (Di log S(u(t)) + 1— 3 ,(1)D; logsw») w(),  (5.3.2)
j=1

foralli=1,...d and t € [0,T], and the corresponding drift process © is given

by

o) = Zj T50 ey DS @ (s (s, (533

for allt € [0,T].

The particular advantage of Theorem 5.18 is that once an investor has
chosen her investment map S : U — [0, o[, the investment strategy in terms
of portfolio weights and drift process is fully determined by (5.3.2) and (5.3.3).
Moreover, the covariance structure of the market only needs to be estimated
if one wants to know the long-term behaviour of the portfolio expressed by
the drift process in (5.3.3). In the following, we present particular examples of
generating functions.

Example 5.19 ([Fer02, Example 3.1.6]). The following are examples of gen-
erating functions.

(i) The constant function S(x) = 1 generates the market portfolio p with
O(t) =0.

(ii) The linear function S(z) = w'x, with w € R?, generates the buy-and-hold
portfolio holding w; shares of the ith stock, where ©(t) = 0.

(iii) The smooth Gini function S(x) = 1 — %Z?:l x? generates the portfolio
with weights
2 — pi(t) )
O =Sty — 1) 0
where O(t) = Y0 S(t) mpi(s)Zm(s)ds.
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Example 5.19 (continued).

(iv) The entropy generating function S(x) = —Z?Zl z;logx; generates the
entropy-weighted portfolio
(1)1 it
() = (t) log pi( ),
S(u(t))

(v) The geometric function S(x) = H?zl Pt with p1 +... +pg = 1, generates

i
the constant-weighted portfolio with m;(t) = p; and O(t) = Sé vE(s)ds.
A special case is given by the choice of p; = é, which represents the

equally-weighted portfolio.

1/p
(vi) The diversity function S(x) = (Zle :Ef) , for some p # 0, generates
the diversity-weighted portfolio

where O(t) = (1 —p) Sé vE(s)ds.

In addition, different generating functions can be aggregated to obtain a
hybrid generating function. Let Sy, ..., S, : U — [0, o[ generate the portfolios
T1yeeyTm and let py,...,pm € R be constants with p; + ... + p,, = 1. Then,
the hybrid generating function S = S7* ... SPm generates the portfolio with
weights

mi(t) = p1mi(t) + o + P Tmi (1),

for all i = 1,...,d and t € [0,00[, where 7; denotes the ith portfolio weight
of the portfolio 7. Let us also mention that not every portfolio is function-
ally generated, for which [Fer02, Proposition 3.1.11] gives sufficient conditions,
where the components of the portfolio need to be a gradient of a real-valued
function defined on an open neighborhood U of A?.

In the classical theory of financial markets, the no-arbitrage hypothesis is
usually assumed, stating that it is not possible to invest into the market with
no initial capital and end up with non-negative terminal value having stricitly
positive value for some positive probability. However, using Theorem 5.18 for
portfolio generation in SPT, we can construct somehow unrealistic portfolios.
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Example 5.20 ([Fer02, Example 3.3.3]). Let X be a market satisfying (NDg),
which is weakly diverse with constant § > 0. Let S : U — [0, 00[ be the smooth
Gini function in Example 5.19(iii), which generates the portfolio w. Then, 7
s admissible in the sense that there exist some numbers ¢, M > 0 such that

Zx(t) _ Zu(t) mi(t)
Zz(0) 7 " Zu(0)"  pi(t)

a.s., for all i = 1,...;d and t € [0,00[. Moreover, 7 strictly dominates the
market portfolio p in the sense that

Wz(t) 2 07

which means that ™ outperforms the market portfolio over the time horizon
[0,T]. However, the terminal time needs to satisfy T > %%(2) such that one
has to wait very long for the arbitrage. From this, we conclude that short-term

arbitrages might be excluded in non-degenerate and weakly diverse markets.

Looking at functionally generated portfolios characterized in Theorem 5.18,
we observe that the drift process depends on the Hessian of the generating
function with a negative sign, which means that for an increasing drift process,
the Hessian D2S = (DijS(x)); j—1 .. 4 must be negative semidefinite, for all
x € A This is satisfied if the generating function S : A4 — [0, 00[ is strictly
concave, i.e.

AS(z)+ (1 —=XN)S(y) < SOz + (1= Ny),
for all A € [0,1] and z,y € A?. In addition, a function S : A% — [0, oo[ is called
symmetric if
S(.Z‘l, ceey xd) = S(Z‘G(l), ceey xa(d)>,

for all x € A% and permutations o : {1,...,d} — {1,...,d} of the indices {1, ..., d}.
A function satisfying these two conditions is called a measure of diversity.

Proposition 5.21 ([Fer02, Proposition 3.4.2]). Let S : U — [0,0[ be sym-
metric and strictly concave, which generates the portfolio m with drift pro-
cess ©. Then, t — ©O(t) is a.s. non-decreasing and p;(t) = p;(t) implies
i (t)/1;(t) = mi(t)/pi(t), a.s., for all t e [0, 00[.

Typical examples of measures of diversity are the entropy function, the
geometric function and the diversity function in Example 5.19(iv)-(vi). Al-
together, functionally generated portfolios are a natural generalization of the
entropy-weighted portfolio introduced in the previous section.
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5.4 Path-Dependent Setting

A closer look at functionally generated portfolios described in Theorem 5.18
reveals that such portfolios can only depend on the current value of the market
weights, and therefore cannot take into account the history of the market.
For this reason, [SSV18] introduced the so-called “path-dependent setting” of
SPT, where a portfolio is generated by a path-dependent functional, which can
depend on the previous values of the market portfolio. This approach relies
on functional Ito calculus developed by [Dup09], [CF10] and [CF13], which
generalizes Follmer’s pathwise Ito calculus to path-dependent functionals. For
this section, we follow along the lines of [SSV18, Section 2.2] and fix some finite
time horizon T > 0.

Definition 5.22. We say that m : Ap — R? is a functional portfolio if it
is an admissible functional integrand for log X on RY such that m(t,log X) +
. +ma(t,log X) =1, for allt € [0,T], and t — Sé m(s,log X)dlog X (s) admits
along (Tp)nen the quadratic variation

. d t
<J 7r(s7logX)d10gX(s)> = 2 J mi(s,log X)oy;(s)m;(s,log X)ds,
0 t i,5=1 0

(5.4.1)
for allt € [0,T].

Remark 5.23. While (5.4.1) is always satisfied in the case without path-
dependence, it is in general not fulfilled in this path-dependent setting, where
[AC17, Theorem 2.1] gives sufficient conditions.

Remark 5.24. Choosing F(t,Y) = log(e"'® + ... + ¢Y4a®)) it follows that
VFE(t,log X) = p(t), such that the market portfolio u is a functional portfo-
lio. Hereby, (5.4.1) holds true by [AC17, Theorem 2.1] and using that F €
CY2(Ar) is boundedness-preserving and uniformly Lipschitz continuous in Y
with boundedness-preserving first vertical derivative VF € CH(Ar).

We now define the value process of a functional portfolio m : Ay — R
Inspired by the setting without path-dependence described in Proposition 5.3,
we define the value of the portfolio 7 : Ay — R% as a process Zr = (Zx(t))sejo,r]
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given by
d  rt
log Z(t) = log Z(0) + Z J m;(s,1log X)dlog X;(s)
i=1v0

d ot
1
+ 3 Z J mi(s,1log X)oii(s)ds
i=170

1 &
- = Z J m;(s,log X)m;(s,log X)o;;(s)ds,
C

i,j=170

a.s., for all t € [0,T], where Z,(0) denotes the initial endowment of 7. In ad-
dition, a non-anticipative functional F : Ar — [0, [ generates the functional
portfolio 7 if there exists a path of finite variation © : [0,7] — R such that

log <§ZE3) =log F'(t, ) + O(t),

a.s., for all ¢ € [0,7]. We recall the main result of [SSV18], which describes
the weights of a portfolio generated by the vertical derivatives of the smooth
non-anticipative functional F' € C12(Ar), where a non-anticipative functional
F : Ay — R is called locally path-continuous if for every € > 0 and (¢,Y) €
[0,T] x C°([0,T7]) there exists some § > 0 such that |F(u,Y) — F(u, Z)| < ¢,
for all (u, Z) € [0,T] x C°([0,T7]) with |Y — Z|coo,r) < 6 and |t —u| < 6.

Theorem 5.25 ([SSV18, Theorem 2.16]). Let F € CY2(Ar) be a strictly pos-
itive non-anticipative functional, which is boundedness-preserving and locally
path-continuous. Then, F : Ar — [0,00[ generates the functional portfolio
7 : A — R? with weights given by

d
mi(t, p) = <81- log F(t,pu) +1— Z w;(t)0;log F(t,,u)) i (%),

a.s., foralli=1,...,d and t € [0,T], such that

d t ' §
o(t) = ;L m‘}“”s’“)“i(s)"j(s)”j(s)ds 7L lmds’

a.s., for all t € [0,T].

Of course, every functionally generated portfolio described in Example 5.19
can be transferred to the path-dependent setting by defining F'(¢, 1) = S(u(t)),
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for (t,n) € Ap. More involved examples of path-dependent portfolios have
been introduced in [SSV18, Section 3], for example the functional F' € C12(Ar)

defined by
t

(0 A 8)d8> ;

F(t,p) = (Au(t) + % -

for t € [0,T] and some twice differentiable function ¢ : A? — [0, o0[, taking
into account the past values of the market portfolio over the time horizon
[t — 6,0]. We refer to [SSV18, Section 3] for a detailed discussion of this class
of generating functionals. In addition, we index sometimes the portfolio 7%
by its generating functional F : Ap — [0, oo[, similarly as in the case without
path-dependence.
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Chapter 6

Pathwise Stochastic Portfolio Theory

In this chapter, we do not assume a priori any financial market model, nor do
we restrict ourselves to certain stochastic processes modelling the stock prices.
Instead, we consider a model-free approach, where the stock prices follow a
deterministic path in Ri := [0, o0[?, for which we apply Follmer’s pathwise Ito
calculus [F6l81] to define stochastic integration in a probability-free way. In
this model-free setting, the notion of functionally generated portfolios within
the framework SPT were obtained by [PW14] in discrete time and by [SSV18] in
continuous time, where the latter allows for more general functionally-generated
portfolios, whose generating functional can depend on time as well as the path
of the market weights or other continuous trajectories of bounded variation.
This is achieved by applying the generalized functional Ito calculus developed
by [Dup09], [CF10] and [CF13], which generalizes Follmer’s Ito calculus to
path-dependent functionals.

6.1 Market Weights and Portfolios

In the following, we assume that the financial market model consists of d € N
assets with finite time horizon T > 0, whose price vector is given by S =
(S1(t), ..., Sa(t))iero,r]- In many cases, such as in the previous chapter, S is
modelled by a stochastic process defined on a probability space, whereas we
consider in this chapter the model-free approach, where S is a deterministic and
continuous path with values in R‘i. More precisely, we assume that the vector
of capitalizations X : [0,7] — R4, componentwise defined as the price S;(t)
times the number of outstanding shares n;(t), is a deterministic and continuous
path with values in Ri, which exhibits pathwise continuous quadratic variation
along (T, )nen in the sense of [F6181], i.e. we assume that X : [0,7] — R%
satisfies Assumption 1.40.
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Lemma 6.1. The following are equivalent, where we abbreviate “admits con-
tinuous ST -valued quadratic variation along (Ty)nen in the sense of [Fol81]”
by “admits quadratic variation”.

(i) X :[0,T] — R% satisfies Assumption 1.40.

(i1) log X admits quadratic variation with [log X;,log X;]; = So oij(s)ds, for
alli,j=1,...d and t € [0,T].

(i4) p:[0,T] — A% admits quadratic variation.

(i) log p admits quadratic variation with [log i;,1og 11;] So 7,5(s)ds, for all
i,j=1,..,d and t € [0,T], where

TZJ = 0'”

HM&

d d
(t)ok;(t) — me(t)uz + Z pe () o () pu (t),
=1

foralli;j=1,..,d and t € [0,T].

Proof. First, we observe for some path Z : [0,7] — [0, o[ of finite variation
by [Son06, Proposition 2.2.10] that Z admits continuous S-valued quadratic
variation if and only if log Z does, and in this case, we have [log Z]; = ‘ d[(Z %3,
for all ¢ € [0,T]. Now, suppose that (i) holds true, from which (ii) follows by

using the polarization identity

llog X, log X;]; = ~ ([log X; + log X;], — [log X; — log X;],)

o~ =

and if we can show that f(X;(t), X;(t)) admits continuous S% -valued quadratic
variation, where f(x;,x;) = logx; +logz;. Applying the pathwise Ito formula
in Theorem 1.41 to f(X;(t), X;(t)) yields for all ¢t € [0,T] and 4,5 = 1,...,d
that

FOX0), X, (8) = £(X:(0), X,(0)) + f vrex. X607 (30)

‘s 3 J Duf(Xi(s), X;(8))d[ Xy, X o

kll

where i1 = j; = 4 and i3 = jo = j. Hence, the quadratic variation of
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f(Xi(t), X,;(t)) is well-defined because

PO X0, = D) j D (Xi(5), X (5) Duf (Xi(s), X ()X, X, ]
k=1

d[ X, X,]s
- e L S

for all i, = 1,...,d and t € [0, T], which implies (ii). The reverse direction (ii)
= (i) follows by a similar argument involving the exponential function estab-
lishing the equivalence (i) < (ii). For the equivalence (ii) < (iv), we observe
by the polarization identity that t — Z,(t) = X1 (t) + ...+ Xq(t) admits contin-
uous Si—valued quadratic variation. Using the above argument, we conclude
that log X; and log Z,, both admit continuous Sfi-valued quadratic variation,
from which it follows again by the polarization identity that ¢ — log u;(t) =
log X;(t) — log Z,,(t) admits continuous S%-valued quadratic variation. More-
over, we conclude by using the pathwise Ito formula in Theorem 1.41 that

[log pi, log 1], = [log Xi,log X;], — [log Z,,,log X], — [log X;,log Z,,],
+ [log Z,,,1og Z,,],

d d
= 0ij(t) — Z pk (80w (8) = Y oua(t)pu(t)
=1
d
+ Z pe(8) o (8) pu (2,

for all 4,5 = 1,...,d and t € [0,T], which implies (iv). The reverse direction
follows by similar arguments using the polarization identity for ¢ — log X;(t) =
log pi(t) + log Z,,(t). Finally the equivalence (iii) < (iv) follows by similar
arguments used for the equivalence (i) < (ii). O

In the following, we transfer the main result about functionally generated
portfolios in [Fer02, Theorem 3.1.5] to this pathwise setting, which was obtained
in [SSV18] for the path-dependent setting. In particular, we need to be careful
when applying Theorem 1.41 for the Follmer integral, where the integrand must
be admissible such that the Follmer integral exists. As in the previous chapter,
we define the investment strategies as portfolios, which describe the fraction of
wealth invested into each stock.
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Definition 6.2. A function 7 : [0,T] — R? is called a portfolio if it is an
admissible integrand with respect to log X and if w1 (t) + ... + wq(t) = 1, for all
t € [0,T]. In addition, a portfolio 7 is called long-only if m;(t) = 0, for all
i=1,...d and te[0,T).

Remark 6.3. The market portfolio u forms a long-only portfolio, because
pr(t) + .o+ pa(t) =1 and pi(t) =0, foralli =1,...,d and t € [0, T]. Choosing
the function f(z) = log (™ + ...+ €%4), we see that V f(log X (t)) = u(t), for
all t € [0,T], such that y is an admissible integrand on A? for log X .

In order to define the wealth Z : [0, 7] — R of a portfolio 7 : [0, 7] — R,
we first observe that the number of shares h : [0,7] — R? invested in each

stock is given by h;(t) = %@’3(”, for i = 1,...,d and t € [0,7]. Then,
h : [0,7] — RY must be a self-financing trading strategy in the sense that
changes in the portfolio wealth are only implied by trading in the market,

which means that .

Zo(t) = ZW(O)+L h(s)TdX(s), (6.1.1)

for all t € [0,7]. In other words, the self-financing condition ensures that
no external money is added to and no money is withdrawn from the portfo-
lio wealth. Because of the self-financing condition in (6.1.1), we obtain the
following expression for the wealth of a portfolio 7 : [0, T] — R%.

Lemma 6.4. For a portfolio 7 : [0,T] — R, the wealth process Z, : [0,T] — R
satisfies

t 18t
log Z(t) = log Z(0) + L 7(s) dlog X (s) + 3 Z Jo mi(8)oii(s)ds
. = (6.1.2)
Ly L 7i()01 ()75 (5)ds,

ij=1
for all t € [0,T].

Proof. Since 7 : [0,T] — R is a portfolio, it is an admissible integrand for
log X such that the Follmer integral in (6.1.2) exists. The other two integrals
in (6.1.2) exist as Riemann-Stieltjes integrals, because 7 : [0,7] — R? is an
admissible integrand for log X and in particular a continuous function of ¢.
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Then, the logarithmic wealth process log Z, : [0,T] — R in (6.1.2) is well-
defined and it follows by combining the pathwise Ito formula in Theorem 1.41
and the self-financing condition in (6.1.1) that

log Zx () — log Z (0) = L dZZ:(f)) - % L dZETZ(g2

B f <§(<Z)>>T 2 Z f et Bl

z]l

for all t € [0, T]. In this case, the conclusion follows by another application of
the pathwise Ito formula on f(X(t)) = log(X (t)) as well as using the definition
of ¢ :[0,7] — S% in Lemma 6.1(ii). O

With the notion of a portfolio 7 : [0,7] — R and the portfolio wealth
Zn : [0,T] — R in the pathwise setting, we introduce functionally generated
portfolios as in the previous chapter.

6.2 Functionally Generated Portfolios

The main result of [Fer02] for functionally generated portfolios is the pathwise
decomposition of the logarithmic relative return into a part involving the gener-
ating function and an additional drift process, which is captured by the so-called
Fernholz’ master equation. We say that a positive C2-function S : A% — [0, o[
generates the portfolio 7 if there exists a path of finite variation © : [0,7] — R
such that

Zx(t)
1 = log S(u(t o(t), 6.2.1
Og(zm) o S(u(t)) + O(1) (6.2.1)
for all t € [0, T], where the generating function component dominates the short-
term behaviour and the drift process determines the long-term performance.
In the following, we adapt the main result [Fer02, Theorem 3.1.5] stated in
Theorem 5.18 to this pathwise setting.
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Theorem 6.5. Let S : U — [0,00[ be a twice differentiable function defined
on an open neighborhood U of A? such that x — x;D;log S(x) is bounded on
A4, Then S : U — [0,0[ generates the portfolio w : [0,T] — R? with weights
given by

d
mi(t) = (Di log S(u(t) + 1 - 3 1, (1) logsm(t))) w(t),  (622)
j=1

foralli=1,...,d and t € [0,T], and the corresponding drift © : [0,T] — R is
given by

d t
QQZEILmﬂ%»&ﬁW@W#WNWMW“ (6.2.3)

i,j=1

for all t € [0,T].

Proof. Let 7 : [0,T] — R< be the path with components defined in (6.2.2) such
that Y% | m;(t) = 1, for all £ € [0, T]. Define f(z) = log S(Vg(z)) + g(x), with
g(x) = log(e™ + ... + e®?) such that Vg(log X (t)) = u(t), for all ¢ € [0,T], for
which it follows by the chain rule that

d
Dif(x) = Z Djlog S(Vg(x))Djig(w) + Dig(z).

Hence, we have m;(t) = D, f(log X (t)), for all i = 1,...,d and ¢t € [0,T], which
shows that 7 : [0,7] — R? is an admissible integrand for log X and therefore
indeed a portfolio. Using Lemma 6.4 and subtracting log Z,(t) = log Z,,(0) +
Sé dlog Z,,(s) on both sides, it follows that

m(Z%):m( > me Ydlog i (s iifm $)oyi(s)ds
—*ZJW §)aij(s)m;(s)ds,

3,j=1

for all t € [0, T]. Applying the pathwise Ito formula in Theorem 1.41 such that
dlog p;(t) = dp;(t)/pi(t) — d[ps]e /20 (t)?, for alli = 1,...,d and t € [0, T], using
that the market weights sum up to one and p : [0,7] — R? lies by Lemma 5.6
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in the null space of 7 : [0,7] — S, we conclude that

() -m(58) S s

_,Ejpbw (9))D;0g S ()i ()73 ()11 (s)ds.

i,j=1

(6.2.4)
for all t € [0,T]. On the other hand, applying the pathwise Ito formula in
Theorem 1.41 to log S(u(t)), which is possible because p : [0,T] — R ad-
mits by Lemma 6.1 continuous Si—valued quadratic variation, and using that
D;;log S(xz) = D;;S(x)/S(x) — D;log S(z)D,log S(x), for 4,5 = 1,...,d, we
observe that

log S(4(1)) — log S EJme 9)d(s)
+ % Z . DJ?;’Z;;; sty (1) (6.2.5)
—fzjnbw (5))D; log S(1(s) )i (£ (£) a5 (D),
i,j=1

for all t € [0,T], where we have used Lemma 6.1 such that d[u;,p;]; =
wi(6) 7 () (t)dt, for all 4,5 = 1,...,d and t € [0,T]. Finally, by subtract-
ing (6.2.5) from (6.2.4), rearranging terms as well as using log (Z,(0)/Z,(0)) =
log S(14(0)), we obtain the conclusion with drift ©® : [0,7] — R defined in
(6.2.3). 0

In addition, [Str12] extended Theorem 5.18 to portfolios generated by a
function which can depend on an additional continuous path of finite variation
A : [0,T] — R™. Despite the explicit construction, it is not clear which
economic process should be added for A and therefore the extended setting
has so far been applied in [RX18], but in the probabilistic setting within the
additive model introduced in [KR17].

Theorem 5.18 shows that a functionally generated portfolio 7w and its invest-
ment characteristics are fully determined by its generating function S : U —
[0,0[. As before, we index the portfolio and the drift process by its generating
function and write 7 for the portfolio generated by S with drift ©°.
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6.3 Path-Dependent Setting

The concept of functionally generated portfolios within the pathwise frame-
work of SPT was extended in [SSV18] to the path-dependent setting such that
portfolios can also depend on the previous values of the market weights, which
is not the case in the usual pathwise setting of SPT described in Theorem 6.5.
For this section, we follow along the lines of [SSV18, Section 2.2].

Definition 6.6. We say that 7 : Ay — R? is a functional portfolio if it is an
admissible functional integrand for log X on R? such that m(t,log X) + ... +
ma(t,log X) = 1, for all t € [0,T], and if t — S(t) 7(s,log X)dlog X (s) admits
along (T,,)nen the quadratic variation

[Lw(s,logX)dlogX(s)] = i Ltﬂi(s,logX)Jij(s)ﬁj(s,logX)ds, (6.3.1)

t i,j=1

for all t € [0,T].

Remark 6.7. While the condition (6.3.1) is always satisfied in the case without
path-dependence, it is in general not fulfilled in this path-dependent setting,
where [AC17, Theorem 2.1] gives sufficient conditions for a functional integrand
such that (6.3.1) is satisfied.

Remark 6.8. Choosing F(t,Y) = log(e"*® + ... + ¥¢®) it follows that
VF(t,log X) = u(t), such that the market portfolio u is a functional port-
folio. Hereby, (6.3.1) holds true by [AC17, Theorem 2.1] and using that F €
CY2(A7) is boundedness-preserving and uniformly Lipschitz continuous in Y
with boundedness-preserving first vertical derivative VF € CH(Ar).

We now define the wealth of a functional portfolio 7 : Ay — R?. Inspired
by the setting without path-dependence described in Lemma 6.4, we define the
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wealth of 7 as a path Z, : [0,T] — R given by
d ot
log Z(t) = log Z,(0) + Z f (s, log X)dlog X;(s)
i=1Y0

d rt
1
+3 ;L mi(s,1og X )0y (s)ds

d t
1
-3 Z JOm(s,logX)Wj(s,logX)aij(s)ds,
ij=1

for all ¢ € [0,T], where Z,(0) denotes the initial endowment of 7. In addition,
we say that a non-anticipative functional F' generates the functional portfolio
7 : Ar — R? if there exists a path of finite variation © : [0,7] — R such that

log (ggg) — log F(t, 1) + O(1),

for all ¢ € [0,7]. We recall the main result of [SSV18], which describes the
weights of a portfolio generated by the vertical derivatives of the smooth non-
anticipative functional F € C*?(Ar). In the same spirit as before, we index
sometimes the generated portfolio 7" : A7 — R? by its generating functional.

Theorem 6.9 ([SSV18, Theorem 2.16]). Let F' € CY2(Ar) be a strictly positive
non-anticipative functional, which is boundedness-preserving and locally path-
continuous. Then, F : Ap — R generates the functional portfolio ™ : Ap — R?
with weights given by

d
mi(t,p) = <8i log F(t,p) + 1 — Z w;(t)0;log F(t,,u)) wi(t),

j=1
foralli=1,...,d and t € [0,T], such that

d t ' 5
o(t) = ;Jo méijF(s,u)m(S)uj(S)”j(S)ds 7L mds’

for all t € [0,T].

Altogether, the concept of functionally generated portfolios can be used
in the probabilistic setting (Chapter 5) or in the pathwise setting (this chap-
ter), in both of which the extension to the path-dependent setting is possible.
The advantage of the pathwise setting is that it does not depend on a partic-
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ular choice of the stochastic process, which models the capitalization vector.
Moreover, one can usually only observe one historical trajectory of a real eq-
uity market, which corresponds to one state of the world, where functionally
generated portfolios can still be described within this pathwise setting.



Chapter 7

Learning an Optimal Portfolio

As we have seen in the previous chapter, investment strategies can be con-
structed in the pathwise framework of Stochastic Portfolio Theory (SPT) by
the choice of a generating function. In this chapter, we will show that conven-
tional neural networks between finite dimensional spaces and functional neural
networks on the space of stopped paths can be used to learn a functionally gen-
erated portfolio in both, the classical setting of SPT and in the path-dependent
setting. In order to learn a portfolio, we define the objective of an investor as
a performance functional, which measures the “goodness” of the portfolio ac-
cording to the objective of the investor.

For the whole chapter, we assume the pathwise setting of SPT such that
paths of the vector of capitalizations X : [0,7] — ]Ri are continuous with non-
negative values, where d € N denotes the number of assets. In order to apply
the pathwise setting of functionally generated portfolios, we assume throughout
this chapter that X : [0,7] — R% exhibits pathwise continuous quadratic
variation along a sequence of partitions (T, )ney in the sense of [F6181], i.e. that
X :[0,T] - RY satisfies Assumption 1.40.

7.1 Approximation of Functionally Generated
Portfolio

In this section, we show that every functionally generated portfolio can be ap-
proximated by a portfolio, which is generated by a neural network ® : A — R,
where the neural network approximates the generating function of the optimal
portfolio. More precisely, we approximate the strictly positive generating func-
tion S : A? — [0,00[ by the exponential of a neural network ® : R? — R to
account for the positivity of the generating function, i.e. ® : R? — R should
approximate log S : A — R.
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For the rest of this chapter, we fix a twice differentiable function p: R — R
such that NN is dense in C*(R™) on compacta, and denote by (NN ar) e
a sequence of subsets of NN 5,00 such that

NNy € NN vy, U NNy =NN 0 NNy = {2% 0O},

MeN

(7.1.1)

for all M € N, where ©4 5y < RY, for some ¢ € N (depending on M). We have
two particular examples in mind: we could define NN s as the neural networks
in NN . with arbitrary number of layers and nodes, but with connectivity
at most M. Otherwise, we could take for NN s the set of all neural networks
with “fixed architecture”, i.e. with non-decreasing sequences (L(M))

M M
(Nl( ))MEN7 EEES) (Né(l\/[)))MEN'

Moreover, by using the equivalence of the 1-norm and 2-norm, and the
parallelogram inequality, we observe that (BV,;) implies

Men and

o r(t)x < 26(d + 1)|z|?, (7.1.2)

for all z € R? and ¢ € [0, T].

Using the sequence (NN ar) e Of neural network subsets satisfying (7.1.1)
and the universal approximation result with derivatives in Theorem 2.6, we can
show that every functionally generated portfolio can be approximated arbitrar-
ily well by the portfolio generated from a sufficiently large neural network.

Theorem 7.1. Let S : A — [0, 00 with log S € C’Q(Zd) generate the portfolio
7. Assume (BV,) and suppose that p € C*(R) is such that NN is dense in
C?(K), for all compact subsets K < R. Then, for every ¢ > 0, there exists
some M € N and ® € NNy; generating the portfolio 7P(®) such that

w5 (t) — 7P P (1) <e, (7.1.3)
foralli=1,..,d and t € [0,T]. Furthermore, it follows that
[log (Z,s(t)) —log (Z rexna) ()| < (1 + Ct) e, (7.1.4)

for all t € [0,T] and some constant C' > 0.

Proof. Since log S € C? (Zd), it follows from Theorem 3.52 that log .S can be

approximated by a neural network in C2(Zd). Hence, for some fixed ¢ > 0
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there exists a number M € N such that

|log S(x) — @(z)| <

|D;log S(x) — D;®(z)| < (7.1.5)

|D;jlog S(x) — Di®(x)| <

N|MDN|MDN|M

for all 3,5 = 1,...,d and x € Zd, where ® € NN, ;. For (7.1.3), we use
Theorem 5.18, the triangle inequality and (7.1.5) to conclude that

w5 (6) = 7 (1) < |Dilog S(u(t)) — Di(u(t)] ()
d
3 15(8) 1D 1og S((t)) — Dy (u(t))| (1) < e,

for all i = 1,...,d and ¢ € [0,T], where we have used that 0 < p;(¢) < 1 and
Zil wi(t) = 1. For (7.1.4), we use (6.2.1) and insert (7.1.5) such that

og (Zs (£)) — 10g (Zpepimy (£))] = '10g (Z;:((tt))> log ( W ) ’

< llog S(u(1)) — (u(1))| + O3 (1) — 0= (1)

< ; +]e5(t) — exr@ (t)] :

(7.1.6)
for all ¢ € [0,T]. Using the definition of the drift process in Theorem 6.5 and
D;;S(x)/S(x) = D;;log S(x) + D;log S(x)D;log S(z), it follows by applying
the triangle inequality and (BV}) implying (7.1.2) that

0%(t) —0=P@)(t)| < sup |DyjlogS(x) — Dy ®(z)| k(d + 1)t

zend
ij=1,...,d
+ sup |D;logS(x)Djlog S(z) — D;i®(x)D;®(z)| k(d + 1)t (7.1.7)
zend
ij=1,...,d

< (1+C1 + Co)r(d + 1)t§,

for all ¢ € [0, T'], where we have used a;a; —b;b; = a;(a; —b;) +b;(a; —b;) with
a; = D;log S(z) and b; = D;®(x), and where Cy = sup__xa ,_, |Dilog S()|
and Cy = SUP, R .
(7.1.6) and rescaling ¢ > 0 yields the conclusion. O
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Theorem 7.1 indicates that a functionally generated portfolio can be ap-
proximated arbitrarily well by a portfolio generated from a sufficiently large
neural network, where the difference of the logarithmic wealth increases lin-
early in time due to the approximation error of the portfolio weights. However,
having finite terminal time, the neural network can be enlarged to get a better
approximation of the terminal wealth.

In the path-dependent setting of SPT, where portfolios are generated by
smooth non-anticipative functionals, we use functional neural networks in-
troduced in Chapter 4 to approximate the non-anticipative functional of the
optimal portfolio. For this purpose, we consider the space of stopped a-
Holder continuous paths (A%, ds) and define the admissible weight function
¥ : A% — 10, o0[ as in Remark 4.5 such that the stopped path of X : [0,7] — R%
belongs to a compact subset of AS. Using the weighted space (A%, 1), we define
the space of weighted smooth functionals Eipqlf(A%) as the ||

¢,1,2-completion
of Lipy(A%), where the weighted norm | - |y, 5 is given by
F( V) DF(,Y)]
Flpia= sup — 4 sup ——2— 2
1F wyyeas YY) yyens YY)
0 F(£,Y)]
+ sup oI
Klglllsﬂ‘*y)e/\% P(t,Y)

for F' € ,Cip}p’Q(A%). Then, the universal approximation theorem for smooth
non-anticipative functionals in Theorem 4.6 shows that every path-dependent
functionally generated portfolio can be approximated by a portfolio, which is
generated by a functional neural network, where we assume that {FAN ps} ey is
an increasing sequence of subsets in FN7, . such that oy FN = FNY .

Theorem 7.2. Let the strictly positive F € C12(A%) generate the portfolio w*
such that log F' € Eip}b’Z(A%), Assume (BV,) and suppose that p € Lipi(R)

is such that NN7% is dense in C*(K), for all compact subsets K = R. Then,
for every € > 0 there exists some M € N and a functional neural network
® € FNy; generating the portfolio nP(®) such that

(8 =P (1)) <,
foralli=1,..,d and t € [0,T], and
[log(Z,r (1)) — log(Z rexpa))| < (1 + Ct)e,

for all t € [0,T] and some constant C > 0.



7.2. PERFORMANCE FUNCTIONAL 151

Proof. Since X : [0,7] — R% satisfies Assumption 1.40 there exists by Re-
mark 4.5 some sufficiently large R > 0 such that (¢, u) < R, for all t € [0,T7].
AslogF € EipL’Q(A%), we can apply Theorem 4.6 to conclude that there exists
for fixed € > 0 some ® € FN7, , satisfying | log F' — @|
it follows that

Y.pg < 5. From this,

IS
57

|log F'(t, ) — ®(t, )| < (t, p)|[log F' — @y p.q < 5

for allt € [0,T], and similarly [Dlog F'(t, u)=D®(t, p)| < 5 as well as |05 log F(t, 1) —
0ij®(t, )| < §, forall 1 < |m| < 2 and ¢ € [0,T]. Then, the expression for the
portfolio weights in Theorem 6.9 implies that

7L (1) = 7PV (0)| < |or1og F(t, ) = 2:0(t, )| ()

d
+ 3 13 ()10 log F(t, 1) — 8;®(t, )| i(t) < e,
j=1

foralli =1,...,d and ¢ € [0,T]. The approximation of the wealth follows then
by the same arguments as in the proof of Corollary 7.1, where we use the drift
in Theorem 6.9 for the approximation of the logarithmic relative return and the
chain rule in [SV18, Lemma 3.3] such that DF(s,u)/F(s,u) = Dlog F(s, 1),
for all ¢ € [0,T7]. O

In both cases, the classical and path-dependent setting of SPT, we obtain
a parametric family of functionally generated portfolios obtained from (func-
tional) neural networks, which can be used to learn the optimal portfolio by
learning the optimal weights in the corresponding (functional) neural network.

7.2 Performance Functional

In order to train “good” investment strategies, we need to define the investor’s
objective, which is encoded in a user-specified preformance functional and was
first introduced within the framework of SPT in [KSV16]. In addition, we
introduce the set of functionally generated portfolios, from which the optimal
portfolio should be chosen, given by

FG = {ws : A? - R? defined by

d
mi(x) = (DZ- logS(x) +1— Z z;D; logS(x)> x;; S € C2(Ad)},

Jj=1
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where a generic element m € FG denotes by a slight abuse of notation a portfolio
map, yielding a portfolio with w(t) = 7w(u(t)), for ¢t € [0,T]. We equip the
space FG with the metric drg(m,n) = max;—1, . aSUpgead |Ti(x) — ni(x)|, for
m,n € FG, and observe that FG is convex, but neither totally bounded nor
separable, see [Won15].

Definition 7.3. The map P : FG — R is called a performance functional if it
is lower semi-continuous, i.e. for every sequence (T, )nen in FG converging to
m € FG, it holds that liminf, . P(m,) = P(n).

Given a performance functional P : G — R, we can measure the perfor-
mance of a portfolio m with respect to the given objective of the investor. If
the objective is not reached, i.e. not minimized in the right way, the portfolio 7
needs to be adapted such that the value of P : G — R further decreases. Fur-
thermore, we introduce the subset of bounded a-Hélder continuous generating
functions given by

o 1
gob — {Se CQ(Ad); [S[lc2.e <band S = b}’

for some «, b > 0, where the norm | - | ¢2.« is defined as
DmS(z) — DmS
[Slc2e = max sup |DmS(z)|+ max sup DS () = (y)\7
0<|m|<2 0<|m|<2 , xd |z =y«
TFY

(7.2.1)
and where we omit the second term in (7.2.1) if & = 0. The corresponding set
of functionally generated portfolios is given by

FGob = {ﬂ'S AT S RY Se gavb}.

Using that G** is compact with respect to || - ||c2.0 and P : FG — R is lower
semi-continuous, we obtain the existence of at least one minimizer on the set
of bounded Hélder continuous portfolio maps FG*.

Lemma 7.4. For every a,b > 0, the set FG*® is compact with respect to
drg. Hence, a performance functional P : FG — R attains in particular its
minimum on FG*P.

Proof. Fix a,b > 0 and observe that the map S — 7° is continuous from

(G || - | c20) to (FG*? drg). This can be seen by using the definition of a
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functionally generated portfolio in Theorem 5.18 such that

drg (75, 7%) <2 max sup |D;logSi(x) — D;log Sz ()|

=1,...,d e Ad
<2b max  sup |D;S1(z) — D;Sa(x)|
i=1,..., reRd

< 2b[[S1 — Sz 2o,

for all Sy, S5 € G*?, where we have used that the logarithm is Lipschitz continu-
ous on [1/b, o[ with Lipschitz constant b. Since G*? is by [CSW19, Lemma 4.1]
compact with respect to | - |¢20 and S — 77 is continuous, the image Fgob
is compact with respect to drg. The existence of a minimizer follows then
by [Kosl0, Satz 3.1.15], where the lower semi-continuity of P : FG — R is
used. O

Lemma 7.4 ensures the existence of a minimizer at least among the restricted
set FG*? of bounded and Hélder continuous portfolio maps. For bigger spaces
such as F@G, it is not clear if such a minimizer exists. However using that
FG*b = J-'g“"”' c FG, for o/ < o and b < ¥, we obtain a sequence (7, )nen
of minimizing portfolio maps #, = argmin,  zgi/m.n P(7), for n € N, whose
performances decreases and converges to the infimum of P : G — R on FG,
if P: FG — R is for example bounded from below.

In the following, we consider examples of performance functionals for dif-
ferent investment objectives, for example to learn an arbitrage strategy. We
know that such arbitrage opportunities exist in sufficiently diverse and volatile
markets, where for example the diversity-weighted portfolio of Example 5.19(v)
can be used to outperform the market portfolio, see [FKKO05]. Hereby, a port-
folio 7 is called a relative arbitrage with respect to the benchmark portfolio n
if there exists some t* € [0,T] such that

P[Z(t*) > Z,(t*)] =1  and  P[Z;(t*) > Z,(t*)] > 0.

The relative arbitrage 7 is called strong if P[Z,(t*) > Z,(t*)] = 1. Combin-
ing this with Theorem 7.1, we therefore only need to train a neural network
® : R? — R such that the generated portfolio 7*P(®) will be most likely an
arbitrage strategy. On the other hand, we consider also other performance
functionals, representing for example the hedging problem.
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Proposition 7.5. The following maps are performance functionals:

(i) PH(m) = SOTZ(ZW(t) — z¢) dt, for some other path z : [0,T] — R and for
some lower semi-continuous function l : R — R.

(ii) PE(m) = — (log (gzg;) — log (2’58;)), for some other portfolio n :
[0,7] — RY.

(iii) PV (m) = S(? (w(t) —n(t)) " o(t) (x(t) — n(t)) dt, for some other portfolio
n:[0,T] — R9.

Proof. In order to prove that P® : FG — R is a performance functional, we
show that 7 — log (Z,(t)) is continuous from (FG,drg) to (R,]-]), for every
t € [0,T]. For this purpose, let w1, 712 € FG. Then, it follows from Lemma 6.4
and the stability estimate for rough integration in [FH14, Theorem 4.16] that

T
f (ma(u(s)) — ma(u(s))) T dlog X (s)

0

[PT (1) — PF(ma)| <

T
#3|| ) = mal(s) Tding(o (5
1 T
# 5| 0060 = mau(9) o (6) (ra(us) — a5

1
< Cdrg(my,m2) + id]:g(ﬂ'l,ﬂ'g) .Erllaxd[logXi,log Xilr

=1,...,

+ %d]:g(ﬁl,’ﬂ'g)z ~max [log X;,log X;]r,
i,7=1,....d

for all ¢ € [0,7] and some constant C' > 0, which depends on the pathwise
quadratic variation [log X;,log X,], for 4,5 = 1,...,d. From this, it follows
that PE : FG — R is continuous, therefore also lower semi-continuous and a
performance functional.

For PH : FG — R, we use lower semi-continuity of / such that © —
[ (elog(Z=(0)/ 2 (1) +log Zu(t) — 2) i also lower semi-continuous. Hence, it follows
by Fatou’s lemma for (7™),en converging to m that

T T
liminf PH (7™) = liminf | 1 (Zgn(t) — 2) dt > f 1(Zn(t) — z) dt = PH (),

such that PH : FG - R is a performance functional. For PV . FG - R,
we observe that the quadratic form 2 — =T Az is continuous, for any matrix
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A e R¥? such that Fatou’s lemma implies for (7™),en converging to 7 that

T
lim ioréf PY(z") = lim iorolf (7™ (t) — 77(15))T o(t) (7" (t) —n(t)) dt
n— n— 0
T
> L (m(t) = n(®) " o (t) (x(t) — n(t)) dt
= PV (71—)7
which shows that PV : FG — R is as well a performance functional. O

For applications, PH can be used for hedging a given value process z =
(2t)tefo,r] and recover therewith the generating function of the hedging strat-
egy, whereas P® and PV compare the performance of the portfolio against
the benchmark portfolio 7 : [0,7] — R, e.g. the market portfolio. In prac-
tice, P® and PV are usually combined in order to account for the return and
the risk simultaneously, where we see that linear combinations of performance
functionals are again performance functionals.

After having established the notion of a performance functional, we anal-
yse if learning the parameters in the neural network indeed approximates the
infimum of the given performance functional over all functionally generated
portfolios. For this purpose, we use Theorem 7.2 such that every functionally
generated portfolio can be approximated by a portfolio generated by a neural
network.

Theorem 7.6. Let P : FG — R be a performance functional and assume that
(BV,) holds true. Then

inf P(r)= lim _inf P(WEXP(‘I’)),
TeFgG M—00 PENN

Proof. First, we observe that for every M € N it holds that NN 3y € NN 4 ©
{log S : A4 - R; S e C*(A%)}, which implies

inf P(n) < inf p(ﬁexp@’)) < inf fp(ﬂ_exp(‘b))’
Terg PENN M 11 PENN M

for all M € N. Thus, it suffices to show that for every £ > 0 there exists some
M € N such that

~ ~ exp(@)) _
nf P(m) > inf Prer®) —c. (7.2.2)

Fix some € > 0 such that there exists by definition some R : A% — [0, co[ with
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o9 ~d o
log R e C*(A") satisfying

inf P(r) = P(xf) —

nf (7.2.3)

| ™

On the other hand, we find by Theorem 7.1 some neural network ® € NNy,
with [7E(t) — 7P (1)] < £/2, for all i = 1,...,d and t € [0,T)]. Using (7.2.3)
and applying lower semi-continuity of P : G — R in the second step, it follows
that

: > Ry < exp(®)y > exp(P) )
ﬂler}ngP(w) P(m™) 2 > P(m )—¢€ @e,}\l}lﬁ/'M P(m )—¢€
Since € > 0 was chosen arbitrarily, we obtain (7.2.2) and therefore the conclu-
sion. O

Theorem 7.6 shows that the universal approximation of neural networks in
Theorem 2.5 can be used to approximate an optimal functionally generated
portfolios with respect to a given performance functional P : FG — R, by
increasing the connectivity of the neural network.

7.3 Path-Dependent Setting

In the same spirit as before, we want to learn “good investment maps” in the
path-dependent setting of SPT, where we need to redefine the performance
functional as the objective of the investor. We assume again the pathwise
setting of SPT, where the vector of capitalizations X : [0,7] — R% satisfies
Assumption 1.40. Then, we introduce the set of path-dependent functionally
generated portfolios given by

fg:{ F logFeﬁlplz(Ao‘)}

and equip it with the metric drg(m,7) = max;—1,..4SUPq yyens [Ti(t,Y) —

n;(t,Y)|, for m,n e FG.

Definition 7.7. The map P : FG — R is a performance functional if it is
lower semi-continuous, i.e. for every sequence (mp)nen in FG converging to
7w € FG, it holds that liminf, ., P(m,) = P(r).

By construction of the weighted space (A%, ), a performance functional at-
tains its minimum over each compact preimage Kp = 1~1(]0, R]), from which
we obtain a sequence of minimizing functional portfolios (7r)gen defined by
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fig = argmin, g P(n), for every R € N. Similarly as before, the perfor-
mance of this sequence converges to the infimum of P : G — R over FG, if
P . FG — R is bounded from below. Moreover, the performance functionals of
Proposition 7.5 can be transfered into this path-dependent setting.

Proposition 7.8. The following maps are performance functionals:

(i) PH(r) = So Zn(t) — z¢) dt, for some other path z : [0,T] — R and for
some lower semi- continuous function I : R — R.
(ii) PR(m) = (log (Z g;) — log (2583)), for some other portfolio n :
[0, T] — R4,
(iii) PV (r) = So n()" o) (w(t) — n(t)) dt, for some other portfolio
: [o,T] ]Rd.

In order to conclude this section, we are interested if an optimal path-
dependent portfolio can be learned with the help of functional neural net-
works. We therefore show that the performance of the optimal functional neu-
ral network-generated portfolio converges to the performance of the optimal
portfolio over all path-dependent portfolios in FG, as the network connectivity
increases.

Theorem 7.9. Let P : FG — R be a performance functional and assume that
(BV;) holds true. Then

inf P(r)= lim inf P(xP®),
meFG M—o0 PeFN

Proof. The proof follows along the lines of the proof for Theorem 7.6. O

Theorem 7.9 gives the theoretical justification to approximate an optimal
path-dependent portfolios by functional neural networks. By increasing the
network size, the performance of the optimal learned portfolio should converge
to the performance of the optimal portfolio over FG.

7.4 Numerical Examples

In this section, we illustrate in numerical examples how optimal portfolios can
be learned within SPT, where we first look at randomized functional neural
network to reduce the training effort. Finally, we apply the results to recover
the generating function from the portfolio’s wealth and try to outperform the
S&P500.
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7.4.1 Recovering Generating Function

In a first numerical example, we show that a generating function can be re-
covered from only one given historical trajectory of the value process of an
investor. Assume that the market consists of d = 3 assets and suppose that
the vector of logarithmic capitalizations X is %iven by a sample path of an Ito
process, i.e. log X (t) = log Xo + Sé y(t)dt + §, &(t)dW (t), for t € [0,T], with
initial value Xy = (100,100,100)7, where the drift and volatility are constant
throughout time and given by

0.563 0779 0 0
~t)=|0681], &t = (0201 0519 o0 |,
0.484 0.174 0.199 0.592

for all ¢ € [0, T]. In this framework, we use the generating functions described in
Example 5.19(iii) and Example 5.19(v) to generate an entropy-weighted port-
folio 7% and diversity-weighted portfolio 7” with their corresponding wealth
Z.e and Z .o, respectively. For these two paths Z, =, Z.p : [0,T] — R, we
learn two neural networks ®F &P € N A such that the wealth of rexp(®F)
and 7P(®") ghould be close to the true wealth Z.r and Z_p, respectively.
More precisely, we use the performance functional P with I(z) = 22 from
Proposition 7.5 used for hedging and try to minimize

T

® s PH (Wexp(q))) = J (Zesoto) (t) = Zpoie (1)) dt
0

among all neural networks ® € NNy, for some fixed M € N. Hereby, we
use actually two performance functional, where Z p/e is either computed with
(6.2.1) or as Follmer integral, i.e.

log Z, (t) = log S(u(t)) + O(t) + log Z, (1),

d t
m&@=ZmeﬂmWM@

d t
— 5 O | Ditos S(u(9)D; 108 S s(s)n 517 ()

ig=1
+log Z,,(t),

which are then combined to improve the approximation of the generating func-
tion by taking into account its gradient (in the second expression) and its
Hessian (in the first expression with the drift ©).

The algorithm has been implemented in Python, using Tensorflow to build
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the neural networks of size L = (3,10, 1), i.e. neural networks with one hid-
den layer of dimension 10. For network training, the Adam algorithm (see
[KB15] and [GBC16, Chapter 8.5.3]) is applied with a learning rate of 1074
over 10° epochs. In addition, the market trajectory is split up into the first
80% time points used for training and the last 20% used for testing. The results
for recovering the Entropy and Diversity function from one trajectory of the
corresponding value process are displayed in Figure 7.1.

Figure 7.1 shows that the relatively small neural networks are indeed able
to recover the shapes of the generating functions, from which the portfolios
were generated. It seems that the market trajectory has a significant influence
on how the generating function is learned, and the generating function is ap-
proximated better in the neighborhood of the market weights (data points),
whereas the concavity of the generating function is less recaptured to the edges
of A%, Therefore, the path of the market weights must be enough volatile in
order to reconstruct the generating function sufficiently accurate over A<
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Figure 7.1: Recovering the generating function. Left panel: Theoretical generating function
and its approximating neural network of size L = (3,10, 1), where the shaded path in the
x1-r2-plane represents the path of the market weights; Middle panel: Comparision of the
wealth of m®*P(®) and 7P/E | where the vertical line shows the validation split; Right panel:
Loss during the training procedure on training and test set.
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7.4.2 Outperforming the S&P500

In a second numerical example, we try to learn a relative arbitrage strategy
in the market given by the universe of the S&P500, accounting for changes
of constituents by setting the corresponding market weight to zero. In this
setting, [KSV16] showed that learning an optimal portfolio with the help of
Bayesian techniques consistently outperforms the market portfolio and other
functionally generated portfolios presented in Example 5.19. We show in the
following that our approach of learning an optimal path-dependent portfolio
with functional neural networks also outperforms these results.

The data for stock prices and numbers of outstanding shares are downloaded
from the CRSP databases of Wharton Research Data Services, and we con-
sider the time period from 1st January 1992 to 31 December 2014, where the
relative volatility matrix 7 is estimated by the squared logarithmic increments
of 1 and using a rolling time window of 60 days. In this setting, we compare
the following portfolios:

e the market portfolio u whose value coincides with the S&P500 up to the
divisor, denoted by MPF;

e the equally-weighted portfolio of Example 5.19(v), denoted by EWP;

e the diversity-weighted portfolio of Example 5.19(vi), where the exponent
p is learned

— by maximizing the excess return relative to EWP in [KSV16, Eq. 19],
denoted by DWP*,

— with the Markov Chain Monte Carlo (MCMC) method in [KSV16,
Eq. 24-26], denoted by DWP;

e the conventional neural network approach from Section 7.2, to obtain a
non-path-dependent optimal portfolio with respect to the performance

functional P(m) = — SOT log (%) ds, denoted by CNN;

e the functional neural networks approach from Section 7.3 to obtain a
path-dependent optimal portfolio with respect to the performance func-
tional P(m SO (%) dt, denoted by FNN.

Hereby, the excess return relative to the equally-weighted portfolio is defined
as the performance functional
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where 7 is the equally-weighted portfolio and r;(t) = W denotes the
return of the ith asset at time ¢. This performance functional is used for the
other methods of [KSV16] as well. In addition, we learn symmetric (functional)
neural networks to ensure enough generalization capacity, i.e. we simplify them
to

(P(l‘) = Z Z ﬂkp (Akl'z + bk),

i=1k=1
d N t
‘I’(t, Y) = Z Z Bip (J gokz(u)Yz(u)du + Ak}/l(t) + Byt + bk) s
i=1k=1 0

where 3, A, B,be RN and ¢, € NN, with N = 20, such that ®(zy, ..., z4) =
@(mg(l), ceey xa(d)) and (I)(t, (1/1, ceey Yd)) = (I)(t, (Ya(1)7 ceey Ya(d)))a for all permu-
tations o : {1,...,d} — {1,...,d}. The algorithms to learn the parameter p and
the (functional) neural network have been implemented in Python, where the
package Tensorflow is used to train the (functional) neural networks and the
Adam algorithm is applied with a learning rate of 10~ over 10* epochs (see
[KB15] and [GBC16, Chapter 8.5.3]).

In the first experiment, we test if the learned optimal investment strate-
gies described above indeed outperform the market portfolio, where we use 10
consecutive years as training data and test the performance on the following
5 years. Beginning on 1st January 1992 with the first data set, we roll both
training and test set by one year, which yields a total of eight pairs of training
and test sets. The results are listed in Table 7.1, which shows in particular that
all learned strategies indeed outperform the benchmark portfolios, the market
portfolio given as S&P500 and the equally-weighted portfolio, in-sample and
out-of-sample.

Portfolio In-Sample Return (in %) Out-of-Sample Return (in %)

MPF 5.146 + 3.849 1.598 £+ 5.957
EWP 7071 +£2.721 7.546 £ 5.566
DWP* 6.968 £ 1.172 8.801 £+ 2.411
DWP 6.931 £1.150 8.732 4+ 2.387
CNN 9.921 £+ 1.843 9.972 + 5.243
FNN 9.694 + 2.352 12.602 £+ 4.342

Table 7.1: Outperforming the S&P500: Results of the first example to test whether the
learned portfolios considerably outperform the value of the S&P500 and the other functionally
generated portfolios. The in-sample and out-of-sample return are average yearly returns in
percentage plus/minus two standard errors.

In the second experiment, we show that the learned strategies do not per-
form worse than the benchmark portfolios during the financial crisis. Hereby,
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we use the first 15 years starting from 1st January 1992 to 31th December 2005
as training set and test the performance of the learned strategies on the test
set ranging from 1st January 2006 to 31th December 2014, which includes in
particular the financial crisis at the end of year 2008. The results of this experi-
ment are listed in Table 7.2 and plotted in Figure 7.2. We observe in particular
that all learned portfolios outperform the benchmark portfolios (market port-
folio and equally-weighted portfolio) in-sample and out-of-sample. Figure 7.2
depicts the wealth of the learned portfolios and shows that they are robust
against the financial crisis at the end of the year 2008.

Portfolio In-Sample Return (in %) Out-of-Sample Return (in %)

MPF 11.336 + 8.616 7.488 4 14.002
EWP 18.845 + 8.373 14.692 + 16.080
DWP* 26.261 £ 9.294 21.285 + 17.956
DWP 26.135 £ 9.269 21.169 £ 17.926
CNN 76.716 £ 25.830 21.970 £+ 14.013
FNN 57.739 £17.827 25.307 £ 14.011

Table 7.2: Outperforming the S&P500: Results of the second experiment to test whether
the learned investment strategies are robust with respect to the financial crisis at the end of
year 2008. The in-sample and out-of-sample return are average yearly returns in percentage
plus/minus two standard errors.
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Figure 7.2: Outperforming the S&P500: Wealth of the learned investment strategies (see
legend) over the test period 2006-2014 compared to the market capitalization of the S&P500,

where the performances of DWP* and DWP are very similar.
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Chapter 8

Option Pricing in a Financial Market

The problem of pricing and hedging portfolios of derivatives is a crucial task
for portfolio managers in the financial industry. Despite the enormous progress
in research over the last decades, there are only a few mathematical solu-
tions under rather idealized assumptions such as completeness of the market,
which means that every financial derivative can be perfectly replicated. The
most prominent model herefore is Dupire’s local volatility model introduced
in [Dup94|, which is a complete market model such that pricing becomes lin-
ear. However, real markets are often incomplete such that the pricing operator
is a non-linear function, which can be expressed as supremum or infimum of
the expected discounted payoff over so-called equivalent martingale measures.
Because machine learning techniques are well-suited to solve such non-linear
problems, we use the universal approximation result in Theorem 3.27 to learn
the pricing operator.

In this chapter, we introduce the main ingredients of the financial market,
where we assume that the stock price process follows an Ito diffusion. Subse-
quently, we define weak derivatives and introduce Sobolev spaces, which are
needed to describe solutions of partial differential equations, which in turn can
be related to the value function of a financial derivative with the help of the
Feynman-Kac formula.

8.1 Market Model

In the following, we shall always consider a financial market model with fi-
nite time horizon 7' > 0, whose vector of price processes X = (X ())se[o,1] 18
assumed to take values in a subset E < R? and is defined on the filtered prob-
ability space (2, A,F,P), where the filtration F = (F)seqo,7] is supposed to
satisfy the usual conditions, i.e. Fy is trivial, A is P-complete and the filtration
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is right-continuous such that F; = (,-, Fs.
For some m-dimensional Brownian motion B = (B(t))e[o,r], We assume
that X satisfies the stochastic differential equation (SDE)

dX (t) = b(t, X (t))dt + £(, X (t))dB(t), (8.1.1)

for t € [0, T7], and some initial value X (0) = x¢ € E, where b: [0,T] x E — R?
is the drift function and ¢ : [0,T] x E — R¥>™ is the volatility function. If
the two functions satisfy the uniform Lipschitz and linear growth condition, we
have the following existence and uniqueness result for (8.1.1).

Theorem 8.1 ([Oks03, Theorem 5.2.1]). Assume that there exists some con-
stant C' > 0 such that

[ot, ) = b(t, y) | + €@, ) = £, y)]
[ot, @) + (¢, =)

for allt € [0,T] and x,y € E. Then, (8.1.1) has a strong solution satisfying
E [supyepor X (8)) | < o0.

Clz —yl,

Atlapy, M2

| <
| <C

In the time-homogeneous case with b(¢,z) = b(z) and (¢, z) = &(x), we
observe that the Lipschitz condition implies the linear growth condition in
(8.1.2). From now on, we shall always assume that the functions b : [0, T]|x E —
R? and ¢ : [0,T] x E — R¥*™ gatisfy the Lipschitz and linear growth condition
in (8.1.2) such that there exists a strong solution X = (X(t))e[o,r] satisfying
the SDE in (8.1.1).

In addition, we assume that there is an additional money market account
representing the value of cash, which satisfies the SDE dX(t) = r(t)Xo(t)dt
with Xo(0) = 1, such that

Xott) = e [ #6515 ).

for t € [0,T], where r = (r(t))sefo0,r] is an F-adapted process representing the
short term interest rate. From this, we define for 0 < s <t < T the discount

factor Dy = Xo(s)/Xo (1) —exp( § r(u )du) and denote by X = (X(£))seior]

the discounted price processes given by X () = Do, X (t), for all t € [0, T].

In order to trade in the market, we define a trading strategy as F-predictable,
(d + 1)-dimensional stochastic process 6 = (6(t))¢e[o, 77 such that 6y (t) denotes
the amount invested in the risk-free asset Xg at time ¢t € [0,7T], and 6;(¢) the
number of shares held from the risky asset X; at time ¢t € [0,T1], for i = 1, ..., d.
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Then, the value of the trading strategy Vi = (Vy(t))¢e[o, 1) is given by

for all t € [0,T]. In addition, we assume that a trading strategy 6 is self-
financing in the sense that the change in its value is only affected by trading
in the market and no money is injected or removed from the trading strategy
0. This means for the time between ¢ and ¢ + dt that

d
dVy(t Z

for all t € [0,T], which also holds true for the discounted value process Vg =
(Vo(t))tefo, 1 such that

d d
dVy(t Z = > 0i(t)d (8.1.3)

i=1

for all ¢ € [0, T], where we have used that Xo(¢) = 1 and d.X;(t) = Do, (dX;(t)—
r(t)X;(t)dt), for all ¢ = 1,...,d and ¢t € [0,T]. Hence, the discounted value

process Vy satisfies

d + N
%@:%@+ZL&@M$)
i=1

for all t € [0,T], where Vp(0) is the initial endowment of the trading strategy.

Definition 8.2. An F-predictable, (d+1)-dimensional process 6 = (0(t))se[0,17

1s called an admissible trading strategy if 6 is self-financing and XN/g(t) is
a.s. bounded from below, for all t € [0,T], i.e. there exists C > 0 such that

P [Vte [0,T] : Va(t) = fC] = 1. We denote the set of admissible trading
strategies by © qam.

In the following, we briefly introduce the concept of arbitrage strategies,
which is a self-financing trading strategy requiring zero initial endowment but
admits a positive termial gain with positive probability.
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Definition 8.3. A sclf-financing, admissible trading strategy 0 = (0(t))seq0,17
is an arbitrage strategy if Vy(0) = 0, Vo(T) = 0, a.s., and P [%(T) > O] > 0.

In Finance, arbitrageurs are special types of traders who immediately ex-
ploit arbitrage opportunities so that they quickly disappear and the market
remains arbitrage-free. To give a sufficient condition for an arbitrage-free mar-
ket, we introduce so-called equivalent martingale measuers (EMMs), where a
measure Q on (2, A) is called equivalent to P, denoted by Q ~ P, if and only
if Q[A] =0 < P[A] =0, for all Ae A.

Definition 8.4. A probability measure Q ~ P defined on (2, A) is called an
equivalent martingale measure (EMM) (for X) if the discounted price processes

X is a local martingale under Q.

Theorem 8.5 (First Fundamental Theorem of Asset Pricing, simplified [DS94,
Corollary 1.2]). If there exists an equivalent martingale measure Q ~ P, then
the market admits no arbitrage opportunity.

Proof. Assume by contradiction that there exists an arbitrage opportunity ¢ €
©Oadm- By (8.1.3) and since 6 is admissible, Vp is a local martingale under Q,
which is bounded from below. Hence, it is by Fatou’s Lemma a supermartingale

such that ECQ [%(T)] < EC [179(0)] = 0. However, because Vy(T) = 0, P-a.s.,
and therefore also QQ-a.s., it follows that %(T ) = 0, Q-a.s., and therefore also
P-a.s. This however contradicts the assumption that P [179 (T) > O] > 0. O

A more general version of the first fundamental theorem of asset pricing
can be found in [DS94, Corollary 1.2], where an equivalent condition to the
existence of an equivalent martingale measure Q ~ P is stated, which is called
No Free Lunch With Vanishing Risk (NFLVR). For the rest of this chapter, we
shall always assume the existence of an equivalent martingale measure Q ~ P
such that the market is arbitrage-free.

In the following, we consider the pricing problem of a financial derivative,
which is represented by a random variable C' € LO(Fr), where L°(F;) denotes
the space of Fi;-measurable random variables. We define the buyer’s (and
seller’s) price at time ¢ € [0, T] as the largest (lowest) price such that the buyer’s
(seller’s) trading strategy 6 € ©,qm sub-hedges (super-hedges) the financial
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derivative, i.e.

7?(C) = esssup {Z e L°(F); 30 € Ouam -
d T N
—DuZ + 2 f 0:(s)dX;(s) = —DorC, IP’—:;)L.S.}7
= Je
7 (C) = essinf {Z e L°(F); 30 € Ouam -

d T
DyZ + ), f 0:(s)dX;(s) = DorC, P-a.s.},

where U = esssup(Z) for a subset Z = L(F;) if and only if U > Z , P-a.s., for
all Z € Z, and for every V € LY(F;), we have U < V, P-a.s. Then, we define
essinf(Z) = — esssup(—2) such that 7§ (C) = —70(=C).

Proposition 8.6 ([GH14, Theorem 1.1]). Assume that there exists an equiv-
alent martingale measure Q ~ P. Then, it holds for every C € L°(Fr) that
7(C) < EQ[DyrC|F] < 75 (C), P-a.s., for all t € [0,T].

Proof. By deﬁnition of 72(C), we assume that there exists § € ©,q, with
DOtZ + ZZ 1 St i ( dX( ) < DorC, P-as., and thus also Q-a.s. Since ¢ —

D1 So is a local martingale under Q, it is by Fatou’s lemma a
supermartlngale under Q such that E@ [ZZ 1 St dX )]—}] < 0, Q-as.,

and therefore Z < E@ [DtTC ’]—'t], Q-a.s. Taking the essential supremum over
all Z € L°(F;), we obtain 72 (C) < EQ [DyrC|F;], Q-a.s., and thus P-a.s., where
the other inequality follows by similar arguments. O

Hence, the buyer’s price 72(C) and seller’s price 7f(C) can be seen as no-

arbitrage price bounds, where we say that C' € L°(Fr) is an attainable payoff
(at time 0) if there exists an admissible trading _strategy 0 € Ougm and a

real number z € R such that z + Zl 1S0 [()dX;(t) = DorC, P-as., and

t— Zi:l So i X;(t) is a true martingale under Q. In this case, a market is
called complete if every payoff C' € LO(Fr) is attainable at initial time. Then,

the buyer’s price 7?(C) and seller’s price 7§ (C) coincide.

Proposition 8.7 ([GH14, Theorem 1.2]). In a complete market, it holds for
every C € L°(Fr) and equivalent martingale measure Q ~ P that 70(C) =
EQ [DyrC|F] = 73 (C), P-a.s., for all t € [0,T].
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Proof. Since the market is complete, we find for fixed C € L°(Fr) some z € R
and 0 € O,qm such that z + Y% {7 6;(1)dX;(t) = DorC, P-a.s., and therefore
also Q-a.s. Then, it follows for every t € [0,T] that

d T
DOtZt + Z f GI(S)Xm(S) = l)oTC’7 ]P’—a.s.,
i=171

where Z; = Dy, (z + Zle Sé Gl(s)d)z}(so is Fi-measurable. As the process

t— Zle Sé 0;(t)dX;(t) is a true martingale under Q, it follows that Z, =
EQ [DyrC|F;], Q-a.s., and thus P-a.s. By taking the essential supremum over
Zy € LY(F;), we have 7%(C) = EQ [D;7C|F;], P-a.s. Using Proposition 8.6, we
obtain 7?(C) = EQ[D,rC|F,], P-a.s., which follows by similar arguments also
for EQ [DyrC|F] = 7 (C), P-a.s., for all t € [0,T]. O

While in complete markets, every payoff C € L°(Fr) is attainable and the
price is given as the initial value of the buyer’s or seller’s trading strategy,
perfect replication is no longer possible in incomplete markets. However, the
buyer’s and seller’s price can be expressed by using the equivalent martingale
measures.

Proposition 8.8 ([Kra96, Theorem 3.24-3.3]). For every C € L°(Fr), it holds
that

72(C) = essinf EQ [D;rC|F;], and 7§ (C) = esssupEQ [DyrC|F], P-a.s.
Q EMM Q EMM

Theorem 8.9 (Second Fundamental Theorem of Asset Pricing, [GH14, Corol-
lary 1.1]). A market is complete if and only if there exists a unique equivalent
martingale measure Q ~ P.

Proof. If the market is complete and Qg ~ P denotes an equivalent mar-
tingale measure, it follows for every C' € L°(Fr) from Proposition 8.7 and
Proposition 8.8 that §(C) = 75(C) = E® [DyrC] = inforum E [DorC] =
supg gaiv B¢ [DorC], which implies E? [DorC] = E% [DorC], for all C €
L°(Fr) and equivalent martingale measures Q ~ P, such that Qg is unique.
Conversely, let Qg be the unique equivalent martingale measure, then it fol-
lows for some fixed C' € L°(Fr) by Proposition 8.6 that 74(C) = E%[DyrC] =
75(C). Hence, there exists two admissible trading strategies 6, 0° € ©,4y, such
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that 4
T
—EQ [DOTC] + Z f Qf(s)dXi(S) > —DorC,
i=170
- N (8.1.4)
EQo [DOTC] + 2 J ef(s)dXi(S) = DorC,
i=170

P-a.s., and thus also Qp-a.s. Summing both inequalities, it follows that
d T N
> | - 6:09) dits) = 0
i=1v0

P-a.s., and as X is a Qg-local martingale, we have 0b(s) = —03(s), P-as.,
for all @ = 1,...,d and s € [0,T]. Using this for (8.1.4), we conclude that
E%[DyrC] + 2%, §0 02(s)dX,(s) = DorC, P-a.s., such that C € LO(Fr) is
attainable at time 0. Since C' € L°(Fr) was chosen arbitrarily, the market is
complete. O

There exists a simple construction of an equivalent martingale measure for
the Ito diffusion X being a solution of the SDE (8.1.1). Every F-adapted,
d-dimensional process A = (A(t))seqo,] satisfying

b(t, X (1)) — (1) X (t) = £(t, X () A(D), (8.1.5)

P-a.s., for all ¢t € [0,T], induces an equivalent martingale measure Q,, whose

density d;% is given by

% =P (‘JO At)TdB(t) — %L IA(E) |2dt> .

Hence, completeness of a market can be characterized with the help of (8.1.5).
If the market is complete, then the rank of £(¢, X (t)) is a.s. equal to d (which
implies d > m), whereas d < m implies that the market is incomplete. More-
over, if d = m, the market is complete if and only if £(¢, X (¢)) is a.s. invertible.

8.2 Sobolev Spaces

In this section, we introduce Sobolev spaces being related to partial differential
equations (PDEs), which can be used to describe many real-world phenomena
by mathematical terms such as in Physics, where we refer to [Eval5] for the
mathematical theory of PDEs. For an open subset E < R?, let v : E — R be a
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k-times differentiable function, whose partial derivatives 0%u exist, for all multi-
indices a € N¢, where N{ := {a € N%; |a| = a1 + ... + ag < k}. We collect the
partial derivatives of order [ = 1,...,k in the tensor V'u(z) = (0%u(x)) oy €
(RH® where (RS = R?® --- @ RY. Then, an expression of the form

F (z,u(z), Vu(z), Vu(z), ,Vku(x)) =0 (8.2.1)
is called a partial differential equation (PDE) of order k, where the function
F:ExRxR?x..x (RH* R

is given and the equation (8.2.1) should be solved for the unknown function
u: E — R. In addition, a partial differential equation is linear, if the function
u : F — R and its derivatives appear linearly in the PDE, or equivalently if
F:ExRxRIx .. x (RY)® — R is linear in all its inputs except for the first.

In the following, we will mainly consider second order PDEs with d + 1
variables, where the Oth variable xy = t denotes the time variable and the
others 1, ..., 24 represent the space variables. In the case of a linear second
order PDE, the function F : E x R x R? x (R?)®2 — R is in general of the form

d d

F (w,u(x), Vu(z), VZu(z)) = —WZZO aij (2)diju(@) + i;bi(x)ai”(x) (8.2.2)

+c(x)u(z) = f(x),

for all z € R, where b : E — R%! and f : E — R are functions, and
where A : B — REFTDX(@+1) j5 4 matrix-valued function such that A(z) =
(@ij(2))ij=o0,.. a4 is symmetric with eigenvalues \o(z) < ... < A\g(z).

Definition 8.10. We consider the linear second order PDE in (8.2.2) and
introduce the following.

(i) The PDE is elliptic if for every i = 0,...,d and x € E, \i(z) # 0 and
591 (2)) = - = sgn(Aa()).

(ii) The PDE is parabolic if for every x € E, it holds that rank(A(x),b(x)) =
d + 1 and there exists a unique j = 0,...,d with \;(xz) = 0.

(i1i) The PDE is hyperbolic if for every x € E, it holds that \i(z) # 0, for
alli = 0,...,d, and there exists a unique j = 0,...,d with sgn(\;(z)) #
sgn(Ag(x)), for all ke {0,....5 — 1,5 +1,...,d}.

Let A = Z?Zl 0? be the Laplace operator, then the Poisson equation Au =
f is elliptic, the heat equation d,u—Awu = f is parabolic, and the wave equation
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Owu—Au = f is hyperbolic. In addition, the Black-Scholes PDE is a prominent
parabolic PDE of Finance, where E =]0,T[x]0, o[ and

Ov(t,x) — %O’ 220,,0(t, ) — redv + ro(t,z) = 0, (8.2.3)

for some constants r > 0 and ¢ > 0, representing the interest rate and volatility
parameter. This PDE can be obtained by a suitable transformation from the
heat equation. Indeed, let u :]0,T[xR — R be a solution of the parabolic
heat equation d,u — 0yyu = 0, then applying the transformations z = e¥ and
t = 2025 and defining the function v :]0, T[x]0, c0[— R by

v(t,x) = e Pu(s,y), where a=1/2-r/0? B=(-1/2- 7'/02)2,

then v :]0,T[x]0,0[— R is a solution of the Black-Scholes PDE in (8.2.3).

For an open subset £ < R? and u € C*(E), we observe by applying inte-
gration by parts with some test function 7 € C¥(E) that

f 0%u(z)n(z)dz = (~1)1! JE w(z) %y (z)dz,

for all a € N¢, where C°(E) denotes the space of smooth functions with
compact support properly contained in E. Using this idea, we call g € L*(E)
the weak ath partial derivative of v : E — R if it holds that

f o(@)(x)dz = (~1)l! f u()0n(z)d,
E E

for all n € C*(E). In particular, if u € C¥(E), the weak partial derivatives co-
incide with the classical partial derivatives 0“u, where we use by a slight abuse
of notation the same symbol 0%u to denote the weak ath partial derivative of
u. Using these weak derivatives, we define the Sobolev space WP (E) as

WhP(E = {ue LP(E); ®ue LP(E), for allaeNZ},

which can be equipped with the norm HuHﬁVk,p(E) = ZaeNd [0 uHLp(E
ZaeNz §5 |0%u(x)|” dz such that W*"P(E) becomes a Banach space, for any
1 < p < o0. In the special case of p = 2, we define H*(E) = W*2(E), where
the norm is then induced by (u,v)gxg) = ZaeN%@O‘u, 0“V)12(B)-

There are different methods to solve a partial differential equation numer-
ically, e.g. finite differences and finite elements for elliptic PDEs described

n [Bra07], and for parabolic and hyperbolic PDEs in [LT05]. In addition,
[HRSW13] gives an overview of these methods applied in Finance.



178 CHAPTER 8. OPTION PRICING IN A FINANCIAL MARKET
8.3 Value Function of Financial Option

In this section, we now connect the pricing problem of an European option
with the solution of a particular partial differential equation. For this purpose,
we assume that the drift b: [0,7] x E — R? and volatility function ¢ : [0,T] x
E — R¥*™ gsatisfy the uniform Lipschitz and linear growth condition in (8.1.2).
Moreover, the short term interest rate r is supposed to be of the form r(t) =
r(X(t)), for some function r : E — R. In addition, we introduce the following
differential operator, which is the so-called infinitesimal generator of the Ito
diffusion X described in (8.1.1) and characterizes the law of the process.

Definition 8.11. If X is a solution of the SDE (8.1.1), the infinitesimal gen-
erator A = (Ap)efo, 1) : C*(E) — C*(E) is a collection of differential operators
defined by

(Auf) (@) = 5ir(ot,2) V2 F(@) +blt, )TV (2),

forte[0,T), x€ E and f € C*(E), where o : [0,T] x E — R4 is defined by
o(t,z) = E(t,2)é(t, )T, fort € [0,T] and x € E.

The infinitesimal generator of X can be used together with Ito’s formula
in Theorem 1.39 to show that particular processes constructed with some f €
C?(E) (resp. f € CY%([0,T] x E)) are martingales under P.

Proposition 8.12 ([HRSW13, Proposition 4.1.1]). Assume that f € C?*(E)
has bounded derivatives. Then, the process M defined by

M) = F(X(8) — f (A ) (X (5))ds,

fort€[0,T], is a martingale with respect to P and F.

Proof. By applying Ito’s formula in Theorem 1.39 and inserting the linear SDE
(8.1.1), it follows that

d t
Z Jo 0ij (X (8))d{Xi, Xj)s

i,j=1

d ot
FOX0) = RO + Y, [ s )Xo + 3
i=1

t
0

= f(X(0)) + J (Asf)(X(s5))ds + L VF(X(5))T€(s, X (5))dB(s),

=:Z(t)

P-a.s., for all ¢ € [0, T]. The conclusion follows if we can show that the process
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Z defined above is a true martingale. Because the partial derivatives of f are
bounded and ¢ : [0,T] x E — R*™ satisfies the linear growth condition in
(8.1.2) such that [£(u,z)| < C? (1 + |[?), it follows by Ito’s isometry that

sl t VX (6) oo X () VX ()|
Csup |9 £(2) 7B U (1+ X)) ds|

< C2Tsup va(x)HQ <1 + E l sup |X(5)|21> < o0,
zeE

s€[0,T7]

for all ¢ € [0,T]. Hence, Z is square-integrable and by [@ks03, Theorem 3.2.1]
therefore a martingale. O

Proposition 8.13 ([HRSW13, Proposition 4.1.3]). Let f € C*2([0,T] x E) b
a function with bounded partial derivatives in x1,...,x4, and let v € C°(E) be
bounded. Then, the process M defined by

M(#) = e S rX ) d3f<t,x<t>>—fe‘sg’”(”“”d" (@f + Af —1f) (5, X(s))ds

0
(8.3.1)
1s a martingale with respect to P and F.

Proof. Let Y be the process Y (t) = e dom(X()ds for ¢ € [0,T] such that
dY (t) = —r(X ()Y (¢t)dB(t), for all ¢ € [0,T]. Then, it follows by applying
Ito’s formula on Y'(¢) f(¢, X (¢)) and inserting the SDE (8.1.1) that

Y(t) f(t, X(t)) =Y (0)£(0,X(0))
+ J Y(s) <Vf(s,X(5))Tb(s,X(s)) + %tr (J(s,X(s))VQf(s,X(s)))) ds

0
JstX( NTE(s, X (s))dB(s stX NAY (s)

t
= YO0.XO) + [ Y(6) @0 + Af = 1) (5. X(5)ds + 200)
0
P-a.s., for all ¢ € [0,T], where Z(t SO s)Vf(s,X(s)) (s, X(5))dB(s). As
r is bounded, it follows by sunllar arguments as in Proposition 8.12 that Z is
a martingale, from which we obtain the conclusion. O
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In the following, we assume that the interest rate function r € C°(E) is
bounded and consider the infinitesimal generator A under an equivalent mar-
tingale measure such that b(¢,x) = r(z)x, for all (¢,x) € [0,T] x E. Hence, the
discounted price process t — exp ( — S(t) r(X(s))ds) X (t) is a martingale under

Q such that we would like to compute the price of an European option with
payoff function g : £ — R, i.e.

u(t, ) = EQ [efff T(X(s))dsg(X(T))‘X(t) - x] ,

representing the discounted price of the option g(X (7)) at time ¢ if the stock
prices were X (t) = x. In this case, u : [0,T] x E — R can be seen as function
of time ¢ € [0, T'] and initial value = € E, for which we show that it is a solution
of a particular PDE by using the infinitesimal generator of X = (X(t))¢e[o,17-

Theorem 8.14 (Feynman-Kac, [HRSW13, Theorem 4.1.4]). For J < [0,T]
and E < R? open, let u € CY2(J x E) n C°(J x E) with bounded partial
derivatives in x1,...,xq, and let r € C°(E) be bounded. Then, u :J x E — R
solves

Oru(t,x) + (Au)(t, z) — r(z)u(t,x) =0, (8.3.2)

for allt € J and x € E, with boundary condition u(T,x) = g(z), for allx € E
and some function g : E — R, if and only if u: J x E — R can be written as

ult,z) = EQ [e*f T(X(S))dsg(X(T))‘X(t) - x] , (8.3.3)
Q-a.s., forallte J and x € E.

Proof. Because of (8.3.2), the process M defined in (8.3.1) is by Proposi-
tion 8.13 a Q-martingale such that

u(t,z) = B2 [M(t)|X(t) = 2] = E® [M(T)|X (t) = «]
—E [e*f ’”(X(S))dsV(T,X(T))’X(t) - x]

— B[ WX (x (1)) X (1) = 2]

Q-a.s., for all t € [0,7] and = € E. For the other direction, we observe that
every u € C12(J x E) nC°(J x E) of the form (8.3.3) solves the PDE in (8.3.2)
with boundary condition w(T,z) = g(x), for all z € E. O

Theorem 8.14 can only be used to describe the value function of an European
option, but is not applicable for more general path-dependent portfolios such
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as Asian, barrier or lookback options. In the following, we apply Theorem 8.14
to the one-dimensional Black-Scholes model with d = m = 1 and

dX () = rX(t)dt + o X (t)dB(1),

for t € [0,T], where r € R (constant interest rate) and o > 0 (constant volatil-
ity), and where the state space is equal to E =]0, oo[. In this case, the infinites-
imal generator is given by (Af)(z) = raf'(z) + +o22% f"(x), for all f € C*(E).
Using Theorem 8.14, we see that the discounted price of an European option
with payoff function ¢ :]0,00[— R is a solution of the Black-Scholes PDE in
(8.2.3) with terminal condition u(7T,z) = g(x), for all x € E. In order to ob-
tain a partial differential equation with non-degenerate operator and constant
coefficients, we switch to log-prices such that Ito’s formula in Theorem 1.39
implies

dlog X(t) = (r - ;az) dt + odB(t),

for ¢ € [0, T, whose infinitesimal generator is then (Af)(z) = (r — 30?) f'(z)+
2 f"(z), for all f € C*(E). In addition, we change to time-to-maturity ¢ — t—T
to obtain a forward parabolic partial differential equation. Hence, by setting
the function v(t, z) = u(T —t,log z), the Black-Scholes PDE in (8.2.3) becomes

1 1
oru(t,x) — 502651)(15,90) - (r - 202) 0zv(t, ) + ru(t,xz) =0,

for all (¢,z) € [0,T]x]0, oo, with initial condition v(0,z) = g(exp(x)).

Altogether, the problem of pricing an European option written on an FE-
valued Ito diffusion X = (X (t))e[o,7] is equivalent to solving the corresponding
PDE, which is also possible for local volatility models of the form

dX(t) = rX(t)dt + (X (1)) X (t)dB(t),

for i = 1,..,d and t € [0,T], where r € R (constant interest rate) and ¢ :
E — R is a deterministic function of X. Changing with Ito’s formula in
Theorem 1.39 to log-prices, where the infinitesimal generator is (Af)(z) =
(b— 3&(exp(x))?) f'(x) + 3&(exp(x))? f"(x), for all f € C*(E), we obtain the
parabolic PDE

o(t, x) — %§(exp(x))26§v(t,x) — (r — ;f(exp(z))2> Ozv(t,x) + ro(t,x) =0,

with boundary condition v(0,z) = g(exp(z)), describing the discounted value
function of the European option g(X (7)) in this local volatility model. For
more details and in particular the PDE corresponding to other processes, we
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refer to [HRSW13|, where we emphasize that the PDEs considered in this
section are all linear. Opposed to this, we consider in the next chapter a
particular non-linear PDE, which can be used to price American options or
European options in incomplete markets.



Chapter 9

Hamilton-Jacobi-Bellman Equation

In this chapter, we examine particular non-linear second order parabolic partial
differential equations (PDEs) in more detail, where the Hamiltonian character-
izes the evolution of the semigroup associated to the PDE. Subsequently, we
focus on a special type of these non-linear second order parabolic PDE, which
are of the Hamilton-Jacobi-Bellman (HJB) type and often appear in stochastic
optimal control theory. After providing some main notions and results regard-
ing the HJB equation such as verification theorems and viscosity solutions, we
consider particular financial applications of the HJB equation. We follow the
ideas of [GH14] to get the mathematical intuition and refer to [Pha09] and
[Toul3] for rigorous proofs.

9.1 Hamiltonian and Comparison Principle

For an open subset £ — R?, we consider throughout this chapter the second
order fully non-linear PDE of the form

— duu(t,x) — H(t,z,u(t,x), Vu(t, ), Vu(t,z)) = 0, (9.1.1)

for all (¢,2) € [0, T[x E, with terminal condition u(T,z) = g(x), for all x € E.
Hereby, the function H : [0,T] x E x R x R x S1 — R with (t,z,z,p,r) —
H(t,z,z,p,r) is called the Hamiltonian, where S% denotes the space of sym-
metric positive definite matrices. By inverting time s = T — t and defining the
function v : [0,T] x E — R by v(s,x) = u(T — s, z), we obtain the initial value
problem

—05v(s,x) — H(T — s,2,0(s,x), Vo(s, ), V2u(s,z)) = 0,
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for all (s,z) €]0,T] x E, with initial condition v(0,z) = g(x), for all x € E. As
we have seen in Section 8.2, the PDE (9.1.1) is parabolic if H : [0,T] x E x

R x R% x Si — R is elliptic, which means that <6H ) is symmetric
i,j=1

orij
positive semidefinite. Otherwise, if H : [0,T] x E x R x R? x Si — R is not
differentiauble7 then H: [0,7] x E x R x R% x S‘i — R is parabolic if for every
€e[0,T], v e E, ze R, pe RY ri,rm e S with matrix r9 — r1 positive
5em1deﬁn1te it follows that H(t,z,z,p,re) = H(t T, 2,P,71)-

Two important special cases of the non-linear PDE in (9.1.1) should be men-
tioned. If H(t,x,z,p,r) = Z?,j:l a;;(t, z)ri; — f(t,x, z,p), for some functions
a:[0,T] x E— R™4 and f:[0,7] x E x R x R, then the PDE

d
— dyu(t, ) Z a;j(t, x)0ju(t, z) = f(t,z,u(t,x), Vu(t, z)), (9.1.2)

is called semilinear, which means that H : [0,7] x E x R x R x §¢ — R is
linear in VZu. Otherwise, if the functions a;; in (9.1.2) additionally depend on
u and Vu, the PDE is called quasilinear.

In the following, we establish conditions such that the PDE in (9.1.1) satis-
fies the comparison principle. In general, a partial differential equation is said
to satisfy the comparison principle if for two solutions u,v : [0,T] x E — R
of the PDE to different terminal conditions u(T,x) = g(z) = h(z) = v(T,x),
for all € E, it follows that u(t,z) = v(t, x), for all (¢,x) € [0,T[xE. For
example the value of an European option with payoff function ¢ : £ — R
dominating another European option with payoff function A : £ — R satisfies
this principle, which is a consequence of the absence of arbitrage. From this,
we conclude for two solutions u,v : [0,7] x E — R having the same terminal
condition u(T,z) = v(T,z) = g(x), for all z € E, that u(t,z) = v(t,z) coin-
cides, for all (¢,z) € [0,7] x E. Now, we find conditions on the Hamiltonian
H:[0,T] x E x R x R" x S — R such that the associated PDE in (9.1.1)
satisfies the comparison principle.
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Lemma 9.1. The following holds true for a Hamiltonian H : [0,T] x E x R x
RYxS? — R given by [0,T)x ExRxRIxS% 5 (t,z,2,p,r) — H(t,z,2,p,7) €
R.

(i) If H is parabolic and independent of z, then (9.1.1) satisfies the compar-
ison principle.

(i) If H is parabolic and strictly decreasing in z, then (9.1.1) satisfies the
comparison principle.

(iii) If H is parabolic and there exists some C' > 0 such that
H(t,x,z9,p,7) — H(t,x,21,p,7) < C(22 — 21),

forallt€[0,T], x€ E, z1,22 € R, pe RY, r eS¢, then (9.1.1) satisfies
the comparison principle.

Proof. This follows by [Toul3, Theorem 5.21], see also [GH14, Proposition 4.1]
for a simpler proof when the state space E c R? is compact. O

In a similar way, there exists a comparison principle for supersolutions and
subsolutions of the PDE in (9.1.1). A function u : [0,T] x E — R is a super-
solution (resp. subsolution) of the PDE (9.1.1) if

—owu(t,x) — H(t,z,u(t,z), Vu(t,z), VZu(t,z)) = 0 (resp. <0),

for all (t,z) € [0,T] x E. By Ito’s formula, it follows that if ¢ — wu(t, X(¢)) is
a (sub-) supermartingale with E-valued Ito diffusion X = (X ())se[o,7] having
infinitesimal generator A, then u : [0,7] x E — R is a (sub-) supersolution of
—dwu(t,x) — (Au)(t,z) = 0, which explains both minus signs in (9.1.1). Using
supersolutions and subsolutions, a general PDE satisfies the second comparison
principle if for every supersolution u : [0,7] x E — R and subsolution v :
[0,T] x E — R with u(T,z) = g(z) = h(z) = v(T,x), for all z € E, it follows
that u(t,z) > v(t, x), for all (¢,z) € [0, T] x E. Hereby, [Toul3, Theorem 5.21]
shows that the PDE (9.1.1) satisfies the second comparison principle if one
condition in Lemma 9.1 holds true.

In the following, we shortly outline the connection of the PDE in (9.1.1)
to the pricing map of a financial derivative. As in [AGLM93| and [Bar94], we
denote by T} 4, the pricing functor assigning the fair price u(¢t+h, -) of a payoff
at time t + h, with h € [—t, 0] because we proceed from the terminal condition
u(T, ) = g backwards in time. We collect the pricing functors in the semigroup
(Ts.t)e<s satistying Ty, T s = Tt,s and Ty = id, and denote by U the set of
value functions of European options, see [AGLM93] and [Bar94].
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Axiom 9.2 (Causality Axiom). There exists a semigroup (Ts)i<s of operators
Tsy : U — U such that u(t + h,x) = Tion(ult,-))(x), for all t € [0,T],
h e [—t,0] and ue U. Then, it follows that

u(t + h,x) — u(t, ) _ Ty on(ult, ) (x) — Tie(ult,-))(z)
h h ’

which implies by letting h — 07 that dwu(t,z) = H(u(t,-))(x) such that the
Hamiltonian H : [0,T] x E x R x R? x S — R describes the infinitesimal
generator of the semigroup (Ty.s)s<t-

Axiom 9.3 (Monotonicity Axiom). In order to exclude arbitrage opportunities,
we impose that the semigroup (Ts+)i<s Satisfies a comparison principle in the
sense that Ty pp(u)(t, ) < Typn(v)(t, ), for allt € [0,T], he [-t,0],z€e E
and functions u,v € U with u(t,z) < v(t,z), for all x € E.

Axiom 9.4 (Locality Axiom). If two functions u,v € U are smooth and satisfy
0%u(t, ) = 0%v(t,x), for all « € N® and some (t,x) € [0, T[x E, then it follows
that Ty en(u(t, ) (@) — Tiern(v(t,-))(z) = o(h), as h — 0~. This condition
ensures that the infinitesimal generator of the semigroup (Ts)i<s given by the
Hamiltonian H : [0,T] x E x R x RY x SL — R is a local operator in the sense
that

Ty en(u(t, ) () — u(t, x)

hliréli N = H(t,z,Vu(z), ..., VFu(z), ...),

which means that the infinitesimal generator of the semigroup (T +)i<s depends
only on the derivatives of its argument u : [0,T] x E — R at the point x.

Axiom 9.5 (Regularity Axiom). If u,v € U are smooth, then for every t €
[0, T] there exists some C' > 0 such that

SUp [Ty en(ult ) + Av(t ) (@) = Toeen(ult, ) (@) = ATeeen(v(t, ) (@) < CAR,
xTe
for all t € [0,T], h € [—t,0] and X\ € R. This condition ensures that the

infinitesimal generator of the semigroup (Ts)i<s given by H : [0,T] x E x R x
R x Si — R depends only on u, Vu and VZu.
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Axiom 9.6 (Cash-Invariance Axiom). For alluel andt e [0,T], h € [—t,0]
and c € R, it holds that

Tt,t+h<u(t’ ) + C) = Tt,tJrh(u(t’ )) +c, Tt>t+h(u(ta '+c)> = Tt,t+h(u(ta ))( + 0)7

where the first (resp. second) condition implies that the Hamiltonian H : [0, T] x
ExRxR%x S‘i — R is independent of u (resp. x). However, the first condition
18 mot justified by any financial interpretation.

From the nature of the conditions in Axioms 9.2-9.6, we expect that (Ts;)i<s
describes the semigroup of the parabolic PDE in (9.1.1) with Hamiltonian
H:[0,T]x ExRxR? xS > R.

Theorem 9.7 (JAGLM93, Theorem 2]). Under the Axioms 9.2-9.5, there exists
a continuous function H : [0,T]x ExRxR¥*xS% — R such that u: [0,T] —> R
is a (viscosity) solution of

—dwu(t,x) — H(t, z,u, Vu, Vu) = 0,

for all (t,z) € [0, T[xE, where H : [0,T] x E x R x R x S — R satisfies the
assumption of Lemma 9.1 such that (9.1.1) fulfills the comparison principle. If
we additionally assume Aziom 9.6, then H : [0, T] x R? xSi — R is independent
of u and x such that

—dwu(t,z) — H(t, Vu, V*u) = 0,

or all (t,z) e [0, T[xE, an 210, T x X — R is parabolic.
for all 0, T|xFE dH:[0,T] x R? S‘i R 4 boli

In addition, we observe that the absence of arbitrage implies that the value
function v : £ — R with terminal condition w(T,z) = x;, i.e. the value of the
discounted stock price (where we assume zero interest rates for simplicity), must
satisfy u(t,x) = x; such that H(t,e;,0) = 0, for all t € [0,T] and ¢ = 1,...,d,
where e; denotes the ith unit vector of R%. As mentioned in Section 8.2, second
order parabolic PDEs can be solved numerically by the finite difference or finite
element method, see [LT05].

9.2 Stochastic Optimal Control

In the previous section, we considered parabolic second-order PDEs of the form
(9.1.1), where we now focus on a special type of this class of PDEs, the so-called
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Hamilton-Jacobi-Bellman (HJB) equation of the form

— dpu(t, ) — sup(A°u)(t,z) =0, (9.2.1)
celd

for all (¢,x) € [0,T] x E with terminal condition (7T, z) = g(z), for all z € E,
where A¢ is described below. The HJB equation often appears in stochastic
optimal control problems, for which we let (2, 4,F,Q) be a filtered proba-
bility space with filtration F' = (F})¢e[0,0[ satisfying the usual condition and
assume that B = (B(t))se[o,r] is a d-dimensional Brownian motion defined on
(2, A,F, Q). For some U c R™, we denote by U the space of all F-progressively
measurable and U-valued processes ¢ = (c(t))se[o,7], which will serve as con-
trol processes. For every control process c € Uy, let X¢ = (X(t))se[0,7] be an
E-valued solution of

dX°(t) = b(t, X°(t), c(t))dt + E(t, X°(t), c(t))dB(t), (9.2.2)

for t € [0,T] and some initial value 2o € E, where E < R?, for which we
assume that the drift and volatility function b : [0,7] x E x U — R¢ and
€:[0,T] x E x U — R4 gsatisfy a uniform Lipschitz and linear growth
condition, i.e. there exists a constant C' > 0 such that for every t € [0,T],
z,y € E and ¢ € U, it holds that

[b(t, 2, ¢) = b, y, )| + €t 2, ¢) = E(t, 5 €)
[o(t, @, )| + (€t ¢)

Cllz —yl,

= (9.2.3)
< O(1 + |z]).

I
I
In this case, X¢ = (X°(t))e[o,r] is called the controlled process, which is gov-
erned by the control process ¢ = (c(t))te[o,7]- Equation 9.2.3 ensures in particu-
lar that the SDE (9.2.2) admits an E-valued strong solution X¢ = (X°(t))¢e[0,1]
such that E? [supg<,<p | X¢(¢)[?*] < oo, for all ¢ € Y. This is a more general
existence result than Theorem 8.1, for which we refer to [Pro05] for a proof
with random coefficients.

For some f,k : [0,T] x ExU — R and g : E — R, we define the cost
functional J : [0,T] x E xU — R by

T
J(t,x, c) = E2 J e~ S K XEm)em)dr £(g X (), c(s))ds + . . .
t

(9.2.4)
T c
cog e i B(nX (T)yc(f’))drg(XC(T))

Xe(t) = x},

for t € [0,T], x € E and ¢ € U, where we assume that k_(-) := max(—k(-),0)
is uniformly bounded in z. Moreover, we define U as the space of F-
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progressively measurable processes (¢(s))s<s<t such that ¢(s) € U, for all s €
[t,7], and EQ [gg £, X (1), e(t))|dt + |g(XC(T))|] < o0, which ensures that
the cost functional is finite. Then, the corresponding stochastic optimal con-

trol problem consists of maximizing the cost functional J : [0,T] x E xU — R,
from which we define the value function u : [0,7] x E — R by

u(t,z) = esssup J(t, z,c), (9.2.5)

CEZ/{LT

for (¢t,x) € [0,T[xE. In the following, we show the Bellman principle encoding
the dynamic programming principle, where we use the standard form of (9.2.4)
obtained by augmenting the state variable with the controlled processes Y ¢ =
(VE(8))ieforr) and Z° = (Z(t))reqor) given by dY () = Z°(8)f(t, X°(2), c(t))
and dZ°(t) = —Z°(t)k(t, X°(t), c(t))dt such that the value function in (9.2.5)
satisfies u(t, ) = u(t,z,0,1), where

it 2,y,2) = esssup EC [G(X(1) [ Re(1) = (2,,2)

CEZ/{t,T

for t € [0, T], where T = (z,v, 2), Xe = (X, Y€ Z° and g(z,y,2) = y + g(x)z.
Hence, every stochastic optimal control problem in (9.2.5) can be reduced to
the standard form with f(¢,z,u) = k(t,z,u) = 0.

Theorem 9.8 ([GH14, Section 4.4.3]). For everyt e [0,T[, x € E and stopping
time T with values in [t,T], it follows that

u(t,z) = esssupE? [u(r, X°(7))|X°(t) = 2], Q-a.s. (9.2.6)

CEZ/{f,,T

Proof. Without loss of generality, we show (9.2.7) only for stochastic optimal
control problems in standard form and for both inequalities “<” and “>”, where
T € Ty := {7 stopp. time; 7 € [¢,T], Q-a.s.} is assumed to be a stopping time.
For “<”, it follows by applying the tower property that

u(t, z) = esssup B2 [IE@ [g(X(T))|F-]|X(t) = z], Q-as.

CGZ/(t,T

By definition, we have E@ [¢(X¢(T))|F,] < u(r, X¢(7)), Q-a.s., for all c € U, T,
such that

u(t,z) < esssup EQ [u(r, X°(7))| X°(t) = z], Q-as.

CEUt,T

For the reverse inequality “>", let ¢ € U, be an optimal control process
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for u(t,z), fix some ¢ > 0 and assume that (c:(s))r<s<r is a control process
between 7 and T safisfying

u(t, X(1)) <EQ[g(X(]))|F;] +¢, Qas. (9.2.7)
From this, we define the glued control process' ¢. € U given by ¢.(s) =
L, pe(s) + Ljr7ye=(s), for s € [¢t,T]. Applying the tower property and using
(9.2.7), we conclude that
E@ [u(r, X°(1))|X(t) = =] < EX[E? [g(X (T))|F/]|X¢(t) = 2] + ¢
B¢ [E2 [g(x? ))‘]—}] () =] +e
— EQ [g(X (T) ‘Xc(t) - :c] te

<u(t,z)+¢e, Q-as.

Letting € — 0 shows the reverse inequality “>” such that (9.2.6) follows. O

Theorem 9.8 is known as the dynamic programming equation, which means
that if a control process is optimal for the final value function, it must be
optimal at each intermediate time. In the following, we show that the value
function of an stochastic optimal control problem solves the HJB equation.

Theorem 9.9 ([Toul3, Theorem 6.4]). The optimal value function u : [0,T] x
E — R in (9.2.5) is a (viscosity) solution of

— dpu(t, ) — 11[1]3 (A% (t,z) + f(t,z,c) — k(t,z,c)u(t,x)) =0,  (9.2.8)

for all (t,x) € [0, T[xE with terminal condition w(T,z) = g(x), for all x € E,
where A€ = (A )te 0 T] is the infinitesimal generator of (9.2.2) given by A§ =
Zd bi(t,x c) i7j:1 oij (t,x,c)#axj, where o (t,z,c) = £(t,x,¢)é(t,x,¢) T,
for (t,z,c) € [, ]><E><U,

For more details regarding verification results, we refer to [Toul3] and
[Pha09], whereas [Evalb] and [Kry87] gives existence and uniqueness results
for the HIB equation in (9.2.8) together with their regularity.

IThis needs a technical argument involving a measurability selection arguments, see
[Toul3, Section 2.2.2+2.3].
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9.3 Pricing Equation of American Option

In this section, we consider American options giving the owner the right to exer-
cise a financial derivative at any time. These options form a typical non-linear
problem, whose value function is a solution of the Hamilton-Jacobi-Bellman
(HJB) equation. From the basic pricing equation, we consider the optimal
stopping problem and show the variational inequality of the American option.
We assume that the stock price process follows an Ito diffusion X with in-
finitesimal generator 4 under an equivalent martingale measure QQ, where X
is a solution of the SDE (8.1.1), whose coefficients satisfy the assumptions of
Theorem 8.1.

Let 7;,r be the set of stopping times 7 such that 7 € [¢t,T], Q-a.s. Then, the
owner of the American option with payoff function g : E — R tries to maximize
the payoff of the option by exercising the contract at best time, i.e.

u(t, ) = esssup E¥ [e_ 5 T(S’X(S))dsg(X(T))‘X(t) = x] , Q-as.,  (9.3.1)

TE'TtYT

for t € [0,T] and = € E, where r : [0,T] x E — R denotes the short term
interest rate, and where it holds that u(¢,z) = g(x), for all (¢,2) € [0,T] x E.
More precisely, for strict inequality w(t,z) > g(z), the holder shoud continue
to hold the option (the so-called continuation region) and as soon as equality
arises u(7, z) = g(x), where 7 € T; 1 denotes a stopping time, the owner should
exercise the option (the so-called ezxercise region). Hereby, we observe that the
optimal stopping time 7 is given by

7 =1inf {s > t; u(s, X(s)) = g(X(s))}. (9.3.2)

In the following, we state the variational inequality corresponding to the value
function of an American option in (9.3.1), where we refer to [BL82] and [JLL9O0]
for more details.

Theorem 9.10 ([GH14, Section 4.5]). Assume that v € CL2([0,T[xE) n
C°([0,T] x E) solves the variational inequality

max (Oyv(t, z) + (Av)(t, ) — r(t, z)v(t, x), g(x) —v(t,x)) = 0, (9.3.3)
for all (t,z) € [0,T[x E, with terminal condition v(T,x) = g(x), for all x € E,

then v(t,x) = u(t,z), for all (t,z) € [0,T] x E, where v : [0,T] x E — R is
given by (9.3.1).

Proof. First, Proposition 8.13 shows that the process M = (M(s))sefs,r] de-
fined by M(s) = v(z,X(s)) = §; (0: — A—r)v(u, X (u))du is a true martin-
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gale such that the optional stopping theorem implies for a stopping time 7 €
Ter that EQ[M(7)|F] = M(t) = v(t,X(t)), Q-a.s. Since dv(s, X(s)) +
(Av)(s, X(s)) — 7(s, X(s))v(s, X(5)) < 0 and v(7, X(7)) = g(X(7)), Q-as.,
by (9.3.3), we have v(t, X (t)) = E@ [e_sf T(S=X(S))dsg(X(T)))ft], Q-a.s., for all

T € T¢, 1, and therefore

olt, X (1)) > esssup B [ S X g(X ()| 7|, Qas,  (9.34)

TEﬂT

for all ¢ € [0,7]. On the other hand, applying the optional stopping theorem
to the stopping time 7* in (9.3.2), it follows that EQ[M (7%)|F] = M(t) =
u(t, X (t)), Q-a.s. Since dyv(s, X(s))+ (Av)(s, X(s))—r(s, X(s))v(s,X(s)) =0,
for all s € [t,7*] and v(7*, X (7%)) = g(X (7 )) Q-a.s., it follows that

u(t, X (1) = Eqg(X(7*))| F], Q-as.

With (9.3.4), we have v(t, X(t)) = sup,c7, ,. EQ [ei 5 T(S’X(S))dsg(X(T))‘ft],
Q-a.s., for all ¢t € [0, T], where the essential supremum over 7y r is attained for
the optimal stopping time 7% in (9.3.2). O

9.4 Super-Replication Price in Stochastic
Volatility Model

In this section, we consider the problem of pricing and hedging options in
an incomplete market modelled by the Jacobi stochastic volatility model, see
[AFP18]. We assume that the interest rate is constant and the only risky asset
X = (X())se[o,r] is under the real-world measure P a solution of the SDE

dX (t) = rX(t)dt + pX )V Q(o(£))dBy(t) + X (t)A/o(t) — p*Q(0(t))dBa(t),
do(t) = H( —o(t)dt + &/ Q(o( d31
(9.4.1)

for t € [0, T, with initial values X (0) > 0 and o(0) € [a, b], where 0 < a < b <
o, where By and By are independent Brownian motions and o = (0(t))e[o, 7]
denotes the stochastic volatility. In addition, the parameters satisfy r € R,
k>0, 0 €la,b], £ >0 and p € [—1,1], and the function Q : [a,b] — R is given
by

(b—v)(v—a)

W= ey
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for v € [a,b]. Then, it follows by [AFP18] that (9.4.1) admits a unique solu-
tion taking values in ]0,00[%[a,b] such that no state v € [a,b[ is absorbing.
Moreover, o takes values in ]a, b if and only if ¢(0) €]a, b[ and

% b—a
(Vb— a)?

For 0(0) = b = 6, we obtain the Black-Scholes model and for ¢ — 0 and
b — o, we recover the Heston model in [Hes93|, where (9.4.2) becomes the
Feller condition £2 < 2xf. Moreover, the infinitesimal generator is given by

< 2k min(b — 0,0 — a). (9.4.2)

(Af)(z,y) = %ﬁy@mf(xvy) + pExQ(Y) Oy f (2, y) + %£2Q(y)5yyf(x,y)

+rady f(z,y) + k(0 —y)oy f(z,y),

(9.4.3)
for f € C?(]0,00[x[a,b]) and (z,y) €]0, o[ x[a,b]. In addition, we observe that
the discounted price process X = (Dot X (t))tefo,7] is a martingale under PP,
although P is not the only martingale measure for (9.4.1).

In the following, we will always assume that a > 0 and p? < 1 as well as
that the conditions in [AFP18, Theorem 3.1] are satisfied. For some A € R, we
define the two-dimensional process 7 = (1(t))se[0,77 by

_# an 2 == i
o) R N ORIt 0k

for t € [0,T]. Using this, we define the equivalent martingale measure Q) ~ P
via its density process by

E [d@A ft] = exp (— | i ()dBy(s) — f m(sdBae) - [ t n(8)2d8> |

dpP
for ¢ € [0,T], such that the processes BX* and BY* defined by dB®(t) =
dBy(t) + m (t)dt and dB2*(t) = dBa(t) + na(t)dt are by Girsanov’s theorem
in [KS98, Theorem 3.5.1] independent Brownian motions under Qy. Inserting
this into (9.4.1), we observe that X and o follow under Q) the SDE

4X (1) = rX(£)dt + p/QU()dBA () + /o (0) — PQUo(D)dBa(t),
do(t) = k(0x — o(t))dt + f\/ (o(t))dBy(t)
for all ¢ € [0, T], where 85 = 6 — \/k. Because o also takes values in [a, b] under
a)

Qa, we need that 0y €]a,b] such that every A € A := [k(0 — b), k(6 — a)[ yields
an equivalent martingale measure Q) ~ P.
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In this case, the super-replication price (seller’s price) of an European option
with payoff function g : E — R can be written as stochastic control problem,
whose value function is given by

us(t, z,y) = esssup E [e_T(T_t)g(X(T))’X(t) =z,0(t) = y] , P-as.,

AeA
(9.4.4)
for (t,x,y) € [0,T]x]0,0[%[a,b]. Similarly, the sub-replication price (buyer’s
price) is given by

w(t, 2, y) = essinf E® [ e T=0g(X(T))|X (1) = w,0(t) =y|, P-as,
(9.4.5)
for (t,z,y) € [0,T]x]0, oo x[a, b], which can be reformulated as standard stochas-
tic optimal control problem (maximization problem) by using minus signs.
Hence, the optimal value function us : [0,7]x]0,00[x[a,b] — R in (9.4.4)
satisfies by Theorem 9.9 the Hamilton-Jacobi-Bellman (HJB) equation

— Orus(t,x,y) — ?\1612 ((.A)‘us) (t,z,y) — r(t, z)us(t, z,y)) =0, (9.4.6)

for all (¢,z,y) € [0,T[x]0,0[x[a,b], with terminal condition u(T,z) = g(z),
for all x €]0,00[, where A* denotes the infinitesimal generator of (X,0) =
(X (t),0(t))se[o,r] under Qx ~ P given by

(A1) (@9) = %00 f(,0) + PE2Q(W)ey F(2.) + 2 QW) S (2.0)

+raiy f(x,y) + (k0 — X — Kky)dy f(x,v),

for f € C?([0,00[x[a,b]) and (z,y) €]0,0[x[a,b]. On the other hand, we
conclude with sign changes and Theorem 9.9 that the optimal value function
up : [0,T]%]0,00[x[a,b] — R in the sub-replication problem (9.4.5) satisfies
the HJB equation

— Opup(t, z,y) — ;\Iellf\ ((AMw) (t,2,9) — r(t, 2)up(t, 2,y)) = 0, (9.4.7)

for all (¢,z,y) € [0,T[x]0,00[x[a,b], with terminal condition u(T,x) = g(z),
for all z €]0, co[. By solving the HJB equations in (9.4.6) and (9.4.7), we obtain
the super-replication and sub-replication price of an European option in this
Jacobi stochastic volatility model, where the Jacobi model is a well tractable
and versatile stochastic volatility model including the Black-Scholes model and
Heston model as limit case.



Chapter 10

Abstract Neural Network and
Numerical Examples

In this chapter, we use abstract neural networks between infinite dimensional
spaces to learn the non-linear pricing operator of a financial derivative, which
either has an American exercise style or is written on an asset price process
following a stochastic volatility model. More precisely, we approximate the
solution operator T, of the semigroup (T .)i<s associated to the Hamilton-
Jacobi-Bellman (HJB) equation, which propagates the payoff function g : E —
R of the financial option (appearing in the terminal condition of the HJB
equation) backwards to the value function (¢, z) of the option at time t < T,
corresponding to the price of the option at time ¢ < T if the price vector was
X(t) = z. By showing that the solution operator g — (t — u(t,-) := Ty v(g))
is continuous between two function spaces, we use the universal approximation
result for abstract neural networks in Theorem 3.27 to approximate the pricing
operator.

In general, neural networks have been succesfully applied for pricing and
hedging financial derivatives, see [RW19] for a literature review. In [EHJ17],
neural networks are for example used to learn the solution of a parabolic PDE,
whereas [GHIJW18] showed explicitely for the Black-Scholes PDE that this
method overcomes the curse of dimensionality. Opposed to these contributions,
we apply abstract neural networks to learn the solution operator of a given
PDE instead of only one solution. This means that we obtain the solution w :
[0,T] x E — R by inserting the terminal condition (payoff function) g : E — R.

Moreover, we will see in the construction of the abstract neural network
approximating the solution operator that the option prices of either the Black-
Scholes model or the Bachelier model are universal in the sense that they can
be used to learn the price of the same option, but which is either of Ameri-
can style or written on assets in an incomplete market given by a stochastic
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volatility model. The method can be applied under some assumptions on the
parameters to very general financial market models driven by an Ito diffusion
as in Chapter 8.

10.1 Approximation of the Solution Operator

In order to simplify notation, we assume that the market consists of only one
asset, which is modelled by a stochastic process with state space E =]0, ],
e.g. geometric Brownian motion or the Heston model. However, the following
results also hold true for market models with multiple assets, where the state
space is for example £ =]0,00[¢. In the following, we introduce the function
spaces, which are needed to construct the abstract neural network approximat-
ing the solution operator of either the variational inequality in (9.3.3) describing
American option prices or the HIB equation in (9.4.6) (resp. (9.4.7)) represent-
ing the super-replication (resp. sub-replication) price of an European option in
an incomplete market.

For the input space X containing the payoff functions, we define the weight
v : E —]0,00[ by v(z) = exp (—|z|/2), for 2 € E. Using this, we consider
the Hilbert space L2(E) = {9 € L*(E); |lg7ll12(p) < o0} with inner product
{fsr2m) = §p f(@)g(2)y(x)*dw, for f,g € L3(E). Then, we observe that the
map J : L2(E) — L2(E)* defined by

J(g) = (f - v(x)zf(w)g(w)dw> ,

for g € L2(E), is an isometric isomorphism such that L2 (E)* = L2(E). Then,
we define the input space X := L2(E) = L2(E)* equipped with the weak-x-
topology and introduce the weight function ¢ : X — ]0, oo defined by

w(9) = exp (932 (s )

for ¢ € X, which is an admissible weight function, because every preimage
Kg :=171(]0, R]) is by Banach-Alaoglu in Theorem 1.15 compact in the weak-
x-topology, for all R > 0, such that (X,v) is a weighted space. In particular,
all bounded functions g : F — R and all piecewise polynomial payoff functions
g : E — R including the payoff functions of call and put options are contained
in L%(E)

For the output space Y, we consider the Hilbert space L?y([(), T x Ex F),
where F' — R denotes the compact subet of additional parameters such as the
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stochastic volatility, which we equip with the inner product

T
(U, V)12 ([0,T)x Ex F) =J J J v(@)?u(t, z, y)v(t, z,y)dydxdt,
0 EJF

for u,v € Y. In the case when there are no additional parameters for the value
function, we omit the integration over F'. On the other hand, we choose Z = R
for the hidden layer space with weight function ¢z : R —]0,00[ defined by
Vz(2) = exp (|2]), for z € R, where every preimage Kz g := ¢, (]0, R]) is as
in Example 3.2(i) compact in R.

In this setting, we consider either the variational inequality in (9.3.3) (for
American options) or the HIB equation in (9.4.6) or (9.4.7) (for the super-/sub-
replication problem of an European option). In the first case, we define the
solution operator S, : X — Y as the function u := S,(g), for g € L2 (E), which
satisfies u(t,-) € ICg 1= {v € L%(E); v=g a.e.}, a.e., and solves the variational
inequality

—{pu(t, ) + Au(t,) —ru(t, ), v —wrz(m) <0, (10.1.1)

for a.e. t € [0,T] and v € K, with terminal condition u(7T,z) = g(z), for all
x € F, where we assume that the interest rate r € R is constant. For further
details, we refer to [HRSW13, Section 5.2] for American options and [HRSW13,
Appendix B] for variational inequalities.

On the other hand, we define the solution operators S;, S, : X — Y for the
HJB equations representing the super- /sub-replication problem as the functions

us = Ss(g) and wy, := Sp(g), which satisfy

_atus<t7xa y) — Sup ((A)\us) (t7$>y) - T(t7x)us(t7x,y)) = 07
Aeh (10.1.2)
7(}tUb(t,$,y) - )l\Iellf; ((A)\ub) (t,:z:,y) - r(t,x)ub(t,x,y)) = 07

for all (¢t,z,y) € [0,T]x]0,0[%[a,b], with terminal condition uy(T,z,y) =
us(T,z,y) = g(x), for all (z,y) €]0,0[x[a,b], where we refer to [Toul3] and
[Pha09] for further details. In the following, we show that all three solution
operators Sg, S5, Sy : X — Y belong to the weighted function space By (X;Y).

Lemma 10.1. The solution operators S,,Ss,Sp : X — Y in (10.1.1) and
(10.1.2) are well-defined and belong to By(X;Y'), where we assume for S, Sy
X =Y that a > 0 and |p| < 1.

Proof. For the solution operator S, : X — Y solving the variational inequality
in (10.2.1), we first observe that the continuous embeddings H(E) < L2 (E) =
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L2(E)* < H)(E)* hold true such that (H)(E), L2(E), H}(E)*) is a Gelfand
triple, where HI(E) := {f: E > R; f,0°f € L2(E), for all |o| <1}. Then,
it follows by taking the limit of the discretizatlon in time as in [HRSW13,
Theorem B.2.2] that the map S, : L2(E) — L2([0,T] x E x F) is bounded
and Lipschitz continuous with respect to the norm topology of L2 2(E), where

we use that the interest rate is constant. Since the weak-s- topology is weaker
than the norm topology, it follows that S, € CP(X;Y) < By (X;Y).

For the other operators S;, Sy, : X — Y, we first show that S, : X — Y satis-
fies a Lipschitz estimate, from which it follows that S; € CP(X;Y) < By (X;Y),
where we conclude by changing sign that also S, € C’I?(X Y) < By(X:Y).
We fix two functions f,g € X representing different terminal conditions and
assume that u,v : [0,7]x]0,00[x[a,b] — R are the corresponding viscos-
ity solutions of (9.4.6), which exist by Theorem 9.9. Furthermore, we ob-
serve that the logarithmic stock price log Xo(7') starting at zero at time ¢ €
[0,T] under the EMM Q) ~ P, conditional on (o(s))i<s<T, is Gaussian with

mean M(t) := gtT (r —o(s )2/2) ds + £ (U(T) —o(t)— § (k0 — A — m(s))ds)

and variance C(t) := St (o(s) = p*Q(o(s))) ds. The density of this conditional
random Varlable under Qx ~ IP’ is of the form

P (2 M (1), C (1) = 2730@) exp (—<20(t)

for 2 € R, such that p; , 1(z) = E& [ploz(x)o‘o(z M(t),C(t ))‘O’(t) = y] is by Fu-
bini’s theorem measurable and satisfies for every bounded, measurable function
f R — R that

E® [f(log X(T))| X (t) = z,0(t) = y]

_E® [ | £+ ogantpy, (0. Ca:

X(@t)=1,0(t) = y]
:J%f(y—&-logx)pt’y,)\(z)dz, P-a.s.

Moreover, a > 0 and |p| < 1 imply E[C(t)"1/*7*] < oo, for all k € N, such
that dominated convergence implies that z — e“th,yyA(z) with e < 1/(2bT)
is uniformly bounded, see [AFP18, Theorem 3.1]. From this, we define p(z) =
2 . .
SUDye[0,7],yela,b],reA Pry,A(2) such that 2 — e* p(z) is also uniformly bounded

as supremum of uniformly bounded functions over the compact subset [0, 7] x
[a,b] x A. Using the definition of us : [0,T]x]0,0[x[a,b] — R in (9.4.5), we
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conclude by the substitution n(z, z) = (zexp(z), z) that
|lu UHL2 [0, x10,00[ x [a,b]) \J J J ) |u(t, z,y) — v(t, z, y)*dydzdt
J f J )22 (T .
esssupE® || X)) - g(X(T)
AeA
1 e—2rT
-t [T

sup J |f (ze® xez)|2pt’y}>\(z)dzdx
te[0,T],\eR,y€[a,b]

(X(t),o(t)) = (m,y)} dydzdt

o0

< (b-0) = sup (e 2p<z>) f A

2T z€R 0

. J e % |f (ze?) — g (ze*)|* dzdx
R
1—e 2T 22 2
< (b~ a)———swp (¢="p(2) ) CIF ~ g2 go.py

where C' = { exp (—e2% — 2) dz = \/me!/(%) /e < 0. By choosing the zero
payoff function g = 0 such that v = 0, it follows that S; : X — Y has bounded
operator norm, whereas by inserting a sequence (f,,)nen in X converging to g €
X in L2(]0, 0[), we conclude that Sy(f,) — Ss(g) in L2([0, T]x]0, o[ x[a, b]),
as n — 0. Because the weak-*-topology is a weaker topology than the norm
topology on L2 (]0, «o[), it follows that S, € C) (X;Y) < By (X;Y), which holds
by similar arguments also true for S, : X — Y. O

In the following, we approximate the solution operators S,,Ss,Sp: X — Y
by an abstract neural network. For this purpose, we construct an additive
family H between the input space (X,1) and the hidden layer space Z = R
with admissible weight function 1 z(z) = exp(|z|). Let u1,...., s € R and
T1,...,Tm € R be constants, from which we define o; = exp(7;) to account for
the non-negativity of the variance. Using the probability density functions of
the normal distribution, we define

1 w — 7 2
pj(w) = \/TTUJ‘GXP (—(20/5)> :

for w e Rand j = 1,...,m. Using them as kernels, we define the additive family
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‘H as hidden layer maps h : X — R of the form
h(g) = co + Z ch g(w)p; (w)dw, (10.1.3)
j=1 R

for g € X and some cy, ..., ¢, € R, where g : E — R is extended to R by setting
it to zero outside of E. Then, H is closed under addition and as p; : R — R are
probability density function of normal distributed random variable, we have

h(g) = co+ Y, ¢;E[9(Z;)],
j=1

with Z; ~ N(uj,aj?). Hence, a hidden layer map h : X — R can be seen
as linear combinations of option prices with payoff function g : E — R if
the underlying process X; is assumed to be a Brownian motion over the time
interval [0, 1] with drift ; and variance o, i.e.

X;(t) = pjt + 0;B;(t),

for t € [0,1], such that Z; = X;(1), where (Bj);—1,. m are m independent
standard Brownian motions. In this case, the expected value of the European
call and put options with payoff functions g;(x) = max(z — K,0) and g2(z) =
max(K —x,0) can be computed with the Bachelier option pricing formula such
that

o0 ("”_}‘j)z
Xr — K T T 5,2

Bln(Z)] = [ e T

i — K i — K
:(,Uj—K)(I)N(O,l)< I )+Uj<PN(0,1)< I ),
0j 0j

(—py)?
K K—p -4

Elnz)] - | =t 7 i

K —p; K —p;
= (K — 1) ®n0,1) (J) T 0PN (0.1) ( ) J) ;
gj gj

for j = 1,...,m, where @no,1) : R = R and @) : R — [0,1] denote
the probability density function and the cumulative distribution function of
the standard normal distribution A/(0, 1), respectively. Similarly, the expected
values of the digital Furopean call and put cash-or-nothing options with payoff
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functions g3(z) = 1{;>xy and ga(z) = L~ gy are given by

2

o0 1 _(I*MJ) /14 _ K
Elgs(Z)] = | ——e *F de=0 Him 2,
[93( J)] JK \/%O'j N(0,1) ( oj >

K 1 _(T*Mj)z K — 1
E[g4(Z;)] = e ¥ dr=09 ( J>,
iz = | e won (7,

for j = 1,...,m. This means that the hidden layer map h : X — R can be
computed in closed form for every of these four options such that an abstract
neural network can be efficiently implemented on a computer. However, the
expected values are also known for other popular options in a Bachelier model,
see for example [Hau98], which can be generalized to multi-dimensional options
written on several underlying assets.

Using the additive family in (10.1.3), we construct an abstract neural net-
work similarly as in in Example 3.19 by choosing the activation family R = {p}

and the linear readout £ = {z — ¢z ¢ GNNg {pl} K} with Xo = [0,T] x E x

F, where the activation function p; € L% (R) is chosen such that J\f/\fg A b g
dense in Y, and where G = {X( 3 (t,2,y) — (t,z,y)a+beR; ac R3, b e R}
and K = {R 3 z — wz € R; w € R}, which implies 3(z) € L([0,T] x E x F),
for all z € R. Hence, an abstract neural network is of the form

= Z ¢kp(hk(g)) = <(t,x,y) = Z (bk(t,m,y)p(hk(g))) ) (10'1'4)
k=1

for g € X and some N € N3, where ¢ € NNQ Ao1hK e conventional neural
networks, hi,...,~Axy € H are the hidden layer maps and p: R - R is an
activation function such that NNE go,{p bR g Tw -dense in By, (R), where Gy =
{Roz—az+beR;a,beR} andlCO ={R3z—wzeR; weR}.

Theorem 10.2. For every € > 0 there exists some ¢ : X — Y of the form
(10.1.4) such that

1S(9) — (9)lly
IS = ¢ls,(x;v) = sup ———"— <e,
| v geX ¥(9)
where § : X — Y is either the solution operator S, : X — Y of the American
option price, the solution operator Ss : X — Y of the seller’s price, or the
solution operator Sy : X — Y of the buyer’s price.

Proof. The solution operator S : X — Y belongs by Lemma 10.1 to the space
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By (X;Y) such that we are able to apply the universal approximation result in
Theorem 3.27. First, we show that H defined in (10.1.3) is an additive family,
where it follows by construction that H is closed under addition and contains
the constant functions. To show that # is point separating, let g1, g2 € X be two
distinct payoff functions, which differ on a measurable set A with S 4 (@)dr >0,
such that it follows for suitably chosen € R and o > 0 that

Q0

hg) = f:o )t [ o)t = higa)

where p : R — R denotes the probability density function of N (u,0?), which
shows that H is point separating. Secondly, we check the assumptions of The-
orem 3.27, where we consider the architectures (H, R, L) between X and Y as
well as (Gp, R, Ko) between R and R described above. Then, it follows for every
g h(g) =co+ 25" ¢ §o g(w)p(w)dw and z — go(z) = az + b e G that

g— (gooh)(g) = (acy +b) + 2 ac; ng(w)p(w)dw e H.
j=1 0

Q0

Moreover, we conclude for every g — h(g) := So g(w)p(w)dw by the Cauchy-
Schwarz inequality that

oy L2000) _ e (17 gw)pluw)du)
X V0= e (Il goen)

exp (Cnglleo,ooD>
<

< sup
9eX  exp (HQHQLg(Jo,ooD)

with Cy = (SR ’y(w)Qp(w)zdx) 1z o0, which shows by taking linear combi-

nations that supgcy % < oo, for all h € H. Moreover, we have I' =

{ye L(R;Y); Yae Ko : yoae L} = Lsuchthat ([ op cp{v(2)} = ./\/'./\/f(’o{ﬁé}’IC
is by assumption dense in Y. Hence, NN?Z}L is by Theorem 3.27 Tg—dense
in By (X:;Y). O

Theorem 10.2 provides the theoretical basis to use abstract neural networks
for learning the solution operator of the non-linear HJB equation, where there
exists a large enough abstract neural network of the form (10.1.4) such that
the solution operator S, Ss,Sp : X — Y is approximated well enough.
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10.2 Learning American Options

Given the prices of several American call and put options on a single asset, we
want to learn the solution operator of the corresponding HJB equation. We
assume that X follows under the real-world measure P a geometric Brownian
motion, i.e.

dX (t) = o X (t)dB(1),

for t € [0,T], with initial value X(0) > 0, where ¢ = 0.3 is the volatility
parameter. Hence, the value function describing an European option with
payoff function g :]0,0[— R is given by

u(t, z) = esssup E@ [e*T(T*T)g(X(T))‘X(t) = :c] , Q-as.,

TGﬂ,T

for (t,z) €]0,00[, where r = 0.01. In this case, u : [0,T]x]0,00[— R is a
solution to the HJB variational inequality

max ((%u(t,x) + %m%mu(t,x) —ru(t,z),g(x) — u(t7x)> =0, (10.2.1)

for all (¢,2) € [0,T[x]0, o[, with terminal condition u(T,z) = g¢(z), for all
z €]0, oo].

In order to learn the solution operator of the HJB variational inequality
in (10.2.1), the prices u(t,z) = sup, 7, , E® [e7"T =) g1 (X (7))| X (t) = z] of
the American call option ¢1(z) = max(x — K,0) and the American put op-
tion g2(x) = max(K — z,0) are assumed to be known, where we add the ini-
tial price gz(z) = x satisfying S,(g3)(t,z) = e 7T "Dx and the strike level
ga(r) = K satisfying S,(g4)(t,z) = e "T=YK as constraints. More pre-
cisely, we assume that the prices u(t,z) are known for the payoff functions
91594 1]0,00[— R, times ¢ = 1/12,2/12,...,12/12 (representing months),
initial values z = 0.5,1,1.5,...,100 and strike prices K = 0.5,1,1.5,...,100,
which yields 4 - 12 - 200 - 200 = 1.92 - 10° training data points. From this,
we predict the American digital call and put option prices given by u(t,z) =
sup,c7, , BQ[e7" T~ gs 6(X(7))| X (t) = ], with the payoff functions gs(z) =
1>k} and g¢(x) = Ly, ky. The abstract neural networks are built in Python
using Tensorflow, where we choose the size (N,m,N7) = (40,20,20) such
that 5640 parameters need to be estimated. For training, the Adam algo-
rithm is applied over 100’000 epochs with a learning rate of 107%. On the
other hand, the true data is calculated in RStudio with the library RQuantLib
of the open-source software QuantLib, where the functions AmericanOption
and BinaryOption are used to compute the prices of the digital options. The
results are plotted in Figure 10.1.
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10.3 Learning Super-Replication Price with
Stochastic Volatility

In this section, we learn the solution operator of the HJB equation correspond-
ing to the super-replication and sub-replication problem of an European option
written on a risky asset following a Jacobi stochastic volatility model. More
precisely, we assume that X and o follow under the real world measure P the
SDE

dX (t) = rX(t)dt + pX )VQ(o(£))dBy(t) + X (t)A/o(t) — p*Q(o(t))dBa(t),
do(t) = H( —o(t)dt + &/ Q(o( d31

for t € [0,T], with initial values X (0) € [1,100] and ¢(0) € [0.01,0.4], where

Q) = ((b\;)(j})a) with a = 0.01, b = 0.4, and where 7 = 0.01, k = 1, § = 0.2,

& =0.5 and p = —0.5. Using Girsanov’s theorem to find equivalent martingale
measures as in Section 9.4, the super-replication price (seller’s price) and sub-
replication price (buyer’s price) of an European option with payoff function
g :]0,0[— R are given by

us(t, x,y) = esssup E2 [e_T(T_t)g(X(T))’X(t) =z,0(t) = y] ,
Ach (10.3.1)
up(t,z,y) = essinf B [0 g(X (1)) X (1) = 2,0(t) =y,

P-a.s., for (¢, z,y) € [0,T]%]0, 00 x[a, b], where A = [k(0 —b), £(0 — a)[. In this
case, us, up : [0,T]x]0,0[— R are solutions of

_atus (t7 €T, ?J) — Sup ((Akus) (t7 z, y) — TUs (t7 €T, y)) = 07
A (10.3.2)
7atub(t7 €z, y) - )l\nf\ ((A)\’U,b) (ta z, y) - T’Z,Lb(t, €, y)) = 07
(S
for all (¢,z) € [0,T]x]0, ©[x[a, b], with terminal conditions us (7T, z) = g(x),
for all x €]0, o[, where

(A1) (29) = 5200 f(,0) + pE2QW)ey F(2.) + 2R (2.0)

+rady f(z,y) + (K0 — A — Kky)oy f (2, ),
(10.3.3)
for f € C?(]0,0[x[a,b]) and z €]0, o0[x[a, b].
In order to learn the solution operators, we assume that the super- and
sub-replication prices us(t,x,y) resp. uy(t,x,y) of the European call option
g1(x) = max(z — K,0) and the European put option go(x) = max(K — z,0)
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are known, where we add as constraints the initial price gs(x) = z satisfy-
ing Ss(g3)(t, ,y) = supyep E [e 7T X(1)|(X (1), 0(t)) = (z,y)] (resp. with
the infimum over A € A for S, : X — Y instead of the supremum) and the
strike level gy(z) = K satisfying S 4(g4)(t,7,y) = e "T"YK. More pre-
cisely, we assume that the prices usp(t,z,y) are known for the payoff func-
tions g1, ...,94 :]0,00[— R, times ¢t = 1/12,2/12,...,1 (representing months),
initial values x = 1,2,...,100 and y = 0.01,0.015,...,0.5, and strike prices
K =1,2,...,100, which yields 4 - 12-100 - 79 - 100 = 3.792 - 107 training data
points. The abstract neural networks are built in Python using Tensorflow,
where we choose the size (N, m, N1) = (40,20, 20) such that 6’440 parameters
need to be estimated. For training, the Adam algorithm is applied over 100’000
epochs with a learning rate of 10~%. The results are plotted in Figure 10.2 and
Figure 10.3.

Hereby, the true super-replication and sub-replication prices of the Euro-
pean call, put, digital call, and digital put options are computed as in [AFP1§],
where we first observe that the supremum or infimum in (10.3.1) resp. (10.3.2)
is attained either for A = k(60 —b) or A = k(# —a), because A appears linearly in
(10.3.3). Then, the expected value under Q) is approximated using a truncated
series of the Gram-Charlier expansion of Type A for the distribution of the joint
distribution (log X (T),o(T)), whose moments can be computed explicitly with
the help of the polynomial property in [FL16, Theorem 3.1] and the payoff
is transformed with Fourier techniques, see [AFP18, Theorem 3.7+3.8] and
[AFP18, Appendix A].
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Figure 10.1: Learning the solution operator S, : X — Y of the American option price. In
(a), the loss during the training procedure is displayed. In (b) and (c), the true data (surface)
and the learned value functions (wireframes) of the American call and put options at time
t = 1 are shown, while the constraints (initial price and strike level) are plotted in (d) and
(e). In (f) and (g), the predicted value functions (wireframes) of the American digital call
and put options at time ¢t = 1 are compared to the true data (surface).
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Figure 10.2: Learning the solution operator Ss : X — Y of the super-replication (seller’s)
price. In (a), the loss during the training procedure is displayed. In (b) and (c), the true data
(surface) and the learned value functions (wireframes) of the European call and put options
at time ¢ = 1 are shown, while the constraints (initial price and strike level) are plotted in (d)
and (e). In (f) and (g), the predicted value functions (wireframes) of the European digital
call and put options at time ¢ = 1 with K = 50 are compared to the true data (surface).
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Figure 10.3: Learning the solution operator S, : X — Y of the sub-replication (buyer’s)
price. In (a), the loss during the training procedure is displayed. In (b) and (c), the true data
(surface) and the learned value functions (wireframes) of the European call and put options
at time ¢ = 1 are shown, while the constraints (initial price and strike level) are plotted in (d)
and (e). In (f) and (g), the predicted value functions (wireframes) of the European digital
call and put options at time ¢ = 1 with K = 50 are compared to the true data (surface).
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