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Abstract

This dissertation studies universal approximation between infinite dimensional
spaces, which is of particular interest for applications in Finance. In the finite
dimensional case, an interesting class of functions possessing the universal ap-
proximation property was discovered eighty years ago: neural networks, which,
as concatenation of affine and non-linear functions, are rich enough to ap-
proximate every continuous function on a compact set of the Euclidean space
arbitrarily well. However, this class of functions only gained wider attention
after the turn of the millennium by showing novel and promising applications
in the fields of image and speech recognition as well as computer games. To-
day, neural networks are well known and an integral part of machine learning,
a branch of artificial intelligence, used to solve high dimensional and non-linear
approximation problems, which were previously inaccessible with conventional
methods.

While the universal approximation property of neural networks between
finite dimensional spaces was mathematically proven forty years ago, the gen-
eralization to infinite dimensional spaces is not straight-forward. Of course,
one could argue that everything in our world is finite, such as the number of
atoms. Nevertheless, a generalization of neural networks and their approx-
imation property to infinite dimensional spaces would be desirable to solve
problems in functional data analysis, dynamical systems and partial differen-
tial equations. This would allow to learn path-dependent functionals, such
as the payoff of an Asian option, or more general operators, for example the
solution operator of a partial differential equation.

In a first application, the universal approximation result between infinite
dimensional spaces is used in the framework of Stochastic Portfolio Theory
(SPT) to learn an optimal path-dependent portfolio. SPT is a relatively new
area of mathematical finance, which attempts to describe equity markets with
observable characteristics under realistic assumptions. In this context, a gener-
ating function determines the weights of a portfolio and its overall investment
behaviour, so that an optimal portfolio can be learned by approximating the
optimal generating function. Furthermore, this approach of portfolio gener-
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ation has been extended to the path-dependent setting, where the generated
portfolio can also depend on the past market trajectory. Since the generating
functional now depends on a continuous path, an infinite dimensional object,
we use a functional neural network to approximate the optimal path-dependent
functional.

In a second application, we use the universal approximation result with infi-
nite dimensional range to approximate the pricing operator of financial deriva-
tives with non-linear dynamics, which corresponds to the solution operator of
certain Hamilton-Jacobi-Bellman equations. We use this approach to learn
American option prices in a complete market as well as European option prices
in an incomplete market. The method is model-free in the sense that it can
be applied to any financial market model and the entire value function of the
financial derivative of interest can be learned from other known option prices.

In summary, we solve problems in Finance by using machine learning tech-
niques, where we prove the applicability of these methods mathematically
through concepts of functional analysis.



Zusammenfassung

Diese Dissertation befasst sich mit universeller Approximation zwischen un-
endlich dimensionalen Räumen, die für Anwendungen in den Finanzwissen-
schaften von besonderem Interesse ist. Im endlich dimensionalen Fall wurde
eine interessante Klasse von Funktionen mit der universellen Approximation-
seigenschaft vor achtzig Jahren entdeckt: Es war die Geburtsstunde neuronaler
Netzwerke, die als Verkettung affiner und nichtlinearer Funktionen genügend
reichhaltig sind, um jede stetige Funktion auf einer kompakten Menge des Eu-
klidischen Raumes beliebig gut zu approximieren. Grössere Aufmerksamkeit
erlangte diese Funktionsklasse erst nach der Jahrtausendwende durch neuartige
und vielversprechende Anwendungen in der Bild- und Spracherkennung sowie
der Computerspiele. Heute sind neuronale Netzwerke ein fester Bestandteil
des maschinellen Lernens, einem Zweig der künstlichen Intelligenz, welche zur
Lösung hochdimensionaler, nichtlinearer Approximationsprobleme eingesetzt
werden, die mit bisherigen Methoden unzugänglich waren.

Während die universelle Approximationseigenschaft von neuronalen Netz-
werke zwischen endlich dimensionalen Räumen vor vierzig Jahren mathema-
tisch bewiesen wurde, folgt die Verallgemeinerung auf unendlich dimension-
ale Räume nicht direkt. Natürlich könnte man argumentieren, dass in un-
serer Welt alles endlich ist, wie bspw. die Anzahl der Atome. Dennoch wäre
eine Ver-allgemeinerung von neuronalen Netzwerken und ihrer Approximation-
seigenschaft auf unendlich dimensionale Räume wünschenswert, um Probleme
in der funktionalen Datenanalyse, dynamischen Systeme und partiellen Differ-
entialgleichungen zu lösen. Dies würde erlauben, pfadabhängige Funktionale,
wie die Auszahlung einer asiatischen Option, oder allgemeinere Operatoren,
bspw. den Lösungsoperator einer partiellen Differentialgleichung, zu lernen.

In einer ersten Anwendung wird die universelle Approximationsresultat
zwischen unendlich dimensionalen Räumen im Rahmen der Stochastischen Port-
foliotheorie (SPT) benutzt, um ein optimales pfadabhängiges Portfolio zu ler-
nen. SPT ist ein relativ neues Gebiet der Finanzmathematik, das versucht,
Aktienmärkte mit beobachtbaren Eigenschaften unter realistischen Annahmen
zu beschreiben. In diesem Zusammenhang bestimmt eine generierende Funk-
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tion die Gewichte eines Portfolios und sein gesamtes Investitionsverhalten, so
dass ein optimales Portfolio durch Approximation der optimalen generieren-
den Funktion gelernt werden kann. Darüber hinaus wurde dieser Ansatz der
Portfolio-Generierung ins pfadabhängige Setting erweitert, so dass das gener-
ierte Portfolio auch von der Vergangenheit des Markts abhängen kann. Da das
generierende Funktional nun von einem unendlich dimensionalen Pfad abhängt,
verwenden wir ein funktionales neuronales Netzwerk, um das optimale pfad-
abhängige Funktional zu approximieren.

In einer zweiten Anwendung benutzen wir das universelle Approximation-
sresultat mit unendlich dimensionalen Wertebereich, um den Preisbildungsop-
erator von Finanzderivaten mit nichtlinearen Dynamiken zu approximieren,
der dem Lösungsoperator bestimmter Hamilton-Jacobi-Bellman-Gleichungen
entspricht. Wir verwenden diesen Ansatz, um amerikanische Optionspreise
in einem vollständigen Markt sowie europäische Optionspreise in einem un-
vollständigen Markt zu lernen. Die Methode ist modellfrei in dem Sinne, dass
sie für ein beliebiges Finanzmarktmodell angewendet werden kann, und die
gesamte Wertefunktion des interessierenden Finanzderivat aus anderen Op-
tionspreisen, die im Markt bekannt sind, gelernt werden kann.

Zusammenfassend lösen wir Probleme in den Finanzwissenschaften durch
maschinelles Lernen, wobei wir diese Methoden mathematisch durch Konzepte
der Funktionalanalysis beweisen.
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Chapter 1

Introduction

The aim of this thesis is to solve problems in Finance using novel techniques
from the field of machine learning, which were previously inaccessible with
conventional methods. We first give an introduction into the terminology of
machine learning and motivate the topic of the thesis from an economic point
of view, followed by the mathematical notation and preliminaries, which are
later used in this dissertation.

1.1 Motivation and Terminology

Thanks to the breakthrough of machine learning technologies after the turn
of the millennium in the areas of image and speech recognition as well as
computer games, machine learning has become an integral part of our daily
lives. In the following, we will go into more details regarding the different
terms used in machine learning and motivate the various applications in the
world of Economics and Finance.

1.1.1 Terminology in Machine Learning

The term machine learning appeared the first time in the technical report
[Sam59] of Arthur L. Samuel in 1959 written for IBM. However, it took until
the turn of the millennium when Tom M. Mitchell came up with a more formal
definition for algorithms in machine learning: “A computer program is said to
learn from experience E with respect to some class of tasks T and performance
measure P if its performance at tasks in T , as measured by P , improves with
experience E” (see [Mit97]). This definition is similar to the rather operational
definition of machines from Alan M. Turing in [Tur50], where the question “Can
machines think?” is now replaced by “Can machines do what we (as thinking
entities) can do?” (see [Har08]).
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In the current literature, the terms machine learning and artificial intelli-
gence are often abusively interchanged, creating confusion among practitioners
and non-experts, which is why it is important to distinguish between the dif-
ferent terminologies. Machine learning has actually emerged from the quest for
artificial intelligence, where we refer to the textbooks [Mit97] and [RN16] for
more background. Meanwhile, many new terms have been established in the
field of machine learning, which is why we give a brief overview of the most
important terminologies below and refer to [KP98] for a complete glossary.

Artificial intelligence is an umbrella term for the others, describing gen-
eral machines trying to solve problems, which, unlike humans and animals,
lack consciousness and emotional feelings. Data science, in turn, is an inter-
disciplinary subfield of artificial intelligence, which uses scientific methods and
computer algorithms to extract knowledge from structured and unstructured
data. Finally, machine learning is a particular branch of data science, which
studies the computer algorithms improving automatically through experience.
Besides some other methods, these algorithms can be generally classified into
three groups: supervised learning, unsupervised learning and reinforcement
learning, see [Mit97] and [RN16].

In supervised learning, the computer is typically provided with a set of in-
put data (features) and output data (targets), for which a model should be
estimated to predict other outputs. Hereby, the term prediction does not only
incorporate forecasting of a time series, for example, but also applies to a set-
ting with labelled observations, where the model is first learned on a given
training set (input and output data set), and one would like to predict the tar-
get depending on an independent test set. This machine learning method does
not only solve the estimation problem, but tries to achieve a goodness of fit
in an independent test set by minimizing a given loss function. Typical tools
for supervised learning are regularized regression (lasso/ridge regression and
elastic net), random forest, regression trees, support vector machines (SVMs),
and neural networks (NNs). The difference of these machine learning meth-
ods compared to other traditional econometric and statistical approaches is
the data-driven model selection, which means that the model is determined
depending on the given training data rather than just performing a single es-
timation.

In unsupervised learning, the computer finds clusters of observations which
are similar in terms of the input data, where the algorithm learns the objective
only based on the input data and should detect hidden patterns by itself. This
method is commonly used in video, image and speech recognition, for which
there exists a variety of different tools such as hierarchical clustering, k-means
clustering, mixture models, method of moments, autoencoders, and generative
adversial networks (GANs). The typical output in unsupervised machine learn-
ing is a partition of the input data, where the elements in each partition are
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similar to each other according to a given metric. These tools are very useful
as a data-driven way to find similar research articles or news items, which can
then be added as additional variable to another given model.

In reinforcement learning, the computer interacts with the environment and
tries to maximize a certain objective function (reward function), and thus differs
from supervised learning by not requiring labelled data as training set. Typical
examples can be found in the areas of game theory, control theory, information
theory and multi-agent systems, which have applications in our daily lives, such
as robots and self-driving cars. Besides these three main areas, there are also
methods in dimension reduction and meta learning.

In all these methods, there is usually a trade-off between the expressiveness
of the model, i.e. the complexity of the model, and the risk of overfitting,
i.e. when the model becomes too flexible compared to the sample size. In
the latter case, the model is learned relatively well on the training set, but
its generalization ability on an independent test set is rather poor. There
are many tools to avoid these two extreme phenomena, e.g. cross-validation,
regularization or averaging over many different models.

These novel machine learning techniques have nowadays different applica-
tions ranging from Biology, over Computer Science, Economics, Finance, Mar-
keting, Robotics to Sport Sciences, whereas one should definitely not forget
ethical issues regarding the learned bias of cultural prejudices.

1.1.2 Impact of Machine Learning in Economics and Fi-
nance

Various leading economists predict that machine learning will have a ground-
breaking impact on Economics and Finance (see, e.g., [Ath19] for Economics,
[SS18] for Business and Marketing, [EKOO19] for Quantitative Finance, and
[AD19] for Risk Management). The first attempts of machine learning applica-
tions in Economics or Finance took place in the 1980s, with, for example, the
premature artificial intelligence model of Michael D. Cohen and Robert Axelrod
in [CA84] from the year 1984, where a checker player learns based on his past
experiences during the game, which considerably outperformed other state-of-
the-art models at this time. Another interesting application was discovered
by Halbert White in [Whi88], where neural networks have been used to find
non-linear regularities in the price movements of the IBM stock data in order
to predict future returns. However, the most important and successful applica-
tions of machine learning in Economics and Finance were only developed after
the turn of the millennium, of which we highlight some examples at the end
of this subsection, focusing in particular on the applications in Quantitative
Finance to which this dissertation contributes.

So far, much of the empirical work in Economics and Finance consisted of



4 CHAPTER 1. INTRODUCTION

choosing a suitable regression model and estimating its parameters on the full
data set, which relies on statistical theory in order to obtain predictions and
confidence intervals. Since the primary interest of this empirical work is only fo-
cused on the causal effect, machine learning methods bring a new, data-driven
alternative by viewing the estimation procedure as algorithms, where many
different models are compared to each other. While the trade-off between ex-
pressiveness and overfitting relied in traditional approaches of Econometrics
on consistency and asymptotic normality, machine learning approaches are not
concerned with this kind of parameter uncertainty anymore and use the per-
formance evaluation on an independent test set. In addition, classical models
in Econometrics and Statistics needed an identification assumption (that the
parameter can be identified with infinitely many data), whereas machine learn-
ing does not address this concern at all and makes the model credible with
the evaluation on an independent test set. These two differences make ma-
chine learning methods better applicable, also to more complicated problems
in Economics and Finance.

Another reason for the success of machine learning methods in Economics
and Finance is the so-called technique of “Stochastic Gradient Descent (SGD)”,
which is used for the estimation procedure of many models, such as neural
networks. SGD is a method to optimize a complicated objective (loss) function
with respect to the model parameters by averaging over the gradient evaluated
at different sample data. This estimate of the gradient is noisy, but unbiased,
and follows the idea that it is more efficient to descend into a valley by taking
many steps in various directions instead of taking fewer steps in the right
direction. In addition, SGD prevents from getting stuck in a local minima,
where the model is good but not optimal, and it can lead to performance
improvements, which allows the estimation of more complex models.

In addition, the digitalization across the global world is leading to the cre-
ation of many economic and financial data sets, which can be fed into machine
learning algorithms. These data sets could range from individual consumer
behaviour to explicit financial transaction data, which are both recorded at
high time frequency. Machine learning methods are able to process these large
amounts of data by extracting the relevant information and thus work like an
automatic research assistant, only faster and more efficiently. Moreover, the
performance of machine learning methods will improve in the next years due
to new innovations and faster computers, which is a consequence of the rapidly
evolving technology, where anyone can easily implement algorithms with the
open-source software Python, and where the code of many excellent machine
learning algorithms are publicly available. Therefore, machine learning meth-
ods will certainly continue to have a major impact on Economics and Finance.
In the following, we will now give some examples of machine learning applica-
tions for each field Economics, Business and Marketing, Finance as well as Risk
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Management, which already showed promising results when comparing them
to traditional methods.

For Economics, [Ath19] predicts that machine learning will lead to a sig-
nificant change in many economic fields. For example, the measurement and
analysis of an economic variable and the result of an economic outcome can be
made at a more granular level and over a longer time period. Moreover, large-
scale administrative data sets as well as documentation and storage might be
easier to handle at working places, which simplifies interdisciplinary work and
will change the organization of a company. Machine learning will also affect
the interplay between the government, industry, education, and health, where
for example teaching might be changed more towards the topics of computer
science and data analytics skills. However, there are still some open problems
regarding policy issues such as insurance, liability, safety, data sharing, fari-
ness, and many others, which need to be addressed for further applications in
Economics.

For Business and Marketing, the authors of [SS18] predict that machine
learning brings the fourth industrial revolution in the next few decades. In
sales, the machine learning techniques automate the standard selling activities
by taking into account the recorded customer behaviour. Moreover, machine
learning models can simulate buying centers with all their complexities, inform-
ing sales people with all the respective data, which can be used to anticipate
demand increase or potential pitfalls.

For Quantitative Finance, the authors of [EKOO19] note that the recent
advances in machine learning are already finding commercial applications in
the financial industry. Indeed, these tools are perfectly applicable to the fi-
nancial industry with large available data sets such as stock market prices and
transaction data. For example, the everyday task in a bank of calibrating a
financial market model with historical data was driven so far by the model’s
computational tractability rather than matching the observed data. For this
purpose, neural network approaches offer a complete new perspective, such as
in [Her17] and [BS18], as well as in [HMT21] by including rough volatility, and
additionally in [CKT20] for a general local volatility model with GANs. On
the other hand, banks offer and sell financial products such as options and
other derivatives, for which the price of such a contract and the corresponding
hedging strategy needs to be computed. Because pricing and hedging are in
general very non-linear (in incomplete markets), machine learning techniques
offer a new approach and outperform the classical methods. For example, semi-
reccurent neural networks were successfully applied in [BGTW19] for pricing
and hedging financial derivatives, whereas [LNP19] showed that rough paths
can be used to learn the option payoff and the corresponding hedging strategy.
Moreover, [BCJ19] applied machine learning techniques to optimal stopping,
which can be used for American option pricing, while [GHJW18] approximated
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the solution of the associated Black-Scholes partial differential equation of an
European option. Another example is the general portfolio selection problem,
which can be approached with novel machine learning techniques such as the
problem of maximizing utility from terminal wealth, see for example [FS03]
with a probabilistic model or [GTX19] with reinforcement learning. Within
the framework of Stochastic Portfolio Theory (SPT) initiated by [Fer02], the
application of Gaussian processes in [KSV16] showed promising results to ob-
tain optimal portfolios. Another common machine learning application con-
sists of stock return predictions, mostly by using neural networks, for which
[Son05] gives a useful overview. Hereby, news sentiment and attention variables
obtained from social media and news article can be used as additional charac-
teristics to improve the return prediction, which was applied in [ASB20] for the
prediction of stock market volatility. On the other hand, dynamic program-
ming is used for algorithmic trading in [CJK16], where the traders learn from
changes in prices and update their predictions. This dissertation contributes to
this field of Quantitative Finance by proposing additional interesting machine
learning applications.

For Risk Management, [AD19] describes how machine learning techniques
will transform the fields of credit risk, market risk, operational risk, and com-
pliance, by also mentioning the practical limitations of these novel methods
because of the lack of suitable data management policies and necessary skillsets
in firms. Hereby, machine learning methods outperform traditional models be-
cause the data preparation allows for partially incomplete data and the tech-
niques allow for a better semantic understanding of unstructured data. In
addition, the identification of various risks can be recognised by machine learn-
ing through hidden patterns, and the methods can handle the huge amount of
unconventional data in financial risk management.

Altogether, machine learning will have a substantial impact on the fields
of Economics and Finance by providing new methods, which outperform the
classical approaches by the nature of these new algorithms.

1.1.3 Significance of the Thesis for Economics and Fi-
nance

Overall, machine learning techniques can be used in Quantitative Finance in
a very broad range to achieve different goals, for which we have mentioned
some particular examples in the previous section. This dissertation contributes
twofold to the steadily growing area of machine learning applications in Quan-
titative Finance. On the one hand, we provide a theoretical framework for a
better understanding why machine learning methods work so well by relying on
mathematical concepts borrowed from Functional Analysis, Topology, Proba-
bility Theory and Statistics. On the other hand, we apply these theoretical
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results to develop new machine learning methods, which are able to solve dif-
ferent non-linear problems in Quantitative Finance such as finding a portfolio
outperforming the S&P500 or pricing a complicated financial contract.

The first theoretical part of this thesis introduces the generalization of neu-
ral networks to high and infinite dimensional spaces, which can be seen as
contribution to the area of supervised machine learning. Artificial neural net-
works were discovered by Warren McCulloch and Walter Pitts in [MP43] and
are inspired by the functionality of a human brain, where the input data is
fed into the system, passes through various connections (called synapses in Bi-
ology) and so-called neurons, with the information being transformed in the
latter, and is finally returned on the other end as output. This system can be
described in mathematical terms by the concatenation of affine and non-linear
maps, where the affine maps represent the connections between the different
neurons and where the non-linear map is applied to transform the information
of the data. In an economic setting, such neural networks can therefore be seen
as a model representing a certain functional relation, for which the so-called
universal approximation theorems proved by [Cyb89] and [Hor91] ensure under
some assumption the existence of such an approximating neural network.

The infinite dimensional generalization of these neural networks, which we
shall call abstract neural networks (ANN) in the following, are able to pro-
cess mathematically more abstract data (infinite dimensional data) such as
continuous paths, discontinuous functions or (probability) measures. If both
the input and output spaces are finite dimensional Euclidean spaces, we speak
of learning a function f : Rn Ñ Rd, while for an infinite dimensional input
space we would learn a functional F : X Ñ R, where X could be the space of
continuous paths. The third case is learning an operator T : X Ñ Y , where
both the input and output spaces are infinite dimensional, e.g. a continuous
path is transformed into another one. Since economic or financial data are
often of this functional type (see [RS05]), we approximate an economic rela-
tion with an abstract neural network. Therefore, this thesis contributes as a
theoretical framework to overcome the black box image of neural networks and
shows in universal approximation results that ANNs be used to approximate
such relations represented by a function, a functional or an operator, where not
only the value of the function(al)/operator can be approximated but also the
(functional) derivatives, which corresponds to the change of the value of the
function(al)/operator compared to the change in the input data.

The applications of these universal approximation results for abstract neu-
ral networks between infinite dimensional spaces have various and far-reaching
applications, in particular in the areas of Economics and Finance. In many
cases, economic data are mathematically more abstract (i.e. infinite dimen-
sional) and given by paths (e.g. historical gross domestic product) or surfaces
(e.g. implied volatility surfaces), which can be used as input data of the abstract
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neural network, whereas the output data might again be infinite dimensional
such as another path (e.g. economic growth) or another function (e.g. trading
strategy). Moreover, a contract in Finance can depend on the whole path of
the stock price such as it is the case for an Asian option, defined as the average
over the historical path, where the stock price might also have jumps. These
so-called path space functionals are in particular interesting for pricing and
hedging financial derivatives, where the payoff depends on the entire history of
the stock price. All these cases can be covered by the theoretical framework
of this dissertation, where we provide besides randomized ANNs and a rough
path approximation result two particular applications in the second and third
part related to optimal portfolios in Stochastic Portfolio Theory (SPT) and
general option pricing in Mathematical Finance.

Of course, there are also particular cases which are not covered by the the-
oretical framework of this thesis, in particular when the output space admits
a more complicated structure than a vector space. This is for example the
case for normed probability measures as output space, where the sum of two
probability measure is no longer a probability measure anymore, or more gen-
erally for geometric learning on more complicated manifolds. For this purpose,
[KB20], [KP21] and [Kra21] provide useful results to approximate an infinite
dimensional neural network with output space given by a manifold.

Altogether, this dissertation establishes a comprehensive theoretical frame-
work for various machine learning applications with mathematically proven
results using concepts from Functional Analysis, which can be directly applied
to problems in the world of Economics and Finance.

1.2 Mathematical Preliminaries

In this section, we introduce the mathematical notation and the main pre-
liminaries in form of already existing mathematical results in the literature.
We start with examples of metric spaces and Banach spaces, extend the con-
siderations to more general topological (vector) spaces, state several existing
Stone-Weierstrass theorems, and introduce the basic foundations of Stochastic
Analysis.

1.2.1 Metric Spaces and Banach Spaces

As usual, N “ t0, 1, 2, ...u denotes the set of natural numbers, whereas Z “

t...,´1, 0, 1, ...u represents the set of integers. In addition, R denotes the set of
real numbers and we define the d-dimensional vector space Rd over R as vectors
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x “ px1, ..., xdq
J, with xi P R, which is equipped with the usual Euclidean norm

}x} “

˜

d
ÿ

i“1

|xi|
2

¸

1
2

, (1.2.1)

for x P Rd. More general, X is called a vector space (over R) if the vector space
axioms are satisfied for the vector addition X ˆ X Q px, yq ÞÑ x ` y P X and
scalar multiplication R ˆ X Q pλ, xq ÞÑ λx P X. We now introduce introduce
metric spaces and Banach spaces.

Definition 1.1. For a set X, the map dX : X ˆX Ñ R is called a metric (on
X) if the following three axioms are satisfied:

(i) Positive Definiteness: dXpx, yq ě 0, for all x, y P X, and dXpx, yq “ 0 if
and only if x “ y,

(ii) Symmetry: dXpx, yq “ dXpy, xq, for all x, y P X,

(iii) Triangle Inequality: dXpx, zq ď dXpx, yq ` dXpy, zq, for all x, y, z P X.

If dX : XˆX Ñ R is a metric on X, the pair pX, dXq is called a metric space.

Example 1.2. The real numbers R with distance function dpx, yq “ |x ´ y|
form a metric space. More general, the Euclidean space Rd equipped with the
Euclidean metric dpx, yq “ }x ´ y} is a metric space, where } ¨ } denotes the
Euclidean norm in (1.2.1).

Definition 1.3. For a vector space, the map } ¨ }X : X Ñ R is called a norm
(on X) if the following three axioms are satisfied:

(i) Positive Definiteness: }x}X ě 0, for all x P X, and }x}X “ 0 if and only
if x “ 0.

(ii) Absolute Homogeneity: }λx}X “ |λ|}x}X , for all λ P R and x P X.

(iii) Triangle Inequality: }x` y}X ď }x}X ` }y}X , for all x, y P X.

If } ¨ }X : X Ñ R is a norm on X, the pair pX, } ¨ }Xq is called a normed
(vector) space.
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Remark 1.4. Every normed vector space pX, } ¨ }Xq can be seen as a metric
space by defining dXpx, yq “ }x ´ y}, but the reverse is not necessarily true.
For example, the trivial metric on R defined by

dpx, yq “ 1tx“yu :“

#

1 x “ y

0 x ‰ y

is not induced by a norm (except for the zero space X “ t0u) since it violates
the absolute homogeneity condition in Definition 1.3(ii). However, if X is a
vector space and the metric dX : X ˆ X Ñ R is absolutely homogeneous and
translational invariant, i.e. dXpλx, λyq “ |λ|dXpx, yq and dXpx ` z, y ` zq “
dXpx, yq, for all λ P R and x, y, z P R, then }x}X “ dXpx, 0q satisfies the norm
axioms.

Example 1.5. The following are examples of metric and normed vector spaces.

(i) Euclidean Space: The space Rd together with metric dpx, yq “ }x´ y} is
a metric space, and forms together with the norm } ¨ } defined in (1.2.1)
a normed vector space.

(ii) Space of Sequences: For some 1 ď p ă 8, let lp be the space of sequences
pxnqnPN Ă R whose lp-norm

}x}lp “

˜

ÿ

nPN
|xn|

p

¸
1
p

is finite. Then, plp, } ¨ }lpq is a normed vector space and for p ď q, the
embedding lq Ď lp holds true by the Hölder inequality (see Lemma 1.7(ii)
below).

(iii) Continuous Functions: For a given compact subset Ω Ă Rm (see Def-
inition 1.9(vi) below), let C0pΩq be the space of continuous functions
x : Ω Ñ R with supremum norm } ¨ }C0pΩq defined by

}x}C0pΩq “ sup
uPΩ

|xpuq|,

for x P C0pΩq. Then, pC0pΩq, } ¨ }C0pΩqq is a normed vector space.
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Example 1.5 (continued).

(iv) Lp Spaces: For some 1 ď p ă 8 and a measure space pΩ,Σ, µq (e.g. a
probability space such that µpΩq “ 1), let LppΩq :“ LppΩ,Σ, µq be the
space of functions x : Ω Ñ R whose LppΩq-norm

}x}LppΩq “

ˆ
ż

Ω

|xpuq|pdµpuq

˙
1
p

is finite. Then, pLppΩq, } ¨ }LppΩqq is a normed vector space and for p ď q,
the embedding LqpΩq Ď LppΩq holds true by the Hölder inequality (see
Lemma 1.7(ii)). Moreover, case (ii) is a special case with Ω “ N and the
counting measure µ : Σ Ñ R defined by µpAq “ #A, for A P Σ.

Remark 1.6. A significant difference between Example 1.5(ii)-(iv) and Exam-
ple 1.5(i) is the dimension. While the Euclidean space Rd is finite dimensional
with dimension d, the other spaces lp, C0pΩq, and LppΩq are infinite dimen-
sional (for C0pΩq and LppΩq this is true if Ω or supppµq are infinite dimensional
sets). This can be seen by observing that a vector x P Rd can be described by
finitely many numbers, whereas a path x P C0pr0, T sq contains infinite amount
of information about the evolution of the trajectory.

In the case of the Banach space LppΩq :“ LppΩ,Σ, µq, the Minkowski in-
equality replaces the triangle inequality, where the Hölder inequality and Jensen
inequality also play an important role.

Lemma 1.7. For some 1 ď p ă 8 and a measure space pΩ,Σ, µq, consider the
Banach space LppΩq :“ LppΩ,Σ, µq. Then, the following holds true.

(i) Minkwoski’s inequality: }f ` g}LppΩq ď }f}LppΩq ` }g}LppΩq, for all f, g P
LppΩq.

(ii) Hölder’s inequality: }f ¨ g}L1pΩq ď }f}LppΩq}g}LqpΩq, for all f P LppΩq
and g P LqpΩq, where 1 ă q ď 8 such that 1{p` 1{q “ 1.

(iii) Jensen’s inequality: If µpΩq “ 1 and if ϕ : RÑ R is convex, it holds that
ϕ
`ş

Ω
fpxqdµpxq

˘

ď
ş

Ω
ϕpfpxqqdµpxq, for all f P L1pΩq.

In addition, a metric spaces can be either complete or incomplete. Let
pX, dXq be a metric and let pxnqnPN be a sequence inX, which is called a Cauchy
sequence if for every ε ą 0 there exists some N P N such that dXpxn, xmq ă ε,



12 CHAPTER 1. INTRODUCTION

for all n,m ě N . On the other hand, the sequence pxnqnPN is said to converge
to the limit x P X if for every ε ą 0 there exists some N P N such that
dXpxn, xq ă ε, for all n ě N .

Definition 1.8. A metric space pX, dXq is complete if every Cauchy sequence
converges. Moreover, a complete normed vector space pX, } ¨ }Xq is called a
Banach space.

We now introduce the topological properties of a given subset in a normed
vector space pX, } ¨ }Xq.

Definition 1.9. Let pX, } ¨ }Xq be a normed vector space and define the open
ball of radius r ą 0 with center x0 P X as Brpx0q “ tx P X; }x´ x0}X ă ru.
Then, we introduce the following.

(i) A subset U Ă X is open if for every x0 P U there exists some r ą 0 such
that Brpx0q Ă U .

(ii) A subset A Ă X is closed if Ac :“ XzA is open.

(iii) The interior of a subset E Ă X is defined as E̊ “
Ť

GĂE openG, whereas

its closure is defined as E “
Ş

EĂG,GĂX closedG. In addition, the bound-

ary of E is defined as BE “ EzE̊.

(iv) A subset E Ă X is dense if E “ X, i.e. if for every ball B :“ Brpx0q Ă X,
it holds that B X E ‰ tu.

(v) A subset E Ă X is bounded if supxPE }x}X ă 8.

(vi) A subset E Ă X is compact if E Ă X is closed and totally bounded,
where the latter means that for every ε ą 0 there exists finitely many
points x1, ..., xn P X such that X Ă

Ťn
k“1Bεpxkq.

These properties are all related to the norm topology, i.e. the topology induced
by the norm } ¨ }X .

Remark 1.10. We give some examples of Definition 1.9. In R with metric
dRpx, yq “ |x´y|, the open interval sa, br with a ă b is an open subset, whereas
ra, bs is a closed subset. The interior of E “sa, bs is equal to sa, br, and the
closure of E is given by ra, bs such that the boundary is equal to ta, bu. In

addition, it is known that the set of rational numbers Q “

!

˘
p
q ; p, q P N

)

is

dense in R. Finally, a subset of an Euclidean space is compact if and only if it
is closed and bounded.
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If pX, } ¨}Xq and pY, } ¨}Y q are Banach spaces, the space of continuous linear
maps T : X Ñ Y is denoted by LpX;Y q, where we note that not all linear
maps are necessarily continuous in infinite dimensional spaces. However, the
space LpX;Y q defines again a Banach space with norm given by

}T }LpX;Y q “ sup
xPX
x‰0

}Tx}Y
}x}X

“ sup
xPX

}x}Xď1

}Tx}Y ,

for T P LpX;Y q. In the real-valued case of Y “ R, the space X˚ :“ LpX;Rq
is called the dual space of X consisting of continuous linear functionals on X.
Hereby, the following Hahn-Banach theorem plays a crucial role together with
the well-known separation theorems in [Str14, Satz 4.2.4+4.5.1], which can
be used to show the following useful result in Corollary 1.14 for the machine
learning applications of this thesis.

Theorem 1.11 (Hahn-Banach, [Str14, Satz 4.1.1]). Let X be a vector space
with a vector subspace E Ă X and suppose that p : X Ñ R is a sublinear
function, i.e.

ppλxq “ λppxq, for all λ ě 0, and

ppx` yq ď ppxq ` ppyq, for all x, y P X.
(1.2.2)

If f : E Ñ R is a linear map such that fpxq ď ppxq, for all x P E, then there
exists a linear extension F : X Ñ R such that F |E “ f and F pxq ď ppxq, for
all x P X.

Remark 1.12. Every norm satisfies the two conditions in (1.2.2) and is there-
fore a sublinear function.

Theorem 1.13 (Hahn-Banach Separation, [Str14, Satz 4.2.4]). Let E Ĺ X be
a proper closed vector subspace of a Banach space pX, } ¨ }Xq and assume that
x0XzE with d :“ distpx0, Eq “ infxPE }x´ x0}X ą 0. Then, there exists some
l P X˚ such that lpxq “ 0, for all x P E, and lpx0q “ d.

Proof. Let E0 “ tx` tx0; x P E, t P Ru and define the linear function f : E0 Ñ

R by fpx` tx0q “ td such that fpxq “ 0, for all x P E, and fpx0q “ d ą 0. For
y “ x` tx0 P E0 with t ‰ 0, it follows that

|fpyq| “ |t|d ď |t|

›

›

›

›

x0 ´
´x

t

›

›

›

›

X

“ }tx0 ` x}X “ }y}X ,
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such that }f}LpE0;Rq ď 1. In order to show that }f}LpE0;Rq “ 1, choose some
ε ą 0 and x P E with d ď }x0´x}X ă d`ε. Then, it follows for y “ x0´x P E0

that fpyq “ d ě d
d`ε}y}X , which shows that

}f}LpE0;Rq “ sup
0‰yPE0

|fpyq|

}y}X
ě

d

d` ε
.

Letting ε Ñ 0 implies that }f}LpE0;Rq “ 1. By applying Theorem 1.11, we
obtain the linear functional l P X˚ with lpxq “ 0, for all x P E, and lpx0q “ d
as extension of f : E0 Ñ R to X.

Corollary 1.14 (Hahn-Banach Denseness). Let E Ă X be a vector subspace
of a Banach space pX, } ¨ }Xq. Then, E is dense in X if and only if for every
continuous linear functional l : X Ñ R vanishing on E, i.e. lpxq “ 0, for all
x P E, it follows that l : X Ñ R vanishes everywhere, i.e. lpxq “ 0, for all
x P X.

Proof. We prove that E Ă X is a proper closed vector subspace if and only if
there exists a continuous linear functional l P X˚ vanishing on E, which is not
identical to zero everywhere on X.

For necessity, let l P X˚ be a non-zero continuous linear functional vanishing
on E. By continuity it follows that l : X Ñ R vanishes on E, which is a proper
subset of X, because l : X Ñ R is non-zero.

For sufficiency, let E be a proper closed vector subspace of X such that there
exists a point x0 P XzE with distpx0, Eq :“ inf t}x´ x0}X ; x P Eu ą 0. By
the Hahn-Banach separation theorem in Theorem 1.13, we obtain a continuous
linear functional l P X˚ with lpx0q “ distpx0, Eq ą 0, lpxq “ 0, for all x P E,
and }l}X˚ “ 1. Hence, l : X Ñ R vanishes on E, but is not identical to zero
everywhere on X.

Using the dual space of a normed vector space pX, } ¨ }Xq, we can define
weaker topologies than the norm topology on pX, } ¨ }Xq and pX˚, } ¨ }X˚q.
On pX, } ¨ }Xq, the weak topology τw is induced by weak convergence, where a
sequence pxnqnPN in X converges weakly to some x P X if lpxnq Ñ lpxq, for
all l P X˚, as n Ñ 8. On the other hand, the weak-˚-topology τw˚ on X˚ is
induced by the weak-˚-convergence, where a sequence plnqnPN in X˚ converges
in the weak-˚-topology to some l P X˚ if lnpxq Ñ lpxq, for all x P X, as nÑ8.
Both topologies are in general not metrizable unless X is finite dimensional.

In the following, we now give different theorems to verify compactness of
a set in a given topology, which is in particular useful for machine learning
applications. We start with the well-known Banach-Alaoglu theorem involving
the weak-˚-topology, followed by Arzelà-Ascoli results for the norm topology.
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Theorem 1.15 (Banach-Alaoglu, [Rud91, Theorem 3.15]). Let X be the dual
of a normed vector space pS, } ¨ }Sq. Then, the unit ball tx P X; }x}S˚ ď 1u is
compact with respect to the weak-˚-topology of X.

For the rest of this section, we assume that pX, dXq is a compact metric
space and pY, } ¨ }Y q is a Banach space such that C0pX;Y q denotes the vector
space of Y -valued continuous functions with supremum norm }f}C0pX;Y q “

supxPX }fpxq}Y , where E Ă C0pX;Y q is called relatively compact if E is com-
pact in C0pX;Y q.

Theorem 1.16 (Arzelà-Ascoli, [Rud91, Appendix A5]). Let pX, dXq be a com-
pact metric space and let pY, } ¨ }Y q be a Banach space. Then, E Ă C0pX;Y q
is relatively compact if and only if E is equicontinuous, i.e.

@ε ą 0 : Dδ ą 0 : @f P E : @x, y P X : dXpx, yq ă δ ñ }fpxq ´ fpyq}Y ă ε,

and there exists a dense subset D Ă X such that tfpxq; f P Eu is relatively
compact in Y , for all x P D.

Corollary 1.17 (Arzelà-Ascoli, [Str14, Satz 6.3.1]). Let Ω Ă Rm be a bounded
subset. Then, E Ă C0pΩq is relatively compact if and only if E is bounded and
equicontinuous, i.e. supfPE }f}C0pΩq ă 8 and

@ε ą 0 : Dδ ą 0 : @f P E : @x, y P Ω : }x´ y} ă δ ñ |fpxq ´ fpyq| ă ε.

Corollary 1.18 (Fréchet-Kolmogorov, [Str14, Satz 6.3.2]). Let 1 ď p ă 8

and Ω Ă Rm be bounded, and denote by λ : F Ñ R the Lebesgue measure,
where F denotes the Borel σ-algebra of Rm. Then, E Ă LppΩq :“ LppΩ,F , λq
is relatively compact if and only if E is bounded and equicontinuous in Lp,
i.e. supfPE }f}LppΩq ă 8 and

sup
fPE

}f ´ fp¨ ` hq}LppRmq
hÑ0
ÝÑ 0,

where f : Ω Ñ R is extended to all of Rm by setting it to zero outside of Ω.

These results cover the most preliminary mathematical results for metric
spaces and Banach spaces, which can be extended in some cases to more general
topological space introduced in the next section.
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1.2.2 Topological Spaces and Convenient Vector Spaces

In order to consider more general spaces than metric spaces and Banach spaces,
we introduce topological spaces in the following. They are considered to be the
most general type of mathematical spaces, which allow for the definitions of
limits, continuity and connectedness, see [Kel75].

Definition 1.19. Let X be a non-empty set and let τX be a collection of
subsets of X. Then, τX defines a topology on X if the following three axioms
are satisfied:

(i) Empty and full set: tu, X P τX ,

(ii) Arbitrary unions: for all pUiqiPI with arbitrary I and Ui P τX , it follows
that

Ť

iPI Ui P τX ,

(iii) Finite intersections: for all pUiq
n
i“1 with some n P Ně1 and Ui P τX , it

follows that
Şn
i“1 Ui P τX .

If τX is a topology on X, pX, τXq is called a topological space, where τX de-
scribes the open sets. Furthermore, E P τX is an open neighborhood of x P X
if x P E. A neighborhood basis of x P X is a subfamily τx Ă τ of open neigh-
borhoods of x such that for any open neighborhood E of x there is some U P τx
with U Ă E.

Example 1.20. On the set X “ t1, 2u, the collection τX “ ttu, t1, 2uu de-
fines the so-called trivial topology, where only the empty and full set are
open. On the other hand, taking the power set as collection τX “ 2X :“
ttu, t1u, t2u, t1, 2uu defines the so-called discrete topology, where every subset
is open and closed.

Analogously to Definition 1.9, we repeat the topological properties of sub-
sets in a topological space.

Definition 1.21. Let pX, τXq be a topological space. Then, we introduce the
following.

(i) A subset U Ă X is called open if U P τX .

(ii) A subset A Ă X is called closed if Ac :“ XzA P τX .

(iii) The interior of a subset E Ă X is defined as E̊ “
Ť

GĂE,GPτX
G, whereas

its closure is defined as E “
Ş

EĂG,GcPτX
G. In addition, the boundary

of E is defined as BE “ EzE̊.



1.2. MATHEMATICAL PRELIMINARIES 17

Definition 1.21 (continued).

(iv) A subset E Ă X is called dense if E “ X.

(v) A subset E Ă X is called compact if every open cover of E has a finite
subcover, i.e. if for every pUiqiPI with Ui P τX and E Ă

Ť

iPI Ui, we find
some finite index set I0 Ă I such that E Ă

Ť

iPI0
Ui.

These properties are all related to the given topology τX . Moreover, if pX, τ1q
and pX, τ2q are topological spaces with τ1 Ď τ2, then τ1 (resp. τ2) is called a
weaker (resp. stronger) topology than τ2 (resp. τ1).

Moreover, a function f : X Ñ Y between two topological spaces pX, τXq
and pY, τY q is called continuous if for every open subset V P τY , the preimage
f´1pV q :“ tx P X; fpxq P V u P τX is open as well. Using this, we introduce
the following separation axioms for topological spaces.

Definition 1.22. Let pX, τXq be a topological space. Then, we introduce the
following:

(i) pX, τXq is Hausdorff if for every pair of distinct points x, y P X there
exist open neighborhoods U and V of x and y, respectively, such that
U X V “ tu.

(ii) pX, τXq is completely regular if for every point x0 P X and every closed
subset A Ă X with x0 R A there exists a continuous function f : X Ñ R
such that fpx0q “ 1 and fpxq “ 0, for all x P A.

A completely regular Hausdorff space is also called a Tychonoff space.

A special class of topological spaces is given by topological vector spaces,
which satisfy the vector space axioms and for which vector addition X ˆX Q

px, yq ÞÑ x ` y P X and scalar multiplication R ˆ X Q pλ, xq ÞÑ λ ¨ x P X
are continuous. A subclass is formed by the topological vector spaces, whose
topology is locally convex. Hereby, a subset E Ă X is called convex if λx `
p1´ λqy P E, for all x, y P X and λ P r0, 1s.

Definition 1.23. A Hausdorff topological vector space pX, τXq is locally convex
if the origin has a neighborhood basis, usually denoted by τ0, which consists
solely of convex sets.

In the following, we shall see that the topology of locally convex topological
vector spaces can be characterised by seminorms, where we assume from now
on that pX, τXq denotes a topological vector space.
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Definition 1.24. The map p : X Ñ R is called a seminorm if the following
properties are satisfied:

(i) Absolute homogeneity: ppλxq “ |λ|ppxq, for all λ P R and x P X,

(ii) Subadditivity: ppx` yq ď ppxq ` ppyq, for all x, y P X.

Moreover, if a seminorm p : X Ñ R is positive definite, i.e. ppxq “ 0 ô x “ 0,
then p : X Ñ R is a norm.

In addition, a subset E Ă X is called balanced if λE :“ tλx; x P Eu Ď E,
for all λ P r´1, 1s, whereas a subset E Ă X is absorbing if for every x P X
there exists some t ą 0 such that |λ| ě t if and only if x P λE.

Theorem 1.25 ([SW99, Chapter II§1]). If P is a family of seminorms on X,
then the topology τX induced by sets of the form tx P X; ppxq ă εu, for ε ą 0
and p P P, turns pX, τXq into a locally convex topological vector space. Con-
versely, if pX, τXq is a locally convex topological vector space with neighborhood
base of zero τ0 consisting of balanced and convex sets, then the locally convex
topology induced by the Minkowski functionals pEpxq “ inf tλ ą 0; x P λEu, for
E P τ0, coincides with τX .

Example 1.26. For an open subset Ω Ă Rn, let X “ C8c pΩq be the space of
compactly supported smooth functions x : Ω Ñ R equipped with the topology
τX , which is generated by the seminorms pk,Kpxq “ max|α|ďk supuPK |B

αxpuq|,
for k P N and compact subsets K Ă Ω, where α “ pα1, ..., αnq P Nn denotes
a multi-index with |α| :“ α1 ` ... ` αn. Then, pC8c pΩq, τXq defines a locally
convex topological vector space.

For the definition of completeness of a Hausdorff topological vector space
pX, τXq, we define a net as a pair pA, fq, where f : A Ñ X is a map from the
directed set pA,ďq to X, which converges to some point x P X if for every open
neighborhood E of x there exists some a P A such that fpbq P E, for all b ě a.
In addition, a net pA, fq is a Cauchy net if for every neighborhood E of zero
there exists some a P A such that fpbq ´ fpcq P E, for all b, c ě a.

Definition 1.27. A Hausdorff topological vector space pX, τXq is said to be
complete if every Cauchy net pA, fq converges to some point x P X.

The completion of a Hausdorff topological vector space pX, τXq is given by
the complete topological vector space pY, τY q such that ι : X Ñ Y defines a con-
tinuous linear embedding with dense image and τX coincides with the topology
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ι´1pV q; V P τY
(

. Moreover, one can show that every Hausdorff topological
vector space possesses a completion, which is unique up to isomorphism, see
[SW99, Theorem I§1.5].

Now, we consider the dual space X˚ consisting of all continuous linear
functionals l : X Ñ R, on which we extend the notion of the weak and weak-˚-
topology. The weak topology is the weakest topology on X such that all maps
X Q x ÞÑ lpxq P R are continuous, for all l P X˚, whereas the weak-˚-topology
is the weakest topology on X˚ such that all maps X˚ Q l ÞÑ lpxq P R are
continuous, for all x P X.

Theorem 1.28 (Hahn-Banach, [SW99, Theorem II§4.2]). Let pX, τXq be a
locally convex topological vector space and let E Ă X be a vector subspace.
Suppose that f : E Ñ R is a continuous linear functional on E. Then, there
exists a continuous linear functional F : X Ñ R such that F |E “ f .

Corollary 1.29. Let pX, τXq be a locally convex topological vector space and
let E Ă X be a vector subspace. Then, E is dense in X if and only if for
every continuous linear functional l : X Ñ R vanishing on E, it follows that
l : X Ñ R vanishes everywhere.

Proof. The proof follows along the lines of the proof of Corollary 1.14, where
we use the Hahn-Banach theorem for locally convex topological vector spaces
in Theorem 1.28 instead of Theorem 1.11.

In order to define differentiability on locally convex topological vector spaces,
we use the satisfactory and natural approach of convenient analysis introduced
in [KM97], where we assume that pX, τXq denotes a locally convex topological
vector space, whose topology τX is generated by the family of seminorms P.
Hereby, a subset E Ă X is bounded if ppEq :“ tppxq; x P Eu is bounded in R,
for all seminorms p P P.

A sequence pxnqnPN Ă X is called Mackey-convergent to the limit x P X
if there exists a bounded, convex and balanced subset E Ă X and a sequence
panqnPN Ă R with limnÑ8 an “ 0 such that xn ´ x P anE, whereas pxnqnPN
is called a Mackey-Cauchy sequence if there exists a bounded, convex and bal-
anced subset E Ă X and a double sequence panmqn,mPN with limn,mÑ8 anm “ 0
such that xn ´ xm P anmE.

Definition 1.30. A locally convex topological vector space pX, τXq is called
convenient if every Mackey-Cauchy sequence pxnqnPN Ă X converges to some
limit x P X.
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For a convenient vector space pX, τXq, the vector space of smooth curves
C8pR;Xq does not depend entirely on the topology τX , only on the correspond-
ing bornology (system of bounded sets), see [KM97, Corollary I.2.11]. Hereby,

a curve c : RÑ X is called differentiable if the limit c1ptq :“ limhÑ0
cpt`hq´cptq

h
exists, for all t P R, whereas a curve c : RÑ X is smooth if the iterated deriva-

tives cpk`1q “
`

cpkq
˘1

exist, for all k P N. In addition, we call c : R Ñ X a

Lipk-curve if all derivatives up to order k exist and are locally Lipschitz, i.e. ev-

ery point r P R has a neighborhood U Ă R such that
!

cptq´cpsq
t´s ; t, s P U, t ‰ s

)

is bounded. Then, convenient vector spaces are equivalently characterized by
the differentiability of X-valued curves.

Theorem 1.31 ([KM97, Theorem I.2.14]). The following are equivalent:

(i) pX, τXq is convenient.

(ii) For every curve c : R Ñ X such that l ˝ c is smooth, for all l P X˚, it
follows that c P C8pR, Xq.

(iii) Any smooth curve c P C8pR;Xq is locally Riemann-integrable.

By [KM97, Lemma I.2.2+Proposition I.3.7] and assertion (iii), every se-
quentially complete locally convex vector spaces is convenient, whereas condi-
tion (ii) in Theorem 1.31 ensures that the concept of weakly smooth curves
and smooth curves are equivalent in convenient vector spaces. Furthermore,
we define the c8-topology τc8 on a convenient vector space pX, τXq as the final
topology with respect to all smooth curves c P C8pR;Xq such that E Ă X
is c8-open if and only if c´1pEq is open in R, for all c P C8pR;Xq. Then,
it follows by [KM97, Theorem I.2.14] that the c8-topology is finer than any
locally convex topology on X with the same bounded subsets such that the
embedding pX, τc8q Ď pX, τXq holds true, where pX, τc8q is not necessarily a
topological vector space because the continuity of the vector addition might be
violated.

For convenient vector spaces pX, τXq, pY, τY q and a c8-open subset E Ă X,
a map f : E Ñ Y is called smooth (on E) if for every smooth curve c P
C8pR;Eq, the curve f ˝ c P C8pR;Y q is also smooth. We denote by C8pE;Y q
the vector spaces of smooth maps f : E Ñ Y equipped with the initial locally
convex topology of C8pE;Y q Q f ÞÑ l ˝ f ˝ c P C8pR;Rq, for c P C8pR;Eq and
Y 1 :“ tl : Y Ñ R linear and boundedu. This topology is the weakest topology
on C8pE;Y q such that f ÞÑ l ˝ f ˝ c is continuous, for all c P C8pR;Eq and
l P Y 1, where C8pR;Rq is equipped with the topology of compact convergence
in each derivative. Then, C8pE;Y q is by [KM97, Lemma I.3.7+I.3.11] a con-
venient vector space and we define C8pEq :“ C8pE;Rq.



1.2. MATHEMATICAL PRELIMINARIES 21

Similarly, a map f : E Ñ Y is called Lipk (on E) if f ˝ c P LipkpR;Y q,
for all c P C8pR;Eq, where LipkpR;Y q is the vector space of Lipk-curves
equipped with the initial topology of the derivatives of order j ď k consid-
ered as linear mappings into the space of Lip0-curves equipped with the locally
convex topology of uniform convergence on bounded subsets of R and of the
difference quotient on bounded subsets of

 

ps, tq P R2; s ‰ t
(

, see [KM97, Def-

inition III.12.10]. Using this, we denote by LipkpE;Y q the vector space of
Lipk-maps f : E Ñ Y with the initial topology of LipkpE;Y q Q f ÞÑ f ˝ c P
LipkpR;Y q, for c P C8pR;Eq. By [KM97, Definition III.12.11], LipkpE;Y q is
a convenient vector space and we define LipkpEq :“ LipkpE;Rq.

Theorem 1.32 (Main Structure Theorem for Convenient Spaces, [KM97] and
[FK88]). Let pX, τXq, pY, τY q, pZ, τZq be convenient vector spaces and let E Ă
X and F Ă Y be c8-open. Then, the following hold true.

(i) Every smooth map f P C8pE;Y q is c8-continuous.

(ii) Multilinear maps f : X ˆ ...ˆX Ñ Y are smooth if and only if they are
bounded.

(iii) For a smooth map f P C8pE;Y q (resp. Lipk`1-map f P Lipk`1pE;Y q),
the directional derivative df : E ˆX Ñ Y defined by

dfpxqpvq “
d

dt

ˇ

ˇ

ˇ

ˇ

t“0

fpx` tvq,

for x P E and v P X, exists, is linear, bounded and smooth (resp. Lipk).
Similarly, the higher order derivatives d2f : E ˆX ˆX Ñ Y , ..., dkf :
E ˆ X ˆ ... ˆ X Ñ Y exist, which is true for any k P N in the case of
f P C8pE;Y q.

(iv) The chain rule holds true, i.e. for smooth maps g P C8pE;Y q and f P
C8pF ;Zq (resp. Lipk-maps g P LipkpE;Y q and f P LipkpF ;Zq, where
k ě 1) with gpEq Ă F , it holds that dpf ˝ gqpxqpvq “ dfpgpxqqpdgpxqpvqq,
for all x P E and v P X.

(v) Taylor’s formula holds true, i.e. for every smooth map f P C8pE;Y q
(resp. f P Lipk`1pE;Y q), it holds that

fpx` vq “
n
ÿ

j“0

1

j!
djfpxqpv, ..., vq `

ż 1

0

p1´ tqn

n!
dn`1fpx` tvqpv, ..., vqdt,

for all n P N (resp. n ď k) and rx, x` vs :“ tx` tv; t P r0, 1su Ă E.
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Theorem 1.32 (continued).

(vi) The exponential law holds true (cartesian closedness), i.e. C8pEˆF ;Zq –
C8pE;C8pF ;Zqq.

(vii) The evaluation map ev : C8pE;Y q ˆX Ñ Y defined by evpf, xq “ fpxq
and the composition map comp : C8pY ;Zq ˆ C8pE;Y q Ñ C8pE;Zq
defined by comppf, gq “ f ˝ g are smooth.

(viii) A linear map f : E Ñ C8pF ;Zq is smooth if and only if evp¨, vq ˝ f :
F Ñ Z is smooth, for all v P F .

Theorem 1.32 shows that convenient calculus inherits many analytical prop-
erties, which are true on finite dimensional spaces, making the theory natural
for applications in infinite dimensional vector spaces. Further details on con-
venient calculus can be found in [KM97] and the references therein.

1.2.3 Stone-Weierstrass and Nachbin’s Theorem

The Stone-Weierstrass theorem and Nachbin’s result can be used to establish
density of a function class in a given function space. We begin with the vector
space of polynomials over a subset E Ă R collected in

PolpEq “

#

E Q x ÞÑ
n
ÿ

k“0

akx
k; n P N, ak P R

+

.

For a compact subset K Ă R, Karl Weierstrass proved in [Wei85] that poly-
nomials in PolpKq are dense in C0pKq, which we show in the following with
the simple and beautiful proof of Sergei Bernstein. For this purpose, we use
the Bernstein polynomials defined by Bn,kpxq “

`

n
k

˘

xkp1 ´ xqn´k, for x P R,
n P N and k “ 0, ..., n and introduce the Bernstein approximation operator
Bn : C0pr0, 1sq Ñ C0pr0, 1sq defined by

pBnfqpxq “
n
ÿ

k“0

f

ˆ

k

n

˙

Bn,kpxq “
n
ÿ

k“0

f

ˆ

k

n

˙ˆ

n

k

˙

xkp1´ xqn´k,

for f P C0pr0, 1sq and x P r0, 1s, where Bnpfq P Polpr0, 1sq is a polynomial
approximating f P C0pr0, 1sq.

Theorem 1.33 (Weierstrass, [Wei85]). Let K Ă R be compact. Then, PolpKq
is dense in C0pKq.
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Proof. By using affine transformations, we can restrict ourselves without loss
of generality to K “ r0, 1s. Let x P K and assume that pXkqkPNě1 is an
i.i.d. sequence of Bernoulli-distributed random variable such that PrXk “ 0s “
1´x and PrXk “ 1s “ x. Define Sn :“ X1` ...`Xn, for which the law of large
numbers shows that 1

nSn converges in probability to ErXks “ x, as n Ñ 8,
where Sn is binomially distributed, i.e.

PrSn “ ks “

ˆ

n

k

˙

xkp1´ xqn´k “ Bn,kpxq,

for k “ 0, ..., n. Hence it holds for some given f P C0pr0, 1sq and δ ą 0 that

|pBnfqpxq ´ fpxq| ď E
„ˇ

ˇ

ˇ

ˇ

f

ˆ

Sn
n

˙

´ fpxq

ˇ

ˇ

ˇ

ˇ



ď 2P
„ˇ

ˇ

ˇ

ˇ

Sn
n
´ x

ˇ

ˇ

ˇ

ˇ

ě δ



sup
uPr0,1s

|fpuq|

` P
„
ˇ

ˇ

ˇ

ˇ

Sn
n
´ x

ˇ

ˇ

ˇ

ˇ

ă δ



sup
|u´v|ăδ

|fpuq ´ fpvq|.

(1.2.3)
Since f P C0pr0, 1sq is uniformly continuous, there exists for fixed ε ą 0 some
δ ą 0 such that |u ´ v| ă δ implies |fpuq ´ fpvq| ă ε{2, for all u, v P r0, 1s.
Using this for the second term on the right-hand side of (1.2.3), we have

P
„
ˇ

ˇ

ˇ

ˇ

Sn
n
´ x

ˇ

ˇ

ˇ

ˇ

ă δ



sup
|u´v|ăδ

|fpuq ´ fpvq| ď sup
|u´v|ăδ

|fpuq ´ fpvq| ă
ε

2
. (1.2.4)

On the other hand, using Markov’s inequality for the first term on the right-
hand side of (1.2.3), inserting E

“

pSn ´ nxq
2
‰

“ nxp1´ xq ď n{4 and choosing
n P Ně1 such that n ą }f}C0pr0,1sq{pδ

2εq, it follows that

2P
„
ˇ

ˇ

ˇ

ˇ

Sn
n
´ x

ˇ

ˇ

ˇ

ˇ

ě δ



sup
uPr0,1s

|fpuq| ď
2

δ2
E

«

ˆ

Sn
n
´ x

˙2
ff

}f}C0pr0,1sq

ď
1

2nδ2
sup
uPr0,1s

}f}C0pr0,1sq ă
ε

2
.

(1.2.5)

By inserting (1.2.4) and (1.2.5) into (1.2.3), we conclude for large enough n P N
that

}Bnf ´ f}C0pr0,1sq “ sup
xPr0,1s

|pBnfqpxq ´ fpxq| ă ε.

Since ε ą 0 and f P C0pr0, 1sq were chosen arbitrarily, it follows that Polpr0, 1sq
is dense in C0pr0, 1sq.
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Subsequently, Marshall Harvey Stone generalized Weierstrass’ approxima-
tion result in [Sto48] to more general compact Hausdorff topological spaces by
replacing the polynomials with an arbitrary subalgebra.

Definition 1.34. Let pX, τXq be a topological Hausdorff space and let A Ă

C0pXq be a subset. Then, we introduce the following.

(i) A is closed under addition (or additively closed) if a1 ` a2 P A, for all
a1, a2 P A.

(ii) A is closed under multiplication (or multiplicatively closed) if a1 ¨ a2 P

A, for all a1, a2 P A, where the multiplication is defined pointwise by
pa1 ¨ a2qpxq “ a1pxq a2pxq, for every x P X.

(iii) A is point separating (on X) if for distinct x1, x2 P X there exists some
a P A with apx1q ‰ apx2q.

(iv) A vanishes nowhere (on X) if for every x P X there exists some a P A
with apxq ‰ 0.

Moreover, a vector subspace A Ă C0pXq is called a subalgebra (of C0pXq) if
A is closed under multiplication.

Theorem 1.35 (Stone-Weierstrass, [Sto48]). Let pK, τKq be a compact Haus-
dorff topological space and assume that A Ă C0pKq is a subalgebra. Then, A
is dense in C0pKq if and only if A is point separating and vanishes nowhere.

Indeed, Theorem 1.35 generalizes Theorem 1.33 since PolpKq is a point
separating subalgebra of C0pKq, where the sum and product of two polynomials
define again a polynomial and the identity x ÞÑ ppxq :“ x P PolpKq separates
points of K because we have ppx1q “ x1 ‰ x2 “ ppx2q, for distinct points
x1, x2 P K. Later, the Stone-Weierstrass theorem has been generalized to the
vector-valued case, where the output is infinite dimensional (see [Pro77]), and
to non-compact input spaces using weighted topologies (see [Nac65]).

Leopoldo Nachbin extended the Stone-Weierstrass theorem in [Nac49] to
the approximation of the derivatives. For E Ă Rd open, a function f :
E Ñ R is k-times differentiable (on E) if the partial derivatives Bαf :“

B
|α|f

Bx
α1
1 ¨¨¨Bx

αd
d

exist on E and are continuous, for all multi-indices α P Ndk :“
 

α P Nd; |α| :“ α1 ` ...` αd ď k
(

. From this, we define CkpEq as the vec-
tor space of k-times differentiabl functions on E equipped with compact-open



1.2. MATHEMATICAL PRELIMINARIES 25

topology of order k, which is generated by seminorms of the form

}f}CkpKq “
ÿ

αPNdk

}Bαf}C0pKq “
ÿ

αPNdk

sup
xPK

|Bαfpxq| ,

for K Ă E compact. Hereby, the Bernstein polynomials Bn,k can also be
used to approximate a function f P CkpEq including its derivatives, which
generalizes Theorem 1.33.

Theorem 1.36 (Weierstrass with Derivatives). Let E Ă R be open. Then,
PolpEq is dense in CkpEq.

Proof. Without loss of generality, we can restrict ourselves to the case E Ă R
be open with K “ r0, 1s Ă E and k “ 1, where we fix some f P C1pEq.
Moreover, we introduce the difference operator Dn : C0pr0, 1sq Ñ C0pr0, 1sq
defined by

pDnfqpxq “
f
``

1´ 1
n

˘

x` 1
n

˘

´ f
``

1´ 1
n

˘

x
˘

1
n

,

for n P Ně1 and f P C0pr0, 1sq. Then, it follows for every x P r0, 1s by the mean-
value theorem that Dnfpxq “ f 1pξq, for some ξ P r0, 1s with |x´ ξ| ă 1{n, such
that Dnf converges uniformly to f 1, as nÑ8.

Now, we conclude that pBnfq
1 “ Bn´1Dnf and }Bn}LpC0pr0,1sq,C0pr0,1sqq “

1, and use Weierstrass’ result in Theorem 1.33 such that Bnf converges uni-
formly to f , as nÑ8. In addition, it follows from

›

›pBnfq
1 ´ f 1

›

›

C0pr0,1sq
“

›

›Bn´1

`

Dnf ´ f
1
˘

`Bn´1f
1 ´ f 1

›

›

C0pr0,1sq

ď }Bn´1}LpC0pr0,1sq,C0pr0,1sqq

›

›Dnf ´ f
1
›

›

C0pr0,1sq

`
›

›Bn´1f
1 ´ f 1

›

›

C0pr0,1sq

nÑ8
ÝÑ 0

that pBnfq
1 converges uniformly to f 1, as n Ñ 8, which completes the proof.

Leopoldo Nachbin extended Stone’s result in Theorem 1.35 to the func-
tion space CkpEq with an open subset E Ă Rd, or analogously generalized
Weierstrass’ approximation result with derivatives in Theorem 1.36 by replac-

ing polynomials with more general subalgebras. Hereby, ∇f “
´

Bf
Bx1

, ..., Bf
Bxd

¯J

denotes the gradient of a function f P C1pEq.
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Theorem 1.37 (Nachbin, [Nac49, p. 1550]). Let E Ă Rd be open and assume
that A Ă CkpEq is a subalgebra. Then, A is dense in CkpEq if and only if A is
point separating, vanishes nowhere, and for every x P E and v P Rdzt0u there
exists some a P A such that vJ∇apxq ‰ 0.

Theorem 1.37 can be used to show the approximation of a function f P
CkpEq by an element of the subalgebra such that for every ε ą 0 and compact
K Ă E there exists some a P A with }f ´ a}CkpKq ă ε, where the function
a P A approximates not only the function value of f : E Ñ R, but also its
derivatives.

1.2.4 Stochastic Analysis and Pathwise Ito Calculus

In this section, we introduce the foundations of Stochastic Analysis, for which
we assume that pΩ,A,F,Pq denotes a filtered probability space with filtration
F “ pFtqtPr0,8r satisfying the usual conditions, i.e. F0 is trivial, A is P-complete

and the filtration is right-continuous, i.e. Ft “
Ş

sąt Fs. For E Ă Rd, an E-
valued stochastic process is a measurable map X : Ω ˆ r0,8rÑ E, which is
called F-adapted if the random variable Xt : Ω Ñ E is Ft-measurable, for all
t P r0,8r. We abbreviate the stochastic process by X “ pXptqqtPr0,8r.

Definition 1.38. Let X be an F-adapted stochastic process, for which we define
the following:

(i) X : Ω ˆ r0,8rÑ E is a (sub-/super-) martingale if Er|Xiptq|s ă 8,
for all i “ 1, ..., d and t P r0,8r, and it holds that ErXptq|Fss “ Xpsq,
a.s. (resp. ě, resp. ď), for all i “ 1, ..., d and 0 ď s ď t ă 8.

(ii) X : Ωˆ r0,8rÑ E is a local (sub-/super-) martingale if there exists an
increasing sequence of stopping times pτkqkPN with PrlimkÑ8 τk “ 8s “ 1
such that the stopped process Xτk defined by Xτkptq “ Xpt ^ τkq, for
t P r0,8r, is a true (sub-/super-) martingale, for all k P N.

(iii) X : Ωˆ r0,8rÑ E is a process of finite variation if for every i “ 1, ..., d
and T ą 0, we have sups,tPr0,T s |Xiptq ´Xipsq| ă 8, a.s.

(iii) X : Ωˆr0,8rÑ E is a semimartingale if there exists a local martingale M
and a process of finite variation A such that Xptq “ Xp0q`Mptq`Aptq,
for all t P r0,8r.

An example of a martingale is the one-dimensional Brownian motion B “
pBptqqtPr0,8r, which is defined by the following properties: B has independent
and normally distributed increments such that Bptq ´ Bpsq „ N p0, t ´ sq,
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B has a.s. continuous sample paths t ÞÑ Xptq, and it holds that Bp0q “
0, a.s. Other examples of (local) martingales are the compensated poisson
process or other driftless diffusion processes. In addition, we introduce the
stochastic integral (Ito integral) of some F-predictable locally integrable pro-

cess h with respect to the semimartingale X as L2pΩq-limit
şt

s
hpuqdXpuq :“

lim|πn|Ñ0

řn
k“1 hptkq

J pXptk`1q ´Xptkqq, for a sequence of partitions pπnqnPN
of rs, ts with mesh |πn| :“ maxk“1,...,n |tk ´ tk´1| Ñ 0, as nÑ8.

Theorem 1.39 (Ito’s formula, [Ito44]). Let X be a semimartingale and assume
that f P C2pRdq is a function. Then, it holds that

fpXptqq ´ fpXp0qq “
d
ÿ

i“1

ż t

0

Bf

Bxi
pXpuqqdXipuq

`
1

2

d
ÿ

i,j“1

ż t

0

B2f

BxiBxj
pXpuqqdxXi, Xjyu,

a.s., for all t P r0,8r.

For the applications in this thesis, we introduce the pathwise Ito calculus of
Föllmer developed in [Föl81]. We fix a refining sequence of partitions pTnqnPN
of r0,8r, with Tn “ t0 “ tn0 ă tn1 ă ...u, such that Tn Ă Tn`1 and tnk Ñ 8,
as k Ñ 8. Moreover, we denote the successor of some t P Tn by t1 defined
as t1 “ mintu P Tn; u ą tu and assume that |Tn| :“ maxtPTn |t

1 ´ t| Ñ 0, as
nÑ8. Hereby, we suppose that the continuous path X : r0,8rÑ Rd exhibits
pathwise continuous quadratic variation along pTnqnPN in the sense of [Föl81],
where Sd` denotes the space of symmetric positive definite matrices in Rdˆd

Assumption 1.40. Suppose that the path X : r0,8rÑ Rd admits continuous
Sd`-valued quadratic variation rXs : r0,8rÑ Sd` along pTnqnPN in the sense of
[Föl81], i.e. for any i, j “ 1, ..., d and t P r0, T s the sequence

ÿ

sPTn, sďt

`

Xips
1q ´Xipsq

˘ `

Xjps
1q ´Xjpsq

˘

(1.2.6)

converges to a finite limit, as n Ñ 8, denoted by rXi, Xjst, such that t ÞÑ
rXi, Xjst is continuous.

We note that the limit in (1.2.6) depends on the choice of the partitioning
sequence pTnqnPN. However, in the case of sample paths of a semimartingale
X, rXi, Xjst coincides with the classical quadratic variation xXi, Xjyt. Under
Assumption 1.40, the Ito formula still holds true in this pathwise setting.
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Theorem 1.41 (Pathwise Ito formula, [Föl81]). For an open subset U Ă Rd,
let f P C2pUq be a function and assume that the path X : r0,8rÑ U satisfies
Assumption 1.40. Then, it follows that

fpXptqq ´ fpXp0qq “

ż t

0

∇fpXpsqqJdXpsq ` 1

2

d
ÿ

i,j“1

ż t

0

DijfpXpsqqdrXi, Xjss,

for all t P r0,8r, where the pathwise stochastic integral is defined as

ż t

0

∇fpXpsqqJdXpsq “ lim
nÑ8

ÿ

sPTn,sďt
∇fpXpsqqJ

`

Xps1q ´Xpsq
˘

, (1.2.7)

for t P r0,8r, and where the series on the right-hand side of (1.2.7) converges
absolutely.

Moreover, a function ξ : r0,8rÑ U is called an admissible integrand (on U)
if there exists a function f P C2pUq with ξptq “ ∇fpXptqq, for all t P r0,8r,
where U Ă Rd is an open subset. In this case, Theorem 1.41 gives an expression
for the pathwise stochastic integral, which we call the Föllmer integral.
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Universal Approximation





Chapter 2

Universal Approximation in Finite

Dimension

Universal approximation on Rd is a property of a function class, which estab-
lishes their density within a given function space of interest. Artificial neural
networks are an example of such a class of functions, which were introduced
in the seminal work of Warren McCulloch and Walter Pitts in [MP43] and are
inspired by the functionality of the human brain. It was only later proven by
George Cybenko and Kurt Hornik in [Cyb89] and [Hor91] that this class of
functions indeed possesses the universal approximation property.

The proof of [Cyb89] relies on the Stone-Weierstrass theorem and therefore
does not provide any approximation rates. The same holds true for the proof
of [Hor91], where Fourier methods are additionally applied. Subsequently, the
literature on approximation-theoretic results for neural networks with one sin-
gle hidden layer was rapidly growing so that we only highlight two important
results. In [Bar93], the approximation error depends on the number of nodes
in the hidden layer, whereas [Can98] showed fundamental lower bounds on ap-
proximation rates. The literature on approximation results for neural networks
with more than one hidden layer is even richer, and we only mention the work
of [BGKP19] on optimal approximation error rates.

Finally, we also introduce recurrent neural networks (RNNs), where we
focus on echo-state networks (ESNs) introduced in [Jae10], which is a special
class of RNNs, whose universality was shown in [GO18].

2.1 Neural Networks

Inspired by the functionality of a brain, neural networks transmit informa-
tion through a graph of neurons. In mathematical terms, neural networks are
defined as concatenation of affine and non-linear maps.
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Definition 2.1. Let L, d,N0, ..., NL P N with L ě 2, and let ρ : R Ñ R be a
function. Let Wl : RNl´1 Ñ RNl be affine functions given by Wlpxq “ Alx` bl,
for some Al P RNlˆNl´1 and bl P RNl . Then, a function ϕ : Rd Ñ RNL given
by

ϕpxq “ pWL ˝ ρ ˝WL´1 ˝ ... ˝W2 ˝ ρ ˝W1q pxq,

for x P Rd, is called a neural network, where pAlql“1,...,L are the weight matri-
ces, pblql“1,...,L the bias vectors, and where ρ : R Ñ R denotes the activation
function acting componentwise. Hereby, L denotes the number of layers (with-
out counting the input layer), N1, ..., NL´1 represent the dimensions of the
hidden layers and N0, NL of the input and output layer, respectively. The total
number of non-zero weights, i.e. the number of non-zero entries in A1, ..., AL,
is denoted by M and called the network’s connectivity.

In this case, we speak of a feed-forward neural network, which can be in-
terpreted as directed graph with nodes arranged in L ` 1 hierarchical layers
and edges only between adjacent layers. The input is fed into the input layer
on one side of the graph, whereas the output is returned on the other side, see
Figure 2.1.

Input Layer

1st Hidden Layer

2nd Hidden Layer

Output Layer

x P Rd ϕpxq P R

W1 W2

W3

Figure 2.1: An example of a neural network ϕ : Rd Ñ R with two hidden layers, where
d “ 3, L “ 3 and pN1, N2q “ p5, 3q.

In this chapter, we will always assume that the ouput is one-dimensional,
i.e. NL “ 1, because the components of the output of some higher dimensional
neural networks can be considered separately. In addition, we collect all neural
networks ϕ : Rd Ñ R with activation function ρ : R Ñ R and L ´ 1 hidden
layers in NN ρ

L´1, where we let NN ρ
d,M be the set of neural networks with

arbitrary hidden layers but connectivity at most M , from which we define the
set of arbitrary networks as NN ρ

d,8 :“
Ť

MPNNN
ρ
d,M .

Moreover, the activation function ρ : RÑ R can be chosen differently, where
the sigmoid function ρpxq “ 1{p1 ` expp´xqq and the ReLU function ρpxq “
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maxpx, 0q appear the most frequently in the literature. Both are continuous,
even Lipschitz continuous, whereas only the first one is bounded and smooth.
Because of the unboundedness of the ReLU function, some usual approxima-
tion arguments cannot be directly applied to neural networks with the ReLU
activation function. Besides these two activation functions, there are also other
activation functions such as the hyperbolic tangent ρpxq “ tanhpxq, the heavy-
side function ρpxq “ 1txě0u, and the softplus function ρpxq “ logp1` exppxqq.

2.2 Universal Approximation

Neural networks have been successfully applied for various problems in different
areas because of their approximation capabilities. In mathematical terms, this
property of neural networks is usually shown in so-called universal approxima-
tion theorems, which establishes density of neural networks within a function
space of interest. Following the ideas of [Cyb89], we show universal approxima-
tion of neural networks ϕ P NN ρ

1 with one hidden layer, which can be easily
generalized to deep neural networks with finitely many hidden layers. For this
purpose, we introduce the following two properties of an activation function.

Definition 2.2. Let K Ă Rd be compact. The function ρ : R Ñ R is called
discriminatory (on K) if for every finite signed Radon measure µ : F Ñ R
satisfying for every a P Rd and b P R that

ż

K

ρ
`

aJx` b
˘

dµpxq “ 0, (2.2.1)

it follows that µ : F Ñ R vanishes everywhere. Hereby, F denotes the Borel
σ-algebra of K.

Definition 2.3. The function ρ : RÑ R is called sigmoidal if limxÑ´8 ρpxq ‰
limxÑ8 ρpxq, where both limits are assumed to exist, and for every ε ą 0 there
exists some x0 P R such that |ρpx0q| ă ε.

The condition for an activation function ρ : RÑ R to be discriminatory is
difficult to verify, whereas the sigmoidal property is characterised by the easier
condition that the limits in opposite directions must differ. Following [Cyb89,
Lemma 1], we show that the sigmoidal condition implies the discriminatory
property.

Lemma 2.4. Let ρ : R Ñ R be bounded, Borel-measurable and sigmoidal.
Then, ρ is discriminatory.
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Proof. Let ρ : R Ñ R be a sigmoidal function with ρ´ :“ limxÑ´8 ρpxq ‰
limxÑ8 ρpxq “: ρ` and suppose that µ : F Ñ R is a finite Radon measure
satsfying (2.2.1). Fix a P Rd and b P R, for which we observe that

ρ
`

λ
`

aJx` b
˘

` θ
˘ λÑ8

ÝÑ

$

’

&

’

%

ρ` aJx` b ą 0

ρpθq aJx` b “ 0

ρ´ aJx` b ă 0

,

for all θ P R. Because ρ : R Ñ R is bounded, we can apply dominated
convergence to conclude that

0 “

ż

K

ρ
`

λ
`

aJx` b
˘

` θ
˘

dµpxq
λÑ8
ÝÑ ρ´

ż

K

1taJx`bă0udµpxq

` ρ`

ż

K

1taJx`bą0udµpxq,

where we have used that θ P R can be chosen arbitrarily, which implies that
ρpθqµ

` 

aJx` b “ 0
(˘

“ 0. Because every continuous function h P C0pRq can
be approximated pointwise by step functions, i.e. by linear combinations of
1tz`bă0u and 1tz`bą0u using ρ´ ‰ ρ`, we conclude by dominated convergence
that

ż

K

g
`

aJx
˘

dµpxq “ 0,

for all a P Rd and continuous functions g P C0pRq. Choosing gpxq “ exppxq,
we observe for every n P Ně1 and a1, ..., an P Rd that

ż

K

ea
J
1 x ¨ ¨ ¨ ea

J
nxdµpxq “

ż

K

epa1`...`anq
Jxdµpxq “ 0. (2.2.2)

Let A “ span
!

x ÞÑ ea
J
1 x ¨ ¨ ¨ ea

J
nx; n P Ně1, ak P Rd

)

such that by taking finite

linear combinations of (2.2.2), we have

ż

K

apxqdµpxq “ 0, (2.2.3)

for all a P A. Since A is a point separating subalgebra, which vanishes nowhere,
it follows by the Stone-Weierstrass in Theorem 1.35 that A is dense in C0pKq,
which shows that (2.2.3) holds true, for all f P C0pKq. This however implies
that µ : F Ñ R vanishes everywhere, whence ρ : RÑ R is discriminatory.
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Theorem 2.5 (Universal Approximation, [Cyb89, Theorem 1]). Let K Ă Rd
be compact and assume that ρ : R Ñ R is continuous and discriminatory.
Then, NN ρ

1 is dense in C0pKq, i.e. for every f P C0pKq and ε ą 0 there exists
some ϕ P NN ρ

1 such that

}f ´ ϕ}C0pKq “ sup
xPK

|fpxq ´ ϕpxq| ă ε.

Proof. Assume by contradiction that NN ρ
1 is not dense in C0pKq. Then, there

exists by Hahn-Banach in Corollary 1.14 a non-zero, continuous linear func-
tional l : C0pKq Ñ R vanishing on NN ρ

1, which can be represented by Riesz
representation with some finite signed Radon measure µ : F Ñ R such that
lpfq “

ş

K
fpxqdµpxq, for all f P C0pKq. However, because ρ : R Ñ R is dis-

criminatory, it follows that µ : F Ñ R vanishes everywhere, which contradicts
the assumption that l : C0pKq Ñ R is non-zero.

Discriminatory functions are not the only functions, for which NN ρ
1 is dense

in C0pKq. For example, if ρ P L1pRq is a function with
ş

R ρpxqdx ‰ 0, it follows
by Wiener’s Tauberian theorem in [Wie32] that NN ρ

1 is dense in L1pRq. On
the other hand, [Hor91, Theorem 2] and [Pin99, Theorem 3.1] show that NN ρ

1

is also dense in C0pKq, if ρ : RÑ R is bounded, continuous and non-constant
or if ρ : RÑ R is continuous and non-polynomial, which includes in particular
the ReLU activation function ρpxq “ maxpx, 0q.

Universal approximation for deep neural networks with more than one hid-
den layer follows by iteration. Since NN ρ

1 is an additively closed and point
separating family, the arguments in Lemma 2.4 can be adapted to show univer-
sal approximation of neural networks with two hidden layers. By iterating the
argument, we obtain universal approximation for neural networks with finitely
many hidden layers.

In addition, Theorem 2.5 can be generalized to Lp-spaces on measure spaces
pΩ,Σ, νq, to Besov spaces Bsp,qpRdq and differentiable function spaces CkpEq,
where the latter is considered in the next section. The essential ingredients are
an additively closed and point separating set of functions, which is here given
by the set of linear maps

 

x ÞÑ aJx; a P Rd
(

, a weak topology, which allows
to apply the dominated convergence theorem, and a discriminatory activation
function for the corresponding linear functionals.

2.3 Universal Approximation with Derivatives

In this section, we consider the approximation of a differentiable function by
neural networks, where not only the function itself but also its derivatives are
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simultaneously approximated. This could be of particular interest for appli-
cations in Physics, where the velocity of a path needs to be approximated in
addition. More precisely, we try to find a neural network with smooth activa-
tion function such that }f ´ ϕ}CkpKq ă ε, for some given ε ą 0 and compact,

non-empty subset K Ă Rd. A first approach was provided in [HSW90] using
Fourier arguments, whereas the convolution idea of [Hor91] is presented in the
following.

Theorem 2.6 (Universal Approximation on CkpEq, [Hor91, Theorem 3]). Let
E Ă Rd be open and assume that ρ : R Ñ R is k-times differentiable and
discriminatory. Then, NN ρ

1 is dense in CkpEq, i.e. for every f P CkpEq,
ε ą 0 and compact subset K Ă E there exists some ϕ P NN ρ

1 such that

}f ´ ϕ}CkpKq “
ÿ

αPNdk

sup
xPK

|Bαfpxq ´ Bαϕpxq| ă ε.

Proof. Assume by contradiction that NN ρ
1 is not dense in CkpEq. Then, there

exists by Hahn-Banach in Corollary 1.14 a non-zero, continuous linear func-
tional l : CkpEq Ñ R vanishing on NN ρ

1, which can be represented by Riesz
representation with finite signed Radon measures pµαqαPNdk : F Ñ R such that

lpfq “
ř

αPNdk

ş

Rd B
αfpxqdµαpxq, for all f P CkpRdq. Let η : Rd Ñ R be the

bump function defined by

ηpxq “

#

Ce
´ 1

1´}x}2 }x} ă 1

0 otherwise
,

for x P Rd, where C ą 0 is chosen such that
ş

Rd ηpxqdx “ 1. For ε ą 0, we

define ηε : Rd Ñ R by ηεpxq “
1
εd
η
`

x
ε

˘

, for x P Rd. If f : Rd Ñ R is locally

integrable, we define the convolution ηε ˚ f P C
8pRdq by

pηε ˚ fqpxq “

ż

Rd
ηεpx´ yqfpyqdy,

for x P Rd, such that Bαpηε ˚ fqpxq “ pB
αηε ˚ fq pxq, for all α P Ndk and x P Rd.

In addition, if f : Rd Ñ R is bounded, it holds that }ηε ˚ f}C0pRdq ď }f}C0pRdq,

and if f : Rd Ñ R is continuous, ηε ˚ f converges uniformly on compacta
to f , as ε Ñ 0. Similarly for pµαqαPNdk : F Ñ R, we define the convolution

ηε ˚ µ P C
8pRdq by

pηε ˚ µαqpxq “

ż

Rd
ηεpx´ yqdµαpyq,
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for x P Rd and α P Ndk. Now, we observe that for every continuous function
f : Rd Ñ R and α P Ndk, it follows by Fubini’s theorem that

ż

Rd
fpxqpηε ˚ µαqpxqdx “

ż

Rd

ˆ
ż

Rd
fpx` yqdµαpxq

˙

ηεpyqdy

“

ż

Rd
pηε ˚ fqpxqdµαpxq,

(2.3.1)

such that limεÑ0

ş

Rd fpxqpηε ˚ µαqpxqdx “
ş

Rd fpxqdµαpxq. Hence, we define

the continuous linear functional lε : CkpRdq Ñ R by

lεpfq “
ÿ

αPNdk

ż

Rd
Bαfpxqpηε ˚ µαqpxqdx,

for f P CkpRdq, which is the mollification of l : CkpEq Ñ R. Using (2.3.1) and
integration by parts, we have

lεpfq “

ż

Rd

¨

˝

ÿ

αPNdk

ż

Rd
Bαfpx` yqdµαpxq

˛

‚ηεpyqdy “

ż

Rd
lpfp¨ ` yqqηεpyqdy

“

ż

Rd

¨

˝

ÿ

αPNdk

p´1q|α|Bαpηε ˚ µαqpxq

˛

‚

loooooooooooooooooomoooooooooooooooooon

“:hεpxq

fpxqdx,

for all f P CkpRdq, where we define hε : Rd Ñ R as above. Since l : CkpEq Ñ Rd
vanishes on NN ρ

1, it follows that lpϕp¨ ` yqq “ 0, for all ϕ P NN ρ
1 and y P Rd.

From this, we conclude that lεpϕq “ 0, for all ϕ P NN ρ
1 and by using that

ρ : RÑ R is discriminatory for the measure hεpxqdx, it follows that hεpxq “ 0,
for all x P Rd. Therefore, lε : CkpRdq Ñ R vanishes everywhere and using that
lpfq “ limεÑ0 lεpfq, for all f P CkpEq, it follows that l : CkpEq Ñ R vanishes
also everywhere, which, however, contradicts the assumption that l : CkpEq Ñ
R is non-zero. Hence, NN ρ

1 is dense in CkpEq.

Universal approximation with derivatives of deep neural networks can be
obtained by iterating the argument, which shows that neural networks with
finitely many hidden layers and smooth activation function can be used to
approximate differentiable functions including their derivatives arbitrarily well.



38 CHAPTER 2. UNIVERSAL APPROXIMATION IN FINITE DIMENSION

2.4 Recurrent Neural Networks

Recurrent neural networks (RNNs) can be considered as neural networks with
connections along a temporal sequence, such that RNNs are able to exhibit
temporally dynamic behaviour. RNNs are used in handwriting and speech
recognition, for which there exist various architectures, ranging from the first
RNN, called the Hopfield RNN in [Hop82], to long short-term memory networks
(LSTMs) in [HS97], and echo-state networks (ESNs) in [Jae10] and [GO18]. In
the following, we consider the latter class of RNNs.

Echo-State networks (ESNs) are a special class of recurrent neural net-
works, where the neurons are initialized randomly and only the linear readout
is trained. With this dynamical reservoir, echo-state networks are rich enough
to approximate dynamical systems arbitrarily well, where a dynamical system
F “ pg, hq is defined as

#

ut “ gput´1, xtq

yt “ hputq
,

for t P Z, where pxtqtPZ is the input sequence in Rd, putqtPZ is the hidden-
state sequence in Rn, and pytqtPZ is the output sequence in Rm. Hereby, g :
Rn ˆ Rd Ñ Rn and h : Rn Ñ Rm are functions and we say that F “ pg, hq
has the echo-state property (ESP) if the system F “ pg, hq has the existence of
solutions property and the solutions are unique. Then, an echo-state network
is a dynamical system of a special form.

Definition 2.7. Let ρ : R Ñ R be a Borel-measurable function. Then, for an
input sequence pxtqtPZ, the system ϕ “ pA,C,W, b, ρq defined by

#

ut “ ρpAut´1 ` Cxt ` bq

yt “Wut
,

for t P Z, is called an echo-state network (ESN), where A P Rnˆn, C P Rnˆd,
W P Rmˆn and b P Rn. Hereby, putqtPZ is called the hidden-state sequence and
the output sequence is denoted by pytqtPZ.

Let D Ă Rd be the domain of the input sequences, and define DZ “

tx “ p..., x´1, x0, x1, ...q; xt P Du, D
Z´ “ tx “ p..., x´1, x0q; xt P Du as well as

DZ` “ tx “ px0, x1, ...q; xt P Du as the (semi-)infinite sequences with values
in D, which are equipped with the supremum norm }x}8 “ suptPZ }xt}, for
x P DZ, where the supremum is taken over t P Z´ (resp. t P Z`) for DZ´

(resp. DZ`). Let E Ă RN be the domain of the hidden-state sequence, for
which we introduce EZ, EZ´ and EZ` analogously.
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We call the map U : DZ´ Ñ EZ´ a filter, whereas H : DZ´ Ñ E is a
functional. A filter U : DZ´ Ñ EZ´ is called causal if for every x, y P DZ´

satisfying xs “ ys, for all s ď t, for some t P Z´, it follows that Upxqt “
Upyqt, whereas the filter U : DZ´ Ñ EZ´ is called time-invariant if Upxqt´s “
Upx¨´sqt, for all s, t P Z with t ď s. Moreover, a causal and time-invariant filter
U : DZ´ Ñ EZ´ satisfies the fading memory property (FMP) if it is continuous
for the weighted sequence topologies, see [GO18, Definition 2.5]. In addition,
we can associate to every filter U : DZ´ Ñ EZ´ a functional HU : DZ´ Ñ Rn
by defining HU pxq “ Upxq0, for x P DZ´ .

An echo-state network ϕ “ pA,C,W, b, ρq can be seen as a filter sending
the input pxtqtPZ´ to the output pytqtPZ´ , which we denote by a slight abuse
of notation with y “ ϕpxq. In this case, ϕ : DZ´ Ñ pRdqZ´ has by [GO18,
Corollary 3.2] the echo-state property and the fading memory property if ρ :
RÑ R is Lipschitz continuous with Lipschitz constant Lρ such that }A}2Lρ “
σmaxpAqLρ ă 1, where σmaxpAq denotes the largest singular value of the matrix
A P Rnˆn. In addition, let Bd1 p0q be the open ball of radius one around the
origin in Rd and call ρ : RÑ R a squashing function if limxÑ´8 ρpxq “ ´1 and
limxÑ8 ρpxq “ 1, e.g. the shifted sigmoid function ρpxq “ 2{p1` expp´xqq ´ 1
or the tangens hyperbolicus ρpxq “ tanhpxq.

Theorem 2.8 (Universal Approximation of ESN, [GO18, Theorem 4.1]). Let
U : Bd1 p0q

Z´ Ñ pRdqZ´ be a causal and time-invariant filter, which has the
fading memory property, and let ρ : R Ñ R be a continuous, non-decreasing
squashing function. Then, for every ε ą 0 and weighting sequence w P Z´ there
exists an echo-state network ϕ “ pA,C,W, b, ρq such that

}Upxq ´ ϕpxq}8 “ sup
tPZ´

}Upxqt ´ ϕpxqt} ă ε, (2.4.1)

for all input sequences pxtqtPZ´ with xt P Bd1 p0q. If the echo-state network
ϕ “ pA,C,W, b, ρq satisfies additionally the echo-state property, then the filter
ϕ : Bd1 p0q

Z´ Ñ pRdqZ´ is unique and time-invariant. In addition, the corre-
sponding reservoir functional Hϕ : Bd1 p0q

Z´ Ñ Rd satisfies

}HU pxq ´Hϕpxq} ă ε,

for all input sequences pxtqtPZ´ with xt P B
d
1 p0q.

In applications, the weight matrices A P Rnˆn, B P Rnˆd and the bias
b P Rn of an echo-state network are randomly drawn from a given distribution,
and only the linear readout W P Rmˆn is trained. Choosing the mean squared
error as loss functions, the training effort reduces to a simple linear regression,
which can be computed efficiently also for high dimensional problems.
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Chapter 3

Universal Approximation on Weighted

Space

The universal approximation property of neural networks was proven for differ-
ent families of functions over finite dimensional spaces, as described in the pre-
vious chapter. However, in many cases these classical results cannot be directly
extended to infinite dimensional spaces, which are needed, e.g. for applications
in functional data analysis, dynamical systems and partial differential equa-
tions (PDEs). For this purpose, we introduce so-called abstract neural networks
(ANNs) between infinite dimensional spaces, which are defined as the infinite
dimensional analogue of neural networks between Euclidean spaces, where we
use an additive family as affine functions and apply a non-linear transforma-
tion on each hidden layer. Similar generalizations of neural networks to infinite
dimensional spaces were recently obtained in [KB20] by inserting finite dimen-
sional spaces in between and in [BDG21] for functionals defined on a Fréchet
space.

In order to show the universal approximation property of abstract neu-
ral networks, we rely on classical approximation theory including the Stone-
Weierstrass theorem and results of Nachbin type. Inspired by Leopoldo Nach-
bin’s weighted approximation problem in [Nac65], we use the structure of a
weighted space to consider non-compact input spaces, where a weight function
controls the approximation outside of large compact sets and the growth of
the functions to be approximated is controlled by the growth of the weight
function. For this purpose, we extend the vector-valued Stone-Weierstrass of
R. Creighton Buck in [Buc58] to this weighted setting, where the measure the-
oretic extension of the Stone-Weierstrass theorem of Erret Bishop in [Bis61]
should also be mentioned as well as the quantitative version in [Mac77], known
as the Lemma of Machado, reducing the approximation problem to antisym-
metric subsets.
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Subsequently, we show that abstract neural networks with smooth acti-
vation functions are not only able to approximate the values of a particular
function of interest, but also its derivatives. For this purpose, we generalize
Nachbin’s result for differentiable functions in [Nac49] to this weighted set-
ting, where we use convenient analysis introduced by Andreas Kriegl and Peter
W. Michor in [KM97] to define differentiable calculus on infinite dimensional
manifolds. Hereby, we apply several ideas of the classical approximation the-
ory for differentiable functions on infinite dimensional spaces, for which [Lla86]
gives a useful overview, where the Nachbin type results of João B. Prolla in
[PG76] and [AP80] should also be mentioned.

Finally, we provide two particular applications of the universal approxima-
tion results for (smooth) abstract neural networks, which can be unified in this
vector-valued framework of a weighted spaces. First, we show that the inner
weights of an abstract neural network can be initialized randomly and only the
linear readout needs to be trained in order to get a sufficient approximation
of a given function. Secondly, we present an application related to path space
functionals, which can be learned using the signature of a path, relying on the
theory of rough paths introduced by Terry Lyons in [LCL07].

3.1 Motivational Examples between Infinite
Dimensional Spaces

In order to obtain an overview of the applicability of the results, we first con-
sider three particular examples. The first example is within functional data
analysis, which is a branch of statistics trying to analyse data, where every
sample is considered as a continuous function. Hence, one would like to learn
a functional f : C0pKq Ñ R, where K Ă Rn is a compact subset. Then,
the results of this chapter show that the functional f : C0pKq Ñ R can be
approximated by learning an abstract neural network ϕ : C0pKq Ñ R of the
form

ϕpxq “
N
ÿ

k“1

βkρ

ˆ
ż

K

xpuqdνkpuq ` bk

˙

,

for x P C0pKq, where N P Ně1, ν1, ..., νN are finite signed Radon measures
on K, βk, bk P R, and ρ : R Ñ R denotes an activation function. The neural
network is still “abstract” because it consists of mathematically abstract objects
such as Radon measures. By replacing them for example by conventional neural
networks playing the role of a density function, the abstract neural network can
be implemented on a computer.

In the second example, we would like to learn a non-anticipative relation
between two paths. More precisely, let x P C0pr0, T s;Rnq be an input path and
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let y P C0pr0, T s;Rq be the output path given by yptq “ fpt, xq, for t P r0, T s,
such that y only depends on x up to time t. For the stopped path xt defined
by xtpsq “ xps^ tq, for s P r0, T s, we introduce the space of stopped paths ΛT “
 

pt, xtq; pt, xq P r0, T s ˆ C0pr0, T s,Rnq
(

as in [Dup09] and [CF10], which defines
together with d8ppt, xq, ps, yqq “ |t´ s| ` supuPr0,T s }x

tpuq ´ yspuq} a complete

metric space. Hence, a measurable map f : ΛT Ñ R satisfies fpt, xq “ fpt, xtq,
for all pt, xq P ΛT , which shows the non-anticipative behaviour of f : ΛT Ñ R.
In this setting, we approximate a non-anticipative functional f : ΛT Ñ R by
an abstract neural network ϕ : ΛT Ñ R of the form

ϕpt, xq “
N
ÿ

k“1

βkρ

˜

akt`
n
ÿ

i“1

ż t

0

xipuqdνikpuq ` bk

¸

,

for pt, xq P ΛT , where νik are Radon measures, βk, ak, bk P R, and ρ : RÑ R is
an activation function. In this case, the Radon measures can also be replaced
by conventional neural networks for the implementation.

Finally, we try to learn the solution operator of a partial differential equa-
tion Btxpt, uq ` Apxpt, ¨qqpuq “ 0, where A : W k,ppRnq Ñ W k,ppRnq is a non-
linear operator on the Sobolev space W k,ppRnq, see [Rau91], [AF08], [Bré11]
and [Eva15]. We approximate the solution operator W k,ppRnq Ñ W k,ppRnq
propagating the initial solution x0 “ xp0, ¨q PW k,ppRnq to the solution xpt, ¨q P
W k,ppRnq at some fixed time t ą 0, by learning an abstract neural network
ϕ : W k,ppRnq ÑW k,ppRnq of the form

ϕpx0q “

N
ÿ

k“1

βkρ pak ˚ x0 ` bkq , for x0 PW
k,ppRnq,

with pak ˚ x0q pvq :“
ş

Rn akpuqx0pv ´ uqdu, where βk P R, ak P C
8
c pRnq and

bk P W
k,ppRnq. Hereby, the convolution ak ˚ x0 P W

k,ppRnq is well-defined
by similar arguments as in [Bré11, Lemma 9.1] for the case k “ 1, and ρ :
W k,ppRnq Ñ W k,ppRnq is a non-linear operator. For the implementation, the
functions ak P C

8
c pRnq and bk P W

k,ppRnq might be replaced by conventional
neural networks in NN ρ0

n,8 with ρ0 P C
8
c pRq and ρ0 PW

k,ppRq, respectively.

These three examples provide a first overview over the broad range of ap-
plications of this approach. From a mathematical perspective, the input space
is allowed to violate the vector space structure (second example), whereas the
output space can also be infinite dimensional (third example).

For more background in Functional Analysis, we refer the reader to the
textbooks [KM97] and [SW99], whereas the textbooks [Pro77] and [Lla86] give
useful overviews on the vector-valued approximation using polynomial algebras
and the approximation of differentiable functions including the derivatives.
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3.2 Weighted Space and Stone-Weierstrass

For the universal approximation result between infinite dimensional spaces, we
use the structure of a weighted space for the input and hidden layer space.
Weighted spaces were first introduced in [RS06] for Kolmogorov equations in
infinite dimensions, and also used in [DT10] and [CT19] as well as [CT20] in
the context of splitting schemes for (stochastic) partial differential equations
((S)PDEs) and generalized Feller processes.

3.2.1 Functions on Weighted Space

In the following, the input space pX, τXq is assumed to be a completely regular
Hausdorff topological space, whereas the output space pY, τY q is supposed to
be a complete locally convex topological vector space whose topology τY is
generated by the family of continuous seminorms P “ tp : Y Ñ R seminormu.

Definition 3.1. We call ψ : X Ñs0,8r an admissible weight function (on
pX, τXq) if every preimage KR :“ ψ´1ps0, Rsq “ tx P X; ψpxq ď Ru is compact
with respect to τX , for all R ą 0.

An admissible weight function ψ : X Ñs0,8r is necessarily lower semicon-
tinuous and bounded from below by a strictly positive constant. In this case,
the pair pX,ψq is called a weighted space, which is by definition σ-compact
with respect to τX because we have X “

Ť

RPNKR. If pX, τXq is furthermore a
separable locally convex topological vector space and ψ : X Ñs0,8r is convex,
then ψ : X Ñs0,8r is continuous on E Ă X if and only if E is locally compact
with respect to τX , see [CT20, Remark 2.2].

In the following, we present some particular examples of weighted spaces
pX,ψq, where the compactness of the preimages KR “ ψ´1ps0, Rsq needs to
be verified with a suitable criterion (e.g. Arzelà-Ascoli type theorems as in
Theorem 1.16). Usually, one does not recover the full space of interest in this
σ-compact setting, but a large subspace of the input space. In particular, we
give some examples related to the input spaces of the abstract neural networks
used in the introductory examples in Section 3.1.
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Example 3.2. In the following, we give particular examples of admissible
weight functions ψ : X Ñs0,8r.

(i) For the Euclidean space X “ Rn with the topology induced by the norm

}x} “
`
řn
i“1 x

2
i

˘1{2
, we choose the weight function ψpxq “ exp p}x}q such

that KR “ ψ´1ps0, Rsq is bounded and closed, and thus compact in Rn,
for all R ą 0. Hence, pRn, ψq is a weighted space.

(ii) If X is defined as the dual of a Banach space pS, } ¨ }Sq equipped with the
weak-˚-topology, the weight function can be defined as ψpxq “ exp p}x}S˚q
such that KR “ ψ´1ps0, Rsq is by Banach-Alaoglu in Theorem 1.15 com-
pact in the weak-˚-topology, for all R ą 0. Hence, pS˚, ψq is a weighted
space.

(iii) For some α ą 0 and compact subset Ω Ă Rn, let X “ CαpΩq be the space
of α-Hölder continuous functions x : Ω Ñ R such that the Hölder norm
}x}CαpΩq :“ }x}C0pΩq ` }x}α is finite, where

}x}α “ sup
u,vPΩ
u‰v

|xpuq ´ xpvq|

}u´ v}α
,

for x P CαpΩq. Then, CαpΩq is the dual of a Banach space pS, } ¨ }Sq (see
Section 3.6) such that CαpΩq can be equipped with a weak-˚-topology. In
this case, the weight function ψpxq “ exp

`

}x}CαpΩq
˘

is by Banach-Alaoglu
in Theorem 1.15 admissible and pCαpΩq, ψq is a weighted space.

(iv) Instead of the weak-˚-topology in (iii), we could consider X “ CαpΩq
with the norm topology generated by } ¨ }C0pΩq such that pX, } ¨ }C0pΩqq

is an incomplete normed vector space. In this case, we define the weight
function ψpxq “ exp

`

}x}CαpΩq
˘

such that KR “ ψ´1ps0, Rsq is by Arzelà-
Ascoli in Corollary 1.17 compact with respect to } ¨ }C0pΩq, for all R ą 0.
Hence, pCαpΩq, ψq is a weighted space.

(v) For some α ą 0 and T ą 0, let X “ ΛαT be the space of stopped
α-Hölder continuous paths with metric d8 : ΛαT ˆ ΛαT Ñ r0,8r in-
troduced in Section 3.1, which can also be expressed as quotient space
ΛαT “ r0, T s ˆ Cαpr0, T s;Rnq{ „ by identifying pt, xq „ ps, yq if and only
if t “ s and xt “ ys. Then, we define the weight function as ψpt, xq “
exp

`

}x}Cαpr0,T s;Rnq
˘

such that AR :“ tx P Cαpr0, T s;Rnq; pt, xq P KRu

is by Arzelà-Ascoli in Theorem 1.16 compact with respect to the norm
} ¨ }C0pr0,T s;Rnq. In this case, r0, T s ˆ AR is by Tychonoff compact in the
product topology of r0, T s ˆ C0pr0, T s;Rnq such that KR is as quotient
also compact with respect to d8 : ΛαT ˆΛαT Ñ r0,8r. Hence, pΛαT , ψq is a
weighted space.
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Example 3.2 (continued).

(vi) For a measure space pΩ,F , µq and some 1 ď p ă 8, let X “ LppΩq
be the space of Lp-functions x : Ω Ñ R such that the norm }x}LppΩq “
`ş

Ω
|xpωq|pdµpωq

˘1{p
is finite. Then, the dual of LqpΩq is isometrically

isomorph to LppΩq, with 1{p` 1{q “ 1, such that LppΩq can be equipped
with a weak-˚-topology. In this case, ψpxq “ exp

`

}x}LppΩq
˘

is by Banach-
Alaoglu in Theorem 1.15 admissible and pLppΩq, ψq is a weighted space.
For p “ 8, the dual of L1pΩq is isometrically isomorph to L8pΩq if µ :
F Ñ r0,8r is σ-finite, where L8pΩq :“ tx : Ω Ñ R; x is µ-a.e. boundedu.

(vii) For a bounded subset Ω Ă Rn and the Lebesgue measure λ : F Ñ r0,8r,
we could consider a subset X Ă LppΩq :“ LppΩ,F , λq instead of LppΩq
consisting of functions x : Ω Ñ R such that

}x}p “ }x}LppΩq ` sup
hPRnzt0u

}x´ xp¨ ` hq}LppRnq

}h}

is finite, where x : Ω Ñ R is extended to Rn by setting it to zero out-
side of Ω. Similarly as in (iv), we equip X with the norm topology
} ¨ }LppΩq instead of the weak-˚-topology and define the weight function
ψpxq “ exp p}x}pq. Then, KR “ ψ´1ps0, Rsq is by Fréchet-Kolmogorov in
Corollary 1.18 compact with respect to } ¨ }LppΩq, for all R ą 0, such that
pX,ψq is a weighted space.

From now on, ψ : X Ñs0,8r shall always denote an admissible weight func-
tion. Besides the vector space of bounded and continuous functions C0

b pX;Y q,
we introduce the vector space of Y -valued functions

BψpX;Y q “

"

f : X Ñ Y ; sup
xPX

ppfpxqq

ψpxq
ă 8, for each p P P

*

,

whose growth is controlled by the growth of ψ : X Ñs0,8r, equipped with the
topology τ0

ψ generated by the family of seminorms

Q “
"

f ÞÑ qpfq “ sup
xPX

ppfpxqq{ψpxq; p P P
*

,

such that pBψpX;Y q, τ0
ψq is itself a locally convex topological vector space.

Moreover, since τ0
ψ is a weaker topology on C0

b pX;Y q than the uniform topology

τ0
u such that the embedding C0

b pX;Y q Ď BψpX;Y q holds true.
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Definition 3.3. We define BψpX;Y q as the τ0
ψ-completion of C0

b pX;Y q, which

is a complete locally convex topological vector space with topology τ0
ψ generated

by the family of seminorms Q. If Y “ R, we write BψpXq “ BψpX;Rq, where

the weighted norm }f}BψpXq “ supxPX
|fpxq|
ψpxq turns BψpXq into a Banach space.

If X is compact, the weight function ψpxq “ 1 is admissible. However,
on general spaces, ψ : X Ñs0,8r grows on the compact preimages KR :“
ψ´1ps0, Rsq such that elements of BψpX;Y q are typically unbounded, but their
growth is controlled by the growth of ψ : X Ñs0,8r. For Y “ R, the following
result characterizes functions in BψpXq, which relies on the Tietze extension
theorem for the Stone-Čech compactification of the completely regular Haus-
dorff space X, where we follow the proof of [DT10, Theorem 2.7].

Lemma 3.4 ([DT10, Theorem 2.7]). Let f : X Ñ R be a function. Then,
f P BψpXq if and only if f |KR P C

0pKRq, for all R ą 0, and

lim
RÑ8

sup
xPXzKR

|fpxq|

ψpxq
“ 0. (3.2.1)

In particular, f P BψpXq for every f P C0pXq, where (3.2.1) holds true.

Proof. For sufficiency, let f P BψpXq and fix ε ą 0. By definition of BψpXq
there exists g P C0

b pXq with }f ´ g}BψpXq ă ε{2 such that |fpxq|{ψpxq ď

ε{2` |gpxq|{ψpxq, for all x P X. Choosing R ą 2ε´1 supxPX |gpxq|, we have

sup
xPXzKR

|fpxq|

ψpxq
ď
ε

2
` sup
xPXzKR

|gpxq|

ψpxq
ď
ε

2
`

supxPX |gpxq|

R
ă ε,

showing that (3.2.1) holds true. In addition, it follows that supxPKR |fpxq ´
gpxq| ď R supxPX |fpxq ´ gpxq|{ψpxq ď εR{2, for all R ą 0, such that f |KR :
KR Ñ R is continuous as the uniform limit of continuous functions.

For necessity, let f : X Ñ R such that f |KR P C
0pKRq, for all R ą 0,

and (3.2.1). Define fn : X Ñ R by fnpxq “ minpmaxpfpxq,´nq, nq, for x P X
and n P N, such that f |KR P C

0pKRq implies fn|KR P C
0pKRq. By [Bou74,

Proposition IX§1.3+4], pX, τXq can be embedded into its Stone-Čech compact-

ification p qX, τ
|X
q, where KR is also compact in qX. By the Tietze extension

theorem in [Bou74, Théorème IX§4.2], there exists an extension gn,R P C
0
b pXq

with gn,R|KR “ fn|KR and supxPX |gn,Rpxq| ď n. From this, it follows that

}fn ´ gn,R}BψpXq ď sup
xPXzKR

|fnpxq ´ gn,Rpxq|

ψpxq
ď

2n

R
, (3.2.2)
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which implies that fn P BψpXq because gn,R P C
0
b pXq Ă BψpXq and the right-

hand side of (3.2.2) can become arbitrarily small. Moreover, there exists by
(3.2.1) some R ą 0 with supxPXzKR |fpxq|{ψpxq ă ε{2, for which we choose
some n P N with n ą supxPKR |fpxq| such that f |KR “ fn|KR . This implies

}f ´ fn}BψpXq ď sup
xPXzKR

|fpxq ´ fnpxq|

ψpxq
ď 2 sup

xPXzKR

|fnpxq|

ψpxq
ă ε,

which shows that f P BψpXq.

In addition, there exists for every f P BψpXq with supxPX fpxq ą 0 by
[DT10, Theorem 2.8] some x0 P X such that fpxq{ψpxq ď fpx0q{ψpx0q, for all
x P X, showing the analogy with functions vanishing at infinity.

3.2.2 Weighted Stone-Weierstrass Theorem

In this section, we generalize the Stone-Weierstrass in Theorem 1.35 to our
weighted setting with vector-valued functions, where X is a σ-compact com-
pletely regular Hausdorff space and the admissible weight function ψ : X Ñ

s0,8r controls the approximation outside of large compact sets.
However, we have to assume an additional condition related to Nachbin’s

definition of localisability (see [Nac65, Definition 4]), where the weighted ap-
proximation problem allows for more than one upper semicontinuous weight
v : X Ñ r0,8r (e.g. vpxq “ 1{ψpxq, for an admissible weight function ψ : X Ñ

s0,8r) and can therefore represent other topologies.

Definition 3.5. A subalgebra A Ă BψpXq is called locally point separating

(under ψ : X Ñs0,8r) if there exists a point separating vector subspace rA Ă A
such that x ÞÑ exp p|rapxq|q P BψpXq, for all ra P rA.

Remark 3.6. A subalgebra A Ă BψpXq is locally point separating under any
given admissible weight function ψ : X Ñs0,8r if the subalgebra A Ă C0

b pXq
is point separating and consists only of bounded functions. This is related to
the so-called “bounded approximation problem”, see [Nac65, Theorem 1].

Theorem 3.7 (Stone-Weierstrass on BψpXq). For a subalgebra A Ă BψpXq,
the following are equivalent.

(i) A is locally point separating and vanishes nowhere.

(ii) A is τ0
ψ-dense in BψpXq.
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Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating or does not vanish nowhere. If A is not locally
point separating, there exists either a point separating vector subspace rA Ă A
such that x ÞÑ exp p|rapxq|q R BψpXq, for all ra P rA, or there exist distinct
x1, x2 P X with apx1q “ apx2q, for all a P A satisfying x ÞÑ exp p|apxq|q P

BψpXq. In the first case, we obtain a contradiction because rA Ă A contains
the zero function, whereas otherwise we define the proper closed subalgebra
A1 “ tf P BψpXq; fpx1q “ fpx2qu of BψpXq. In addition, if A does not vanish
nowhere, i.e. there exists x0 P X with apx0q “ 0, for all a P A, we define
the proper closed subalgebra A2 “ tf P BψpXq; fpx0q “ 0u. Then, the τ0

ψ-

closure of A lies either in A1 or A2 such that the τ0
ψ-closure of A is also a

proper subalgebra of BψpXq, which contradicts the assertion in (ii) such that
the assumptions in (i) must be satisfied.

For the other direction, it suffices to show the approximation of some f P
C0
b pXq by an element a P A, because C0

b pXq is by definition τ0
ψ-dense in BψpXq.

We first assume that A consists only of bounded functions in C0
b pXq such that

the assumption of A being locally point separating reduces to A being point
separating. Let f P C0

b pXq, fix ε ą 0, and define M “ pinfxPX ψpxqq
´1
ą

0 as well as b “ supxPX |fpxq| ` ε{p4Mq. Choosing R ě 4b{ε, we observe
that the restriction A|KR is a point separating subalgebra of C0pKRq, which
vanishes nowhere, such that there exists by the classical Stone-Weierstrass in
Theorem 1.35 some a P A with

sup
xPKR

|fpxq ´ apxq| ă
ε

4M
,

which implies |apxq| ď ε{p4Mq ` supxPX |fpxq| “ b, for all x P KR. Let
g P C0

b pRq be the function defined by gpsq “ maxpminps, bq,´bq, for s P R, such
that gpapxqq “ apxq, for all x P KR. Then, it follows that

}f ´ g ˝ a}BψpXq ďM sup
xPKR

|fpxq ´ apxq| ` sup
xPXzKR

|fpxq|

ψpxq
` sup
xPXzKR

|gpapxqq|

ψpxq

ăM
ε

4M
`

supxPX |fpxq|

R
`

supxPX |gpapxqq|

R

ď
ε

4
`
b

R
`
b

R
ď

3ε

4
.

(3.2.3)
For c “ supxPX |apxq|, we find by Weierstrass’ approximation result in Theo-
rem 1.33 some polynomial pn P PolpRq satisfying |gpsq ´ pnpsq| ă ε{p4Mq, for
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all |s| ď c. Using this, we observe that

}pg ´ pnq ˝ a}BψpXq ďM sup
xPX

|gpapxqq ´ pnpapxqq| ďM sup
|s|ďc

|gpsq ´ pnpsq|

ăM
ε

4M
“
ε

4
.

(3.2.4)
Combining (3.2.3) with (3.2.4) and using that pn ˝ a P A because A is a sub-
algebra, we conclude that

}f ´ pn ˝ a}BψpXq ď }f ´ g ˝ a}BψpXq ` }pg ´ pnq ˝ a}BψpXq ď
3ε

4
`
ε

4
“ ε.

Since ε ą 0 and f P C0
b pXq were chosen arbitrarily, it follows that A Ă C0

b pXq
is τ0

ψ-dense in BψpXq.

For the general case of a locally point separating subalgebra A Ă BψpXq
with point separating vector subspace rA Ă A such that x ÞÑ exp p|rapxq|q P

BψpXq, for all ra P rA, we first show that x ÞÑ cos prapxqq and x ÞÑ sin prapxqq,

with ra P rA, belong to the τ0
ψ-closure of A. Indeed, let ra P rA and fix some

ε ą 0, for which there exists by Lemma 3.4 some R ě 4{ε such that

sup
xPXzKR

exp p|rapxq|q

ψpxq
ď
ε

4
.

Let c “ supxPKR |rapxq| such that the Taylor polynomial of the cosinus pnpsq “
řn
k“0

p´1qk

p2kq! s
2k satisfies sup|s|ďc | cospsq´pnpsq| ď

c2n`1

p2n`1q! . Choosing n P N large

enough such that c2n`1

p2n`1q! ď
ε

2M and using that |pnpsq| ď expp|s|q, we conclude

that

}pcos´pnq ˝ ra}BψpXq ďM sup
xPKR

| cos prapxqq ´ pn prapxqq |

` sup
xPXzKR

|cos prapxqq|

ψpxq
` sup
xPXzKR

|pn prapxqq|

ψpxq

ăM
ε

2M
`

supxPX |cos prapxqq|

R
` sup
xPXzKR

exp p|rapxq|q

ψpxq

ď
ε

2
`

1

R
`
ε

4
ď ε.

Since ε ą 0 was chosen arbitrarily, it follows that x ÞÑ cos prapxqq belongs to the
τ0
ψ-closure of A, which holds analogously true for the function x ÞÑ sin prapxqq,
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for all ra P rA. Hence, we conclude that the subalgebra

Atrig “

!

x ÞÑ λ1 cos pra1pxqq ` λ2 sin pra2pxqq ; λ1, λ2 P R, ra1,ra2 P rA
)

of C0
b pXq Ă BψpXq is point separating, vanishes nowhere and lies in the τ0

ψ-
closure of A. By applying the above arguments to the subalgebra Atrig Ă

C0
b pXq consisting of bounded functions, we conclude that Atrig is τ0

ψ-dense in

BψpXq. However, because Atrig lies in the τ0
ψ-closure of A, A is also τ0

ψ-dense
in BψpXq.

For the vector-valued case, we state the vector-valued Stone-Weierstrass of
R. Creighton Buck in [Buc58] with compact Hausdorff domain, for which we
introduce the notion of a submodule.

Definition 3.8. Let A Ă C0pXq be a subalgebra and let W Ă C0pX;Y q be a
vector subspace. Then, W is called an A-submodule if a ¨w PW, for all a P A
and w PW, where x ÞÑ pa ¨ wqpxq :“ apxqwpxq.

Theorem 3.9 (Stone-Weierstrass, [Buc58, p. 103]). Let pX, τXq be a compact
Hausdorff space and let pY, τY q be a locally convex topological vector space.
Assume that A Ă C0pXq is a subalgebra and let W Ă C0pX;Y q be an A-
submodule. Then, the following are equivalent.

(i) A is point separating and vanishes nowhere, and Wpxq :“ twpxq; w PWu
is dense in Y , for all x P X.

(ii) W is dense in C0pX;Y q.

For the vector-valued Stone-Weierstrass on weighted spaces, we consider the
weight functions ψw,p : X Ñs0,8r defined by ψw,ppxq “ ψpxq{p1 ` ppwpxqqq,
for x P X and some w P BψpX;Y q and p P P.

Lemma 3.10. For every w P BψpX;Y q and p P P, the weight function ψw,p :
X Ñs0,8r is admissible.

Proof. For w P BψpX;Y q and p P P, it follows that x ÞÑ 1` ppwpxqq P BψpXq
such that Lemma 3.4 implies limRÑ8 supxPXzKRp1`ppwpxqqq{ψpxq “ 0. Using

this, we find for every R ą 0 some rR ě R such that x P Kw,p,R :“ ψ´1
w,pps0, Rsq,

i.e. ψw,ppxq ď R, implies x P K
rR “ ψ´1ps0, rRsq. Hence, Kw,p,R Ď K

rR is by
continuity of x ÞÑ 1 ` ppwpxqq closed and thus compact, which shows that
ψw,p : X Ñs0,8r is admissible.
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Theorem 3.11 (Stone-Weierstrass on BψpX;Y q). Let A Ă BψpXq be a subal-
gebra and assume that W Ă BψpX;Y q is an A-submodule. Then, the following
are equivalent.

(i) A vanishes nowhere and is locally point separating under every weight
function ψw,p : X Ñs0,8r, for all w P W and p P P. In addition,
Wpxq :“ twpxq; w PWu is dense in Y , for all x P X.

(ii) W is τ0
ψ-dense in BψpX;Y q.

Proof. In order to show that (ii) implies (i), we assume by contradiction that A
is not locally point separating under some ψw,p : X Ñs0,8r, does not vanish
nowhere, or there exists some x3 P X such thatWpx3q Ă E, for a proper closed
vector subspace E Ă Y . If A is not locally point separating under ψw,p : X Ñ

s0,8r, there exists either a point separating vector subspace rA Ă A with x ÞÑ

exp p|rapxq|q R Bψw,ppXq, for some ra P rA, or there exist distinct x1, x2 P X with
apx1q “ apx2q, for all a P A satisfying x ÞÑ exp p|apxq|q P Bψw,ppXq. In the first

case, we obtain a contradiction because rA Ă A is a vector subspace such that
rA contains the zero function, whereas in the second case we define the proper

closed A-submodule W1 “ spanta ¨ f ; f P BψpX;Y q, a P A, apx1q “ apx2qu.
Moreover, if A does not vanish nowhere, i.e. there exists some x0 P X with
apx0q “ 0, for all a P A, or Wpx3q is containted in E, we define the proper
closed A-submodules W2 “ spanta ¨ f ; f P BψpX;Y q, a P A, apx0q “ 0u and
W3 “ spanta ¨ f ; f P BψpX;Y q, a P A, fpx3q P Eu. Then, the τ0

ψ-closure of W
lies either in W1, W2 or W3, such that the τ0

ψ-closure of W is a proper closed
A-submodule of BψpX;Y q, which contradicts (ii) such that the assumptions (i)
must be satisfied.

For the other direction, we first show that the τ0
ψ-closure of W is a C0

b pXq-

submodule. Let g P C0
b pXq and let w̄ : X Ñ Y belong to the τ0

ψ-closure of W,
fix some ε ą 0 and p P P, and define c “ supxPX |gpxq|. Then, there exists
some w P W with q pw̄ ´ wq “ supxPX p pw̄pxq ´ wpxqq {ψpxq ă ε{p2cq, which
implies

q pg ¨ w̄ ´ g ¨ wq “ sup
xPX

|gpxq|p pw̄pxq ´ wpxqq

ψpxq
ď c sup

xPX

p pw̄pxq ´ wpxqq

ψpxq
ă
ε

2
,

(3.2.5)
where q P Q denotes the corresponding seminorm. Moreover, ψw,p : X Ñs0,8r
is by Lemma 3.10 admissible and for every a P A, we have a ¨ w P BψpX;Y q
such that x ÞÑ |apxq|p1 ` ppwpxqqq P BψpXq. Then, it follows by Lemma 3.4
that a P Bψw,ppXq such that A is also a subalgebra of Bψw,ppXq. Hence, by
applying the Stone-Weierstrass in Theorem 3.7 on Bψw,ppXq there exists some
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a P A with }g ´ a}Bψw,p pXq ă ε{2 such that

q pg ¨ w ´ a ¨ wq “ sup
xPX

ppgpxqwpxq ´ apxqwpxqq

ψpxq

ď sup
xPX

|gpxq ´ apxq|p1` ppwpxqqq

ψpxq

“ }g ´ a}Bψw,p pXq ă
ε

2
.

(3.2.6)

By combining (3.2.5) with (3.2.6), we conclude that q pg ¨ w̄ ´ a ¨ wq ă ε, which
shows that g ¨ w̄ : X Ñ Y belongs to the τ0

ψ-closure of W, because ε ą 0 and

p P P were chosen arbitrarily, and W is an A-submodule. Since g P C0
b pXq and

w PW were also chosen arbitrarily, the τ0
ψ-closure ofW is a C0

b pXq-submodule.

Finally, in order to show (ii) we first observe that C0
b pX;Y q is τ0

ψ-dense

in BψpX;Y q such that we only need to approximate some f P C0
b pX;Y q by

an element w P W. Let f P C0
b pX;Y q, fix ε ą 0 and p P P, and define b “

supxPX ppfpxqq as well as M “ pinfxPX ψpxqq
´1

. For R ě maxp4pb`1q{ε, 1{Mq,
we observe that the restricted subalgebra A|KR of C0pKRq and the restricted
A|KR -submodule W|KR of C0pKR;Y q satisfy the assumptions of the classical
Stone-Weierstrass in Theorem 3.9 such that there exists some w PW with

sup
xPKR

p pfpxq ´ wpxqq ă
ε

4M
. (3.2.7)

Define c “ supxPKR ppwpxqq, for which it follows by (3.2.7) that c ď ε{p4Mq `
b. From this, we define the function g P C0

b pXq by gpxq “ minp1 ` c, 1 `
ppwpxqqq{p1 ` ppwpxqqq, for x P X, such that gpxq “ 1, for all x P KR. Then,
the function g ¨ w P C0

b pX;Y q is bounded with supxPX ppgpxqwpxqq ď 1 ` c ď
1 ` b ` ε{p4Mq and belongs to the τ0

ψ-closure of W, because the latter is a

C0
b pXq-submodule. Using (3.2.7), it follows that

qpf ´ g ¨ wq ďM sup
xPKR

ppfpxq ´ wpxqq

` sup
xPXzKR

ppfpxqq

ψpxq
` sup
xPXzKR

ppgpxqwpxqq

ψpxq

ăM
ε

4M
`

supxPX ppfpxqq

R
`

supxPX ppgpxqwpxqq

R

ď
ε

4
`
b

R
`

1` b

R
`

ε

4MR
ď ε,

where q P Q is the seminorm corresponding to p. Since ε ą 0, p P P and
f P C0

b pX;Y q were chosen arbitrarily, W is τ0
ψ-dense in BψpX;Y q.
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Remark 3.12. In Theorem 3.11, A Ă BψpXq is locally point separating under
every ψw,p : X Ñs0,8r, for all w PW and p P P, if either A Ă C0

b pXq consists
only of bounded functions (see Remark 3.6) or if A Ă B?ψpXq is locally point

separating under
?
ψ : X Ñs0,8r and W is a subset of B?ψpX;Y q. In both

cases, the multiplication A ˆW Q pa,wq ÞÑ a ¨ w P BψpX;Y q becomes jointly
continuous.

While the real-valued Stone-Weierstrass in Theorem 3.7 can be applied to
the weighted polynomial approximation problem of Sergei Bernstein in [Ber24],
the vector-valued Stone-Weierstrass in Theorem 3.11 is a special case of [Nac65,
Theorem 6], which has been generalized by João B. Prolla in [Pro71] extending
the measure theoretic version of Erret Bishop in [Bis61] for the compact case.
In addition, Silvio Machado derived in [Mac77] a quantitative version relying
on Zorn’s lemma, see also [BD81] and [Ran84].

3.3 Neural Networks in Infinite Dimension

In [MP43], [Cyb89] and [Hor91], neural networks were introduced between
finite dimensional Euclidean spaces, whereas in the following, we assume that
the input space pX,ψq is given by a weighted space, the hidden layer space
pZ,ψZq is a complete weighted topological vector space, whose topology τZ
is locally convex, and the output space pY, τY q is given by a complete locally
convex topological vector space.

3.3.1 Abstract Neural Networks

First, we introduce the infinite dimensional analogue of the weight matrices
and bias vectors used in neural networks between finite dimensional spaces,
followed by the definition of the abstract neural network.

Definition 3.13. A subset H Ă BψpX;Zq is called an additive family (between
X and Z) if H is closed under addition, point separating and contains the
constant functions.

Remark 3.14. In the finite dimensional case of X “ Rn and Z “ Rm, an
additive family is given by H “ tx ÞÑ Ax` b; A P Rmˆn, b P Rmu, showing the
analogy to affine maps with weight matrices and bias vectors, whereas H “

tx ÞÑ Ax` b; A P Nmˆn, b P Rmu is an even smaller additive family.
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Definition 3.15. For an additive family H Ă BψpX;Zq, a subset R Ă BψZ pZ;Zq
called the activation family, and a subset L Ă LpZ;Y q called the linear readout,
we define an abstract neural network (ANN) ϕ : X Ñ Y by

ϕpxq “
N
ÿ

k“1

βkρkphkpxqq, (3.3.1)

for x P X, where N P Ně1, β1, ..., βN P L denote the linear readouts, ρ1, ..., ρN P
R are the activation functions and h1, ..., hN P H represent the hidden layer
maps. Moreover, NNH,R,L

X,Y denotes the set of ANNs of the form (3.3.1), where
the triple pH,R,Lq is its architecture (between X and Y ), see Figure 3.1.

Input Layer
pX,ψq

Hidden Layer
pZ,ψZq

Output Layer
pY, τY q

x P X ϕpxq P Y

H
R

L

Figure 3.1: An example of an abstract neural network ϕ : X Ñ Y with architecture
pH,R,Lq and N “ 3 number of nodes.

Remark 3.16. In [Cyb89] and [Hor91], neural networks were introduced be-
tween X “ Rn and Y “ R with Z “ R, where the additive family H consists
of affine maps hpxq “ aJx ` b, with a P Rn and b P R, the activation family
R “ tρu is a singleton ρ : RÑ R, and the linear readout L contains functions

βpzq “ wz, with w P R. Then, NNH,R,L
Rn,R is dense in C0pRnq on compacta if

ρ : RÑ R is continuous and either

(i) bounded and sigmoidal (or discriminatory in the sense of Definition 2.2,
see [Cyb89, Theorem 1]),

(ii) bounded and non-constant (see [Hor91, Theorem 2]),
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Remark 3.16 (continued).

(iii) non-polynomial (see [Pin99, Theorem 3.1]), or

(iv) non-affine and differentiable at one point with non-zero derivative (see
[KL20, Theorem 3.2]).

If ρ : RÑ R is additionally bounded, NNH,R,L
Rn,R is τ0

u-dense in C0
b pRnq because

τ0
u is a weaker topology on C0

b pRnq than the topology of uniform convergence
on compacts. Finally, by using that τ0

ψ is again a weaker topology on C0
b pRnq,

which is τ0
ψ-dense in BψpRnq, NNH,R,L

Rn,R is also τ0
ψ-dense in BψpRnq.

For the infinite dimensional generalization of neural networks described in
Remark 3.16, we first consider the case with a multidimensional output Y “ Rd
followed by some examples with infinite dimensional spaces.

Example 3.17 (Learning a Function). An abstract neural network ϕ : Rn Ñ
Rd with Z “ Rd can be obtained by stacking d real-valued neural networks on
top of each other such that ϕ : Rn Ñ Rd is given by

ϕpxq “

¨

˚

˚

˚

˝

řN
k“1 β

1
kρ0

´

`

a1
k

˘J
x` b1k

¯

...
řN
k“1 β

d
kρ0

´

`

adk
˘J
x` bdk

¯

˛

‹

‹

‹

‚

“

N
ÿ

k“1

βkρ pAkx` bkq ,

where L consists of diagonal matrices βk “ diagpβ1
k, ..., β

d
kq and H contains

hidden layer maps hpxq “ Akx ` bk with Ak “ pa1
k, ..., a

d
kq
J P Rdˆn and

bk P Rd. In addition, the activation function ρ : Rd Ñ Rd is obtained by com-
ponentwise application of some ρ0 : R Ñ R used in Remark 3.16, i.e. ρpzq “
pρ0pz1q, ..., ρ0pzdqq

J.
On the other hand, a fully connected neural network ϕ : Rn Ñ Rd with

Z “ Rm is obtained with H “ tx ÞÑ Ax` b; A P Rmˆn, b P Rmu and L “
 

z ÞÑWz; W P Rdˆm
(

.

Example 3.18 (Learning a Functional). For a weighted space pX,ψq and Y “
Z “ R, an abstract neural network ϕ : X Ñ R consists of hidden layer maps
h : X Ñ R, a bounded and continuous activation function ρ : RÑ R described
in Remark 3.16, and the linear readout is given by L “ tz ÞÑ wz; w P Ru.
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Example 3.19 (Learning an Operator). For a weighted space pX,ψq and a
complete locally convex topological vector space pY, τY q, we choose Z “ Rm
such that the additive family of an abstract neural network ϕ : X Ñ Y consists
of hidden layer maps h : X Ñ Rm and the linear readouts are of the form
βpzq “ y wJz, for w P Rm and y P Y . Hereby, the activation function ρ :
Rm Ñ Rm is chosen as in Example 3.17.

On the other hand, deep abstract neural networks with finitely many hidden
layer can be constructed by concatenation as in the case with neural networks
between Euclidean spaces, see e.g. [GBC16].

Remark 3.20. For weighted locally convex topological vector spaces pZ1, ψ1q

and pZ2, ψ2q, let H be an additive family between X and Z1, assume that R1 Ă

BψZ1
pZ1;Z1q and R2 Ă BψZ2

pZ2;Z2q, and suppose that L1 Ă LpZ1;Z2q and

L2 Ă LpZ2;Y q are linear readouts. If NNH,R1,L1

X,Z2
is τ0

ψ-dense in BψpX;Z2q, it
is an additive family between X and Z2 such that an abstract neural network
ϕ : X Ñ Y with two hidden layers is of the form

ϕpxq “
N2
ÿ

k“1

βkρk pϕkpxqq “
N2
ÿ

k“1

βkρk

˜

N1
ÿ

l“1

βklρklphklpxqq

¸

,

for x P X, where βk P L2, ρk P R2 and ϕk P NNH,R1,L1

X,Z2
, with βkl P L1,

ρkl P R1, hkl P H, see Figure 3.2.

Input Layer
pX,ψq

1st Hidden Layer

pZ1, ψZ1
q

2nd Hidden Layer
pZ2, ψZ2

q Output Layer
pY, τY q

x P X ϕpxq P Y

H

R1

L1
R2

L2

h11

h12

h21

h22

β11

β12

β21

β22

β11

β12

ρ11

ρ12

ρ21

ρ22

ρ1

ρ2

Figure 3.2: An example of an abstract neural network ϕ : X Ñ Y with two hidden layers,
where pN1, N2q “ p2, 2q.

Analogously to Remark 3.20, it is possible to construct abstract neural
networks with finitely many hidden layers, for which the results of the upcoming
sections can be generalized by iterating the argument.
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3.3.2 More Examples of Abstract Neural Networks

For a given input space pX,ψq, hidden layer space pZ,ψZq, and an output
space pY, τY q, finding an additive family H between X and Z is not always
straightforward. If X is additionally a locally convex topological vector space,
the additive family can be found with the help of continuous linear maps.

Lemma 3.21. Let pX,ψq and pZ,ψZq be weighted topological vector spaces,
where the topology τX of X is also locally convex. Then, H “ tx ÞÑ γpxq`b; γ P
LpX;Zq, b P Zu is an additive family between X and Z.

Proof. By definition, H is closed under addition and contains the constant
functions. For point separating, let x1, x2 P X be distinct and define E “

spantx1, x2u. If x1 and x2 are linearly independent, we define the continuous

linear functional rl : E Ñ R by rlpλ1x1 ` λ2x2q “ λ1, for λi P R, such that
rlpx1q “ 1 ‰ 0 “ rlpx2q. Otherwise, if x1 and x2 are linearly dependent, we
can assume without loss of generality that x1 ‰ 0 and x2 “ λx1, for some
λ P Rzt0, 1u, such that the continuous linear functional rl : E Ñ R defined

by rlpλx1q “ λ, for λ P R, satisfies rlpx1q “ 1 ‰ λ “ rlpx2q. In both cases,
rl : E Ñ R can be extended by Hahn-Banach in Theorem 1.28 to a continuous
linear functional l : X Ñ R such that x ÞÑ hpxq :“ lpxqz P H with z P Zzt0u
satisfies

hpx1q “ lpx1qz “ rlpx1qz ‰ rlpx2qz “ lpx2qz “ hpx2q.

Since x1, x2 P X were chosen arbitrarily, it follows that H is point separating
on X.

Lemma 3.21 shows in particular that an abstract neural network over a
locally convex topological vector space pX, τXq with hidden and output layer
Z “ Y “ R is given by some function ϕ : X Ñ R of the form

ϕpxq “
N
ÿ

k“1

βkρ plkpxq ` bkq ,

for x P X, where lk P X
˚, βk, bk P R, and ρ : R Ñ R is an activation function

as in Remark 3.16. In the following, we revisit the introductory examples of
Section 3.1 and consider some additive families.
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Example 3.22. We consider the abstract neural networks of the motivational
examples in Section 3.1 again.

(i) For a compact subset Ω Ă Rn, let X “ C0pΩq and Z “ Y “ R. Then,
an additive family is given by

H “
"

C0pΩq Q x ÞÑ

ż

Ω

xpuqdνpuq ` b P R; ν : F Ñ R, b P R
*

,

with ν : F Ñ R denoting a finite signed Radon measure defined on the
Borel σ-algebra of Ω, whereas the activation family R consists of activa-
tion functions ρ : RÑ R described in Remark 3.16.

(ii) Let X “ ΛT be the space of stopped paths and let Z “ Y “ R. Then, an
additive family is given by

H “

#

ΛT Q pt, xq ÞÑ at`
n
ÿ

i“1

ż t

0

xipuqdνipuq ` b P R;
νi : F Ñ R
a, b P R

+

,

with νi : F Ñ R denoting a finite signed Radon measure defined on
the Borel σ-algebra of r0, T s, whereas the activation family R consists of
activation functions ρ : RÑ R described in Remark 3.16.

(iii) Using the Sobolev space W 1,ppΩq such that X “ Y “ Z “ W 1,ppRnq, an
additive family is given by

H “
 

W 1,ppRnq Q x0 ÞÑ a ˚ x0 ` b; a P C
8
c pRnq, b PW 1,ppRnq

(

,

where the convolution a ˚ x0 P W
1,ppRnq is by [Bré11, Lemma 9.1] well-

defined. In this case, an activation function ρ : W 1,ppRnq Ñ W 1,ppRnq
can be obtained by the pointwise evaluation of a sigmoidal function ρ0 P

C1
b pRq with bounded derivatives and ρ0p0q “ 0, where [Bré11, Propo-

sition 9.5] shows that ρpzq :“ pu ÞÑ ρ0pzpuqqq P W
1,ppRnq, for all z P

W 1,ppRnq. Similar results can be obtained for W k,ppRnq with kp ě n by
using the Sobolev or Nirenberg inequality, see [Ada76, p. 127].

Proof. For (i), the space of Radon measures is by Riesz representation theorem
isomorphic to X˚ “ LpX,Rq such that the conclusion follows from Lemma 3.21.
For (ii), we cannot apply Lemma 3.21 because ΛT is not a vector space. How-
ever, H is closed under addition, contains the constant functions and for distinct
pt1, x1q, pt2, x2q P ΛT , we observe that if t1 ‰ t2, the map pt, xq ÞÑ t P H sepa-
rates pt1, x1q from pt2, x2q. Otherwise, if t1 “ t2 and x1pu0q ‰ x2pu0q, for some
u0 P r0, T s, it follows by continuity that there exists a Radon measure ν with
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mass around u0 such that the map pt, xq ÞÑ
řn
i“1

şt

0
xipuqdνipuq P H separates

pt1, x1q from pt2, x2q. For (iii), H is closed under addition, contains the con-
stant functions and for distinct x1, x2 P W

1,ppRnq, there exists a measurable
set E Ă Rn with positive measure such that x1puq ą x2puq or x1puq ă x2puq,
for all u P E. Then, by using x ÞÑ hpxq “ 1E ˚ x P H, it follows that

hpx1q ´ hpx2q “ 1E ˚ px1 ´ x2q “

ˆ

v ÞÑ

ż

E

px1pv ´ uq ´ x2pv ´ uqqdu

˙

“

ˆ

v ÞÑ ´

ż

v´E

px1puq ´ x2puqqdu

˙

is a non-zero function in W 1,ppRnq, because the right-hand side is non-zero, for
all v P Rn with v ´ E Ď E.

On the other hand, we can also consider the dual of a Hausdorff locally con-
vex topological vector space pS, τSq as input space pX, τXq, where the topology
τX of X is defined as the weak-˚-topology.

Lemma 3.23. Let pS, τSq be a non-trivial locally convex topological vector
spaces and define pX, τXq as the dual of pS, τSq equipped with the weak-˚-
topology. Then, the set H “ tx ÞÑ αpxq ` b; α P LpX;Zq, b P Zu is an additive
family between X and Z.

Proof. By definition, H is closed under addition and contains the constant
functions, whereas for point separating, we first observe that S ‰ t0u implies
X ‰ t0u. Indeed, choose some s P Szt0u, let E “ spantsu and define l P E˚ by
lpsq “ 1. Then, l : E Ñ R can be extended by Hahn-Banach in Theorem 1.28
to some non-zero x P X “ S˚, showing that X ‰ t0u. Now, let x1, x2 P X be
distinct points such that there exists some s P S with x1psq ‰ x2psq. Then, we
conclude for x ÞÑ hpxq :“ ps ÞÑ xpsqzq P H with some z P Zzt0u that

hpx1qpsq “ x1psqz ‰ x2psqz “ hpx2qpsq,

showing thatH is point separating on X, because x1, x2 P X were arbitrary.

Lemma 3.23 shows that an abstract neural network ϕ : S˚ Ñ R over the
dual S˚ of a locally convex topological vector space pS, τSq equipped with the
weak-˚-topology and with hidden and output space Z “ Y “ R is given by

ϕpxq “
N
ÿ

k“1

βkρ pxpskq ` bkq ,

for x P S˚, where sk P S, βk, bk P R, and ρ : RÑ R is as in Remark 3.16.
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Example 3.24. Let pΩ, ψΩq be a weighted space and define pX, τXq as the
dual of BψΩ

pΩq equipped with the weak-˚-topology, which can be identified by
the Riesz representation theorem in [DT10, Theorem 2.4] with the space of finite
signed Radon measuresM consisting of µ : F Ñ R satisfying

ş

Ω
ψΩpωqdµpωq ă

8, where F denotes the Borel σ-algebra of Ω. For Z “ Y “ R, an additive
family is by Lemma 3.23 given by

H “
"

h :MÑ R; hpµq “

ż

Ω

fpωqdµpωq ` b, f P BψΩ
pΩq, b P R

*

,

whereas the activation family R consists of activation functions ρ : R Ñ R
described in Remark 3.16. These abstract neural networks ϕ :MÑ R could be
used to learn a (probability) measure over pΩ, ψΩq.

These results give a first overview of the broad variety of abstract neural
networks and their applications. In the following, we derive sufficient conditions
for universal approximation of abstract neural networks.

3.3.3 Universal Approximation of Abstract Neural Net-
works

Universal approximation was first proven for neural networks between Eu-
clidean spaces in [Cyb89] and in [Hor91] using functional analytical arguments
including the Hahn-Banach theorem and Fourier theory. Later, other univer-
sal approximation results were found for different activation functions, such as
in [Pin99], whereas other results are about the approximation rates of neural
networks, e.g. [Bar93], [Can98] and [BGKP19]. In the following, we generalize
the universal approximation property of abstract neural networks by lifting the
finite dimensional universal approximation results to this infinite dimensional
setting.

For this purpose, we still assume that the input space pX,ψq is given by a
weighted space, the hidden layer space pZ,ψZq is a complete weighted topolog-
ical vector space, whose topology τZ is locally convex, and the output space
pY, τY q is given by a complete locally convex topological vector space. In the
following, we start with the main universal approximation result, which can be
used to lift the universal approximation property of real-valued neural networks
defined on Rn to higher and infinite dimensional spaces.
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Definition 3.25. An architecture pH,R,Lq between X and Y is compatible
with another architecture pG,R,Kq between Z and Z if

(i) for every g P G and h P H, it follows that g ˝ h P H,

(ii) for every h P H, it holds that supxPX
ψZphpxqq
ψpxq ă 8,

(iii) the set
Ť

γPΓ, zPZtγpzqu is dense in Y , where the set Γ Ă LpZ;Y q is given
by Γ “ tγ P LpZ;Y q; @α P K : γ ˝ α P Lu.

Remark 3.26. The first condition in Definition 3.25 is satisfied for every
additive family H between X and Z if the additive family G between Z and Z
admits the simple form G “ tZ Q z ÞÑ λz ` b P Z; λ P N, b P Zu, which might
not be the case for more general additive families G. The second condition
ensures that the value of a hidden layer map in H grows under the weight ψZ :
Z Ñs0,8r at most like ψ : X Ñs0,8r, while the third condition guarantees
that the variety of the linear readout K is transferred to the linear readout L.

Theorem 3.27 (Universal Approximation on BψpX;Y q). Assume that the
architecture pH,R,Lq between X and Y is compatible with another architecture

pG,R,Kq between Z and Z. If NN G,R,K
Z,Z is τ0

ψZ
-dense in BψZ pZ;Zq, then

NNH,R,L
X,Y is τ0

ψ-dense in BψpX;Y q, i.e. for every f P BψpX;Y q, ε ą 0 and

q P Q there exists some ϕ P NNH,R,L
X,Y such that

qpf ´ ϕq “ sup
xPX

ppfpxq ´ ϕpxqq

ψpxq
ă ε,

where p P P denotes the seminorm correponding to q P Q.

Proof. Let A “ tx ÞÑ λ1 cos pz˚1 ph1pxqqq ` λ2 sin pz˚2 ph2pxqqq ; λi P R, z˚i P Z˚,
hi P Hu be a subalgebra of C0

b pXq Ă BψpXq and introduce the vector sub-
space W “ span tx ÞÑ apxqγpz0q; a P A, γ P Γ, z0 P Zu of BψpX;Y q, which is
by definition an A-submodule, where Γ :“ tγ P LpZ;Y q; @α P K : γ ˝ α P Lu.

Now, we show that W lies in the τ0
ψ-closure of NNH,R,L

X,Y , for which we
assume that PZ is a family of seminorms generating the topology τZ of Z,
which exists by Theorem 1.25. Fix some ε ą 0 and p P P, and let h P H
as well as γ P Γ, for which we define C1 :“ supxPX ψZphpxqq{ψpxq and the
operator seminorm C2 :“ supzPZ, pZpzqď1 ppγpzqq, for some pZ P PZ existing by
continuity of γ P LpZ;Y q such that supzPZ ppγpzqq ď C2 supzPZ pZpzq. Using
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that NN G,R,K
Z,Z is τ0

ψZ
-dense in BψZ pZ;Zq, there exists for the function z ÞÑ

w1pzq :“ cos pz˚pzqq z0 P BψZ pZ;Zq, with z˚ P Z˚ and z0 P Z, some ϕ1 P

NN G,R,K
Z,Z such that

sup
zPZ

pZpw
1pzq ´ ϕ1pzqq

ψZpzq
ă

ε

C1C2
. (3.3.2)

For the function x ÞÑ wpxq :“ cos pz˚phpxqqq γpz0q P W, we define the corre-

sponding abstract neural network ϕ :“ γ ˝ ϕ1 ˝ h P NNH,R,L
X,Y , where we use

that g ˝ h P H, for all g P G, such that (3.3.2) implies that

sup
xPX

ppwpxq ´ ϕpxqq

ψpxq
ď sup
xPX

ψZphpxqq

ψpxq
sup
zPZ

ppγw1pzq ´ γϕ1pzqq

ψZpzq

ď C1C2 sup
zPZ

pZpw
1pzq ´ ϕ1pzqq

ψZpzq
ă ε.

Since ε ą 0 and p P P were chosen arbitrarily, it follows that x ÞÑ wpxq “

cos pz˚phpxqqq γpz0q P W belongs to the τ0
ψ-closure of NNH,R,L

X,Y , which holds
analogously true for x ÞÑ sin pz˚phpxqqq γpz0q PW. Hence, we conclude by the
triangle inequality that linear combinations of these functions belong to the
τ0
ψ-closure of NNH,R,L

X,Y , which shows that the entire A-submodule W lies in

the τ0
ψ-closure of NNH,R,L

X,Y .

Finally, we apply the weighted Stone-Weierstrass in Theorem 3.11 to show
that NNH,R,L

X,Y is τ0
ψ-dense in BψpX;Y q. For this, we observe that A vanishes

nowhere and consists of bounded and point separating functions such that it is
by Remark 3.12 locally point separating under every ψw,p : X Ñs0,8r, whereas
for some x P X and y˚ P Y ˚ with y˚pwpxqq “ 0, for all w P W, it follows
that y˚pγpzqq “ 0, for all z P Z and γ P Γ. Using that

Ť

γPΓ, zPZtγpzqu is by
assumption dense in Y , we conclude that y˚ : Y Ñ R vanishes everywhere such
that Wpxq “ twpxq; w PWu is by Hahn-Banach in Theorem 1.29 dense in Y ,
for all x P X. Hence, W is by the weighted Stone-Weierstrass in Theorem 3.11
τ0
ψ-dense in BψpX;Y q. However, becauseW lies by the above arguments in the

τ0
ψ-closure of NNH,R,L

X,Y , NNH,R,L
X,Y is also τ0

ψ-dense in BψpX;Y q.

In the following, we show particular applications of Theorem 3.27 to ob-
tain universal approximation results between different input and output spaces,
where we consider the cases of Example 3.17-3.19.
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Corollary 3.28 (Example 3.17(i)). Let X “ Rn and Z “ Y “ Rd with weight
functions ψpxq “ exp

`

}x}2
˘

and ψZpzq “ exp p}z}q, respectively. Let H “
 

x ÞÑ Ax` b; A P Rdˆn, b P Rd
(

be the additive family, assume that R “ tρu
consists of a singleton ρ : Rd Ñ Rd obtained by the componentwise application
of a function ρ0 P C

0
b pRq satisfying one of the conditions in Remark 3.16, and

suppose that the linear readout is L “ tz ÞÑ diagpβ1, ..., βdqz; β1, ..., βd P Ru.
Then, NNH,R,L

Rn,Rd is τ0
ψ-dense in BψpRn;Rdq.

Proof. Since the abstract neural networks inNNH,R,L
Rn,Rd are obtained by stacking

real-valued neural networks on top of each other (see Example 3.17(i)), we

observe that each ϕ P NNH,R,L
Rn,Rd can be written as

ϕpxq “
N
ÿ

k“1

βkρphkpxqq “

¨

˚

˚

˚

˝

řN
k“1 β

1
kρ0

´

`

a1
k

˘J
x` b1k

¯

...
řN
k“1 β

d
kρ0

´

`

adk
˘J
x` bdk

¯

˛

‹

‹

‹

‚

“

N
ÿ

k“1

d
ÿ

i“1

rβikρ0

´

`

aik
˘J
x` bik

¯

,

for rβik “ βikei, with ei denoting the ith unit vector in Rd, such that NNH,R,L
Rn,Rd “

NNH0,tρ0u,L0

Rn,Rd , where H0 “
 

Rn Q x ÞÑ aJx` b P R; a P Rn, b P R
(

and L0 “
 

R Q z ÞÑ βzei P Rd; β P R, i “ 1, ..., d
(

. Now, we consider the additive family

G “ tR Q z ÞÑ λz ` c P R; λ P N, c P Ru on R with weight ψRpzq “ exp
`

|z|2
˘

and the linear readout K “ tR Q z ÞÑ wz P R; w P Ru, where we use that
the function ρ0 P C

0
b pRq satisfies one of the conditions in Remark 3.16 such

that NN G,tρ0u,K
R,R is τ0

ψR
-dense in BψRpRq. Hence, we only need to check that

pH0,R,L0q is compatible with pG,R,Kq such that NNH0,tρ0u,L0

Rn,Rd is by The-

orem 3.27 τ0
ψ-dense in BψpRn;Rdq. Indeed, it follows for every x ÞÑ hpxq “

aJx`b P H0 and gpzq “ λz`c P G that x ÞÑ pg˝hqpxq “ pλaqJx`pλb`cq P H0.
Moreover, we observe for every x ÞÑ hpxq “ aJx` b P H0 that

sup
xPX

ψZphpxqq

ψpxq
“ sup
xPX

e|a
Jx`b|

e}x}2
ď exp p|b|q sup

xPX

e}a}}x}

e}x}2
ă 8.

In addition, we observe that Γ :“ tγ P LpZ0;Y q; @α P K : γ ˝ α P L0u coin-
cides with Γ “ tz ÞÑ zei; i “ 1, ..., du such that

Ť

γPΓ, zPRtγpzqu “ Rd. Hence,

NNH,R,L
Rn,Rd “ NN

H0,tρ0u,L0

Rn,Rd is by Theorem 3.27 τ0
ψ-dense in BψpRn;Rdq.
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Remark 3.29. Corollary 3.28 is a generalization of the real-valued universal
approximation results in [Cyb89] and [Hor91] to weighted spaces, where we
obtain universal approximation of neural networks ϕ : Rn Ñ R on compacta by
choosing for a compact subset K Ă Rn the weight function ψpxq “ 1.

Corollary 3.30 (Example 3.17(ii)). Let X “ Rn, Z “ Rm and Y “ Rd with
weight functions ψpxq “ exp

`

}x}2
˘

and ψZpzq “ exp p}z}q, respectively. Let
H “ tx ÞÑ Ax` b; A P Rmˆn, b P Rmu be the additive family, assume that R “
tρu consists of a singleton ρ : Rm Ñ Rm obtained by the componentwise applica-
tion of a function ρ0 P C

0
b pRq satisfying one of the conditions in Remark 3.16,

and suppose that the linear readout is given by L “
 

z ÞÑWz; W P Rdˆm
(

.

Then, NNH,R,L
Rn,Rd is τ0

ψ-dense in BψpRn;Rdq.

Proof. Similarly as in the proof of Corollary 3.28, we can write an abstract
neural network ϕ P NNH,R,L

Rn,Rd as

ϕpxq “
N
ÿ

k“1

βkρphkpxqq “
N
ÿ

k“1

m
ÿ

i“1

rβikρ0

´

`

aik
˘J
x` bik

¯

,

for rβik “ βikvi, where vi P Rd can be any vector. In this case, we have

NNH,R,L
Rn,Rd “ NN

H0,tρ0u,L0

Rn,Rd , with H0 “
 

Rn Q x ÞÑ aJx` b P R; a P Rn, b P R
(

and L0 “
 

R Q z ÞÑ zv P Rd; v P Rd
(

. Then, the proof follows along the lines

of the proof of Corollary 3.28, where Γ “
 

R Q z ÞÑ zv P Rd; v P Rd
(

such that
Ť

γPΓ, zPRtγpzqu “ Rd. Hence, NNH,R,L
Rn,Rd “ NN

H0,tρ0u,L0

Rn,Rd is by Theorem 3.27

τ0
ψ-dense in BψpRn;Rdq.

Corollary 3.31 (Example 3.18). Let pX,ψq be a weighted space, let pR, ψRq
be the hidden layer space and let Y “ R be the output space. Assume that
H is an additive family with supxPX ψRphpxqq{ψpxq ă 8, for all h P H, let
R “ tρu consist of a singleton ρ P C0

b pRq satisfying one of the conditions in
Remark 3.16, and suppose that the linear readout is L “ tz ÞÑ wz; w P Ru.
Then, NNH,R,L

X,R is τ0
ψ-dense in BψpXq.

Proof. For the additive family G “ tR Q z ÞÑ λz ` c P R; λ P N, c P Ru and the
linear readout K “ tR Q z ÞÑ wz P R; w P Ru, it follows by Remark 3.16 that

NN G,R,K
R,R is τ0

ψR
-dense in BψRpRq. Then, for z ÞÑ gpzq :“ λz` b P G and h P H,
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it follows that x ÞÑ pg ˝hqpxq “ λhpxq` b P H and supxPX ψRphpxqq{ψpxq ă 8,
and we have Γ “ tz ÞÑ wz; w P Ru, which implies

Ť

γPΓ, zPRtγpzqu “ R, such

that NNH,R,L
X,R is by Theorem 3.27 τ0

ψ-dense in BψpXq.

Corollary 3.32 (Example 3.19). Let pX,ψq be a weighted space, let pRm, ψRmq
be the hidden layer space and let pY, τY q be a complete locally convex topological
vector space. Let H be an additive family with supxPX ψRmphpxqq{ψpxq ă 8,
for all h P H, assume that R “ tρu consists of a singleton ρ : Rm Ñ Rm ob-
tained by componentwise application of ρ0 P C

0
b pRq satisfying one condition in

Remark 3.16, and let L “ span
 

Rm Q z ÞÑ ywJz P Y ; w P Rm, y P Y
(

. Then,

NNH,R,L
X,Y is τ0

ψ-dense in BψpX;Y q.

Proof. Similarly as in the previous proofs, we can write an abstract neural
network ϕ P NNH,R,L

X,Y as

ϕpxq “
N
ÿ

k“1

βkρphkpxqq “
N
ÿ

k“1

m
ÿ

i“1

rβikρ0

`

hikpxq
˘

,

for rβik “ βikyi, where yi P Y and hik is the ith component. Then, NNH,R,L
Rn,Rd “

NNH0,tρ0u,L0

Rn,Rd , where H0 “
 

X Q x ÞÑ hipxq P R; h P H, i “ 1, ..., d
(

and L0 “

tR Q z ÞÑ zy P Y ; y P Y u. Then, the proof follows along the lines of the proof
of Corollary 3.28, where we use Γ “ LpR;Y q such that

Ť

γPΓ, zPRtγpzqu “ Y .

Hence, NNH,R,L
X,Y “ NNH0,tρ0u,L0

X,Y is by Theorem 3.27 τ0
ψ-dense in BψpX,Y q.

Corollary 3.28-3.32 are the universal approximation results of the four spe-
cial learning problems presented in Example 3.17-3.19, where the hidden layer
is always finite dimensional. Similarly as in Remark 3.29, the weight function
ψ : X Ñs0,8r can be chosen as ψpxq “ 1 to obtain the universal approximation
results on compacta within the space C0pX;Y q of continuous and vector-valued
functions.

The arguments in Theorem 3.27 can be iterated to obtain universal ap-
proximation of deep abstract neural networks with finitely many hidden lay-
ers, which we show in the following for the particular case of an abstract
neural network with two hidden layers. Let pZ1, ψZ1

q and pZ2, ψZ2
q be the

weighted locally convex topological vector spaces representing the two hid-
den layers, for which we assume that there are architectures pG1,R1,K1q be-

tween Z1 and Z1 and pG2,R2,K2q between Z2 and Z2 such that NN G1,R1,K1

Z1,Z1

is τ0
ψZ1

-dense in BψZ1
pZ1;Z1q and NN G2,R2,K2

Z2,Z2
is τ0

ψZ2
-dense in BψZ2

pZ2;Z2q.
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For simplicity, we assume that the additive families G1 and G2 are given by
G1,2 “ tZ1,2 Q z1,2 ÞÑ λz1,2 ` b P Z1,2; λ P N, b P Z1,2u. In addition, we sup-
pose that L1 Ă LpZ1;Z2q and L2 Ă LpZ2;Y q are linear readouts. Then, by

showing that NNH,R1,L1

X,Z2
is an additive family between X and Z2, we can ap-

ply Theorem 3.27 again to show that abstract neural networks with two hidden
layers have the universal approximation property.

Theorem 3.33 (Universal Approximation of Deep ANN). Let pG1,R1,K1q and
pG2,R2,K2q be two architectures between Z1 and Z1 or Z2 and Z2, respectively,

such that NN G1,R1,K1

Z1,Z1
is τ0

ψZ1
-dense in BψZ1

pZ1;Z1q and NN G2,R2,K2

Z2,Z2
is τ0

ψZ2
-

dense in BψZ2
pZ2;Z2q. Assume that H is an additive family between X and

Z1, which satisfies supxPX ψZphpxqq{ψpxq ă 8, for all h P H, and suppose
that the linear readouts L1 Ă LpZ1;Z2q and L2 Ă LpZ2;Y q are such that
Ť

γ1PΓ1, z1PZ1
tγ1pz1qu is dense in Z2 and

Ť

γ2PΓ2, z2PZ2
tγ2pz2qu is dense in Y ,

where
Γ1 :“ tγ1 P LpZ1;Z2q; @α1 P K1 : γ1 ˝ α1 P L1u ,

Γ2 :“ tγ2 P LpZ2;Y q; @α2 P K2 : γ2 ˝ α2 P L2u .

If supxPX ψZ2
pϕpxqq{ψpxq ă 8, for all ϕ P NNH,R1,L1

X,Z2
, the set of ANNs

NNH,R1,L1,R2,L2

X,Y :“

$

&

%

x ÞÑ
N2
ÿ

k“1

βkρk

˜

N1
ÿ

l“1

βklρklphklpxqq

¸

;
hkl P H

ρkl P R1, ρk P R2

βkl P L1, βk P L2

,

.

-

with two hidden layers is τ0
ψ-dense in BψpX;Y q.

Proof. Since the architecture pH,R1,L1q between X and Z2 is compatible

with the architecture pG1,R1,K1q between Z1 and Z1, NNH,R1,L1

X,Z2
is by The-

orem 3.27 τ0
ψ-dense in BψpX;Z2q. Now, we assume by contradiction that

NNH,R1,L1

X,Z2
is not point separating or does not contain the constant func-

tions such that there exist distinct points x1, x2 P X with ϕpx1q “ ϕpx2q, for

all ϕ P NNH,R1,L1

X,Z2
, or there exists some proper closed subspace E Ă Y such

that span tβρpbq; β P L1, ρ P R1, b P Z1u Ă E. In both cases, it follows that

the τ0
ψ-closure of NNH,R1,L1

X,Z2
is a proper closed vector subspace of BψpX;Z2q,

which contradicts the fact that NNH,R1,L1

X,Z2
is τ0

ψ-dense in BψpX;Zq, such that

NNH,R1,L1

X,Z2
must be point separating and must contain the constant func-

tions. In addition, because NNH,R1,L1

X,Z2
is closed under addition, it follows

that NNH,R1,L1

X,Z2
is an additive family between X and Z2. Then, the archi-

tecture
´

NNH,R1,L1

X,Z2
,R2,L2

¯

between X and Y is by assumption compatible
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with the architecture pG2,R2,K2q between Z2 and Z2 such that by applying

Theorem 3.27, it follows that NNH,R1,L1,R2,L2

X,Y is τ0
ψ-dense in BψpX;Y q.

By iterating the argument, Theorem 3.33 can be generalized to deep ab-
stract neural networks with finitely many hidden layers. In addition, the ar-
gument can be generalized to LppΩq-weighted vector-valued functions, where
µ : F Ñ r0,8s is a possibly non-finite, positive Radon measure on X, which
is finite on every compact subset K Ă X and therefore in particular on every
preimage KR “ ψ´1ps0, Rsq, for all R ą 0.

So far, we have lifted the universal approximation property from real-valued
neural networks, where the hidden layer space pZ,ψZq was always finite dimen-
sional. If pZ,ψZq becomes infinite dimensional and R Ă BψZ pZ;Zq consists of

several activation functions, NNH,R,L
X,Y has under some additional assumptions

the universal approximation property if for every hidden layer map h P H
there exists a direction given by z0 P Zzt0u, with x ÞÑ jphpxqqz0 P H, for
some j P Z˚, and there exist some ρ P R and z˚ P Z˚ such that the function
R Q t ÞÑ z˚pρptz0qq P R satisfies one of the conditions in Remark 3.16.

3.4 Smooth Neural Networks in Infinite Dimen-
sion

In the previous section, we have considered the approximation of a given func-
tion by an abstract neural network, while for certain applications the simulta-
neous approximation of the function and its derivatives might be of particular
interest, e.g. in Physics, where the velocity along a path should also be approx-
imated arbitrarily well. For the finite dimensional case, [HSW90] has proved
the universal approximation property including the derivatives of conventional
neural networks between Euclidean spaces. For the vector-valued case in this
weighted setting, we first introduce continuously differentiable functions be-
tween the input space pX, τXq with values in the output space pY, τY q.

3.4.1 Differentiable Lipschitz Functions on Weighted Space

For the input space pX, τXq, we introduce the notion of a manifold over con-
venient vector spaces. A chart pU, φq on X is a bijection φ : U Ñ φpUq Ă E
from a subset U Ă X onto a c8-open subset φpUq of a convenient vector space
pE, τEq. A family of charts pUi, φiqiPI with φipUiq Ă Ei, for convenient vec-
tor spaces pEi, τEiqiPI , is a C8-atlas over pEi, τEiqiPI if pUiqiPI forms an open
cover of X and φi ˝ φ

´1
j : φjpUi XUjq Ñ Ei is smooth, for all i, j P I. If such a

C8-atlas exists for X, then X is called a C8-manifold over pEi, τEiqiPI .
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For this section, we assume that the input space pX, τXq is a weighted space
pX,ψq, which is also a smoothly Hausdorff C8-manifold over convenient vector
spaces pEi, τEiqiPI with atlas pUi, φiqiPI , where smoothly Hausdorff means that
C8pXq separates points of X such that pX, τXq is by [KM97, Section VI.27.4]
topologically Hausdorff. Moreover, if the convenient vector spaces pEi, τEiqiPI
are finite dimensional, we recover the classical definition of a manifold over
finite dimensional spaces. On the other hand, the output space pY, τY q is also a
convenient vector space, with topology τY generated by the family of seminorms
P.

For k P Ně1, let LipkpX;Y q be the vector space of functions f : X Ñ Y
such that f ˝ c P LipkpR;Y q, for all c P C8pR;Xq, which is equivalent to
f ˝ φ´1

i P LipkpφipUiq;Y q, for all i P I, see [KM97, Lemma VI.27.17]. On
LipkpX;Y q, we define the initial locally convex topology τkc of Ck-convergence
on compacts generated by

$

&

%

f ÞÑ max
j“0,...,k

sup
tPR

cptqPK

p
´

pf ˝ cq
pjq
ptq

¯

;
p P P, c P C8pR;Xq
K Ă X compact

,

.

-

,

which can be equivalently characterized by seminorms of the same form, but
with c P C8pR;Uiq and i P I. Moreover, this topology τkc is equivalent to
the Ck-topology in Section 1.2.2 if X is finite dimensional (see [Bom67]).
In addition, we define Lipkb pX;Y q as the vector subspace of bounded Lipk-
functions in LipkpX;Y q with bounded derivatives, which we equip with the
initial locally convex topology τku of uniform Ck-convergence generated by

f ÞÑ maxj“0,...,k suptPR p
´

pf ˝ cq
pjq
ptq

¯

, for p P P and c P C8pR;Xq.

Using the admissible weight function ψ : X Ñs0,8r, we define the weighted
locally convex topology τkψ generated by

Q “

$

&

%

f ÞÑ max
j“0,...,k

sup
tPR

p
´

pf ˝ cq
pjq
ptq

¯

ψpcptqq
; p P P, c P C8pR;Xq

,

.

-

, (3.4.1)

which can be equivalently characterized by seminorms of the same form, but
with c P C8pR;Uiq and i P I. Moreover, we observe that τkψ is a weaker

topology on Lipkb pX;Y q than τku .

Definition 3.34. We define the weighted space of vector-valued and Lipk-
functions LipkψpX;Y q as the c8-completion of pLipkb pX;Y q, τkψq, which is by

definition a convenient vector space with topology τkψ generated by the family of

seminorms Q in (3.4.1). If Y “ R, we write LipkψpXq instead of LipkψpX;Rq.
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Hereby, the growth of the functions in LipkψpX;Y q as well as the growth
of their derivatives is controlled by the growth of ψ : X Ñs0,8r, where the
Lipschitz constant of the kth derivative is not included.

3.4.2 Weighted Nachbin Theorem with Convenient Cal-
culus

In this section, we generalize the classical Nachbin result in Theorem 1.37 to
this weighted setting, where we assume that the input space pX,ψq is a weighted
space, which is a C8-manifold over finite dimensional spaces pEi, τEiqiPI . First,
we consider the real-valued case with Y “ R and later extend the result to the
vector-valued case with convenient vector space pY, τY q as output space, where
we use polynomial algebras as in [Pro77]. Similar results for differentiable
functions over an infinite dimensional Banach space have been found in [PG76]
and [AP80], for the topology of compact convergence and the compact-open
topology, respectively. In addition, [Nac91] showed a weighted Nachbin result
for polynomials over Rd.

Definition 3.35. A subalgebra A Ă LipkψpXq is called locally point separating
of order k (under ψ : X Ñs0,8r) if there exists a point separating vector

subspace rA Ă A such that

(i) for every ra P rA and c P C8pR;Xq, it holds that

lim
RÑ8

max
j“1,...,k

sup
tPR

cptqPXzKR

ˆ

1`
ˇ

ˇ

ˇ
pra ˝ cq

pjq
ptq

ˇ

ˇ

ˇ

k
˙

exp p|rapcptqq|q

ψpcptqq
“ 0, (3.4.2)

with the convention that the supremum over the empty set is set to be
zero, where KR :“ ψ´1ps0, Rsq “ tx P X; ψpxq ď Ru denotes the compact
preimage,

(ii) for every i P I there exists some m P Ně1 and rη1, ..., rηm P rA such that the

function rη : Ui Ñ Rm defined by rηpxq “ prη1pxq, ..., rηmpxqq
J

, for x P Ui,
is an embedding, i.e. continuous and injective.
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Remark 3.36. The condition (i) guarantees that the exponential series to-
gether with the derivatives (via the upper estimate of the Bell polynomials on the
right hand-side of (3.4.6)) converges under the weight function ψ : X Ñs0,8r,
which coincides for k “ 0 with the notion of locally point separating in the
non-differentiable case introduced in Definition 3.5. On the other hand, the
second condition in (ii) ensures that every subset of X can be detected through

elements of the point separating vector subspace rA Ă A.

We start with proving the weighted Nachbin theorem over an open subset
U Ă Rd without manifold structure, where ψ : U Ñs0,8r is an admissible
weight function on U . In this case, the topology τkc on LipkpUq coincides
with the topology of uniform convergence on compact subsets of U , whereas
the weighted topology τkψ on LipkψpUq can be equivalently generated by the
weighted norm } ¨ }LipkψpUq

defined by

}f}LipkψpUq
“ max

0ď|α|ďk
sup
xPU

|Bαfpxq|

ψpxq
,

for f P LipkψpUq, where Bαf “ B
|α|f

Bx
α1
1 ¨¨¨Bx

αd
d

denotes the partial derivatives, and

where α P Ndk denotes a multi-index, with Ndk “
 

α P Nd; |α| ď k
(

. Moreover,
we observe that if U Ă Rd is bounded, τkψ is equivalent to the topology induced
by } ¨ }CkpUq.

Remark 3.37. If X :“ U Ă Rd is open with weight function ψ : U Ñs0,8r,
we observe by choosing curves of the form cptq “ xtj in (3.4.2), for some x P X
and j “ 0, ..., k, that the condition (3.4.2) implies that

lim
RÑ8

max
1ď|α|ďk

sup
xPUzKR

´

1` |Bαrapxq|
k
¯

exp p|rapxq|q

ψpxq
“ 0, (3.4.3)

which we use as definition of locally point separating of order k if X :“
U Ă Rd is finite dimensional. Hereby, the supremum in (3.4.3) can also be
taken over UzBRp0q instead of UzKR, where BRp0q :“

 

x P Rd; }x} ă R
(

.
In particular, the polynomials in PolpUq are locally point separating of order

k under the weight ψpxq “ exp
`

}x}2
˘

with point separating subspace rA “

tU Q x ÞÑ wxi P R; w P R, i “ 1, ..., du.

In addition, we need the following multivariate Leibniz formula and Faà
di Bruno formula, which generalize their one-dimensional versions in [Apo67,
Example 5.11.4] and [Faà55] as well as [Faà57], respectively.
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Lemma 3.38 (Multivariate Leibniz Rule). For U Ă Rd open, let f, g P CkpUq.
Then, we have

Bαpf ¨ gqpxq “
ÿ

0ďβďα

ˆ

α

β

˙

BβfpxqBα´βgpxq,

for all x P U and α P Ndk “
 

α “ pα1, ..., αdq P Nd; |α| :“ α1 ` ...` αd ď k
(

,

where
`

α
β

˘

“ α!
β!pα´βq! with α! “ α1! ¨ ¨ ¨αd!, and where β ď α if and only if

βi ď αi, for all i “ 1, ..., d. In addition, it holds that

|Bαpf ¨ gqpxq| ď 2k max
0ď|β|ď|α|

ˇ

ˇBβfpxq
ˇ

ˇ max
0ď|γ|ď|α|

|Bγfpxq| , (3.4.4)

for all α P Ndk and x P U .

Proof. While (3.38) can be shown by induction on |α| “ 0, ..., k with the prod-
uct rule, the inequality (3.4.4) follows by estimating (3.38) pointwise from
above, where

ř

0ďβďα

`

α
β

˘

“ 2|α| ď 2k, for all α P Ndk.

Lemma 3.39 (Multivariate Faà di Bruno Formula). For U Ă Rd and V Ă Rm
open, let f P CkpV q and g P CkpU ;Rmq with gpUq Ă V . Then, it follows that

Bαpf ˝ gqpxq “
ÿ

1ď|β|ď|α|

Bβfpgpxqq

|α|
ÿ

s“1

ÿ

pk;lqPAspα,βq

α!
s
ź

j“1

śm
i“1

`

Bljgipxq
˘kji

kj ! plj !q
|kj |

,

(3.4.5)
for all α P Ndk with |α| ě 1 and x P U , where

Aspα, βq “

"

pk1, ..., ks; l1, ..., lsq P Nsm ˆ Nsd; |ki| ą 0, 0 ă l1 ă ... ă ls
řs
j“1 kj “ β,

řs
j“1 |kj |lj “ α

*

,

with l ă rl if and only if either |l| ă |rl|, or |l| “ |rl| with l1 “ rl1, ..., li´1 “ rli´1

and li ă rli, for some i “ 1, ..., d. In addition, it holds that

|Bαpf ˝ gqpxq| ď Ck,m,d max
1ď|β|ď|α|

ˇ

ˇBβfpgpxqq
ˇ

ˇ

ˆ

1` max
1ď|γ|ď|α|

max
i“1,...,m

|Bγgipxq|
k

˙

,

(3.4.6)

for all x P U and 1 ď |α| ď k, where the constant Ck,m,d :“ 2 pk!q
d`m

kkpd`mq

does not depend on x P U , f P CkpV q and g P CkpU ;Rmq.
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Proof. While (3.4.5) was shown in [CS96, Theorem 2.1], the inequality (3.4.6)
follows by estimating (3.4.5) pointwise from above and by inserting that for
every j “ 1, ..., s, x P U and pk; lq P Aspα;βq, it holds that

m
ź

i“1

`

Bljgipxq
˘kji

ď max

ˆ

1, max
1ď|γ|ďk

max
i“1,...,m

|Bγgipxq|

˙|kj |

ď 1` max
1ď|γ|ďk

max
i“1,...,m

|Bγgipxq|
k
.

In addition, we use that |Aspα, βq| ď |α|spd`mq and α! ď pk!q
d

as well as
|tβ P Nm; 1 ă |β| ď |α|u| ď pk!q

m
such that

ÿ

1ď|β|ď|α|

|α|
ÿ

s“1

ÿ

pk;lqPAspα,βq

α!
s
ź

j“1

1

kj ! plj !q
|kj |

ď pk!qd`m
k
ÿ

s“1

kspd`mq

ď 2 pk!q
d`m

kkpd`mq “ Ck,m,d,

where we have inserted that
řk
s“1 k

spd`mq “ 1 ď 2kkpd`mq, for k “ 1, and
řk
s“1 k

spd`mq “ kd`m kkpd`mq´1
kd`m´1

ď 2kkpd`mq, for all k ě 2.

Theorem 3.40 (Nachbin on pLipkψpUq, τ
k
ψq). For U Ă Rd open, let pU,ψq be a

weighted space. For a subalgebra A Ă LipkψpUq, the following are equivalent.

(i) A is locally point separating of order k, vanishes nowhere, and for every
x P U and v P Rdzt0u there exists some a P A such that vJ∇apxq ‰ 0.

(ii) A is τkψ-dense in LipkψpUq.

Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating of order k, or does not vanish nowhere, or
there exists some x3 P Rd and v P Rdzt0u such that vJ∇apx3q “ 0, for all
a P A. If A is not locally point separating of order k, then A is either not point
separating at all, or there exists a point separating vector subspace rA Ă A
such that either (3.4.3) is violated, for some ra P rA, or for every m P Ně1

and rη1, ..., rηm P rA, the function U Q x ÞÑ rηpxq :“ prη1pxq, ..., rηmpxqq
J
P Rm is

not an embedding. In the first case, we define the proper closed subalgebra
A1 “

 

f P LipkψpUq; fpx1q “ fpx2q
(

of LipkψpUq, whereas in the second case,

we obtain a contradiction because the vector subspace rA Ă A contains the zero
function satisfying (3.4.3). In the last case, every function U Q x ÞÑ rηpxq :“

prη1pxq, ..., rηmpxqq
J
P Rm can only violate the injectivity such that there exist
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distinct x
rη,1 ‰ x

rη,2 depending on rη : U Ñ Rm with rηpx
rη,1q “ rηpx

rη,2q. From

this, we define for every function U Q x ÞÑ rηpxq :“ prη1pxq, ..., rηmpxqq
J
P Rm the

proper closed subalgebras A
rη “

 

f P LipkψpUq; fpxrη,1q “ fpx
rη,2q

(

of LipkψpUq.
On the other hand, if A does not vanish nowhere, there exists some x0 P U with
apx0q “ 0, for all a P A, from which we define the proper closed subalgebra
A2 “

 

f P LipkψpUq; fpx0q “ 0
(

. In the third case, we define the proper closed

subalgebra A3 “
 

f P LipkψpUq; v
J∇fpx3q “ 0

(

. Then, the τkψ-closure of A lies
in one of the proper closed subalgebras A1, A2, A3 or A

rη, for rη1, ..., rηm P A,

such that the τkψ-closure of A is also a proper closed subalgebra of LipkψpUq,
which contradicts the assumption in (ii) such that the assertions in (i) must be
satisfied.

For the other direction, it suffices to show the approximation of some
f P Lipkb pUq by an element of A since Lipkb pUq is by definition } ¨ }LipkψpUq

-

dense in LipkψpUq. We first assume that A consists only of bounded functions,
i.e. supxPU |apxq| ă 8, for all a P A, such that by looking at (3.4.3) the as-
sumption of A being locally point separating of order k reduces to A being
point separating. Let f P Lipkb pUq be a function, fix some ε ą 0, and define b “

max0ď|α|ďk supxPU |B
αfpxq|`ε{p6Mq, where M :“ max

´

1, pinfxPU ψpxqq
´1

¯

ą

0. Choosing R ě 6b{ε, we consider the compact preimage KR “ ψ´1ps0, Rsq

and let U Q x ÞÑ ηpxq :“ pη1pxq, ..., ηmpxqq
J
P Rm be an embedding with

η1, ..., ηm P A, where C0 :“ max0ď|α|ďk supxPU maxi“1,...,m |B
αηipxq|

k
{ψpxq.

Then, there exists some R2 ą R and θ P C8pRmq such that 0 ď θpyq ď 1, for
all y P Rm, θpyq “ 1, for all y P ηpKRq, θpyq “ 0, for all y P RmzηpKR2q, and

max
1ď|β|ďk

sup
yPRm

ˇ

ˇBβθpyq
ˇ

ˇ ď
ε

2k6Ck,m,dbpM ` C0q
,

where Ck,m,d ą 0 is the constant introduced in Lemma 3.39. Then, it follows
by Lemma 3.39 that

max
1ď|α|ďk

sup
xPU

|Bαpθ ˝ ηqpxq|

ψpxq
ď Ck,m,d max

1ď|β|ďk
sup
yPRm

ˇ

ˇBβθpyq
ˇ

ˇ ¨ ¨ ¨

¨ ¨ ¨ sup
xPU

1`max1ď|γ|ďk maxi“1,...,m |B
γηipxq|

k

ψpxq

ď Ck,m,d
ε

2k6Ck,m,dbpM ` C0q
pM ` C0q ď

ε

2k6b
.

(3.4.7)
Moreover, we observe that A is also a subalgebra of CkpUq, which satisfies the
assumptions of the classical Nachbin result in Theorem 1.37 such that there
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exists for the compact set KR2 Ă U some a P A with

}f ´ a}CkpKR2
q “ max

0ď|α|ďk
sup
xPKR2

|Bαfpxq ´ Bαapxq| ă
ε

6M
, (3.4.8)

which implies |Bαapxq| ď ε{p6Mq ` |Bαfpxq| ď b, for all 0 ď |α| ď k and
x P KR2 . Now, we define the function g : Rm`1 Ñ R by gpy, zq :“ θpyqz,
for py, zq P Rm`1, such that g P C8pRm`1q and gpηpxq, apxqq “ apxq, for all
x P KR. Then, by using Lemma 3.38 and supyPRm |θpyq| ď 1 as well as (3.4.7),
it follows that

max
0ď|α|ďk

sup
xPUzKR

|Bαpg ˝ pη ‘ aqqpxq|

ψpxq

ď max
0ď|α|ďk

sup
xPKR2

zKR

ř

0ďβďα

`

α
β

˘
ˇ

ˇBβpθ ˝ ηqpxq
ˇ

ˇ

ˇ

ˇBα´βapxq
ˇ

ˇ

ψpxq

ď b max
0ď|α|ďk

sup
xPUzKR

ř

0ďβďα

`

α
β

˘
ˇ

ˇBβpθ ˝ ηqpxq
ˇ

ˇ

ψpxq

ď b max
0ď|α|ďk

sup
xPUzKR

|θpηpxqq|

ψpxq
` b max

0ď|α|ďk

ÿ

0ďβďα
|β|ě1

ˆ

α

β

˙

ˇ

ˇBβpθ ˝ ηqpxq
ˇ

ˇ

ψpxq

ď
b

R
sup
xPU

|θpηpxqq|
loooooomoooooon

ď1

`2kb max
1ď|β|ďk

sup
xPU

ˇ

ˇBβpθ ˝ ηqpxq
ˇ

ˇ

ψpxq
looooooooooooooomooooooooooooooon

ďε{p2k6bq

ď
ε

3
.

Using this and (3.4.8), we conclude that

}f ´ g ˝ pη ‘ aq}LipkψpUq
“ max

0ď|α|ďk
sup
xPU

|Bαfpxq ´ Bαpg ˝ pη ‘ aqqpxq|

ψpxq

ďM sup
xPKR

|Bαfpxq ´ Bαapxq| ` max
0ď|α|ďk

sup
xPUzKR

|Bαfpxq|

ψpxq

` max
0ď|β|ďk

sup
xPUzKR

ˇ

ˇBβpg ˝ pη ‘ aqqpxq
ˇ

ˇ

ψpxq
ăM

ε

6M
`
b

R
`
ε

3
ď

2ε

3
.

(3.4.9)

For C1 “ max0ď|γ|ďk supxPU |B
γapxq|

k
{ψpxq, we define the constant C2 “ 1 `

C0 ` C1. Then, there exists by the Weierstrass approximation result with
derivatives in Theorem 1.36 applied on the compact set rK :“ ηpUq ˆ apUq Ă
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Rm`1 some polynomial pn P PolpRm`1q such that

}g ´ pn}CkpĂKq “ max
0ď|pβ,jq|ďk

sup
py,zqPĂK

ˇ

ˇ

ˇ
Bpβ,jqgpy, zq ´ Bpβ,jqpnpy, zq

ˇ

ˇ

ˇ

ă
ε

3MCk,m`1,dC2
.

Using this, it follows together with Ck,m`1,d ě 1 and C2 ě 1 that

sup
xPU

|gpηpxq, apxqq ´ pnpηpxq, apxqq|

ψpxq
ďM sup

py,zqPĂK

|gpy, zq ´ pnpy, zq|

ăM
ε

3MCk,m`1,dC2
ď
ε

3
.

(3.4.10)

On the other hand, we conclude with the help of Lemma 3.39 and using M ě 1
that

max
1ď|α|ďk

sup
xPU

|Bαppg ´ pnq ˝ pη ‘ aqpxqq|

ψpxq

ď Ck,m`1,d max
1ď|pβ,jq|ďk

sup
py,zqPĂK

ˇ

ˇ

ˇ
Bpβ,jqgpy, zq ´ Bpβ,jqpnpy, zq

ˇ

ˇ

ˇ
¨ ¨ ¨

¨ ¨ ¨ sup
xPU

1`max1ď|γ|ďk max
´

maxi“1,...,d |B
γηipxq|

k
, |Bγapxq|

k
¯

ψpxq

ď Ck,m`1,d
ε

3MCk,m`1,dC2
C2 ď

ε

3
.

(3.4.11)
Combining (3.4.9) with (3.4.10) and (3.4.11), and using that pn ˝ pη ‘ aq P A
as A is a subalgebra, we have

}f ´ pn ˝ pη ‘ aq}LipkψpUq
ď }f ´ g ˝ pη ‘ aq}LipkψpUq

` }pg ´ pnq ˝ pη ‘ aq}LipkψpUq
ă

2ε

3
`
ε

3
“ ε.

Since ε ą 0 and f P Lipkb pUq were chosen arbitrarily, it follows that A is
τkψ-dense in LipkψpUq.

For the general case of a locally point separating subalgebra A Ă LipkψpUq

of order k with point separating subspace rA Ă A such that (3.4.3) holds true,

for all ra P rA, let U Q x ÞÑ rηpxq :“ prη1pxq, ..., rηmpxqq
J
P Rm with rη1, ..., rηm P rA

be an embedding. Now, we show that x ÞÑ cos prapxqq and x ÞÑ sin prapxqq, with

ra P rA, belong to the τkψ-closure of A. Indeed, for ra P rA and fixed ε ą 0, we
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find by (3.4.3) some R ą 4{ε such that

max
1ď|α|ďk

sup
xPUzKR

´

1` |Bαrapxq|
k
¯

exp p|rapxq|q

ψpxq
ă

ε

4Ck,1,d
.

For C3 “ max0ď|α|ďk supxPKR |B
α
rapxq|, the cosine Taylor polynomial pnpsq “

řn
i“0

p´1qi

p2iq! s
2i satisfies

} cos´pn}Ckpr´C3,C3sq
“ max
j“0,...,k

sup
|s|ďC3

ˇ

ˇ

ˇ
cospjqpsq ´ ppjqn psq

ˇ

ˇ

ˇ
ď

C2n´k`1
3

p2n´ k ` 1q!
,

for all n P N. Hence, by choosing n P N large enough such that
C2n´k`1

3

p2n´k`1q! ď
ε

2MCk,1,dp1`Ck3 q
, it follows by using Ck,1,d ě 1, C3 ě 0 and R ě ε{4 that

sup
xPU

| cos prapxqq ´ pn prapxqq |

ψpxq
ďM sup

xPKR

|cos prapxqq ´ pn prapxqq|

` sup
xPUzKR

|cos prapxqq|

ψpxq
` sup
xPUzKR

|pn prapxqq|

ψpxq
ăM

ε

2MCk,1,d
`

1` Ck3
˘

`
supxPU |cos prapxqq|

R
` sup
xPUzKR

exp p|rapxq|q

ψpxq
ď
ε

2
`

1

R
`

ε

4Ck,1,d
ď ε.

On the other hand, Lemma 3.39 and
ˇ

ˇcospjqpsq
ˇ

ˇ ď 1, expp|s|q ě 1 as well as
ˇ

ˇ

ˇ
p
pjq
n psq

ˇ

ˇ

ˇ
ď expp|s|q show that

max
1ď|α|ďk

sup
xPU

|Bα ppcos´pnq ˝ raq pxq|

ψpxq
ďMCk,1,d} cos´pn}Ckpr´C3,C3sq

`

1` Ck3
˘

` Ck,1,d sup
xPUzKR

´

1`
ˇ

ˇ

ˇ
p
pjq
n prapxqq

ˇ

ˇ

ˇ

¯ ´

1`max1ď|γ|ďk |B
γ
rapxq|

k
¯

ψpxq

ăMCk,1,d
ε

2MCk,1,d
`

1` Ck3
˘

`

1` Ck3
˘

` 2Ck,1,d max
1ď|γ|ďk

sup
xPUzKR

´

1` |Bγrapxq|
k
¯

exp p|rapxq|q

ψpxq
ď ε.

Since ε ą 0 was chosen arbitrarily, it follows that x ÞÑ cos prapxqq belongs to the
τkψ-closure of A, which holds analogously true for the function x ÞÑ sin prapxqq,
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for all ra P rA. Hence, we conclude that the subalgebra

Atrig “

!

x ÞÑ λ1 cos pra1pxqq ` λ2 sin pra2pxqq ; λ1, λ2 P R, ra1,ra2 P rA
)

of LipkψpUq is point separating, vanishes nowhere, and for every x P U and v P

Rdzt0u there exists some a P Atrig with vJ∇apxq ‰ 0. By using the continuous
and injective function R Q s ÞÑ gpsq :“ pcospsq, sinpsq, cospπsq, sinpπsqq P R4,
we observe that the composition

x ÞÑ rηtrigpxq :“ pcos prηjpxqq , sin prηjpxqq , cos pπrηjpxqq , sin pπrηjpxqqqj“1,...,m

is also an embedding with components of Atrig. Hence, by applying the above
arguments to Atrig consisting of bounded functions with embedding rηtrig : X Ñ

R4m, it follows that Atrig is τkψ-dense in LipkψpUq. However, as Atrig lies in the

τkψ-closure of A, A is also τkψ-dense in LipkψpUq.

Remark 3.41. Theorem 3.40 is an extension of [Nac91, Proposition 4] to
the approximation of differentiable functions defined on an open subset of Rd
with subalgebra A Ă LipkψpRdq instead of PolpRdq, whereas [Nac91] allows for
multiple upper semicontinuous weights v : X Ñ r0,8r, e.g. vpxq “ 1{ψpxq.

Lemma 3.42. Let pX,ψq be a weighted space, which is a C8-manifold over fi-
nite dimensional spaces pEi, τEiqiPI , and define the admissible weight functions
ψi : φipUiq Ñ s0,8r by ψipxq “ ψ

`

φ´1
i pxq

˘

, for x P φipUiq. Then, it follows

for every f P LipkψpXq and i P I that f ˝ φ´1
i P LipkψipφipUiqq.

Proof. First, we observe that ψi :“ ψ ˝ φ´1
i : φipUiq Ñ s0,8r are admissible,

because every φi : Ui Ñ φipUiq is a diffeomorphism. Now, let f P LipkψpXq,

fix ε ą 0, i P I and ci P C
8pR;φipUiqq, from which we define c :“ φ´1

i ˝ ci P
C8pR;Uiq. Since LipkψpXq is defined as the c8-completion of pLipbpXq, τ

k
ψq,

there exists g P Lipkb pXq with maxj“0,...,k suptPR
ˇ

ˇppf ´ gq ˝ cqpjqptq
ˇ

ˇ {ψpcptqq ă

ε. From this, we define gi :“ g ˝ φ´1
i P Lipkb pφipUiqq such that

max
j“0,...k

sup
tPR

ˇ

ˇ

ˇ

``

f ˝ φ´1
i ´ gi

˘

˝ ci
˘pjq

ptq
ˇ

ˇ

ˇ

ψipciptqq
“ max
j“0,...k

sup
tPR

ˇ

ˇ

ˇ
ppf ´ gq ˝ cq

pjq
ptq

ˇ

ˇ

ˇ

ψpcptqq
ă ε,

showing that f ˝ φ´1
i P LipkψipφipUiqq, since LipkψipφipUiqq is defined as the

c8-completion of Lipkb pφipUiqq.
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Theorem 3.43 (Nachbin on pLipkψpXq, τ
k
ψq). Let pX,ψq be a weighted space,

which is a C8-manifold over finite dimensional spaces pEi, τEiqiPI . For a sub-
algebra A Ă LipkψpXq, the following are equivalent.

(i) A is locally point separating of order k, vanishes nowhere, and for ev-
ery c P C8pR;Xq with c1p0q ‰ 0 there exists some a P A such that
pa ˝ cq

1
p0q ‰ 0.

(ii) A is τkψ-dense in LipkψpXq.

Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating of order k, or does not vanish nowhere, or
there exists some c P C8pR;Xq with c1p0q ‰ 0 such that pa ˝ cq

1
p0q “ 0, for all

a P A. If A is not locally point separating of order k, then A is either not point
separating at all, or there exists a point separating vector subspace rA Ă A such
that either (3.4.3) is violated, for some ra P rA, or for some i P I, the function

Ui Q x ÞÑ rηpxq :“ prη1pxq, ..., rηmpxqq
J
P Rm is not an embedding, for all m P Ně1

and rη1, ..., rηm P rA. In the first case, we define the proper closed subalgebra
A1 “

 

f P LipkψpXq; fpx1q “ fpx2q
(

of LipkψpXq, whereas in the second case,

we obtain a contradiction because the vector subspace rA Ă A contains the zero
function satisfying (3.4.3). In the last case, every function Ui Q x ÞÑ rηpxq :“

prη1pxq, ..., rηmpxqq
J
P Rm can only violate the injectivity such that there exist

distinct points x
rη,1 ‰ x

rη,2 depending on rη : Ui Ñ Rm with rηpx
rη,1q “ rηpx

rη,2q.

From this, we define for every function Ui Q x ÞÑ rηpxq :“ prη1pxq, ..., rηmpxqq
J
P

Rm the proper closed subalgebras A
rη “

 

f P LipkψpXq; fpxrη,1q “ fpx
rη,2q

(

of

LipkψpXq. On the other hand, if A does not vanish nowhere, there exists some
x0 P X with apx0q “ 0, for all a P A, from which we define the proper closed
subalgebra A2 “

 

f P LipkψpXq; fpx0q “ 0
(

. In the third case, we define the

proper closed subalgebra A3 “
 

f P LipkψpXq; pf ˝ cq
1
p0q “ 0

(

. Then, the τkψ-
closure of A is contained in one of the proper closed subalgebras A1, A2, A3

or A
rη, for rη1, ..., rηm P A, such that the τkψ-closure of A is also a proper closed

subalgebra of LipkψpXq, which contradicts the assumption in (ii) such that the
assertions in (i) must be satisfied.

For the other direction, let f P LipkψpXq, fix some ε ą 0 and assume without
loss of generality that c P C8pR;Uiq, for some i P I. Using Lemma 3.42, we
consider the function f ˝φ´1

i P Lipk
ψ˝φ´1

i

pφipUiqq with open subset φipUiq Ă Ei

and admissible weight function ψi :“ ψ ˝ φ´1
i : φipUiq Ñ s0,8r, from which we

define d :“ dimpφipUiqq and ci :“ φi ˝ c P C
8pR;φipUiqq. Then, we observe

that the subalgebra Ai :“
 

ai :“ a ˝ φ´1
i ; a P A

(

of LipkψipφipUiqq is locally
point separating of order k, because A is locally point separating of order
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k with point separating subspace rA Ă A such that (3.4.3) holds true under

ψ : X Ñs0,8r, for all ra P rA, from which we define the point separating

vector subspace rAi :“
!

ra ˝ φ´1
i ; ra P rA

)

Ă Ai such that (3.4.3) holds true

under ψi : φipUiq Ñ s0,8r, for all rai P rA. Similarly, Ai vanishes nowhere,
because for every u0 P φipUiq we define x0 “ φ´1

i pu0q such that there exists
some a P A with aipu0q “ apx0q ‰ 0, where ai :“ a ˝ φ´1

i P A. In addition,
for u3 P φipUiq and v P Rdzt0u, let cu3,v P C8pR;φipUiqq be a curve with
cu3,vp0q “ u3 and c1u3,vp0q “ v such that c :“ φ´1

i ˝ cu3,v P C
8pR;Xq satisfies

c1p0q “ vJ∇φ´1
i pu3q ‰ 0. Then, there exists some a P A such that vJ∇aipu3q “

pa ˝ cq1p0q ‰ 0, where ai :“ a ˝ φ´1
i P A. Hence, by applying the weighted

Nachbin result in Theorem 3.40 to the function f ˝ φ´1
i P LipkψipφipUiqq with

curve ci P C
8pR;φipUiqq, there exists some ai :“ a ˝ φ´1

i P Ai, with a P A,
such that

max
j“0,...,k

sup
tPR

ˇ

ˇppf ´ aq ˝ cqpjqptq
ˇ

ˇ

ψpcptqq
“ max
j“0,...,k

sup
tPR

ˇ

ˇppf ˝ φ´1
i ´ aiq ˝ ciq

pjqptq
ˇ

ˇ

ψipciptqq
ă ε,

Since ε ą 0, c P C8pR;Uiq and f P LipkψpXq were chosen arbitrarily, A is

τkψ-dense in LipkψpXq.

For the vector-valued setting, we introduce polynomial algebras and define
for convenient vector spaces pE, τEq and pF, τF q the set PnpE;F q Ă C0pE;F q as
the vector subspace generated by maps of the form x ÞÑ lpxqny, for n P N, l P E1

and y P F . The elements of PnpE;F q are called the n-homogeneous continuous
polynomials of finite type and Pf pE;F q denotes the vector subspace generated
by all PnpE;F q, for n P N.

Definition 3.44. A Ă C0pX;Y q is called a polynomial algebra if r ˝ a P A,
for all a P A and r P Pf pY ;Y q.

Equivalent characterizations of polynomial algebras are given in [Pro77,
Lemma 4.6], e.g. A Ă C0pX;Y q is a polynomial algebra if and only if A1 :“
tl ˝ a; l P Y 1, a P Au is a subalgebra of C0pXq and A1 b Y Ă A.

Besides using polynomial algebras for the vector-valued generalization of
the weighted Nachbin result in Theorem 3.43, we need to show that finite rank
operators in LipkψpXq b Y are τkψ-dense in LipkψpX;Y q.

Definition 3.45. pE, τEq has the c8-approximation property if E1 b E is
τc8-dense in LpE;Eq.
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Remark 3.46. A weaker condition is the approximation property of pE, τEq,
i.e. E1 b E is dense in LpE;Eq, see [Ada95]. If C8pE;Eq is a Fréchet space,
then the c8-topology of C8pE;Eq is by [KM97, Lemma I.4.11] equivalent to
the classical topology.

Lemma 3.47. Assume that pX,ψq is a weighted space, which is a C8-manifold
over finite dimensional vector spaces pEi, τEiqiPI . If pY, τY q admits a predual
pF, τF q having the c8-approximation property, i.e. F 1 – Y , then LipkψpXq b Y

is τkψ-dense in LipkψpX;Y q.

Proof. We first show that if U Ă E is a an open subset of a finite dimen-
sional space pE, τEq and pY, τY q is as above, then LipkpUq b Y is c8-dense in
LipkpU ;Y q. By the exponential law in [FK88, Proposition 4.4.5], we observe
that LipkpU ;Y q – LipkpU ;F 1q – LpF ;LipkpUqq. Since LipkpUq is a convenient
vector space, [KM97, Lemma I.6.9] shows that LipkpUq b Y – F 1bLipkpUq is
c8-dense in LpF ;LipkpUqq – LipkpU ;Y q.

For the general case, it is enough to prove that LipkψpUiq b Y is τkψ-dense

in LipkψpUi;Y q since τkψ can be generated by curves c P C8pR;Uiq, with i P I.
Then, it follows by the first step and because φi : Ui Ñ φipUiq is a diffeo-
morphism that LipkpUiq b Y is τkc -dense in LipkpUi;Y q, which implies that
Lipkb pUiqbY is τku -dense in Lipkb pUi;Y q, as τku is a weaker topology. Since τkψ is

again a weaker topology on Lipkb pUi;Y q than τku , we conclude that LipkψpUiqbY

is τkψ-dense in LipkψpUi;Y q.

Definition 3.48. A polynomial algebra A Ă LipkψpX;Y q is called locally point
separating of order k if the subalgebra A1 :“ tl ˝ a; l P Y 1, a P Au is locally point
separating of order k.
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Theorem 3.49 (Nachbin on LipkψpX;Y q). Let pX,ψq be a weighted space,
which is a C8-manifold over finite dimensional spaces pEi, τEiqiPI , and as-
sume that pY, τY q is a convenient vector space with predual pF, τF q having the
c8-approximation property. For a polynomial algebra A Ă LipkψpX;Y q, the
following are equivalent.

(i) A is locally point separating of order k, vanishes nowhere, and for ev-
ery c P C8pR;Xq with c1p0q ‰ 0 there exists some a P A such that
pa ˝ cq

1
p0q ‰ 0.

(ii) A is τkψ-dense in LipkψpX;Y q.

Proof. In order to show that (ii) implies (i), we assume by contradiction that
A is not locally point separating of order k, or does not vanish nowhere, or
there exists some c P C8pR;Xq with c1p0q ‰ 0 such that pa ˝ cq

1
p0q “ 0,

for all a P A. If A is not locally point separating of order k, then A1 :“
tl ˝ a; l P Y 1, a P Au is either not point separating at all, or there exists a point

separating vector subspace rA1 Ă A1 such that either (3.4.3) is violated, for some

ra1 P rA1, or for every m P Ně1 and rη11, ..., rη
1
m P

rA1, the function X Q x ÞÑ rη1pxq :“

prη11pxq, ..., rη
1
mpxqq

J
P Rm is not an embedding. In the first case, we define the

proper closed polynomial subalgebra A1 “
 

f P LipkψpX;Y q; fpx1q “ fpx2q
(

of LipkψpX;Y q, whereas in the second case, we obtain a contradiction because

the vector subspace rA1 Ă A1 contains the zero function satisfying (3.4.3). In

the last case, every U Q x ÞÑ rη1pxq :“ prη11pxq, ..., rη
1
mpxqq

J
P Rm can only violate

the injectivity such that there exist distinct points x
rη1,1 ‰ x

rη1,2 depending on
rη1 : U Ñ Rm with rη1px

rη1,1q “ rη1px
rη1,2q. From this, we define for every function

U Q x ÞÑ rη1pxq :“ prη11pxq, ..., rη
1
mpxqq

J
P Rm the proper closed polynomial

subalgebras A
rη1 “

 

f P LipkψpX;Y q; fpx
rη1,1q “ fpx

rη1,2q
(

of LipkψpX;Y q. On
the other hand, if A does not vanish nowhere, there exists some x0 P X with
apx0q “ 0, for all a P A, from which we define the proper closed subalgebra
A2 “

 

f P LipkψpUq; fpx0q “ 0
(

. In the third case, we define the proper closed

subalgebra A3 “
 

f P LipkψpUq; pf ˝ cq
1
p0q “ 0

(

. Then, the τkψ-closure of A
is contained in one of the subalgebras A1, A2, A3 or A

rη1 , for rη11, ..., rη
1
m P A,

such that the τkψ-closure of A is also a proper closed subalgebra of LipkψpUq,
which contradicts the assumption in (ii) such that the assertions in (i) must be
satisfied.

For the other direction, let f P LipkψpX;Y q be a function, fix some ε ą 0, p P

P and c P C8pR;Xq. By Lemma 3.47, there exists a function g P LipkψpXqbY

of the form gpxq “
řn
i“1 bipxqyi, with some n P Ně1, bi P LipkψpXq and yi P Y ,
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such that

max
j“0,...,k

sup
tPR

p
´

ppf ´ gq ˝ cq
pjq
ptq

¯

ψpcptqq
ă
ε

2
. (3.4.12)

Then, the subalgebra A1 “ tl ˝ a; l P Y 1, a P Au of LipkψpXq satisfies the as-
sumption of the weighted Nachbin result in Theorem 3.43 such that for every
bi P LipkψpXq with ppyiq ą 0, there exists some ai P A1 with

max
j“0,...,k

sup
tPR

ˇ

ˇ

ˇ
ppbi ´ aiq ˝ cq

pjq
ptq

ˇ

ˇ

ˇ

ψpcptqq
ă

ε

2nppyiq
, (3.4.13)

whereas otherwise, if ppyiq “ 0, we set aipxq “ 0, for all x P X. By combining
(3.4.12) with (3.4.13), we conclude for the function x ÞÑ apxq :“

řn
i“1 aipxqyi P

A1 b Y , satisfying a P A as A1 b Y Ă A, that

max
j“0,...,k

sup
tPR

p
´

ppf ´ aq ˝ cq
pjq
ptq

¯

ψpcptqq
ď max
j“0,...,k

sup
tPR

p
´

ppf ´ gq ˝ cq
pjq
ptq

¯

ψpcptqq

` max
j“0,...,k

sup
tPR

p
´

ppg ´ aq ˝ cq
pjq
ptq

¯

ψpcptqq

ă
ε

2
`

n
ÿ

i“1

ppyiq max
j“0,...,k

sup
tPR

ˇ

ˇ

ˇ
ppbi ´ aiq ˝ cq

pjq
ptq

ˇ

ˇ

ˇ

ψpcptqq
ă ε.

As ε ą 0, p P P, c P C8pR;Xq and f P LipkψpX;Y q were chosen arbitrarily, A
is τkψ-dense in LipkψpX;Y q.

For the infinite dimensional generalization of Theorem 3.43 and Theo-
rem 3.49, we would additionally need to assume that pX,ψq is a smoothly
Hausdorff C8-manifold over convenient vector spaces pEi, τEiqiPI having the
c8-approximation property. Moreover, the (polynomial) algebra Amust satisfy
an additional condition such that every composition with a finite rank operator
πi P E

1
i b Ei on each model spaces pEi, τEiq belongs to the τkψ-closure of A.

The same idea was used in [PG76, Theorem 3.3] and [AP80, Theorem 4.3] for
the approximation of differentiable functions defined on an open subset of a
Banach space with respect to the topology of compact convergence and the
compact-open topology, respectively.
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3.4.3 Universal Approximation of Smooth Abstract Neu-
ral Networks

In this section, we prove the universal approximation property of smooth ab-
stract neural network in this weighted setting, which generalizes the universal
approximation results in [HSW90] and [Hor91] for smooth neural networks be-
tween Euclidean spaces. Hereby, we assume that the input space is a weighted
space pX,ψq, which is a C8-manifold over finite dimensional spaces pEi, τEiqiPI .
In addition, the hidden layer space pZ,ψZq is given by a weighted space, which
is a convenient vector space pZ, τZq, and the output space is also a convenient
vector space pY, τY q, whose topology τY is generated by the family of semi-
norms P, and admits a predual pF, τF q having the c8-approximation property
such that F 1 – Y .

In this setting, a smooth abstract neural network is defined analogously
as in Definition 3.15, where now all maps need to be smooth enough. For an
additive family H Ă LipkψpX;Zq consisting of hidden layer maps h : X Ñ Z,

a subset R Ă LipkψZ pZ;Zq containing the activation functions, and the linear
readout L Ă LpZ;Y q, a map ϕ : X Ñ Y is called a smooth abstract neural
network (smooth ANN) if it is of the form

ϕpxq “
N
ÿ

k“1

βkρkphkpxqq, (3.4.14)

for x P X, where N P Ně1, βk P L, ρk P R and hk P H. Then, the derivatives
of ϕ : X Ñ Y can be computed with Theorem 1.32(iv) and we denote by

NNH,R,L
X,Y the set of smooth ANNs of the form (3.4.14).
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Remark 3.50. In [HSW90] and [Hor91], smooth neural networks were intro-
duced between X “ Rn and Y “ R with hidden layer space Z “ R, where the
additive family H consists of affine maps hpxq “ aJx ` b, with a P Rn and
b P R, the activation family R “ tρu is a singleton ρ P CkpRq, and the linear

readout is given by L “ tz ÞÑ wz; w P Ru. Then, NNH,R,L
Rn,R is dense in CkpRnq

on compacta if ρ P CkpRq is either

(i) m-finite, i.e. 0 ă
ş

R
ˇ

ˇρpmqpzq
ˇ

ˇ dz ă 8, for some m ě k with ρ P CmpRq
(see [HSW90, Corollary 3.4]),

(ii) bounded and non-constant (see [Hor91, Theorem 3+5]), or

(iii) discriminatory in the sense of Definition 2.2 (see Theorem 2.6).

If we assume ρ P Lipkb pRq in addition, then NNH,R,L
Rn,R is also τku -dense in

Lipkb pRnq because τku is a weaker topology on Lipkb pRnq than τkc . By using that
τkψ is again a weaker topology on Lipkb pRnq, where Lipkb pRnq is by definition

} ¨ }LipkψpRnq
-dense in LipkψpRnq, NN

H,R,L
Rn,R is τkψ-dense in LipkψpRnq.

For the generalization of smooth neural networks to this weighted and
vector-valued setting, we could consider the same abstract neural networks as
in Example 3.17-3.19. Moreover, deep smooth abstract neural networks with
finitely many hidden layers can be constructed by concatenation as described
in Remark 3.20.

Definition 3.51. An additive family H Ă LipkψpX;Zq between X and Z is
called strong if

(i) for every c P C8pR;Xq with c1p0q ‰ 0 there exists some h P H such that
ph ˝ cq1p0q ‰ 0, and

(ii) for every i P I there exists some m P Ně1 and h1, ..., hm P H as well as

z11, ..., z
1
m P Z

1 such that Ui Q x ÞÑ pz11ph1pxqq, ..., z
1
mphmpxqqq

J
P Rm is an

embedding, i.e. continuous and injective.
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Theorem 3.52 (Universal Approximation on LipkψpX;Y q). For a strong ad-

ditive family H Ă LipkψpX;Zq, assume that the architecture pH,R,Lq between
X and Y be compatible with another architecture pG,R,Kq between Z and Z.

If Z 1 Ă LipkψZ pZq and NN G,R,K
Z,Z is τkψZ -dense in LipkψZ pZ;Zq, then NNH,R,L

X,Y

is τkψ-dense in LipkψpX;Y q, i.e. for every f P LipkψpX;Y q, ε ą 0 and q P Q
there exists ϕ P NNH,R,L

X,Y such that

qpf ´ ϕq “ max
j“0,...,k

sup
tPR

p
´

ppf ´ ϕq ˝ cq
pjq
ptq

¯

ψpcptqq
ă ε,

where p P P and c P C8pR;Xq are the seminorm and the curve correponding
to q P Q.

Proof. LetA “ span tx ÞÑ z1phpxqqny0; n P N, z1 P Z 1, h P H, y0 P Y u be a poly-
nomial algebra, which is contained in LipkψpX;Y q, because it holds by assump-

tion that Z 1 Ă LipkψZ pZq.

First, we show that A lies again in the τkψ-closure of NNH,R,L
X,Y . Let

PZ be a family of seminorms generating the topology τZ of Z, which exists
by Theorem 1.25, fix some ε ą 0, p P P, c P C8pR;Xq and consider the
function x ÞÑ apxq :“ z1phpxqqny0 P A, for some n P N, z1 P Z 1, h P H
and y0 P Y , where we define C1 :“ supxPX ψZphpxqq{ψpxq. Then, there ex-
ists some γ P Γ :“ tγ P LpZ;Y q; @α P K : γ ˝ α P Lu and z0 P Z such that

ppy0 ´ γpz0qq ă ε{p2C2q, where C2 :“ maxj“0,...,k suptPR

ˇ

ˇ

ˇ
pa ˝ cq

pjq
ptq

ˇ

ˇ

ˇ
{ψpcptqq.

Moreover, we define C3 :“ supzPZ, pZpzqď1 ppγpzqq and cZ :“ h ˝ c P LipkpR;Zq.

As NN G,R,K
Z,Z is τkψZ -dense in LipkψZ pZ;Zq, there exists for the function z ÞÑ

aZpzq :“ z1pzqnz0 P LipkψZ pZ;Zq some ϕZ P NN G,R,K
Z,Z with

max
j“0,...,k

sup
tPR

pZ

´

ppaZ ´ ϕZq ˝ cZq
pjq
ptq

¯

ψZpcZptqq
ă

ε

2C1C3
, (3.4.15)

where we have used that the topology τkψZ on LipkψZ pZ;Zq can equivalently

be generated by Lipk-curves instead of smooth curves, see [KM97, Theo-
rem III.12.11]. For the function x ÞÑ bpxq :“ z1phpxqqnγpz0q, we define ϕ :“

γ ˝ϕZ ˝h P NNH,R,L
X,Y , by using that g ˝h P H, for all g P G, such that (3.4.15)
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implies that

max
j“0,...,k

sup
tPR

p
´

ppa´ ϕq ˝ cq
pjq
ptq

¯

ψpcptqq
ď C2ppy0 ´ γpz0qq

` max
j“0,...,k

sup
tPR

p
´

ppb´ ϕq ˝ cq
pjq
ptq

¯

ψpcptqq
ă C2

ε

2C2

` C1C3 max
j“0,...,k

sup
tPR

pZ

´

ppaZ ´ ϕZq ˝ cZq
pjq
ptq

¯

ψZpcptqq
ă ε.

Since ε ą 0 and p P P were chosen arbitrarily, it follows that x ÞÑ apxq “

z1phpxqqny0 P A belongs to the τkψ-closure ofNNH,R,L
X,Y . By the triangle inequal-

ity, also linear combinations of such functions are contained in the τkψ-closure

of NNH,R,L
X,Y such that the entire polynomial algebra A lies in the τkψ-closure

of NNH,R,L
X,Y .

Finally, we apply the weighted Nachbin result in Theorem 3.49 to show
that NNH,R,L

X,Y is τkψ-dense in LipkψpX;Y q. For this, we observe that A is

locally point separating of order k with point separating vector subspace rA1 :“
tz1 ˝ h; z1 P Z 1, h P Hu, where we have used that H and Z 1 are point separating,
and where we have employed that H is strong such there exists for every i P
I some m P Ně1, h1, ..., hm P H and z11, ..., z

1
m P Z 1 such that Ui Q x ÞÑ

rη1pxq :“ prη1pxq, ..., rηmpxqq
J
P Rm is an embedding, with rηj :“ z1j ˝ hj P

rA1,
for j “ 1, ...,m. Moreover, A vanishes nowhere, because for every x0 P X
there exist some h P H and z1 P Z 1 such that x ÞÑ apxq :“ z1phpxqqy0 P A,
with some y0 P Y zt0u, satisfies apx0q ‰ 0. Furthermore, there exists for every
c P C8pR;Xq with c1p0q ‰ 0 by using that H is strong some h P H and z1 P Z 1,
with z1 pph ˝ cq1p0qq ‰ 0, such that x ÞÑ apxq :“ z1phpxqqy0 P A, with some
y0 P Y zt0u, satisfies pa ˝ cq1p0q “ z1 pph ˝ cq1p0qq y0 ‰ 0. Hence, by applying
the weighted Nachbin result in Theorem 3.49, it follows that A is τkψ-dense

in LipkψpX;Y q. However, because A lies in the τkψ-closure of NNH,R,L
X,Y , we

conclude that NNH,R,L
X,Y is also τkψ-dense in LipkψpX;Y q.

Theorem 3.52 is a generalization of [HSW90, Theorem 3.1] to this weighted
setting, where we obtain universal approximation on a compact subset K Ă X
by choosing ψpxq “ 1 and applying Theorem 3.52. Moreover, the argument
in Theorem 3.52 can be iterated to obtain universal approximation of deep
smooth abstract neural network with finitely many hidden layers. In addition,
it is possible to consider an infinite dimensional hidden layer space pZ,ψZq

and several activation functions in R Ă LipkψZ pZ;Zq such that NNH,R,L
X,Y is
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under some additional assumptions τkψ-dense in LipkψpX;Y q if for every hidden
layer map h P H there exists a direction given by z0 P Zzt0u, with x ÞÑ
jphpxqqz0 P H, for some j P Z 1, and there exist ρ P R and z1 P Z 1 such that
R Q t ÞÑ z1pρptz0qq P R satisfies one of the conditions in Remark 3.50.

3.5 Randomized Abstract Neural Networks

Abstract neural networks can be used to learn a function between infinite di-
mensional spaces. However, the training of the parameters hk P H and βk P L
is a non-linear regression task, which means a general non-convex optimiza-
tion problem. In addition, by taking into account infinite dimensional objects
such as paths or functions, the number of parameters in the abstract neural
network can become very large to ensure satisfactory approximation, which in
turn leads to an unstable or unfeasible training procedure.

To overcome this issue, we borrow ideas from the field of reservoir com-
puting, where the key idea is that the inner parameters of the abstract neural
network are initialized randomly and only the linear readout is trained. This
brings us back to a convex optimization problem (if the loss function is also
convex) and by choosing the size of the hidden layer large enough, we obtain a
sufficiently rich random basis of the hidden layer. In the literature, [RR07] and
[GGO20] showed that this approach is successful for conventional neural net-
works between finite dimensional Euclidean spaces, whereas [HTW19] proved
that the trained randomized neural network behaves asymptotically like the
spline interpolation. Moreover, it was shown in [KB20, Section 3.3] that train-
ing only the linear readout can be generalized to infinite dimensional input
and output spaces, which was also applied to echo-state networks (ESNs) as
mentioned in Section 2.4.

In our infinite dimensional setting, we assume that the input space pX,ψq
is a separable metrizable weighted space, the hidden layer space pZ,ψZq is a
weighted Banach space with norm } ¨ }Z , and the output space pY, } ¨ }Y q is
another Banach space. Furthermore, we suppose that H Ă BψpX;Y q is an
additive family between X and Z, L Ă LpZ;Y q is a linear readout between
Z and Y , and R Ă BψZ pZ;Zq contains the activation functions on Z such

that NNH,R,L
X,Y is τ0

ψ-dense in BψpX;Y q, which means that the abstract neural

networks in NNH,R,L
X,Y admit the universal approximation property.

In order to include randomness, we assume that there exists a probability
space pΩ,Σ,Pq with locally compact topological space pΩ, τΩq such that h : Ω Ñ
H defines an H-valued random variable, where we suppose that the distribution
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of h : Ω Ñ H is such that for every distinct pair x1, x2 P X, we have

P rtω P Ω; hpωqpx1q ‰ hpωqpx2qus ą 0,

P rtω P Ω; hpωqpx1q ‰ 0us ą 0.
(3.5.1)

Let phkqkPN „ h be a sequence of independent and identically distributed
(i.i.d.) random variables, from which we define for some N P Ně1 a randomized
abstract neural network (RANN) ϕ : ΩˆX Ñ Y by

ϕpωqpxq “
N
ÿ

k“1

βkρk phkpωqpxqq , (3.5.2)

for ω P Ω and x P X, where ρk P R and βk P L. Hereby, we denote by
RNH,R,L

X,Y the set of such randomized abstract neural networks in (3.5.2) and
by initializing the hidden layer maps h1, ..., hN P H randomly, it only remains to
train the linear readouts β1, ..., βN P L given the realizations h1pωq, ..., hN pωq P
H. The following lemma ensures in particular that ϕ : ΩˆX Ñ Y is a random
function.

Lemma 3.53. The randomized abstract neural network ϕ : Ω ˆ X Ñ Y in
(3.5.2) is product-measurable, i.e. ΣbF{T -measurable, where F and T denote
the Borel σ-algebra of X and Y , respectively.

Proof. First, we observe that ω ÞÑ hkpωqpxq is Σ{S-measurable, for all k P N
and x P X, where S denotes the Borel σ-algebra of Z. By continuity of z ÞÑ
řN
k“1 βkρkpzq on every compact preimage KZ,R :“ ψ´1

Z ps0, Rsq, we conclude
that ω ÞÑ ϕpωqpxq is Σ{T -measurable, for all x P X. On the other hand,
we observe that x ÞÑ ϕpωqpxq is by definition continuous on every compact
preimage KR “ ψ´1ps0, Rsq, for all ω P Ω and R ą 0, such that pω, xq ÞÑ
ϕpωqpxq is by [AB06, Lemma 4.51] ΣbFR{T -measurable, where FR denotes the
Borel σ-algebra of KR. Because this holds for every R ą 0, pω, xq ÞÑ ϕpωqpxq
is Σb F{T -measurable.

Now, we consider a randomized ANN ϕ : Ω Ñ BψpX;Y q as random vari-
able in LppΩ;BψpX;Y qq, with 1 ď p ă 8, where we assume that the ran-
dom variable ρk ˝ h : Ω Ñ BψpX;Zq belongs to LppΩ;BψpX;Zqq such that

E
”

}ρ ˝ h}pBψpX;Zq

ı

ă 8, for all ρ P R, which implies by Minkowski’s inequality

that

}ϕ}LppΩ;BψpX;Y qq :“ E
”

}ϕ}pBψpX;Y q

ı
1
p

ď

N
ÿ

k“1

}βk}LpZ;Y qE
”

}ρk ˝ h}
p
BψpX;Zq

ı
1
p
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is finite, such that ϕ P LppΩ;BψpX;Y qq is well-defined, where we have used
that h1, h2, ... are identically distributed. In the following, we show that any
random function f P LppΩ;BψpX;Y qq and therefore any deterministic function
f P BψpX;Y q can be approximated by a randomized abstract neural network

ϕ P RNH,R,L
X,Y .

Example 3.54. For X “ Rn and Z “ Y “ R with weights ψpxq “ exp
`

}x}2
˘

and ψZpzq “ exp p|z|q, we consider H “
 

x ÞÑ aJx` b; a P Rn, b P R
(

, an
activation function ρ P C0

b pRq and a linear readout L “ tz ÞÑ wz; w P Ru such

that NNH,R,L
Rn,R is τ0

ψ-dense in BψpRnq. Then, we define h : Ω Ñ H as hpωq “

px ÞÑ
řn
i“1 aipωqxi ` bpωqq, for independent random variables ai, b „ N p0, 1q

following a normal distribution. Because ρ : R Ñ R is bounded, we have

E
”

}ρ ˝ h}pBψpRnq

ı

ă 8, for all 1 ď p ă 8.

Lemma 3.55 ([HNVW16, Lemma 1.2.31]). If pΩ, τΩq is locally compact, then
the space C0

c pΩ;BψpX;Y qq of compactly supported random variables is dense
in LppΩ;BψpX;Y qq with respect to } ¨ }LppΩ;BψpX;Y qq.

Theorem 3.56 (Random Universal Approximation). Let 1 ď p ă 8 and
assume that the architecture pH,R,Lq between X and Y is compatible with an-

other architecture pG,R,Kq between Z and Z such that NN G,R,K
Z,Z is τ0

ψZ
-dense

in BψZ pZ;Zq. If the random variable h : Ω Ñ H with h P LppΩ;BψpX;Zqq

satisfies (3.5.1), then RNH,R,L
X,Y is dense in LppΩ;BψpX;Y qq, i.e. for every

f P LppΩ;BψpX;Y qq and ε ą 0 there exists some ϕ P RNH,R,L
X,Y such that

}f ´ ϕ}LppΩ;BψpX;Y qq “ E
„ˆ

sup
xPX

}fpxq ´ ϕpxq}Y
ψpxq

˙p1{p

ă ε.

Proof. First, we show the approximation of f P C0
c pΩ;BψpX;Y qq by some

ϕ P RNH,R,L
X,Y in a weighted supremum norm. For this purpose, let f P

C0
c pΩ;BψpX;Y qq with support contained in a compact set K Ă Ω and fix

some ε ą 0. Let pX0, ψX0
q be the weighted space with X0 “ K ˆ X and

ψX0pω, xq “ ψpxq, for all pω, xq P K ˆ X, and define the additive family
H0 “ tph1 ` ...` hn ` bq|X0 : X0 Ñ Z; n P Ně1, hi „ h, b P Zu, which implies

that NNH0,R,L
X0,Y

“ RNH,R,L
X,Y

ˇ

ˇ

ˇ

X0

. In this case, the compatibility of g ˝ h P H,

for all g P G and h P H, implies g ˝ h0 P H, for all g P G and h0 P H0.
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Moreover, for every h0 P H0 there exists by additivity of H some h P H such
that suppω,xqPX0

ψZph0pωqpxqq{ψX0pω, xq ď supxPX ψZphpxqq{ψpxq ă 8, which
shows that the architecture pH0,R,Lq between X0 and Y is also compatible
with the architecture pG,R,Kq between Z and Z. Hence, we conclude by ap-

plying Theorem 3.27 that there exists some ϕ P RNH0,R,L
X,Y such that

sup
pω,xqPΩˆX

}fpωqpxq ´ ϕpωqpxq}Y
ψX0

pω, xq
“ sup
pω,xqPΩˆX

}fpωqpxq ´ ϕpωqpxq}Y
ψpxq

ă ε,

which shows that RNH,R,L
X,Y is dense in C0

c pΩ;BψpX;Y qq, because ε ą 0 and

f P C0
c pΩ;BψpX;Y qq were chosen arbitrarily. Since the topology induced by

} ¨ }LppΩ;BψpX;Y qq is a weaker topology on C0
c pΩ;BψpX;Y qq than τ0

ψX0
, where

C0
c pΩ;BψpX;Y qq is by Lemma 3.55 dense in LppΩ;BψpX;Y qq, the set of ran-

domized abstract neural network RNH,R,L
X,Y is also dense in LppΩ;BψpX;Y qq.

By an application of the Markov inequality, it follows from Theorem 3.56
that RANNs are able to approximate any function f P BψpX;Y q with an error
that rarely exceeds a certain tolerance ε ą 0.

Corollary 3.57. Let 1 ď p ă 8 and assume that the architecture pH,R,Lq
between X and Y is compatible with another architecture pG,R,Kq between Z

and Z such that NN G,R,K
Z,Z is τ0

ψZ
-dense in BψZ pZ;Zq. If the random variable

h : Ω Ñ H with h P LppΩ;BψpX;Zqq satisfies (3.5.1), then for every f P

LppΩ;BψpX;Y qq and δ, ε ą 0 there exists some ϕ P RNH,R,L
X,Y such that

P
„"

ω P Ω; sup
xPX

}fpωqpxq ´ ϕpωqpxq}Y
ψpxq

ě ε

*

ă δ.

Proof. Let f P LppΩ;BψpX;Y qq and fix δ, ε ą 0. Then, there exists by The-

orem 3.56 some ϕ P RNH,R,L
X,Y satisfying E

”

}f ´ ϕ}pBψpX;Y q

ı

ă δεp such that

the conclusion follows by applying the Markov inequality.

Now, we apply these arguments to the universal approximation result with
derivatives in Theorem 3.52 to show that smooth RANNs are able to approxi-
mate differentiable functions arbitrarily well. For this purpose, we assume that
the input space pX,ψq is a weighted space, which is a C8-manifold over finite
dimensional spaces pEi, } ¨ }EiqiPI , the hidden layer space pZ,ψZq is a Banach
space with norm } ¨ }Z , and the output space pY, } ¨ }Y q is also a Banach space
with predual pF, } ¨ }F q having the approximation property.
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Theorem 3.58 (Random Smooth Universal Approximation). Let 1 ď p ă 8
and let H Ă LipkψpX;Zq be a strong additive family. Assume that the ar-
chitecture pH,R,Lq between X and Y is compatible with pG,R,Kq between Z

and Z such that NN G,R,K
Z,Z is τkψZ -dense in LipkψZ pZ;Zq. If h : Ω Ñ H with

h P LppΩ;LipkψpX;Zqq satisfies (3.5.1) and

P
“ 

ω P Ω; phpωq ˝ cq1p0q ‰ 0
(‰

ą 0, (3.5.3)

for all c P C8pR;Xq, then RNH,R,L
X,Y is dense in LppΩ;LipkψpX;Y qq, i.e. for

every f P LppΩ;LipkψpX;Y qq and ε ą 0 as well as c P C8pR;Xq there exists

some ϕ P RNH,R,L
X,Y such that

E

»

—

–

¨

˝ max
j“0,...,k

sup
tPR

›

›

›
ppf ´ ϕq ˝ cq

pjq
ptq

›

›

›

Y

ψpcptqq

˛

‚

pfi

ffi

fl

1{p

ă ε.

Proof. Since LipkψpX;Y q is a locally convex topological vector space, we can use
the arguments of [HNVW16, Proposition 1.2.2, Lemma 1.2.19(i)] applied to ev-
ery c P C8pR;Xq such that simple functions of the form ω ÞÑ

řn
m“1 1Ampωqfm,

for n P Ně1, Am P Σ and fm P LipkψpX;Y q, are dense in LppΩ;LipkψpX;Y qq.
Hence, the arguments of [HNVW16, Proposition 1.2.31] are still valid such
that C0

c pΩ;LipkψpX;Y qq is dense in LppΩ;LipkψpX;Y qq. The remaining proof
follows along the lines of the proof of Theorem 3.56, where we use the universal
approximation result in Theorem 3.52 instead of Theorem 3.27.

Corollary 3.59. Let 1 ď p ă 8 and let H Ă LipkψpX;Zq be a strong additive
family. Assume that pH,R,Lq between X and Y is compatible with pG,R,Kq
between Z and Z such that NN G,R,K

Z,Z is τkψZ -dense in LipkψZ pZ;Zq. If the

random variable h : Ω Ñ H with h P LppΩ;LipkψpX;Zqq satisfies (3.5.1) and

(3.5.3), then for every f P LppΩ;LipkψpX;Y qq and δ, ε ą 0 as well as c P

C8pR;Xq there exists some ϕ P RNH,R,L
X,Y such that

P

»

–

$

&

%

ω P Ω; max
j“0,...,k

sup
tPR

›

›

›
ppfpωq ´ ϕpωqq ˝ cq

pjq
ptq

›

›

›

Y

ψpcptqq
ě ε

,

.

-

fi

fl ă δ.

Proof. The proof follows by applying the same arguments including Markov’s
inequality as in the proof of Corollary 3.57, where Theorem 3.58 instead of
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Theorem 3.56 is applied.

Moreover, the arguments in Theorem 3.56, Corollary 3.57, Theorem 3.58
and Corollary 3.59 could be generalized to locally convex topological vector
spaces as hidden and output layers.

3.6 Lipschitz Functions and Signature
Methods

In this section, we show another application of the weighted Stone-Weierstrass
stated in Theorem 3.11, which is related to the theory of rough paths introduced
by Terry Lyons, see [LCL07]. Hereby, the signature of a path consisting of its
iterated integrals can be used to approximate any path space functional arbi-
trarily well. For example, [CO18] and [KO19] introduced kernel-based methods
to learn functionals depending on the signature, whereas [CGOT20] considered
a randomized version of the discrete-time signature. These novel techniques
have been succesfully applied for hedging and optimal stopping problems in
Finance, see for example [LNP19] and [JLP20]. Opposed to these results, we
consider here the non-compact input space of Lipschitz functions equipped with
a weak-˚-topology, where we follow the notation of [Wea99].

3.6.1 Predual of Lipschitz Functions

For a pointed metric space pS, dSq, i.e. a metric space with designated origin
0 P S, we will show the existence of a Banach space ÆpSq, the so-called Arens-
Eells space, whose dual can be naturally identified with the space of Lipschitz
functions preserving the origin. More precisely, let pY, }¨}Y q be a Banach space,
for which a map f : S Ñ Y is called Lipschitz if there exists a constant C ą 0
such that

}fpsq ´ fptq}Y ď CdSps, tq, (3.6.1)

for all s, t P S. Using this, we introduce the following two spaces of Lipschitz
functions.
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Definition 3.60. For a metric space pS, dSq and a Banach space pY, } ¨ }Y q,
we introduce the following.

(i) The Lipschitz space LippS;Y q is defined as bounded Lipschitz functions
f : S Ñ Y with norm }f}LippS;Y q “ max pLpfq, supsPS }fpsq}Y q, where
Lpfq denotes the Lipschitz constant of f : S Ñ Y , which is defined as the
smallest number C ą 0 such that (3.6.1) holds true.

(ii) If pS, dSq is additionally pointed, we define the Lipschitz space Lip0pS;Y q
as Lipschitz functions f : S Ñ Y preserving the origin, i.e. fp0q “ 0,
which is equipped with the norm }f}Lip0pS;Y q “ Lpfq.

In both cases, we abbreviate LippSq :“ LippS;Rq and Lip0pSq :“ Lip0pS;Rq if
Y “ R.

For every (pointed) metric space pS, dSq, LippS;Y q and Lip0pS;Y q are again
Banach spaces with their corresponding norm, see [Wea99, Proposition 2.3]. We
start by showing that LippSq and Lip0pSq admit a predual, with the help of

the so-called De Leeuw’s map Φ : Lip0pSq Ñ BprSq, which is defined by

Φpfqps, tq “
fpsq ´ fptq

dSps, tq
,

for a function f P Lip0pSq and ps, tq P rS, where rS “ tps, tq P S ˆ S; s ‰ tu

denotes the space S ˆ S without diagonal, and where BprSq denotes the space

of bounded functions f : rS Ñ R on rS such that sup
ps,tqP rS |fps, tq| ă 8, see

[Wea99, Theorem 2.35].

Lemma 3.61. For a compact metric space pS, dSq, the following holds true:

(i) LippSq is a dual space and on bounded subsets of LippSq, the weak-˚-
topology coincides with the topology of uniform convergence.

(ii) If pS, dSq is additionally pointed, then Lip0pSq is a dual space and on
bounded subsets of Lip0pSq, the weak-˚-topology coincides with the topol-
ogy of uniform convergence.

Proof. This follows by combining [Wea99, Theorem 2.37] and [Wea99, Proposi-
tion 2.39] for (ii) as well as [Wea99, Corollary 2.38] and [Wea99, Corollary 2.40]
for (i).

Now, we introduce the vector space M of so-called molecules, which are
defined as functions m : S Ñ R with finite support such that

ř

sPSmpsq “ 0.
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In addition, we define the pairing xf,my :“
ř

sPS fpsqmpsq such that for every
f P Lip0pSq and m PM, it holds that

|xf,my| ď }f}Lip0pSq
}m}ÆpSq,

where } ¨ }ÆpSq is defined in the following. An elementary molecule is defined
as mst “ 1tsu ´ 1ttu PM, for s, t P S, such that every molecule m PM has an
expression as linear combination of elementary molecules.

Definition 3.62. The Arens-Eells norm of a molecule m PM is defined as

}m}ÆpSq “ inf

#

n
ÿ

i“1

|ai|dSpsi, tiq; m “

n
ÿ

i“1

aimsiti , si, ti P S

+

,

where the infimum is taken over all finite linear combinations of elementary
molecules. In this case, the Arens-Eells space ÆpSq is defined as the } ¨ }ÆpSq-
closure of M, which becomes with } ¨ }ÆpSq a Banach space.

In the non-linear Banach space literature, the Arens-Eells space ÆpSq is
known as the Lipschitz-free space and denoted by FpSq, see e.g. [GK03]. Now,
we can identify the predual of Lip0pSq with ÆpSq.

Theorem 3.63. Let pS, dq be a pointed compact metric space. Then, ÆpSq˚

is isometrically isomorphic to Lip0pSq and on bounded subsets of Lip0pSq, the
weak-˚-topology coincides with the topology of uniform convergence.

Proof. This follows by combining [Wea99, Theorem 3.3] and [Wea99, Proposi-
tion 2.39].

For the vector-valued case with finite dimensional pY, } ¨ }Y q, we use that
the dual of Y ˚ is equal to Y , and consider the projective tensor product
ÆpSqb̂πY

˚, which consists by [SZ06, Theorem III§6.4] and because Y ˚ is
finite dimensional of elements of the form T “

řn
j“1mj b lj , for n P N,

mj P ÆpSq and lj P Y
˚, and which is equipped with the norm }T }ÆpSqb̂πY ˚ “

řm
j“1 }mj}ÆpSq}lj}Y ˚ .

Theorem 3.64 ([Wea99, Theorem 3.6]). Let pS, dq be a pointed metric space.
Then, the map ι : S Ñ M defined by ιpsq “ ms0, for s P S, isometri-
cally embeds S into ÆpSq. Moreover, for every f P Lip0pS;Y q there exists
a unique continuous linear map Tf P LpÆpSq;Y q such that Tf ˝ ι “ f with
}Tf }LpÆpSq;Y q “ }f}Lip0pS;Y q.
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Corollary 3.65. Assume that pS, dq be a pointed compact metric space. Then,
pÆpSqb̂πY

˚q˚ is isometrically isomorphic to Lip0pS;Y q, and on bounded sub-
sets of Lip0pS;Y q, the weak-˚-topology coincides with the topology of uniform
convergence.

Proof. By Theorem 3.64, it follows that Lip0pS;Y q is isometrically isomorphic
to ÆpSq˚ b Y ˚, which is in turn isometrically isomorphic to LpÆpSq;Y q. In
this case, ÆpSqb̂πY

˚ is a predual of Lip0pS;Y q identified with LpÆpSq;Y q,
because there exists a continuous dual pairing pÆpSqb̂πY

˚q ˆLip0pS;Y q Ñ R
defined by

xT, fy :“
n
ÿ

j“1

xlj ˝ f,mjy,

for f P Lip0pS;Y q and T P ÆpSqb̂πY
˚ of the form T “

řn
j“1mj b lj , for some

mj P ÆpSq and lj P Y
˚.

Now, we show that weak-˚ convergence on the unit ball of Lip0pS;Y q im-
plies uniform convergence. Let pfnqnPN Ă Lip0pS;Y q with }fn}Lip0pS;Y q ď 1
converging in the weak-˚-topology to f P Lip0pS;Y q with }f}Lip0pS;Y q ď 1.

Then, it follows for f ÞÑ T pfq :“ xl ˝ f,ms0y P ÆpSqb̂πY
˚ that

lpfnpsqq “ lpfnpsqq ´ lpfnp0qq “ xT, fny
nÑ8
ÝÑ xT, fy “ lpfpsqq ´ lpfp0qq “ lpfpsqq,

(3.6.2)

where we have used that fnp0q “ fp0q “ 0 implies lpfnp0qq “ lpfp0qq “ 0. Since
(3.6.2) holds true for all l P Y ˚ and s P S, we conclude that fnpsq Ñ fpsq, as
nÑ8, for all s P S, showing pointwise convergence. Moreover, fix some ε ą 0
and n0 P N, and let ts1, ..., sku be an ε-net in S such that }fnpsiq ´ fpsiq}Y ă
ε{3, for all i “ 1, ..., k and n ě n0. As every s P S is at most ε away of some
point in ts1, ..., sku, we have

}fnpsq ´ fpsq}Y ď }fnpsq ´ fnpsiq}Y ` }fnpsiq ´ fpsiq}Y ` }fpsiq ´ fpsq}Y

ď dSps, siq ` }fnpsiq ´ fpsiq}Y ` dSpsi, sq ă ε,

for all s P S and some i “ 1, ..., k, which yields uniform convergence.
Conversely, let pfnqnPN be a sequence in Lip0pS;Y q with }fn}Lip0pS;Y q ď

1 converging uniformly to f P Lip0pS;Y q with }f}Lip0pS;Y q ď 1. Then, fn
converges pointwise to f , and for every m PM and l P Y ˚, we have

xl ˝ fn,my “
ÿ

sPS

lpfnpsqqmpsq
nÑ8
ÝÑ

ÿ

sPS

lpfpsqqmpsq “ xl ˝ f,my. (3.6.3)

Since ÆpSq is defined as the }¨}ÆpSq-closure ofM and supnPN }fn}Lip0pS;Y q ď 1,
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(3.6.3) holds also for every m P ÆpSq. In this case, (3.6.3) is still valid for
T “

řn
k“1mj b lj , with lj P Y

˚ and mj P M, such that xT, fny Ñ xT, fy,
as n Ñ 8, for all T P ÆpSqb̂πY

˚, which shows convergence in the weak-˚-
topology.

Hence, we have found for a compact metric space pS, dSq a predual of
Lip0pS;Y q such that Lip0pS;Y q carries a weak-˚-topology, which coincides on
bounded subsets with the topology of uniform convergence.

3.6.2 Signature of Geometric Rough Paths

The predual of Lipschitz continuous functions can be used in the setting of
rough paths. For this purpose, we recall some basic notation and definitions
from rough path theory as used in [FV10], and introduce the free nilpotent Lie
group GN pRdq in the following. The extended tensor algebra T ppRdqq over Rd
is defined as

T ppRdqq :“
8
à

n“0

pRdqbn,

where pRdqbn denotes the nth tensor space of Rd with convention pRdqb0 :“ R.
On T pRdq, we define the standard addition “`”, the tensor product “b” used
for multiplication, and scalar multiplication “¨” by

a` b “ pan ` bnq
8

n“0 , ab b “

˜

n
ÿ

k“0

an´k b bk

¸8

n“0

, λ ¨ a “ pλanq
8

n“0 ,

for a, b P T pRdq and λ P R, where an denotes the projection to the nth level of
a P T pRdq. In addition, let

T pRdq :“
 

a P T ppRdqq; DN P N : an “ 0, for all n ě N
(

Ă T ppRdqq

be the tensor algebra over Rd. Let te1, ..., edu be a basis for Rd with dual
basis te˚1 , ..., e

˚
du of pRdq˚ such that tei1 b ¨ ¨ ¨ b ein ; i1, ..., in P t1, ..., duu and

 

e˚i1 b ¨ ¨ ¨ b e
˚
in

; i1, ..., in P t1, ..., du
(

are bases of pRdqbn and ppRdq˚qbn, re-
spectively. Then, we observe that

teI :“ ei1 b ¨ ¨ ¨ b ein ; n P N, I “ pi1, ..., inq P t1, ..., dunu Y t1u,
 

e˚I :“ e˚i1 b ¨ ¨ ¨ b e
˚
in ; n P N, I “ pi1, ..., inq P t1, ..., dun

(

Y t1˚u

are bases of T pRdq and T ppRdq˚q, respectively, where 1 “ p1, 0, 0, ...q P T pRdq
is the unit element, and where 1˚ P T ppRdq˚q is such that 1˚paq “ a0, for all
a P T pRdq.
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Definition 3.66. For I “ pi1, ..., inq P t1, ..., du
n and J “ pj1, ..., jmq P

t1, ..., dum, we define the shuffle product � inductively by

e˚I � e˚J :“
´

e˚
pi1,...,in´1q

� e˚J

¯

b e˚in `
´

e˚I � e˚
pj1,...,jm´1q

¯

b e˚jm ,

with e˚I � 1˚ “ 1˚ � e˚I “ e˚I , which is extended by bilinearity to the extended
tensor algebra T ppRdq˚q.

Let C1´varpr0, T s;Rdq be the space of continuous paths Z : r0, T s Ñ Rd of
finite variation. For a given N P N and a path Z P C1´varpr0, T s;Rdq, we define
its step-N signature over the interval rs, ts Ă r0, T s by

SN pZqs,t :“

ˆ

1,

ż

săuăt

dZu, ...,

ż t

s

ż uN

s

¨ ¨ ¨

ż u2

s

dZu1 b ¨ ¨ ¨ b dZuN´1
b dZuN

˙

P TN pRdq,

where TN pRdq :“
ÀN

n“0pRdqbn denotes the truncated tensor algebra of or-
der N over Rd. The corresponding space of lifted paths of finite variation in
C1´varpr0, T s;Rdq is the step-N free nilpotent group

GN pRdq :“
 

SN pZq0,T ; Z P C1´varpr0, T s;Rdq
(

Ă TN pRdq,

which is equipped with one of the following metrics, either the submanifold met-
ric d1

GN pRdqpg, hq “ maxk“1,...,N

›

›gk ´ hk
›

› or the Carnot-Carathéodory metric

(see [FV10, Definition 7.41]) defined by d2
GN pRdqpg, hq “

›

›g´1 b h
›

›

cc
, where

}g}cc :“ inf
!

şT

0
|dZ|; Z P C1´varpr0, T s;Rdq, SN pZq0,T “ g

)

. These metrics

are not equivalent (unless d “ 1), but there exists by [FV10, Proposition 7.49]
some C ą 0 such that

d1
GN pRdqpg, hq ď Cd2

GN pRdqpg, hq, d2
GN pRdqpg, hq ď Cd1

GN pRdqpg, hq
1{N ,

for all g, h P GN pRdq belonging to a bounded subset of GN pRdq with respect
to } ¨ }cc.

In the following, we use the Carnot-Carathéodory metric and introduce for
a path X : r0, T s Ñ GN pRdq the map X : ∆2 Ñ GN pRq defined by Xs,t “
X´1
s b Xt, for ps, tq P ∆2, where ∆2 “

 

ps, tq P r0, T s2; s ď t
(

denotes the two-
dimensional simplex. For 0 ă α ď 1, we introduce the α-Hölder metric over
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rs, ts given by

dα´Höl,rs,tspX,Yq “ max
n“1,...,t1{αu

˜

sup
u,vPrs,ts
uăv

}Xnu,v ´ Ynu,v}
|u´ v|nα

¸
1
n

,

for X,Y : ∆2 Ñ Gt1{αupRdq. Using this, we define the space of geometric α-
Hölder rough paths as the dα´Höl,r0,T s-closure of the step-N signatures obtained
from paths with finite variation.

Definition 3.67. For 0 ă α ď 1, a map X : ∆2 Ñ Gt1{αupRdq is a geometric
α-Hölder rough path if there exists a sequence pXpkqqkPN Ă C1´varpr0, T s;Rdq
such that pSt1{αupXpkqqqkPN : ∆2 Ñ Gt1{αupRdq converges in the dα´Höl,r0,T s-

metric to X. We denote by GΩαpr0, T s;Rdq the space of geometric α-Hölder
rough paths.

In addition, every geometric α-Hölder rough path X P GΩαpr0, T s;Rdq can
be uniquely extended to a map Xă8 : ∆2 Ñ T pRdq by [LCL07, Theorem 3.7],
which we call its signature. For example, the sample paths of a continuous
semimartingale are almost surely a geometric α-Hölder rough path with α P
s1{3, 1{2s. In addition, the shuffle product can be used to describe the product
of two linear functionals.

Lemma 3.68 ([LCL07, Theorem 2.15]). Let X P GΩαpr0, T s;Rdq and l1, l2 P
T ppRdq˚q. Then, it holds that

l1
`

Xă8s,t
˘

l2
`

Xă8s,t
˘

“ pl1 � l2q
`

Xă8s,t
˘

,

for all ps, tq P ∆2.

By Lemma 3.68, every X P GΩαpr0, T s;Rdq satisfies Chen’s relation Xă8s,u b
Xă8u,t “ Xă8s,t , for all 0 ď s ď u ď t ď T , which means that the whole path
information is contained in its signature Xă80,T . In the following, we consider con-

tinuous paths X : r0, T s Ñ Rd, for example a sample path of a continuous semi-
martingale. Hereby, we assume Xp0q “ 0 and define the space of rough paths
ΩT “

 

t ÞÑ Xt :“ X0,t : r0, T s Ñ Gt1{αupRdq; X P GΩαpr0, T s;Rdq, Xp0q “ 0
(

,
which we equip with the seminorm

}X}α “ max
n“1,...,t1{αu

˜

sup
s,tPr0,T s
săt

}Xnt ´ Xns }
|t´ s|nα

¸
1
n

,

where } ¨ } denotes the norm on pRdqbn.
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Definition 3.69. For X P C0pr0, T s;Rdq, we define its time-augmentation as

t ÞÑ pXt “ pt,Xtq P Rd`1. From this, we define the rough path space pΩT “
!

t ÞÑ pXt :“ pX0,t : r0, T s Ñ T pRd`1q; X P GΩαpr0, T s;Rdq, Xp0q “ 0
)

.

We now show that every continuous functional depending on X P pΩT can
be approximated with the help of linear functionals in T ppRd`1q˚q applied
on the signature Xă80,T . For this purpose, we introduce the weight function

ψ : pΩT Ñs0,8r given by

ψppXq “ exp
´

}pX}28
¯

, (3.6.4)

for pX P pΩT , where }pX}8 “ suptPr0,T smaxn“1,...,t1{αu }
pXnt }. Using the results of

Section 3.6.1, we know that pΩT carries a weak-˚-topology, where every func-
tional in BψppΩT q can be approximated by a linear combination of the signature
pXă80,T P T pRd`1q, for which we first show the following lemma.

Lemma 3.70. Let X P GΩαpr0, T s;Rdq and assume that there exists some l P
T t1{αuppRdq˚q such that t ÞÑ lpX0,tq is strictly monotone. Then, the signature
Xă80,T uniquely determines X : ∆2 Ñ Gt1{αupRdq.

Proof. This follows immediately from [BGLY16], where the signature Xă80,T

uniquely determines X : r0, T s Ñ Gt1{αupRdq up to tree-like equivalences (see
[BGLY16, Definition 1.1]). However, they are ruled out by assuming that there
exists a linear functional l P T t1{αuppRdq˚q such that t ÞÑ lpX0,tq is strictly
monotone.

Theorem 3.71. The set
!

pΩT Q pX ÞÑ lppXă80,T q; l P T ppRd`1q˚q

)

is τ0
ψ-dense in

BψppΩT q, i.e. for every f P BψppΩT q and ε ą 0 there exists some l P T ppRd`1q˚q

such that

sup
pXPpΩT

ˇ

ˇ

ˇ
fppXq ´ lppXă80,T q

ˇ

ˇ

ˇ

ψppXq
ă ε.

Proof. For the Banach space Y “
ÀN

n“1pRdqbn with norm maxn“1,...,N }a
k},

we observe that pΩT contains Y -valued Lipschitz functions t ÞÑ X0,t : r0, T s Ñ Y
with Xp0q “ 0 defined on the compact metric space pr0, T s, dαq with dαps, tq “
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|t ´ s|α. Since pY, } ¨ }Y q is finite dimensional, the space ÆpSqb̂πY
˚ is by

Corollary 3.65 a predual of Lip0pS;Y q, where the weak-˚-topology coincides

with the topology of uniform convergence on bounded subsets of pΩT . From
this, we define the weight function ψ : pΩT Ñs0,8r as in (3.6.4) such that the
preimage KR “ ψ´1ps0, Rsq is bounded and by Banach-Alaoglu compact in the

weak-˚-topology, for all R ą 0, and ψ : pΩT Ñs0,8r therefore an admissible

weight function. Moreover, we observe that pX ÞÑ l1ppXă80,T q ` l2ppXă80,T q “ pl1 `

l2qppXă80,T q P A and pX ÞÑ l1ppXă80,T q l2p
pXă80,T q “ pl1�l2qp

pXă80,T q P A, by Lemma 3.68,

for all l P T ppRd`1q˚q and pX P pΩT , such that

A “
!

pΩT Q pXÑ lppXă80,T q; l P T ppRd`1q˚q

)

is a subalgebra of BψppΩT q, see also [LCL07, Theorem 2.15]. In addition, it
follows with Lemma 3.70 and the time augmentation that the signatures Xă80,T

and Yă80,T of distinct X,Y P pΩT differ, which implies for some l P T ppRd`1q˚q

that the function pX ÞÑ appXă8q :“ lppXă80,T q P A satisfies appXq :“ lppXă80,T q ‰

lppYă80,T q “ appYq. Hence, A is locally point separating with point separating

subspace rA “ A because

sup
pXPpΩT

exp
´
ˇ

ˇ

ˇ
appXq

ˇ

ˇ

ˇ

¯

ψppXq
“ sup

pXPpΩT

exp
´
ˇ

ˇ

ˇ
lppXă80,T q

ˇ

ˇ

ˇ

¯

ψppXq

ď sup
pXPpΩT

exp
´

řN
n“1 }ln}ppRd`1q˚qbn}

pXn0,T }
¯

exp
´

suptPr0,T smaxn“1,...,t1{αu }
pXn0,t}2

¯ ă 8,

for all a P A of the form appXq “ lppXă80,T q “
řN
n“0 lnp

pXn0,T q, where l P T ppRd`1q˚q

can be written as l “
řN
n“0 ln, for some ln P ppRd`1qbnq˚. In addition, A

vanishes nowhere because for every pX P pΩT we can choose 1˚ P T ppRd`1q˚q

such that pX ÞÑ appXq :“ 1˚ppXă80,T q P A satisfies appXq “ 1, for all pX P pΩT . Then,
the conclusion follows from the weighted Stone-Weierstrass in Theorem 3.7.

In Theorem 3.71, we have used the weak-˚-topology of pΩT as weighted
topology to consider the approximation beyond compact subsets of pΩT , which
differs from the usual rough path norms. Moreover, one would only con-
sider the first N iterated integrals for an application in practice and learn a
given functional f P BψppΩT q by regressing on the truncated signature XďN0,T “

p1,X1
0,T , ...,XN0,T q P TN pRdq.
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Chapter 4

Universal Approximation on Space of

Stopped Paths

The space of stopped paths pΛT , d8q defined in the introductory example in
Section 3.1 was originally introduced in [Dup09], [CF10] and [CF13] to gen-
eralize Föllmer’s pathwise Ito calculus (see Section 1.2.4). More precisely, the
pathwise Ito formula in Theorem 1.41, also called the change of variable for-
mula, was generalized by [CF10] to non-anticipative functionals by using their
horizontal and vertical derivatives. Hereby, the non-anticipative functional is
able to depend on the history of the trajectory, and we introduce a special type
of abstract neural networks, so-called “functional neural networks”, for which
we prove a particular universal approximation result with derivatives such that
not only the value of the non-anticipative functional can be approximated, but
also their horizontal and vertical derivatives.

4.1 Non-Anticipative Functional Calculus

In the following, we introduce non-anticipative functionals and the pathwise
functional Ito calculus, where we now use capital letters for paths and func-
tionals in contrast to Chapter 3. Let U Ă Rd be an open subset and consider a
continuous path Y P C0pr0, T s;Uq. We define the stopped path Y t : r0, T s Ñ U
at time t P r0, T s by Y tpsq “ Y ps^ tq, for all s P r0, T s, and introduce the space
of stopped paths ΛT given by

ΛT “ tpt, Y
tq; pt, Y q P r0, T s ˆ C0pr0, T s, Uqu –

`

r0, T s ˆ C0pr0, T s, Uq
˘

{ „,

where „ denotes the equivalence relation defined by pt, Y q „ ps, Zq if and only
if t “ s and Y t “ Zs. Moreover, we equip ΛT with the metric d8 : ΛT ˆΛT Ñ



104 CHAPTER 4. UNIVERSAL APPROXIMATION ON SPACE OF STOPPED PATHS

r0,8r defined by

d8ppt, Y q, ps, Zqq “ |t´ s| ` sup
uPr0,T s

}Y tpuq ´ Zspuq},

for pt, Y q, ps, Zq P ΛT such that pΛT , d8q becomes a complete metric space.
With this, we can now introduce path-dependent functionals, which are called
non-anticipative functionals.

Definition 4.1. A non-anticipative functional is a measureable map F : ΛT Ñ
R. In addition, F is continuous if F is continuous with respect to d8, i.e. if
for every ε ą 0 there exists some δ ą 0 such that

d8ppt, Y q, ps, Zqq ă δ ùñ |F pt, Y q ´ F ps, Zq| ă ε.

By C0,0pΛT q, we denote the vector space of all continuous non-anticipative
functionals defined on ΛT .

Moreover, a non-anticitpative functional F : ΛT Ñ R is called boundedness-
preserving if for every compact subset K Ă Rd there exists a constant C ą 0
such that pt, Y q P r0, T s ˆ C0pr0, T s;Kq{ „ implies that |F pt, Y q| ď C. In
addition, a non-anticipative functional F : ΛT Ñ R is called continuous at
fixed times if the map Y ÞÑ F pt, Y q is continuous with respect to the supremum
norm } ¨ }C0 , for all t P r0, T s.

Next, we recall the notions of differentiability for non-anticipative function-
als. A non-anticipative functional F : ΛT Ñ R is called horizontally differen-
tiable if the limit

DF pt, Y tq “ lim
hÑ0`

F pt` h, Y tq ´ F pt, Y tq

h

exists for all pt, Y q P ΛT and if DF : ΛT Ñ R is a boundedness-preserving non-
anticipative functional such that for every 0 ď s ă t ď T and Y P C0pr0, T s, Uq,
the function rs, ts Q r ÞÑ DF pr, Y sq is Borel-measurable and it holds that

F pt, Y sq ´ F ps, Y sq “

ż t

s

DF pr, Y sqdr.

On the other hand, F : ΛT Ñ R is called vertically differentiable if the map v ÞÑ
F pt, Y ` v1rt,T sq is differentiable at 0, for all pt, Y q P ΛT . In this case, the ver-
tical derivatives of F at pt, Y q are denoted by ∇XF pt, Y q “ pBiF pt, Y qqi“1,...,d,
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for which the ith partial derivative is defined as

BiF pt, Y q “ lim
hÑ0

F pt, Y t ` hei1rt,T sq ´ F pt, Y
tq

h
,

for i “ 1, ..., d and pt, Y q P ΛT . We denote by Cp,qpΛT q the space of non-
anticipative functionals F P C0,0pΛT q such that F : ΛT Ñ R is continuous at
fixed times, p-times horizontally differentiable and q-times vertically differen-
tiable, where DF, ...,DpF P C0,0pΛT q and ∇XF, ...,∇qXF P C0,0pΛT q are con-
tinuous at fixed times and boundedness-preserving. Under Assumption 1.40,
we obtain the following pathwise functional Ito formula, which generalizes
Föllmer’s pathwise Ito formula in Theorem 1.41.

Lemma 4.2 ([CF10, Theorem 3]). Suppose that the path X : r0, T s Ñ U sat-
isfies Assumption 1.40, where U Ă Rd is open, and assume that F P C1,2pΛT q.
Then,

F pt,Xq ´ F p0, Xq “

ż t

0

DF ps,Xqds`
ż t

0

∇XF ps,XqJdXpsq

`
1

2

d
ÿ

i,j“1

ż t

0

BijF ps,XqdrXi, Xjss,

for all t P r0, T s, where the pathwise stochastic integral is defined as

ż t

0

∇XF ps,XqJdXpsq “ lim
nÑ8

ÿ

sPTn,sďt
∇XF ps,XqJ

`

Xps1q ´Xpsq
˘

, (4.1.1)

for t P r0, T s, and where the series on the right-hand side of (4.1.1) converges
absolutely.

In addition, a functional ξ : r0, T sˆCpr0, T s, Uq Ñ Rd is called an admissible
functional integrand for Y on U if there exists some F P C1,2

b pΛT q such that
ξpt, Y q “ ∇XF pt, Y q, for all pt, Y q P r0, T s ˆ Cpr0, T s, Uq, where U Ă Rd is
open. In this case, Lemma 4.2 gives a pathwise expression for the stochastic
integral, which we call the Föllmer integral as in Section 1.2.4.

4.2 Functional Neural Networks

Similarly as in Chapter 3, we would like to approximate a non-anticipative
functional by a specific type of neural network such that the non-anticipative
behaviour is preserved. Following the ideas of Section 3.3, we construct an



106 CHAPTER 4. UNIVERSAL APPROXIMATION ON SPACE OF STOPPED PATHS

additive family between ΛT and R in order to define functional neural network
as follows.

Definition 4.3. Let N,M1 P Ně1 and ρ : RÑ R be a function such that ϕki P
NN ρ

d,M1
are conventional neural networks of connectivity M1, for k “ 1, ...N

and i “ 1, ..., d. Then, the map Φ : ΛT Ñ R defined by

Φpt, Y q “
N
ÿ

k“1

βkρ

˜

d
ÿ

i“1

ż t

0

ϕkipuqYipuqdu`
d
ÿ

i“1

AkiYiptq `Bkt` bk

¸

, (4.2.1)

for pt, Y q P ΛT , is called a functional neural network (FNN), where N P Ně1

is the number of neurons, A P RNˆd and B P RN are weight matrices, b P RN
is the bias vector, and where β P RN denotes the linear readout. Moreover,
we denote by M P N the number of non-zero entries in A and B, for which
the connectivity of the neural networks pϕkiqk“1,...,N,i“1,...,d is added, and call
it the network’s connectivity.

By construction, a functional neural network Φ : ΛT Ñ R satisfies Φpt, Y q “
Φpt, Y tq, for all pt, Y q P ΛT , such that Φ : ΛT Ñ R is a non-anticipative
functional. Moreover, if ρ P C0pRq then Φ P C0,0pΛT q, whereas ρ P C2

b pRq
implies Φ P C1,2pΛT q. In the latter case, the horizontal and vertical derivatives
are given by

DΦpt, Y q “
N
ÿ

k“1

βkρ
1

˜

d
ÿ

i“1

ż t

0

ϕkipuqYipuqdu`A
J
k¨Y ptq `Bkt` bk

¸

¨ ¨ ¨

¨ ¨ ¨

˜

d
ÿ

i“1

ϕkiptqYiptq `Bk

¸

,

BlΦpt, Y q “
N
ÿ

k“1

βkρ
1

˜

d
ÿ

i“1

ż t

0

ϕkipuqYipuqdu`A
J
k¨Y ptq `Bkt` bk

¸

Akl,

BlmΦpt, Y q “
N
ÿ

k“1

βkρ
2

˜

d
ÿ

i“1

ż t

0

ϕkipuqYipuqdu`A
J
k¨Y ptq `Bkt` bk

¸

AklAkm,

for all l,m “ 1, ..., d and pt, Y q P ΛT . By FN ρ
d,M , we denote the set of

functional neural networks of at most connectivity M , and let FN ρ
d,8 “

Ť

MPN FN
ρ
d,M be the set of all FNNs with arbitrary connectivity.
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Remark 4.4. Deep FNNs can be constructed by concatenation. Because FN ρ
d,8

is again an additive family between ΛT and R in the sense of Definition 3.13,
the non-anticipative functional Φ : ΛT Ñ R given by

Φpt, Y q “
N
ÿ

k“1

βkρ pΨkpt, Y q ` bkq ,

for pt, Y q P ΛT , is a functional neural networks with two hidden layers, where
β, b P RN and Ψk P FN ρ

d,8.

4.3 Universal Approximation with Derivatives

In the following, we use the universal approximation result in Theorem 3.52
to show that every smooth functional including its derivatives can be approx-
imated arbitrarily well by a functional neural network. For this purpose, we
restrict ourselves to the space of stopped α-Hölder continuous paths ΛαT intro-
duced in Example 3.2(v), which is defined as elements pt, Y q P ΛT with path
Y having finite Hölder norm

}Y }Cαpr0,T s;Rdq “ sup
sPr0,T s

}Y psq} ` sup
u‰s

}Y puq ´ Y psq}

|u´ s|α
.

Using this, we define the weight function ψ : ΛαT Ñs0,8r by ψpt, Y q “
exp

`

}Y }Cαpr0,T s;Rdq
˘

, for pt, Y q P ΛαT and some fixed α ą 0, such that the preim-
age KR “ ψ´1ps0, Rsq is equal to KR “ pr0, T s ˆARq{ „, for some equicontin-
uous and bounded subset AR Ă C0pr0, T s;Rdq. Hence, AR is by Arzelà-Ascoli
in Theorem 1.17 compact with respect to } ¨ }C0pr0,T s;Rdq and r0, T s ˆAR is by

Tychonoff therefore compact in the product topology of r0, T s ˆC0pr0, T s;Rdq
such that KR is compact in the quotient topology induced by d8. Because this
holds for every R ą 0, the weight function ψ : ΛαT Ñs0,8r is admissible in the
sense of Definition 3.1.
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Remark 4.5. Using the weight function ψ : ΛαT Ñs0,8r with α ă 1{2, we
conclude for a path Y : r0, T s Ñ Rd satisfying Assumption 1.40 that pt, Y tq
belongs to ΛαT , because there exists some R ą 0 such that

ψpt, Y q “ exp

˜

sup
sPr0,T s

}Y psq} ` sup
u‰s

}Y puq ´ Y psq}

|u´ s|α

¸

ď exp

ˆ

}Y }C0pr0,T s;Rdq ` max
i“1,...,d

rYi, Yis
1
2´α

T

˙

ď R,

for all t P r0, T s. This means in particular that almost every stopped path of a
sample path of a d-dimensional Brownian motion B “ pBptqqtPr0,T s defined on
a filtered probability space pΩ,A,F,Pq belongs to ΛαT .

We now restrict ourselves to the space of smooth functionals Cp,qpΛαT q de-
fined on the space of stopped α-Hölder continuous paths ΛαT . In addition, we in-
troduce the vector space Lipp,qb pΛ

α
T q of bounded and smooth Lipp,q-functionals

with bounded horizontal derivative up to order p and bounded vertical deriva-
tives up to order q, where the highest derivatives are locally Lipschitz contin-
uous. We equip Lipp,qb pΛ

α
T q with the norm

}F }p,q “ sup
pt,Y qPΛαT

|F pt, Y q| `
p
ÿ

j“1

sup
pt,Y qPΛαT

ˇ

ˇDjF pt, Y q
ˇ

ˇ

`
ÿ

1ď|m|ďq

sup
pt,Y qPΛαT

|BmF pt, Y q| .

Furthermore, we introduce the set Bp,qψ pΛαT q “ tF : ΛαT Ñ R; }F }ψ,p,q ă 8u
of non-anticipative functionals, whose growth as well as the growth of their
horizontal and vertical derivatives are controlled by the growth of ψ : ΛαT Ñ
s0,8r, where } ¨ }ψ,p,q denotes the weighted norm defined by

}F }ψ,p,q “ sup
pt,Y qPΛαT

|F pt, Y q|

ψpt, Y q
`

p
ÿ

j“1

sup
pt,Y qPΛαT

ˇ

ˇDjF pt, Y q
ˇ

ˇ

ψpt, Y q

`
ÿ

1ď|m|ďq

sup
pt,Y qPΛαT

|BmF pt, Y q|

ψpt, Y q
.

Finally, we define Lipp,qψ pΛ
α
T q as the completion of Lipp,qb pΛ

α
T q with respect to

the weighted norm } ¨ }ψ,p,q, where it follows for some F P Lipp,qψ pΛ
α
T q similarly
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as in the proof of Lemma 3.4 with KR “ ψ´1ps0, Rsq that

lim
RÑ8

˜

sup
pt,Y qPΛαT zKR

|F pt, Y q|

ψpt, Y q
`

p
ÿ

j“1

sup
pt,Y qPΛαT zKR

ˇ

ˇDjF pt, Y q
ˇ

ˇ

ψpt, Y q
` ¨ ¨ ¨

¨ ¨ ¨ `
ÿ

1ď|m|ďq

sup
pt,Y qPΛαT zKR

|BmF pt, Y q|

ψpt, Y q

¸

“ 0,

where we can use that every F P Lipp,qψ pΛ
α
T q can be approximated by cylindrical

functionals such that the topology induced by } ¨ }ψ,p,q is weaker than the

weighted topology τ
maxpp,qq
ψ for the cylindrical functionals.

We now apply the universal approximation result with derivatives derived
in Chapter 3 to show that every smooth functionals Lipp,qψ pΛ

α
T q can be approx-

imated arbitrarily well by a functional neural network. As activation function,

we consider a Lipmaxpp,qq-function ρ P Lip
maxpp,qq
b pRq such that

NN G,tρu,K
R,R :“

#

R Q x ÞÑ
N
ÿ

k“1

βkρ pakx` bkq P R; N P Ně1, ak, bk, βk P R

+

(4.3.1)
is dense in Cmaxpp,qqpKq, for all compact subsets K Ă R, where we have
G “ tz ÞÑ az ` b; a, b P Ru and K “ tz ÞÑ wz; w P Ru. For this purpose, Re-

mark 3.50 gives sufficient conditions on ρ P Lip
maxpp,qq
b pRq such that NN G,tρu,K

R,R

is τ
maxpp,qq
ψR

-dense in Lip
maxpp,qq
ψR

pRq, where ψR : R Ñs0,8r is an admissible
weight function on R.

Theorem 4.6 (Universal Approximation on Lipp,qψ pΛ
α
T q). Assume that ρ P

Lip
maxpp,qq
b pRq is such that (4.3.1) is dense in Cmaxpp,qqpKq, for all compact

subsets K Ă R. Then, FN ρ
d,8 is dense in Lipp,qψ pΛ

α
T q, i.e. for every F P

Lipp,qψ pΛ
α
T q and ε ą 0 there exists some Φ P FN ρ

d,8 such that

}F ´ Φ}ψ,p,q ă ε.

Proof. Since Lipp,qψ pΛ
α
T q is defined as the } ¨ }ψ,p,q-completion of Lipp,qb pΛ

α
T q,

we only need to approximate some F P Lipp,qb pΛ
α
T q by an element of FN ρ

d,8.
Hereby, we observe that the vector space of cylindrical functionals

C “

#

ΛαT Q pt, Y q ÞÑ
n
ÿ

k“0

1ttątkugkpt´ tk, Y ptq ´ Y ptkq, Y pt0q, ..., Y ptkqq P R

+

,

(4.3.2)
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is dense in Cp,qb pΛαT q with respect to } ¨ }p,q, where 0 ď t0 ď ... ď tn ď T is
a partition of r0, T s, and where gk P C

8
b pr0, T s ˆ Rd ˆ Rpk`1qdq are smooth

functions with gkp0, x, y0, ..., ykq “ gkpt, 0, y0, ..., ykq “
B
jgk
Btj p0, x, y0, ..., ykq “

B
|m|gk
Bxm pt, 0, y0, ..., ykq “ 0, for all j “ 1, ..., p and 1 ď |m| ď q. Since } ¨ }ψ,p,q

induces a weaker topology on Lipp,qb pΛ
α
T q Ă Cp,qb pΛαT q, there exists a cylindrical

functional G P C such that

}F ´G}ψ,p,q ă
ε

3
. (4.3.3)

Hereby, the cylindrical functional G : ΛαT Ñ R can be considered as smooth map
G : X0 Ñ R defined on X0 “ r0, T s ˆ Rpn`2qd{ „n with equivalence relation
given by pt, x, y0, ..., ynq „n ps, w, z0, ..., znq if and only if s “ t, x “ w and
yk “ zk, for all k “ 0, ..., nt, with nt “ max tk P t0, ..., nu; tk ă tu. Hence, X0

is a quotient manifold of r0, T s ˆRpn`2qd over R1`pn`2qd, where the horizontal
and vertical derivatives can be identified with the partial derivatives in the
first and second variable. In addition, we choose Z “ Y “ R as space for
the hidden layer and output space, where pR, ψRq is a weighted space with
ψRpzq “ exp p|z|q. Hereby, we use the additive family between ΛαT and R given

by pt, Y q ÞÑ Hpt, Y q :“
şt

0
φpsqJY psqds`AJY ptq `Bt` b, where φi P NN ρ

1,8

is a conventional neural networks, and where A P Rd and B, b P R, such that

H “

#

hpt, x, y0, ..., ynq “
n´1
ÿ

l“0

φptlq
Jylpt^ tl`1 ´ t^ tlq `A

Jx`Bt` b;

φ P NN ρ
1,8, A P R

d, B, b P R

+

is by construction a strong additive family between X0 and R. Since NN G,tρu,K
R,R

is by Remark 3.50 τ
maxpp,qq
ψR

-dense in Lip
maxpp,qq
ψR

pRq and the topology induced

by }¨}ψ,p,q is on the finite dimensional manifold X0 weaker than τ
maxpp,qq
ψ , there

exists by Theorem 3.52 for the cylindrical functional G : ΛαT Ñ R an abstract

neural network of the form ϕpt, Y q “
řN
k“1 βkρphkpt, Y qq satisfying

}G´ ϕ}ψ,p,q ă
ε

3
. (4.3.4)

Hereby, we observe that the non-anticipative functionals hk P H converge to
their continuous versions Hkpt, Y q :“

şt

0
φkpsq

JY psqds ` AJk Y ptq ` Bkt ` bk.
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Indeed, by the mean value theorem there is C2 ą 0 with

|Hkpt, Y q ´ hkpt, Y q| ď
n´1
ÿ

l“0

ˇ

ˇ

ˇ

ˇ

ż t^tl`1

t^tl

pϕkpsq ´ ϕkptlqq
JY psqds

ˇ

ˇ

ˇ

ˇ

ď C2h}Y }C0pr0,T s;Rdq ď C2hψpt, Y q,
ˇ

ˇDjHkpt, Y q ´Djhkpt, Y q
ˇ

ˇ ď

ˇ

ˇ

ˇ
φ
pjq
k ptq

JY ptq ´ φ
pjq
k ptltq

JY ptltq
ˇ

ˇ

ˇ

ď C2h}Y }C0pr0,T s;Rdq ď C2hψpt, Y q,

for all j “ 1, ..., p, where lt “ max tl “ 1, ..., n; tl ă tu. Since it also holds
that Bmhkpt, Y q “ BmHkpt, Y q, for all 1 ď |m| ď q and pt, Y q P ΛαT , we have

}hk ´ Hk}ψ,p,q ă C2h. Now, we use that the composition Lipmaxpp,qq
pX0q Q

f ÞÑ ρ ˝ f P Lipmaxpp,qq
pX0q is by [FK88, Proposition 4.4.15] continuous such

that Lipp,qψ pΛ
α
T q Q hk ÞÑ ρ ˝ hk P Lipp,qψ pΛ

α
T q is also continuous. Choosing

h ą 0 small enough and defining the functional neural network Φ P FN ρ
d,8 by

Φpt, Y q “
řN
k“1 βkρpHkpt, Y qq, for pt, Y q P ΛαT , it follows that

}ϕ´ Φ}ψ,p,q ă
ε

3
. (4.3.5)

Hence, by combining (4.3.3) and (4.3.4) with (4.3.5), we conclude that

}F ´ Φ}ψ,p,q ď }F ´G}ψ,p,q ` }G´ ϕ}ψ,p,q ` }ϕ´ Φ}ψ,p,q ă
ε

3
`
ε

3
`
ε

3
“ ε.

Since ε ą 0 and F P Lipp,qψ pΛ
α
T q were chosen arbitrarily, it follows that FN ρ

d,8

is dense in Lipp,qψ pΛ
α
T q.

Remark 4.7. We observe that the space and time-dependent term of a func-
tional neural network, i.e. the terms involving A and B in (4.2.1), are needed
such that the corresponding additive family is strong in the sense of Defini-
tion 3.51. In this case, the Nachbin result in Theorem 3.49(i) ensures the
approximation of the horizontal and vertical derivatives in Lipp,qψ pΛ

α
T q, for

p, q ě 1. However, for universal approximation of functional neural networks
in Lip0,0

ψ pΛ
α
T q without derivatives, these terms could be omitted.

Remark 4.8. The argument in Theorem 4.6 can be iterated to obtain universal
approximation of deep functional neural networks described in Remark 4.4, such
that universal approximation for functional neural networks with finitely many
hidden layers follows.
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4.4 Examples of Learned Non-Anticipative
Functionals

In this section, we illustrate in two particular examples how non-anticipative
functionals can be learned with functional neural networks, where we consider
the weighted space pΛαT , ψq described in Remark 4.5 with some fixed α ă 1{2.
Since the sample paths of a one-dimensional Brownian motion B “ pBptqqtPr0,T s
are a.s. continuous and p1{2 ´ εq-Hölder continuous, for all ε ą 0, it follows
thatthe stopped path pt, Btq belongs a.s. to ΛαT . In order to learn the non-
anticipative functionals, we use the package Tensorflow in Python to build
and train the FNNs, with N “ 100 number of neurons and conventional NNs
ϕki of size L “ p1, 50, 1q, where we choose T “ 1 and generate 105 sample
paths of Brownian motions on r0, 1s, discretized over n “ 200 points, which are
split up into 80% for training and 20% for testing. The Adam algorithm (see
[KB15]) is applied over 105 epochs with learning rate 10´4 and batchsize 500.

For the first example, we define F : ΛαT Ñ R as running maximum F pt, Y q “
supsPr0,ts Y psq, which is not continuous with respect to d8. Following [Dup09],

we consider an approximation in C0,0pΛαT q. For some ε ą 0 and continuous
function g : R Ñ R satisfying gp0q “ 0 and gp2εq “ ε, we define the approxi-
mation Fε,g : ΛαT Ñ R by

Fε,gpt, Y q “

$

’

’

’

&

’

’

’

%

F pt, Y q ´ ε 0 ď Y ptq ď F pt, Y q ´ 2ε

F pt, Y q ´ ε` gpY ptq ´ F pt, Y q ` 2εq F pt, Y q ´ 2ε ă Y ptq

and Y ptq ď F pt, Y q

Y ptq F pt, Y q ă Y ptq

for pt, Y q P ΛαT , such that Fε,g P C0,0pΛαT q. In Figure 4.1, we depict the
approximating running maximum Fε,g : ΛαT Ñ R with gpxq “ x{2 and ε “ 0.001

by a functional neural network Φ P FN ρ
d,8 in Lip0,0

ψ pΛ
α
T q.

In the second example, we consider the non-anticipative functional F :
ΛαT Ñ R defined by

F pt, Y q “
1

2

`

Y pt^ 1{2q2 ` Y ptq2
˘

`

ż t

0

Y psq2ds,

for pt, Y q P ΛαT , whose first horizontal and vertical derivative are given by

DF pt, Y q “ Y ptq2, ∇F pt, Y q “

#

2Y ptq t ď 1{2

Y ptq t ą 1{2
.

The results for the approximation in Lip1,1
ψ pΛ

α
T q are displayed in Figure 4.2.
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(a) Learning Performance

(b) Fε,h and Φ on three samples of test set

Figure 4.1: Learning the approximating running maximum Fε,h : ΛαT Ñ R by some FNN

Φ : ΛαT Ñ R in the space Lip0,0
ψ pΛαT q.
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(a) Learning Performance
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(b) Learning Performance for F

(c) F and Φ on three samples of test set
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(d) Learning Performance for DF

(e) DF and DΦ on three samples of test set
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(f) Learning Performance for ∇F

(g) ∇F and ∇Φ on three samples of test set

Figure 4.2: Learning F : ΛαT Ñ R by some FNN Φ : ΛαT Ñ R in the space Lip1,1
ψ pΛαT q,

where we normalize the mean squared error (MSE) for network training to account for the
different magnitudes of F , DF and ∇F .



118 CHAPTER 4. UNIVERSAL APPROXIMATION ON SPACE OF STOPPED PATHS



Part II

Learning Arbitrages in
Stochastic Portfolio Theory





Chapter 5

Stochastic Portfolio Theory

Stochastic Portfolio Theory (SPT) is a novel stream in financial mathematics
initiated by Robert Fernholz and summarized in his monograph [Fer02], which
analyzes portfolio behaviour in equity markets. Opposed to classical portfolio
theory introduced by Markowitz in [Mar52], SPT is descriptive and consistent
with observable characteristics of portfolios in real equity markets, where the
assumptions of the theory can be easily verified and hold true in actual equity
markets. The main advantage of SPT is that no unobservable market charac-
teristics such as the drift process of the stock prices need to be estimated. This
is a new approach in contrast to the classical asset pricing theories, e.g. gen-
eral equilibrium theory in [Arr53], capital asset pricing models in [Sha64] and
[Mer69], as well as the market equilibrium characterized by the absence of ar-
bitrage and existence of equivalent martingale measures in [HK79] and [DS94].
In this chapter we follow the notation and results of [Fer02].

5.1 Market and Portfolios

In this section, we introduce the financial market model consisting of d P N
assets with infinite time horizon, where the vector of stock prices is denoted
by S “ pS1ptq, ..., SdptqqtPr0,8r. In many cases, S is modelled as a stochas-
tic process defined on a filtered probability space pΩ,A,F,Pq such that S is
F-adapted. In addition, we introduce the capitalization X defined for each
stock i “ 1, ..., d as the price multiplied by the number of outstanding shares,
i.e. Xiptq “ niptqSiptq, for all i “ 1, ..., d and t P r0, T s, where niptq denotes the
number of outstanding shares of stock i at time t.

As in [Fer02, Definition 1.1], we assume that the vector of capitalizations
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X follows a logarithmic Ito process, i.e.

logXiptq “ logXip0q `

ż t

0

γipsqds`
m
ÿ

j“1

ż t

0

ξijpsqdBjpsq, (5.1.1)

for all i “ 1, ..., d and t P r0,8r, where B “ pB1, ..., Bmq is an m-dimensional
Brownian motion, where the growth rate process γ : Ωˆr0, T s Ñ Rd is measur-

able, F-adapted and satisfies
şT

0
}γptq}dt ă 8, a.s., for all T P r0,8r, and where

the volatility process ξ : r0,8rÑ Rdˆd is measurable, adapted and satisfies

ż T

0

`

ξi1ptq
2 ` ...` ξidptq

2
˘

dt ă 8,

lim
tÑ8

`

ξi1ptq
2 ` ...` ξidptq

2
˘

logplogptqq

t
“ 0,

ξi1ptq
2 ` ...` ξidptq

2 ą 0,

a.s., for all i “ 1, ..., d, T P r0,8r resp. t P r0,8r. Reformulating (5.1.1) in
exponential form, we see that the capitalizations can be expressed as

Xiptq “ Xip0q exp

˜

ż t

0

γipsqds`
m
ÿ

j“1

ż t

0

ξijpsqdBjpsq

¸

,

for all i “ 1, ..., d and t P r0,8r, such that Xiptq ą 0 if the initial capitalization
satisfies Xip0q ą 0.

From the volatilities ξ “ pξijqij , we define the covariance process σ “

pσijqij : Ω ˆ r0,8rÑ Rdˆd by σptq “ ξptqξptqJ, for t P r0,8r, which is by
definition a positive semidefinite process, i.e. xJσptqx ě 0, a.s., for all x P Rd
and t P r0,8r. In this case, we observe that

xlogXi, logXjyt “

ż t

0

σijpsqds “
d
ÿ

k“1

ż t

0

ξikpsqξkjpsqds,

a.s., for all i, j “ 1, ..., d and t P r0,8r.
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Definition 5.1. The stock price process X is called a market if σptq is a.s. non-
singular, for all t P r0,8r. In this case, a market X is non-degenerate if there
exists a number β ą 0 such that

xJσptqx ě β}x}2, (NDβ)

a.s., for all t P r0,8r. A market X has bounded variance if there exists a
number κ ą 0 such that

xJσptqx ď κ}x}2, (BVκ)

a.s., for all t P r0,8r.

The non-degeneracy and bounded variance condition pertain the most in
real markets, reflecting that the variance cannot become arbitrarily large or
arbitrarily small. From now on, we shall always assume that the number of
Brownian motions is equal to the dimension of the market, i.e. m “ d, and
that σ is assumed to be non-singular as in Definition 5.1. Next, we introduce
portfolios as investment strategies.

Definition 5.2. A portfolio π is a measurable, F-adapted, Rd-valued process
π “ pπ1ptq, ..., πdptqqtPr0,T s such that π is a.s. bounded and it holds that π1ptq `
... ` πdptq “ 1, a.s., for all t P r0,8r. In this case, a portfolio π is called
long-only if πiptq ě 0, for all i “ 1, ..., d and t P r0,8r.

If π is a portfolio, πiptq denotes the fraction of wealth invested into the
ith stock, such that π1, ..., πd are called the portfolio weights. Suppose that
Zπptq ą 0 represents the value of the portfolio π at time t, then the amount
invested in stock i is equal to πiptqZπptq. Hence, the change of the portfolio

value induced by a change in stock i is given by πiptqZπptq
dXiptq
Xiptq

such that the

total change in the portfolio value is equal to

dZπptq “
d
ÿ

i“1

πiptqZπptq
dXiptq

Xiptq
,

or equivalently

dZπptq

Zπptq
“

d
ÿ

i“1

πiptq
dXiptq

Xiptq
, (5.1.2)

for t P r0,8r. This equation expresses the instantaneous return of the portfolio

value dZπptq
Zπptq

as weighted sum of the instantaneous return of the stocks dXiptq
Xiptq

with respect to the portfolio weights.
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Proposition 5.3 ([Fer02, Proposition 1.1.5]). Let π be a portfolio in the market
X. Then, it holds that

logZπptq “ logZπp0q `

ż t

0

γπpsqds`
d
ÿ

i,j“1

ż t

0

πipsqξijpsqdBjpsq,

a.s., for all t P r0,8r, where the portfolio growth rate γπ is given by

γπptq “
d
ÿ

i“1

πiptqγiptq `
1

2

˜

d
ÿ

i“1

πiptqσiiptq ´ σππptq

¸

loooooooooooooooooomoooooooooooooooooon

“:γ‹πptq

,

where σππ denotes the portfolio variance given by σππptq “ πptqJσptqπptq, for

t P r0,8r, such that xlogZπyt “
şt

0
σππpsqds, a.s., for all t P r0,8r, and where

γ˚π represents the portfolio excess growth rate.

Corollary 5.4 ([Fer02, Corollary 1.1.6]). Let π be a portfolio with value process
Zπ. Then, it follows that

logZπptq “ logZπp0q `
d
ÿ

i“1

ż t

0

πipsqd logXipsq `

ż t

0

γ˚π psqds,

a.s., for all t P r0,8r.

These expressions of the portfolio value can be used to measure the perfor-
mance of stocks or portfolios relative to another portfolio, which is frequently
of interest for example with respect to the S&P500. A natural benchmark is
the market portfolio consisting of all shares of all stocks in the market.

Definition 5.5. Let Xi be a stock in the market X and η be a portfolio. The
relative return of Xi with respect to η is given by plog pXiptq{ZηptqqqtPr0,8r.

Defining σiη by σiηptq “
řd
j“1 σijptqηjptq, for i “ 1, ..., d and t P r0,8r, the

relative covariance process τη “ pτηijptqqtPr0,8r, i,j“1,...,d is given by

τηij “ σijptq ´ σiηptq ´ σjηptq ` σηηptq,

for i, j “ 1, ..., d and t P r0,8r. In this case, we observe that we have

xlogpXi{Zηq, logpXj{Zηqyt “
şt

0
τηijpsqds, a.s., for all i, j “ 1, ..., d and t P r0,8r.
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Lemma 5.6 ([Fer02, Lemma 1.2.2]). For a portfolio η, τηptq is a.s. positive
semidefinite with rank d ´ 1, for all t P r0,8r. In addition, the null space of
τηptq is spanned by ηptq.

Next, we introduce the market portfolio, which we will use often as bench-
mark in the following.

Definition 5.7. The portfolio µ with weights defined by

µiptq “
Xiptq

X1ptq ` ...`Xdptq
P ∆d “

 

x Ps0, 1rd; x1 ` ...` xd “ 1
(

,

(5.1.3)
for i “ 1, ..., d and t P r0,8r, is called the market portfolio, and the weights
are called the market weights.

For the market portfolio, it holds that 0 ă µiptq ă 1, for all i “ 1, ..., d and
t P r0,8r, such that its weights take values in the open simplex ∆d defined
on the right-hand side of (5.1.3). In addition, the corresponding value process
Zµ is given by Zµptq “ X1ptq ` ... ` Xdptq, for all t P r0,8r, because Zµ
satisfies (5.1.2) with weights µiptq defined in (5.1.3). Hence, Zµptq represents
the capitalizations of all stocks in the market. Moreover, the logarithmic market
weights log µiptq “ logpXiptq{Zµptqq denotes the relative return of the ith stock
with respect to the market portfolio.

We denote the relative covariance of the market portfolio by τ instead of
τµ, where we observe that

xlog µi, log µjyt “

B

log

ˆ

Xi

Zµ

˙

, log

ˆ

Xj

Zµ

˙F

t

“

ż t

0

τijpsqds,

a.s., for all i, j “ 1, ..., d and t P r0,8r. Furthermore, by applying Ito’s formula,
we conclude that

xµi, µjyt “

ż t

0

µipsqµjpsqdxlog µi, log µjys “

ż t

0

µipsqµjpsqτijpsqds,

a.s., for all i, j “ 1, ..., d and t P r0,8r. In addition, we introduce the relative
return of a portfolio with respect to another portfolio.

Definition 5.8. Let π and η be two portfolios. Then, the relative return of π
with respect to η is defined as log pZπptq{Zηptqq, for t P r0,8r.

If η “ µ is the market portfolio, we obtain by Corollary 5.4 that the relative
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return satisfies

log

ˆ

Zπptq

Zµptq

˙

“ log

ˆ

Zπp0q

Zµp0q

˙

`

d
ÿ

i“1

ż t

0

πipsqd log µipsq `

ż t

0

γ˚π psqds,

a.s., for all t P r0,8r. In addition, it follows by [Fer02, Proposition 1.3.1] that
the growth rate of the portfolio determines its long term behaviour because we
have

lim
TÑ8

1

T

˜

logZπpT q ´

ż T

0

γπptqdt

¸

“ 0, a.s.

Using this and the other ingredients of the market introduced in this section,
we consider two different portfolio optimization problem.

Example 5.9 ([Mar52]). The classical Markowitz portfolio optimization prob-
lem in [Mar52] is given by minimizing the portfolio variance under a drift
constraint, i.e.

min
π long-only
portfolio

σππptq subject to
d
ÿ

i“1

ˆ

γiptq `
1

2
σiiptq

˙

ě α0,

for fixed t ą 0 and given α0 P R, which can be solved with conventional quadratic
programming methods.

Example 5.10 ([Fer02, Example 1.3.8]). We consider the following optimiza-
tion problem, which does not involve the estimation of the drift process γi. Let η
be a benchmark portfolio and assume that all stocks have the same drift process
γ, then the growth rate of η is given by γηptq “ γptq ` 1

2

řd
i“1 ηiptqτ

η
iiptq, a.s.,

for all t P r0,8r. If the tracking error of π with respect to η is small enough,
then minimizing

min
π long-only
portfolio

πptqJτηptqπptq subject to
1

2

d
ÿ

i“1

πiptqτ
η
iiptq ě γ0 `

1

2

d
ÿ

i“1

ηiptqτ
η
iiptq,

with fixed t ą 0 and some γ0 ą 0, yields a portfolio with growth rate about
γ0 greater than the benchmark’s growth rate, where conventional quadratic pro-
gramming can be applied to solve the minimization problem.
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5.2 Market Behaviour and Diversity

Stochastic Portfolio Theory was introduced as a new concept in financial mathe-
matics to study the long-term behaviour of portfolios under reasonable assump-
tions on the market. Such assumptions were the non-degeneracy condition in
(NDβ) and the bounded variance condition in (BVκ) introduced in Defini-
tion 5.1, whereas we introduce two other conditions called “coherence” and
“diversity” in this section.

Definition 5.11. The market X is coherent if limtÑ8 logpµiptqq{t “ 0, a.s.,
for all i “ 1, ..., d.

Since log µiptq ă 0, the market is coherent if none of the stocks decreases
too rapidly. In a coherent market, [Fer02, Proposition 2.1.2] shows that the
difference between the time-average growth rates of two distinct stocks must
be zero. For example, if all stocks have the same growth rate, then it follows
by [Fer02, Corollary 2.1.3] that the market is coherent. Assuming in addition
that the market is non-degenerate, we find the following (relative) arbitrage
opportunity.

Proposition 5.12 ([Fer02, Proposition 2.1.9]). Assume that the market X is
non-degenerate and coherent, and let π be the constant-weighted portfolio given
by πiptq “ pi, for all i “ 1, ..., d, with p1 ` ... ` pd “ 1 and p1, ..., pd ě 0 as
well as pi1 , pi2 ą 0, for at least two distinct indices i1, i2 P t1, ..., du. Then, it
follows that

lim inf
TÑ8

1

T
log

ˆ

ZπpT q

ZµpT q

˙

ą 0, a.s.

Besides the coherence condition, market diversity plays a crucial role in real
equity markets. Diversity means that none of the assets can become arbitrarily
large and account for the entire market capitalization.

Definition 5.13. A market X is called diverse if there exists a number δ ą 0
such that for every t P r0,8r, it holds that

max
i“1,...,d

µiptq ď 1´ δ. (DVδ)

A market X is called weakly diverse if there exists a number δ ą 0 such that
1
T

şT

0
maxi“1,...,d µiptqdt ď 1´ δ, for all T P r0,8r.

Even though the diversity condition is a fairly weak assumption on the
market, it has strong mathematical consequences. In the following, we give
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the relation of diversity to the excess growth rate of the market portfolio and
summarize the other results in [Fer02, Section 2.2] subsequently.

Proposition 5.14 ([Fer02, Proposition 2.2.2]). Assume that the market X is
non-degenerate and diverse. Then, there exists some δ ą 0 with

γ˚µptq ě δ, (5.2.1)

a.s., for all t P r0,8r. Conversely, if X has bounded variance and there exists
some δ ą 0 such that (5.2.1) holds true, then X is diverse.

Moreover, if all the stocks in the market X have the same growth rate, it

follows by [Fer02, Proposition 2.2.3] that limTÑ8
1
T

şT

0
γ˚µptqdt “ 0, a.s., which

implies that if X is additionally non-degenerate that X is not diverse (see
[Fer02, Corollary 2.2.4]). Finally, we introduce the entropy function Spxq “

´
řd
i“1 xi log xi, which can be seen as a measure of diversity, determining the

uniformity of a probability measure, for which the following equivalent charac-
terization of diversity holds true.

Proposition 5.15 ([Fer02, Proposition 2.3.2]). The market X is diverse if and
only if there exists some ε ą 0 such that

Spµptqq ě ε,

a.s., for all t P r0,8r.

With the help of [Fer02, Theorem 2.3.4], we can look at the value process
of the particular entropy-weighted portfolio π, whose weights are defined as the
logarithmic gradient of the entropy function, i.e.

πiptq “
´µiptq log µiptq

Spµptqq
,

for i “ 1, ..., d and t P r0,8r. This portfolio can be used to outperform the
market portfolio in the long-run.

Corollary 5.16 ([Fer02, Corollary 2.3.5]). Let π be the entropy-weighted port-
folio in a non-degenerate and diverse market. Then, for sufficiently large T ą 0,
it holds that

ZπpT q

Zπp0q
ą
ZµpT q

Zµp0q
, a.s.
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The basic arguments used for Corollary 5.16 are the expression of the rela-
tive return for the entropy-weighted portfolio π with respect to the market port-
folio µ in terms of the excess growth rate γ˚µ given in [Fer02, Theorem 2.3.4] as
well as Proposition 5.14 and the equivalent characterization in Proposition 5.15.

5.3 Functionally Generated Portfolios

The main ingredient of Stochastic Portfolio Theory (SPT) is to construct invest-
ment strategies, whose relative performace with respect to the market portfolio
is captured in a simple equation. One particular example of such a portfolio
was presented in the previous section by the entropy-weighted portfolio, which
is constructed with the help of the entropy function Spxq “ ´

řd
i“1 xi log xi

measuring the diversity of the market. In this section, we consider more general
functions defined on the open simplex ∆d whose logarithmic gradient can be
used to construct a portfolio.

Definition 5.17. Let S : ∆d Ñ r0,8r be a strictly positive continuous function
and let π be a portfolio. Then, S : ∆d Ñ r0,8r generates the portfolio π if
there exists a measurable process of finite variation Θ such that

log

ˆ

Zπptq

Zµptq

˙

“ logSpµptqq `Θptq, (5.3.1)

a.s., for all t P r0,8r. Then, S : ∆d Ñ r0,8r is called the generating function
of π and the process Θ is called the drift process.

Since Θ is of finite variation and the relative return t ÞÑ log pZπptq{Zµptqq is
a semimartingale, t ÞÑ logSpµptqq is also a semimartingale. Moreover, (5.3.1)
provides a decomposition of the relative return into a part involving the gener-
ating function and the drift part. Hereby, the generating function part usually
determines the short-term behaviour and the drift component the long-term
behaviour of the portfolio, which is in particular the case if log S is bounded on
∆d. In the following, we denote the partial derivatives of a function f : U Ñ R
with U Ă Rd by Dif “

B
Bxi
f and Dijf “

B
2

BxiBxj
f , for all i, j “ 1, ..., d.
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Theorem 5.18 ([Fer02, Theorem 3.1.5]). Let S : U Ñ r0,8r be a twice
differentiable function defined on an open neighborhood U of ∆d such that
x ÞÑ xiDi logSpxq is bounded on ∆d. Then, S : U Ñ r0,8r generates the
portfolio π with weights given by

πiptq “

˜

Di logSpµptqq ` 1´
d
ÿ

j“1

µjptqDj logSpµptqq

¸

µiptq, (5.3.2)

for all i “ 1, ..., d and t P r0, T s, and the corresponding drift process Θ is given
by

Θptq “
d
ÿ

i,j“1

ż t

0

´1

2Spµpsqq
DijSpµpsqqµipsqµjpsqτijpsqds, (5.3.3)

for all t P r0, T s.

The particular advantage of Theorem 5.18 is that once an investor has
chosen her investment map S : U Ñ r0,8r, the investment strategy in terms
of portfolio weights and drift process is fully determined by (5.3.2) and (5.3.3).
Moreover, the covariance structure of the market only needs to be estimated
if one wants to know the long-term behaviour of the portfolio expressed by
the drift process in (5.3.3). In the following, we present particular examples of
generating functions.

Example 5.19 ([Fer02, Example 3.1.6]). The following are examples of gen-
erating functions.

(i) The constant function Spxq “ 1 generates the market portfolio µ with
Θptq “ 0.

(ii) The linear function Spxq “ wJx, with w P Rd, generates the buy-and-hold
portfolio holding wi shares of the ith stock, where Θptq “ 0.

(iii) The smooth Gini function Spxq “ 1 ´ 1
2

řd
i“1 x

2
i generates the portfolio

with weights

πiptq “

ˆ

2´ µiptq

Spµptqq
´ 1

˙

µiptq,

where Θptq “
řd
i“1

şt

0
1

2Spµpsqqµipsq
2τiipsqds.
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Example 5.19 (continued).

(iv) The entropy generating function Spxq “ ´
řd
i“1 xi log xi generates the

entropy-weighted portfolio

πiptq “ ´
µiptq log µiptq

Spµptqq
,

where Θptq “
şt

0

γ˚µ psq

Spµpsqqds.

(v) The geometric function Spxq “
śd
i“1 x

pi
i , with p1` ...`pd “ 1, generates

the constant-weighted portfolio with πiptq “ pi and Θptq “
şt

0
γ˚π psqds.

A special case is given by the choice of pi “
1
d , which represents the

equally-weighted portfolio.

(vi) The diversity function Spxq “
´

řd
i“1 x

p
i

¯1{p

, for some p ‰ 0, generates

the diversity-weighted portfolio

πiptq “
µiptq

p

Spµptqqp
,

where Θptq “ p1´ pq
şt

0
γ˚π psqds.

In addition, different generating functions can be aggregated to obtain a
hybrid generating function. Let S1, ..., Sm : U Ñ r0,8r generate the portfolios
π1,...,πm and let p1, ..., pm P R be constants with p1 ` ... ` pm “ 1. Then,
the hybrid generating function S “ Sp1

1 ¨ ¨ ¨Spmm generates the portfolio with
weights

πiptq “ p1π1iptq ` ...` pmπmiptq,

for all i “ 1, ..., d and t P r0,8r, where πki denotes the ith portfolio weight
of the portfolio πk. Let us also mention that not every portfolio is function-
ally generated, for which [Fer02, Proposition 3.1.11] gives sufficient conditions,
where the components of the portfolio need to be a gradient of a real-valued
function defined on an open neighborhood U of ∆d.

In the classical theory of financial markets, the no-arbitrage hypothesis is
usually assumed, stating that it is not possible to invest into the market with
no initial capital and end up with non-negative terminal value having stricitly
positive value for some positive probability. However, using Theorem 5.18 for
portfolio generation in SPT, we can construct somehow unrealistic portfolios.
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Example 5.20 ([Fer02, Example 3.3.3]). Let X be a market satisfying (NDβ),
which is weakly diverse with constant δ ą 0. Let S : U Ñ r0,8r be the smooth
Gini function in Example 5.19(iii), which generates the portfolio π. Then, π
is admissible in the sense that there exist some numbers c,M ą 0 such that

πiptq ě 0,
Zπptq

Zπp0q
ě c

Zµptq

Zµp0q
,

πiptq

µiptq
ďM,

a.s., for all i “ 1, ..., d and t P r0,8r. Moreover, π strictly dominates the
market portfolio µ in the sense that

ZπpT q

Zπp0q
ą
ZµpT q

Zµp0q
, a.s.

which means that π outperforms the market portfolio over the time horizon

r0, T s. However, the terminal time needs to satisfy T ą 2d logp2q
εδ2 such that one

has to wait very long for the arbitrage. From this, we conclude that short-term
arbitrages might be excluded in non-degenerate and weakly diverse markets.

Looking at functionally generated portfolios characterized in Theorem 5.18,
we observe that the drift process depends on the Hessian of the generating
function with a negative sign, which means that for an increasing drift process,
the Hessian D2S “ pDijSpxqqi,j“1,...,d must be negative semidefinite, for all

x P ∆d. This is satisfied if the generating function S : ∆d Ñ r0,8r is strictly
concave, i.e.

λSpxq ` p1´ λqSpyq ă Spλx` p1´ λqyq,

for all λ P r0, 1s and x, y P ∆d. In addition, a function S : ∆d Ñ r0,8r is called
symmetric if

Spx1, ..., xdq “ Spxσp1q, ..., xσpdqq,

for all x P ∆d and permutations σ : t1, ..., du Ñ t1, ..., du of the indices t1, ..., du.
A function satisfying these two conditions is called a measure of diversity.

Proposition 5.21 ([Fer02, Proposition 3.4.2]). Let S : U Ñ r0,8r be sym-
metric and strictly concave, which generates the portfolio π with drift pro-
cess Θ. Then, t ÞÑ Θptq is a.s. non-decreasing and µiptq ě µjptq implies
πjptq{µjptq ě πiptq{µiptq, a.s., for all t P r0,8r.

Typical examples of measures of diversity are the entropy function, the
geometric function and the diversity function in Example 5.19(iv)-(vi). Al-
together, functionally generated portfolios are a natural generalization of the
entropy-weighted portfolio introduced in the previous section.
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5.4 Path-Dependent Setting

A closer look at functionally generated portfolios described in Theorem 5.18
reveals that such portfolios can only depend on the current value of the market
weights, and therefore cannot take into account the history of the market.
For this reason, [SSV18] introduced the so-called “path-dependent setting” of
SPT, where a portfolio is generated by a path-dependent functional, which can
depend on the previous values of the market portfolio. This approach relies
on functional Ito calculus developed by [Dup09], [CF10] and [CF13], which
generalizes Föllmer’s pathwise Ito calculus to path-dependent functionals. For
this section, we follow along the lines of [SSV18, Section 2.2] and fix some finite
time horizon T ą 0.

Definition 5.22. We say that π : ΛT Ñ Rd is a functional portfolio if it
is an admissible functional integrand for logX on Rd such that π1pt, logXq `

...` πdpt, logXq “ 1, for all t P r0, T s, and t ÞÑ
şt

0
πps, logXqd logXpsq admits

along pTnqnPN the quadratic variation

B
ż ¨

0

πps, logXqd logXpsq

F

t

“

d
ÿ

i,j“1

ż t

0

πips, logXqσijpsqπjps, logXqds,

(5.4.1)
for all t P r0, T s.

Remark 5.23. While (5.4.1) is always satisfied in the case without path-
dependence, it is in general not fulfilled in this path-dependent setting, where
[AC17, Theorem 2.1] gives sufficient conditions.

Remark 5.24. Choosing F pt, Y q “ logpeY1ptq ` ... ` eYdptqq, it follows that
∇F pt, logXq “ µptq, such that the market portfolio µ is a functional portfo-
lio. Hereby, (5.4.1) holds true by [AC17, Theorem 2.1] and using that F P

C1,2pΛT q is boundedness-preserving and uniformly Lipschitz continuous in Y
with boundedness-preserving first vertical derivative ∇F P C1,1pΛT q.

We now define the value process of a functional portfolio π : ΛT Ñ Rd.
Inspired by the setting without path-dependence described in Proposition 5.3,
we define the value of the portfolio π : ΛT Ñ Rd as a process Zπ “ pZπptqqtPr0,T s
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given by

logZπptq “ logZπp0q `
d
ÿ

i“1

ż t

0

πips, logXqd logXipsq

`
1

2

d
ÿ

i“1

ż t

0

πips, logXqσiipsqds

´
1

2

d
ÿ

i,j“1

ż t

0

πips, logXqπjps, logXqσijpsqds,

a.s., for all t P r0, T s, where Zπp0q denotes the initial endowment of π. In ad-
dition, a non-anticipative functional F : ΛT Ñ r0,8r generates the functional
portfolio π if there exists a path of finite variation Θ : r0, T s Ñ R such that

log

ˆ

Zπptq

Zµptq

˙

“ logF pt, µq `Θptq,

a.s., for all t P r0, T s. We recall the main result of [SSV18], which describes
the weights of a portfolio generated by the vertical derivatives of the smooth
non-anticipative functional F P C1,2pΛT q, where a non-anticipative functional
F : ΛT Ñ R is called locally path-continuous if for every ε ą 0 and pt, Y q P
r0, T s ˆ C0pr0, T sq there exists some δ ą 0 such that |F pu, Y q ´ F pu, Zq| ă ε,
for all pu, Zq P r0, T s ˆ C0pr0, T sq with }Y ´ Z}C0pr0,T sq ă δ and |t´ u| ă δ.

Theorem 5.25 ([SSV18, Theorem 2.16]). Let F P C1,2pΛT q be a strictly pos-
itive non-anticipative functional, which is boundedness-preserving and locally
path-continuous. Then, F : ΛT Ñ r0,8r generates the functional portfolio
π : ΛT Ñ Rd with weights given by

πipt, µq “

˜

Bi logF pt, µq ` 1´
d
ÿ

j“1

µjptqBj logF pt, µq

¸

µiptq,

a.s., for all i “ 1, ..., d and t P r0, T s, such that

Θptq “ ´
d
ÿ

i,j“1

ż t

0

1

2F ps, µq
BijF ps, µqµipsqµjpsqτijpsqds´

ż t

0

DF ps, µq
F ps, µq

ds,

a.s., for all t P r0, T s.

Of course, every functionally generated portfolio described in Example 5.19
can be transferred to the path-dependent setting by defining F pt, µq “ Spµptqq,
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for pt, µq P ΛT . More involved examples of path-dependent portfolios have
been introduced in [SSV18, Section 3], for example the functional F P C1,2pΛT q
defined by

F pt, µq “ ϕ

ˆ

λµptq `
1´ λ

θ

ż t

t´θ

µp0^ sqds

˙

,

for t P r0, T s and some twice differentiable function ϕ : ∆d Ñ r0,8r, taking
into account the past values of the market portfolio over the time horizon
rt´ θ, θs. We refer to [SSV18, Section 3] for a detailed discussion of this class
of generating functionals. In addition, we index sometimes the portfolio πF

by its generating functional F : ΛT Ñ r0,8r, similarly as in the case without
path-dependence.
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Chapter 6

Pathwise Stochastic Portfolio Theory

In this chapter, we do not assume a priori any financial market model, nor do
we restrict ourselves to certain stochastic processes modelling the stock prices.
Instead, we consider a model-free approach, where the stock prices follow a
deterministic path in Rd` :“ r0,8rd, for which we apply Föllmer’s pathwise Ito
calculus [Föl81] to define stochastic integration in a probability-free way. In
this model-free setting, the notion of functionally generated portfolios within
the framework SPT were obtained by [PW14] in discrete time and by [SSV18] in
continuous time, where the latter allows for more general functionally-generated
portfolios, whose generating functional can depend on time as well as the path
of the market weights or other continuous trajectories of bounded variation.
This is achieved by applying the generalized functional Ito calculus developed
by [Dup09], [CF10] and [CF13], which generalizes Föllmer’s Ito calculus to
path-dependent functionals.

6.1 Market Weights and Portfolios

In the following, we assume that the financial market model consists of d P N
assets with finite time horizon T ą 0, whose price vector is given by S “

pS1ptq, ..., SdptqqtPr0,T s. In many cases, such as in the previous chapter, S is
modelled by a stochastic process defined on a probability space, whereas we
consider in this chapter the model-free approach, where S is a deterministic and
continuous path with values in Rd`. More precisely, we assume that the vector
of capitalizations X : r0, T s Ñ Rd`, componentwise defined as the price Siptq
times the number of outstanding shares niptq, is a deterministic and continuous
path with values in Rd`, which exhibits pathwise continuous quadratic variation
along pTnqnPN in the sense of [Föl81], i.e. we assume that X : r0, T s Ñ Rd`
satisfies Assumption 1.40.
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Lemma 6.1. The following are equivalent, where we abbreviate “admits con-
tinuous Sd`-valued quadratic variation along pTnqnPN in the sense of [Föl81]”
by “admits quadratic variation”.

(i) X : r0, T s Ñ Rd` satisfies Assumption 1.40.

(ii) logX admits quadratic variation with rlogXi, logXjst “
şt

0
σijpsqds, for

all i, j “ 1, ..., d and t P r0, T s.

(iii) µ : r0, T s Ñ ∆d admits quadratic variation.

(iv) log µ admits quadratic variation with rlog µi, log µjst “
şt

0
τijpsqds, for all

i, j “ 1, ..., d and t P r0, T s, where

τijptq “ σijptq ´
d
ÿ

k“1

µkptqσkjptq ´
d
ÿ

l“1

σilptqµlptq `
d
ÿ

k,l“1

µkptqσklptqµlptq,

for all i, j “ 1, ..., d and t P r0, T s.

Proof. First, we observe for some path Z : r0, T s Ñ r0,8r of finite variation
by [Son06, Proposition 2.2.10] that Z admits continuous Sd`-valued quadratic

variation if and only if logZ does, and in this case, we have rlogZst “
şt

0
drZss
Zpsq2 ,

for all t P r0, T s. Now, suppose that (i) holds true, from which (ii) follows by
using the polarization identity

rlogXi, logXjst “
1

4
prlogXi ` logXjst ´ rlogXi ´ logXjstq

and if we can show that fpXiptq, Xjptqq admits continuous Sd`-valued quadratic
variation, where fpxi, xjq “ log xi ` log xj . Applying the pathwise Ito formula
in Theorem 1.41 to fpXiptq, Xjptqq yields for all t P r0, T s and i, j “ 1, ..., d
that

fpXiptq, Xjptqq “ fpXip0q, Xjp0qq `

ż t

0

∇fpXipsq, Xjpsqq
Jd

ˆ

Xipsq
Xjpsq

˙

`
1

2

2
ÿ

k,l“1

ż t

0

DklfpXipsq, XjpsqqdrXik , Xjlss,

where i1 “ j1 “ i and i2 “ j2 “ j. Hence, the quadratic variation of
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fpXiptq, Xjptqq is well-defined because

rfpXip¨q, Xjp¨qqst “

2
ÿ

k,l“1

ż t

0

DkfpXipsq, XjpsqqDlfpXipsq, XjpsqqdrXik , Xilss

“

ż t

0

drXiss

Xipsq2
`

ż t

0

drXjss

Xjpsq2
` 2

ż t

0

drXi, Xjss

XipsqXjpsq
,

for all i, j “ 1, ..., d and t P r0, T s, which implies (ii). The reverse direction (ii)
ñ (i) follows by a similar argument involving the exponential function estab-
lishing the equivalence (i) ô (ii). For the equivalence (ii) ô (iv), we observe
by the polarization identity that t ÞÑ Zµptq “ X1ptq` ...`Xdptq admits contin-
uous Sd`-valued quadratic variation. Using the above argument, we conclude
that logXi and logZµ both admit continuous Sd`-valued quadratic variation,
from which it follows again by the polarization identity that t ÞÑ log µiptq “
logXiptq ´ logZµptq admits continuous Sd`-valued quadratic variation. More-
over, we conclude by using the pathwise Ito formula in Theorem 1.41 that

rlog µi, log µjst “ rlogXi, logXjst ´ rlogZµ, logXjst ´ rlogXi, logZµst
` rlogZµ, logZµst

“ σijptq ´
d
ÿ

k“1

µkptqσkjptq ´
d
ÿ

l“1

σilptqµlptq

`

d
ÿ

k,l“1

µkptqσklptqµlptq,

for all i, j “ 1, ..., d and t P r0, T s, which implies (iv). The reverse direction
follows by similar arguments using the polarization identity for t ÞÑ logXiptq “
log µiptq ` logZµptq. Finally the equivalence (iii) ô (iv) follows by similar
arguments used for the equivalence (i) ô (ii).

In the following, we transfer the main result about functionally generated
portfolios in [Fer02, Theorem 3.1.5] to this pathwise setting, which was obtained
in [SSV18] for the path-dependent setting. In particular, we need to be careful
when applying Theorem 1.41 for the Föllmer integral, where the integrand must
be admissible such that the Föllmer integral exists. As in the previous chapter,
we define the investment strategies as portfolios, which describe the fraction of
wealth invested into each stock.
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Definition 6.2. A function π : r0, T s Ñ Rd is called a portfolio if it is an
admissible integrand with respect to logX and if π1ptq ` ...` πdptq “ 1, for all
t P r0, T s. In addition, a portfolio π is called long-only if πiptq ě 0, for all
i “ 1, ..., d and t P r0, T s.

Remark 6.3. The market portfolio µ forms a long-only portfolio, because
µ1ptq` ...`µdptq “ 1 and µiptq ě 0, for all i “ 1, ..., d and t P r0, T s. Choosing
the function fpxq “ log pex1 ` ...` exdq, we see that ∇fplogXptqq “ µptq, for
all t P r0, T s, such that µ is an admissible integrand on ∆d for logX.

In order to define the wealth Zπ : r0, T s Ñ R of a portfolio π : r0, T s Ñ Rd,
we first observe that the number of shares h : r0, T s Ñ Rd invested in each

stock is given by hiptq “
πiptqZπptq
Xiptq

, for i “ 1, ..., d and t P r0, T s. Then,

h : r0, T s Ñ Rd must be a self-financing trading strategy in the sense that
changes in the portfolio wealth are only implied by trading in the market,
which means that

Zπptq “ Zπp0q `

ż t

0

hpsqJdXpsq, (6.1.1)

for all t P r0, T s. In other words, the self-financing condition ensures that
no external money is added to and no money is withdrawn from the portfo-
lio wealth. Because of the self-financing condition in (6.1.1), we obtain the
following expression for the wealth of a portfolio π : r0, T s Ñ Rd.

Lemma 6.4. For a portfolio π : r0, T s Ñ Rd, the wealth process Zπ : r0, T s Ñ R
satisfies

logZπptq “ logZπp0q `

ż t

0

πpsqJd logXpsq `
1

2

d
ÿ

i“1

ż t

0

πipsqσiipsqds

´
1

2

d
ÿ

i,j“1

ż t

0

πipsqσijpsqπjpsqds,

(6.1.2)

for all t P r0, T s.

Proof. Since π : r0, T s Ñ Rd is a portfolio, it is an admissible integrand for
logX such that the Föllmer integral in (6.1.2) exists. The other two integrals
in (6.1.2) exist as Riemann-Stieltjes integrals, because π : r0, T s Ñ Rd is an
admissible integrand for logX and in particular a continuous function of t.
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Then, the logarithmic wealth process logZπ : r0, T s Ñ R in (6.1.2) is well-
defined and it follows by combining the pathwise Ito formula in Theorem 1.41
and the self-financing condition in (6.1.1) that

logZπptq ´ logZπp0q “

ż t

0

dZπpsq

Zπpsq
´

1

2

ż t

0

drZπss
Zπpsq2

“

ż t

0

ˆ

πpsq

Xpsq

˙J

dXpsq ´
1

2

d
ÿ

i,j“1

ż t

0

πipsqπjpsq

XipsqXjpsq
drXi, Xjss,

for all t P r0, T s. In this case, the conclusion follows by another application of
the pathwise Ito formula on fpXptqq “ logpXptqq as well as using the definition
of σ : r0, T s Ñ Sd` in Lemma 6.1(ii).

With the notion of a portfolio π : r0, T s Ñ Rd and the portfolio wealth
Zπ : r0, T s Ñ R in the pathwise setting, we introduce functionally generated
portfolios as in the previous chapter.

6.2 Functionally Generated Portfolios

The main result of [Fer02] for functionally generated portfolios is the pathwise
decomposition of the logarithmic relative return into a part involving the gener-
ating function and an additional drift process, which is captured by the so-called
Fernholz’ master equation. We say that a positive C2-function S : ∆d Ñ r0,8r
generates the portfolio π if there exists a path of finite variation Θ : r0, T s Ñ R
such that

log

ˆ

Zπptq

Zµptq

˙

“ logSpµptqq `Θptq, (6.2.1)

for all t P r0, T s, where the generating function component dominates the short-
term behaviour and the drift process determines the long-term performance.
In the following, we adapt the main result [Fer02, Theorem 3.1.5] stated in
Theorem 5.18 to this pathwise setting.
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Theorem 6.5. Let S : U Ñ r0,8r be a twice differentiable function defined
on an open neighborhood U of ∆d such that x ÞÑ xiDi logSpxq is bounded on
∆d. Then S : U Ñ r0,8r generates the portfolio π : r0, T s Ñ Rd with weights
given by

πiptq “

˜

Di logSpµptqq ` 1´
d
ÿ

j“1

µjptqDj logSpµptqq

¸

µiptq, (6.2.2)

for all i “ 1, ..., d and t P r0, T s, and the corresponding drift Θ : r0, T s Ñ R is
given by

Θptq “ ´
d
ÿ

i,j“1

ż t

0

1

2Spµpsqq
DijSpµpsqqµipsqτijpsqµjpsqds, (6.2.3)

for all t P r0, T s.

Proof. Let π : r0, T s Ñ Rd be the path with components defined in (6.2.2) such

that
řd
i“1 πiptq “ 1, for all t P r0, T s. Define fpxq “ logSp∇gpxqq ` gpxq, with

gpxq “ logpex1 ` ...` exdq such that ∇gplogXptqq “ µptq, for all t P r0, T s, for
which it follows by the chain rule that

Difpxq “
d
ÿ

j“1

Dj logSp∇gpxqqDjigpxq `Digpxq.

Hence, we have πiptq “ DifplogXptqq, for all i “ 1, ..., d and t P r0, T s, which
shows that π : r0, T s Ñ Rd is an admissible integrand for logX and therefore
indeed a portfolio. Using Lemma 6.4 and subtracting logZµptq “ logZµp0q `
şt

0
d logZµpsq on both sides, it follows that

log

ˆ

Zπptq

Zµptq

˙

“ log

ˆ

Zπp0q

Zµp0q

˙

`

d
ÿ

i“1

ż t

0

πipsqd log µipsq `
1

2

d
ÿ

i“1

ż t

0

πipsqσiipsqds

´
1

2

d
ÿ

i,j“1

ż t

0

πipsqσijpsqπjpsqds,

for all t P r0, T s. Applying the pathwise Ito formula in Theorem 1.41 such that
d log µiptq “ dµiptq{µiptq´drµist{2µiptq

2, for all i “ 1, ..., d and t P r0, T s, using
that the market weights sum up to one and µ : r0, T s Ñ Rd lies by Lemma 5.6
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in the null space of τ : r0, T s Ñ Sd`, we conclude that

log

ˆ

Zπptq

Zµptq

˙

“ log

ˆ

Zπp0q

Zµp0q

˙

`

d
ÿ

i“1

ż t

0

Di logSpµpsqqdµipsq

´
1

2

d
ÿ

i,j“1

ż t

0

Di logSpµpsqqDj logSpµpsqqµipsqτijpsqµjpsqds,

(6.2.4)
for all t P r0, T s. On the other hand, applying the pathwise Ito formula in
Theorem 1.41 to log Spµptqq, which is possible because µ : r0, T s Ñ Rd ad-
mits by Lemma 6.1 continuous Sd`-valued quadratic variation, and using that
Dij logSpxq “ DijSpxq{Spxq ´ Di logSpxqDj logSpxq, for i, j “ 1, ..., d, we
observe that

logSpµptqq ´ logSpµp0qq “
d
ÿ

i“1

ż t

0

Di logSpµpsqqdµipsq

`
1

2

d
ÿ

i,j“1

ż t

0

DijSpµpsqq

2Spµpsqq
µiptqτijptqµjptqdt

´
1

2

d
ÿ

i,j“1

ż t

0

Di logSpµpsqqDj logSpµpsqqµiptqτijptqµjptqdt,

(6.2.5)

for all t P r0, T s, where we have used Lemma 6.1 such that drµi, µjst “
µiptqτijptqµjptqdt, for all i, j “ 1, ..., d and t P r0, T s. Finally, by subtract-
ing (6.2.5) from (6.2.4), rearranging terms as well as using log pZπp0q{Zµp0qq “
logSpµp0qq, we obtain the conclusion with drift Θ : r0, T s Ñ R defined in
(6.2.3).

In addition, [Str12] extended Theorem 5.18 to portfolios generated by a
function which can depend on an additional continuous path of finite variation
A : r0, T s Ñ Rm. Despite the explicit construction, it is not clear which
economic process should be added for A and therefore the extended setting
has so far been applied in [RX18], but in the probabilistic setting within the
additive model introduced in [KR17].

Theorem 5.18 shows that a functionally generated portfolio π and its invest-
ment characteristics are fully determined by its generating function S : U Ñ

r0,8r. As before, we index the portfolio and the drift process by its generating
function and write πS for the portfolio generated by S with drift ΘS .
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6.3 Path-Dependent Setting

The concept of functionally generated portfolios within the pathwise frame-
work of SPT was extended in [SSV18] to the path-dependent setting such that
portfolios can also depend on the previous values of the market weights, which
is not the case in the usual pathwise setting of SPT described in Theorem 6.5.
For this section, we follow along the lines of [SSV18, Section 2.2].

Definition 6.6. We say that π : ΛT Ñ Rd is a functional portfolio if it is an
admissible functional integrand for logX on Rd such that π1pt, logXq ` ... `

πdpt, logXq “ 1, for all t P r0, T s, and if t ÞÑ
şt

0
πps, logXqd logXpsq admits

along pTnqnPN the quadratic variation

„
ż ¨

0

πps, logXqd logXpsq



t

“

d
ÿ

i,j“1

ż t

0

πips, logXqσijpsqπjps, logXqds, (6.3.1)

for all t P r0, T s.

Remark 6.7. While the condition (6.3.1) is always satisfied in the case without
path-dependence, it is in general not fulfilled in this path-dependent setting,
where [AC17, Theorem 2.1] gives sufficient conditions for a functional integrand
such that (6.3.1) is satisfied.

Remark 6.8. Choosing F pt, Y q “ logpeY1ptq ` ... ` eYdptqq, it follows that
∇F pt, logXq “ µptq, such that the market portfolio µ is a functional port-
folio. Hereby, (6.3.1) holds true by [AC17, Theorem 2.1] and using that F P

C1,2pΛT q is boundedness-preserving and uniformly Lipschitz continuous in Y
with boundedness-preserving first vertical derivative ∇F P C1,1pΛT q.

We now define the wealth of a functional portfolio π : ΛT Ñ Rd. Inspired
by the setting without path-dependence described in Lemma 6.4, we define the
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wealth of π as a path Zπ : r0, T s Ñ R given by

logZπptq “ logZπp0q `
d
ÿ

i“1

ż t

0

πips, logXqd logXipsq

`
1

2

d
ÿ

i“1

ż t

0

πips, logXqσiipsqds

´
1

2

d
ÿ

i,j“1

ż t

0

πips, logXqπjps, logXqσijpsqds,

for all t P r0, T s, where Zπp0q denotes the initial endowment of π. In addition,
we say that a non-anticipative functional F generates the functional portfolio
π : ΛT Ñ Rd if there exists a path of finite variation Θ : r0, T s Ñ R such that

log

ˆ

Zπptq

Zµptq

˙

“ logF pt, µq `Θptq,

for all t P r0, T s. We recall the main result of [SSV18], which describes the
weights of a portfolio generated by the vertical derivatives of the smooth non-
anticipative functional F P C1,2pΛT q. In the same spirit as before, we index
sometimes the generated portfolio πF : ΛT Ñ Rd by its generating functional.

Theorem 6.9 ([SSV18, Theorem 2.16]). Let F P C1,2pΛT q be a strictly positive
non-anticipative functional, which is boundedness-preserving and locally path-
continuous. Then, F : ΛT Ñ R generates the functional portfolio π : ΛT Ñ Rd
with weights given by

πipt, µq “

˜

Bi logF pt, µq ` 1´
d
ÿ

j“1

µjptqBj logF pt, µq

¸

µiptq,

for all i “ 1, ..., d and t P r0, T s, such that

Θptq “ ´
d
ÿ

i,j“1

ż t

0

1

2F ps, µq
BijF ps, µqµipsqµjpsqτijpsqds´

ż t

0

DF ps, µq
F ps, µq

ds,

for all t P r0, T s.

Altogether, the concept of functionally generated portfolios can be used
in the probabilistic setting (Chapter 5) or in the pathwise setting (this chap-
ter), in both of which the extension to the path-dependent setting is possible.
The advantage of the pathwise setting is that it does not depend on a partic-
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ular choice of the stochastic process, which models the capitalization vector.
Moreover, one can usually only observe one historical trajectory of a real eq-
uity market, which corresponds to one state of the world, where functionally
generated portfolios can still be described within this pathwise setting.



Chapter 7

Learning an Optimal Portfolio

As we have seen in the previous chapter, investment strategies can be con-
structed in the pathwise framework of Stochastic Portfolio Theory (SPT) by
the choice of a generating function. In this chapter, we will show that conven-
tional neural networks between finite dimensional spaces and functional neural
networks on the space of stopped paths can be used to learn a functionally gen-
erated portfolio in both, the classical setting of SPT and in the path-dependent
setting. In order to learn a portfolio, we define the objective of an investor as
a performance functional, which measures the “goodness” of the portfolio ac-
cording to the objective of the investor.

For the whole chapter, we assume the pathwise setting of SPT such that
paths of the vector of capitalizations X : r0, T s Ñ Rd` are continuous with non-
negative values, where d P N denotes the number of assets. In order to apply
the pathwise setting of functionally generated portfolios, we assume throughout
this chapter that X : r0, T s Ñ Rd` exhibits pathwise continuous quadratic
variation along a sequence of partitions pTnqnPN in the sense of [Föl81], i.e. that
X : r0, T s Ñ Rd` satisfies Assumption 1.40.

7.1 Approximation of Functionally Generated
Portfolio

In this section, we show that every functionally generated portfolio can be ap-
proximated by a portfolio, which is generated by a neural network Φ : ∆d Ñ R,
where the neural network approximates the generating function of the optimal
portfolio. More precisely, we approximate the strictly positive generating func-
tion S : ∆d Ñ r0,8r by the exponential of a neural network Φ : Rd Ñ R to
account for the positivity of the generating function, i.e. Φ : Rd Ñ R should
approximate log S : ∆d Ñ R.
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For the rest of this chapter, we fix a twice differentiable function ρ : RÑ R
such that NN ρ

d,8 is dense in C2pRnq on compacta, and denote by pNNM qMPN
a sequence of subsets of NN ρ

d,8 such that

NNM Ď NNM`1,
ď

MPN
NNM “ NN ρ

d,8, NNM “
 

Φθ; θ P Θd,M

(

,

(7.1.1)
for all M P N, where Θd,M Ď Rq, for some q P N (depending on M). We have
two particular examples in mind: we could define NNM as the neural networks
in NN ρ

d,8 with arbitrary number of layers and nodes, but with connectivity
at most M . Otherwise, we could take for NNM the set of all neural networks
with “fixed architecture”, i.e. with non-decreasing sequences pLpMqqMPN and

pN
pMq
1 qMPN, ..., pN

pMq

LpMq
qMPN.

Moreover, by using the equivalence of the 1-norm and 2-norm, and the
parallelogram inequality, we observe that (BVκ) implies

xJτptqx ď 2κpd` 1q}x}2, (7.1.2)

for all x P Rd and t P r0, T s.

Using the sequence pNNM qMPN of neural network subsets satisfying (7.1.1)
and the universal approximation result with derivatives in Theorem 2.6, we can
show that every functionally generated portfolio can be approximated arbitrar-
ily well by the portfolio generated from a sufficiently large neural network.

Theorem 7.1. Let S : ∆d Ñ r0,8r with logS P C2p∆
d
q generate the portfolio

πS. Assume (BVκ) and suppose that ρ P C2pRq is such that NN ρ
1 is dense in

C2pKq, for all compact subsets K Ă R. Then, for every ε ą 0, there exists
some M P N and Φ P NNM generating the portfolio πexppΦq such that

ˇ

ˇ

ˇ
πSi ptq ´ π

exppΦq
i ptq

ˇ

ˇ

ˇ
ă ε, (7.1.3)

for all i “ 1, ..., d and t P r0, T s. Furthermore, it follows that

|log pZπS ptqq ´ log pZπexppΦqptqq| ă p1` Ctq ε, (7.1.4)

for all t P r0, T s and some constant C ą 0.

Proof. Since log S P C2p∆
d
q, it follows from Theorem 3.52 that log S can be

approximated by a neural network in C2p∆
d
q. Hence, for some fixed ε ą 0
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there exists a number M P N such that

| logSpxq ´ Φpxq| ă
ε

2
,

|Di logSpxq ´DiΦpxq| ă
ε

2
,

|Dij logSpxq ´DijΦpxq| ă
ε

2
,

(7.1.5)

for all i, j “ 1, ..., d and x P ∆
d
, where Φ P NN ρ

M,d. For (7.1.3), we use
Theorem 5.18, the triangle inequality and (7.1.5) to conclude that

ˇ

ˇ

ˇ
πSi ptq ´ π

exppΦq
i ptq

ˇ

ˇ

ˇ
ď |Di logSpµptqq ´DiΦpµptqq|µiptq

`

d
ÿ

j“1

µjptq |Dj logSpµptqq ´DjΦpµptqq|µiptq ă ε,

for all i “ 1, ..., d and t P r0, T s, where we have used that 0 ď µiptq ď 1 and
řd
i“1 µiptq “ 1. For (7.1.4), we use (6.2.1) and insert (7.1.5) such that

|log pZπS ptqq ´ log pZπexppΦqptqq| “

ˇ

ˇ

ˇ

ˇ

log

ˆ

ZπS ptq

Zµptq

˙

´ log

ˆ

ZπexppΦqptq

Zµptq

˙
ˇ

ˇ

ˇ

ˇ

ď |logSpµptqq ´ Φpµptqq| `
ˇ

ˇ

ˇ
ΘSptq ´ΘexppΦqptq

ˇ

ˇ

ˇ

ă
ε

2
`

ˇ

ˇ

ˇ
ΘSptq ´ΘexppΦqptq

ˇ

ˇ

ˇ
,

(7.1.6)
for all t P r0, T s. Using the definition of the drift process in Theorem 6.5 and
DijSpxq{Spxq “ Dij logSpxq ` Di logSpxqDj logSpxq, it follows by applying
the triangle inequality and (BVκ) implying (7.1.2) that

ˇ

ˇ

ˇ
ΘSptq ´ΘexppΦqptq

ˇ

ˇ

ˇ
ď sup

xP∆d

i,j“1,...,d

|Dij logSpxq ´DijΦpxq|κpd` 1qt

` sup
xP∆d

i,j“1,...,d

|Di logSpxqDj logSpxq ´DiΦpxqDjΦpxq|κpd` 1qt

ă p1` C1 ` C2qκpd` 1qt
ε

2
,

(7.1.7)

for all t P r0, T s, where we have used aiaj ´ bibj “ aipaj ´ bjq` bjpai´ biq with
ai “ Di logSpxq and bi “ DiΦpxq, and where C1 “ sup

xP∆
d
, i“1,...,d

|Di logSpxq|

and C2 “ sup
xP∆

d
, j“1,...,d

|DjΦpxq| are finite. Finally, inserting (7.1.7) into

(7.1.6) and rescaling ε ą 0 yields the conclusion.
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Theorem 7.1 indicates that a functionally generated portfolio can be ap-
proximated arbitrarily well by a portfolio generated from a sufficiently large
neural network, where the difference of the logarithmic wealth increases lin-
early in time due to the approximation error of the portfolio weights. However,
having finite terminal time, the neural network can be enlarged to get a better
approximation of the terminal wealth.

In the path-dependent setting of SPT, where portfolios are generated by
smooth non-anticipative functionals, we use functional neural networks in-
troduced in Chapter 4 to approximate the non-anticipative functional of the
optimal portfolio. For this purpose, we consider the space of stopped α-
Hölder continuous paths pΛαT , d8q and define the admissible weight function
ψ : ΛαT Ñs0,8r as in Remark 4.5 such that the stopped path of X : r0, T s Ñ Rd`
belongs to a compact subset of ΛαT . Using the weighted space pΛαT , ψq, we define

the space of weighted smooth functionals Lip1,2
ψ pΛ

α
T q as the } ¨}ψ,1,2-completion

of Lip1,2
b pΛ

α
T q, where the weighted norm } ¨ }ψ,1,2 is given by

}F }ψ,1,2 “ sup
pt,Y qPΛαT

|F pt, Y q|

ψpt, Y q
` sup
pt,Y qPΛαT

|DF pt, Y q|
ψpt, Y q

`
ÿ

1ď|m|ď2

sup
pt,Y qPΛαT

|BmF pt, Y q|

ψpt, Y q
,

for F P Lip1,2
ψ pΛ

α
T q. Then, the universal approximation theorem for smooth

non-anticipative functionals in Theorem 4.6 shows that every path-dependent
functionally generated portfolio can be approximated by a portfolio, which is
generated by a functional neural network, where we assume that tFNMuMPN is
an increasing sequence of subsets in FN ρ

d,8 such that
Ť

MPN FNM “ FN ρ
d,8.

Theorem 7.2. Let the strictly positive F P C1,2pΛαT q generate the portfolio πF

such that logF P Lip1,2
ψ pΛ

α
T q. Assume (BVκ) and suppose that ρ P Lip2

bpRq
is such that NN ρ

1 is dense in C2pKq, for all compact subsets K Ă R. Then,
for every ε ą 0 there exists some M P N and a functional neural network
Φ P FNM generating the portfolio πexppΦq such that

ˇ

ˇ

ˇ
πFi ptq ´ π

exppΦq
i ptq

ˇ

ˇ

ˇ
ă ε,

for all i “ 1, ..., d and t P r0, T s, and

| logpZπF ptqq ´ logpZπexppΦqq| ă p1` Ctqε,

for all t P r0, T s and some constant C ą 0.
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Proof. Since X : r0, T s Ñ Rd` satisfies Assumption 1.40 there exists by Re-
mark 4.5 some sufficiently large R ą 0 such that ψpt, µq ď R, for all t P r0, T s.
As logF P Lip1,2

ψ pΛ
α
T q, we can apply Theorem 4.6 to conclude that there exists

for fixed ε ą 0 some Φ P FN ρ
d,M satisfying } logF ´ Φ}ψ,p,q ď

ε
2R . From this,

it follows that

| logF pt, µq ´ Φpt, µq| ď ψpt, µq} logF ´ Φ}ψ,p,q ă
ε

2
,

for all t P r0, T s, and similarly |D logF pt, µq´DΦpt, µq| ă ε
2 as well as |Bij logF pt, µq´

BijΦpt, µq| ă
ε
2 , for all 1 ď |m| ď 2 and t P r0, T s. Then, the expression for the

portfolio weights in Theorem 6.9 implies that

ˇ

ˇ

ˇ
πFi ptq ´ π

exppΦq
i ptq

ˇ

ˇ

ˇ
ď |Bi logF pt, µq ´ BiΦpt, µq|µiptq

`

d
ÿ

j“1

µjptq |Bj logF pt, µq ´ BjΦpt, µq|µiptq ă ε,

for all i “ 1, ..., d and t P r0, T s. The approximation of the wealth follows then
by the same arguments as in the proof of Corollary 7.1, where we use the drift
in Theorem 6.9 for the approximation of the logarithmic relative return and the
chain rule in [SV18, Lemma 3.3] such that DF ps, µq{F ps, µq “ D logF ps, µq,
for all t P r0, T s.

In both cases, the classical and path-dependent setting of SPT, we obtain
a parametric family of functionally generated portfolios obtained from (func-
tional) neural networks, which can be used to learn the optimal portfolio by
learning the optimal weights in the corresponding (functional) neural network.

7.2 Performance Functional

In order to train “good” investment strategies, we need to define the investor’s
objective, which is encoded in a user-specified preformance functional and was
first introduced within the framework of SPT in [KSV16]. In addition, we
introduce the set of functionally generated portfolios, from which the optimal
portfolio should be chosen, given by

FG “

#

πS : ∆d Ñ Rd defined by

πipxq “

˜

Di logSpxq ` 1´
d
ÿ

j“1

xjDj logSpxq

¸

xi; S P C
2p∆dq

+

,
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where a generic element π P FG denotes by a slight abuse of notation a portfolio
map, yielding a portfolio with πptq “ πpµptqq, for t P r0, T s. We equip the
space FG with the metric dFGpπ, ηq “ maxi“1,...,d supxP∆d |πipxq ´ ηipxq|, for
π, η P FG, and observe that FG is convex, but neither totally bounded nor
separable, see [Won15].

Definition 7.3. The map P : FG Ñ R is called a performance functional if it
is lower semi-continuous, i.e. for every sequence pπnqnPN in FG converging to
π P FG, it holds that lim infnÑ8 Ppπnq ě Ppπq.

Given a performance functional P : FG Ñ R, we can measure the perfor-
mance of a portfolio π with respect to the given objective of the investor. If
the objective is not reached, i.e. not minimized in the right way, the portfolio π
needs to be adapted such that the value of P : FG Ñ R further decreases. Fur-
thermore, we introduce the subset of bounded α-Hölder continuous generating
functions given by

Gα,b “
"

S P C2p∆
d
q; }S}C2,α ď b and S ě

1

b

*

,

for some α, b ą 0, where the norm } ¨ }C2,α is defined as

}S}C2,α “ max
0ď|m|ď2

sup
xP∆

d

|DmSpxq| ` max
0ď|m|ď2

sup
x,yP∆d

x‰y

|DmSpxq ´DmSpyq|

}x´ y}α
,

(7.2.1)
and where we omit the second term in (7.2.1) if α “ 0. The corresponding set
of functionally generated portfolios is given by

FGα,b “
 

πS : ∆d Ñ Rd; S P Gα,b
(

.

Using that Gα,b is compact with respect to } ¨ }C2,0 and P : FG Ñ R is lower
semi-continuous, we obtain the existence of at least one minimizer on the set
of bounded Hölder continuous portfolio maps FGα,b.

Lemma 7.4. For every α, b ą 0, the set FGα,b is compact with respect to
dFG. Hence, a performance functional P : FG Ñ R attains in particular its
minimum on FGα,b.

Proof. Fix α, b ą 0 and observe that the map S ÞÑ πS is continuous from
pGα,b, } ¨ }C2,0q to pFGα,b, dFGq. This can be seen by using the definition of a
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functionally generated portfolio in Theorem 5.18 such that

dFG
`

πS1 , πS2
˘

ď 2 max
i“1,...,d

sup
xP∆d

|Di logS1pxq ´Di logS2pxq|

ď 2b max
i“1,...,d

sup
xP∆

d

|DiS1pxq ´DiS2pxq|

ď 2b}S1 ´ S2}C2,0 ,

for all S1, S2 P Gα,b, where we have used that the logarithm is Lipschitz continu-
ous on r1{b,8r with Lipschitz constant b. Since Gα,b is by [CSW19, Lemma 4.1]
compact with respect to } ¨ }C2,0 and S ÞÑ πS is continuous, the image FGα,b
is compact with respect to dFG . The existence of a minimizer follows then
by [Kos10, Satz 3.1.15], where the lower semi-continuity of P : FG Ñ R is
used.

Lemma 7.4 ensures the existence of a minimizer at least among the restricted
set FGα,b of bounded and Hölder continuous portfolio maps. For bigger spaces
such as FG, it is not clear if such a minimizer exists. However using that

FGα,b Ă FGα
1,b1
Ă FG, for α1 ă α and b ă b1, we obtain a sequence pπ̂nqnPN

of minimizing portfolio maps π̂n “ arg minπPFG1{n,n Ppπq, for n P N, whose
performances decreases and converges to the infimum of P : FG Ñ R on FG,
if P : FG Ñ R is for example bounded from below.

In the following, we consider examples of performance functionals for dif-
ferent investment objectives, for example to learn an arbitrage strategy. We
know that such arbitrage opportunities exist in sufficiently diverse and volatile
markets, where for example the diversity-weighted portfolio of Example 5.19(v)
can be used to outperform the market portfolio, see [FKK05]. Hereby, a port-
folio π is called a relative arbitrage with respect to the benchmark portfolio η
if there exists some t˚ P r0, T s such that

PrZπpt˚q ě Zηpt
˚qs “ 1 and PrZπpt˚q ą Zηpt

˚qs ą 0.

The relative arbitrage π is called strong if PrZπpt˚q ą Zηpt
˚qs “ 1. Combin-

ing this with Theorem 7.1, we therefore only need to train a neural network
Φ : Rd Ñ R such that the generated portfolio πexppΦq will be most likely an
arbitrage strategy. On the other hand, we consider also other performance
functionals, representing for example the hedging problem.
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Proposition 7.5. The following maps are performance functionals:

(i) PHpπq “
şT

0
l pZπptq ´ ztq dt, for some other path z : r0, T s Ñ R and for

some lower semi-continuous function l : RÑ R.

(ii) PRpπq “ ´

´

log
´

ZπpT q
ZηpT q

¯

´ log
´

Zπp0q
Zηp0q

¯¯

, for some other portfolio η :

r0, T s Ñ Rd.

(iii) PV pπq “
şT

0
pπptq ´ ηptqq

J
σptq pπptq ´ ηptqq dt, for some other portfolio

η : r0, T s Ñ Rd.

Proof. In order to prove that PR : FG Ñ R is a performance functional, we
show that π ÞÑ log pZπptqq is continuous from pFG, dFGq to pR, | ¨ |q, for every
t P r0, T s. For this purpose, let π1, π2 P FG. Then, it follows from Lemma 6.4
and the stability estimate for rough integration in [FH14, Theorem 4.16] that

ˇ

ˇPRpπ1q ´ PRpπ2q
ˇ

ˇ ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

pπ1pµpsqq ´ π2pµpsqqq
J
d logXpsq

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

pπ1pµpsqq ´ π2pµpsqq
Jdiagpσpsqqds

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

pπ1pµpsqq ´ π2pµpsqqq
Jσpsqpπ1pµpsqq ´ π2pµpsqqqds

ˇ

ˇ

ˇ

ˇ

ˇ

ď CdFGpπ1, π2q `
1

2
dFGpπ1, π2q max

i“1,...,d
rlogXi, logXisT

`
1

2
dFGpπ1, π2q

2 max
i,j“1,...,d

rlogXi, logXjsT ,

for all t P r0, T s and some constant C ą 0, which depends on the pathwise
quadratic variation rlogXi, logXjs, for i, j “ 1, ..., d. From this, it follows
that PR : FG Ñ R is continuous, therefore also lower semi-continuous and a
performance functional.

For PH : FG Ñ R, we use lower semi-continuity of l such that π ÞÑ

l
`

elogpZπptq{Zµptqq`logZµptq ´ zt
˘

is also lower semi-continuous. Hence, it follows
by Fatou’s lemma for pπnqnPN converging to π that

lim inf
nÑ8

PHpπnq “ lim inf
nÑ8

ż T

0

l pZπnptq ´ ztq dt ě

ż T

0

l pZπptq ´ ztq dt “ PHpπq,

such that PH : FG Ñ R is a performance functional. For PV : FG Ñ R,
we observe that the quadratic form x ÞÑ xJAx is continuous, for any matrix
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A P Rdˆd, such that Fatou’s lemma implies for pπnqnPN converging to π that

lim inf
nÑ8

PV pπnq “ lim inf
nÑ8

ż T

0

pπnptq ´ ηptqq
J
σptq pπnptq ´ ηptqq dt

ě

ż T

0

pπptq ´ ηptqq
J
σptq pπptq ´ ηptqq dt

“ PV pπq,

which shows that PV : FG Ñ R is as well a performance functional.

For applications, PH can be used for hedging a given value process z “
pztqtPr0,T s and recover therewith the generating function of the hedging strat-

egy, whereas PR and PV compare the performance of the portfolio against
the benchmark portfolio η : r0, T s Ñ Rd, e.g. the market portfolio. In prac-
tice, PR and PV are usually combined in order to account for the return and
the risk simultaneously, where we see that linear combinations of performance
functionals are again performance functionals.

After having established the notion of a performance functional, we anal-
yse if learning the parameters in the neural network indeed approximates the
infimum of the given performance functional over all functionally generated
portfolios. For this purpose, we use Theorem 7.2 such that every functionally
generated portfolio can be approximated by a portfolio generated by a neural
network.

Theorem 7.6. Let P : FG Ñ R be a performance functional and assume that
(BVκ) holds true. Then

inf
πPFG

Ppπq “ lim
MÑ8

inf
ΦPNNM

PpπexppΦqq.

Proof. First, we observe that for every M P N it holds thatNNM Ă NNM`1 Ă
 

logS : ∆d Ñ R; S P C2p∆dq
(

, which implies

inf
πPFG

Ppπq ď inf
ΦPNNM`1

PpπexppΦqq ď inf
ΦPNNM

PpπexppΦqq,

for all M P N. Thus, it suffices to show that for every ε ą 0 there exists some
M P N such that

inf
πPFG

Ppπq ą inf
ΦPNNM

PpπexppΦqq ´ ε. (7.2.2)

Fix some ε ą 0 such that there exists by definition some R : ∆d Ñ r0,8r with
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logR P C2p∆
d
q satisfying

inf
πPFG

Ppπq ě PpπRq ´ ε

2
. (7.2.3)

On the other hand, we find by Theorem 7.1 some neural network Φ P NNM

with |πRi ptq ´ π
exppΦq
i ptq| ă ε{2, for all i “ 1, ..., d and t P r0, T s. Using (7.2.3)

and applying lower semi-continuity of P : FG Ñ R in the second step, it follows
that

inf
πPFG

Ppπq ě PpπRq ´ ε

2
ą PpπexppΦqq ´ ε ě inf

ΦPNNM

PpπexppΦqq ´ ε.

Since ε ą 0 was chosen arbitrarily, we obtain (7.2.2) and therefore the conclu-
sion.

Theorem 7.6 shows that the universal approximation of neural networks in
Theorem 2.5 can be used to approximate an optimal functionally generated
portfolios with respect to a given performance functional P : FG Ñ R, by
increasing the connectivity of the neural network.

7.3 Path-Dependent Setting

In the same spirit as before, we want to learn “good investment maps” in the
path-dependent setting of SPT, where we need to redefine the performance
functional as the objective of the investor. We assume again the pathwise
setting of SPT, where the vector of capitalizations X : r0, T s Ñ Rd` satisfies
Assumption 1.40. Then, we introduce the set of path-dependent functionally
generated portfolios given by

FG “
!

πF ; logF P Lip1,2
ψ pΛ

α
T q

)

,

and equip it with the metric dFGpπ, ηq “ maxi“1,...,d suppt,Y qPΛαT |πipt, Y q ´

ηipt, Y q|, for π, η P FG.

Definition 7.7. The map P : FG Ñ R is a performance functional if it is
lower semi-continuous, i.e. for every sequence pπnqnPN in FG converging to
π P FG, it holds that lim infnÑ8 Ppπnq ě Ppπq.

By construction of the weighted space pΛαT , ψq, a performance functional at-
tains its minimum over each compact preimage KR “ ψ´1ps0, Rsq, from which
we obtain a sequence of minimizing functional portfolios pπ̂RqRPN defined by
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π̂R “ arg minπPKR Ppπq, for every R P N. Similarly as before, the perfor-
mance of this sequence converges to the infimum of P : FG Ñ R over FG, if
P : FG Ñ R is bounded from below. Moreover, the performance functionals of
Proposition 7.5 can be transfered into this path-dependent setting.

Proposition 7.8. The following maps are performance functionals:

(i) PHpπq “
şT

0
l pZπptq ´ ztq dt, for some other path z : r0, T s Ñ R and for

some lower semi-continuous function l : RÑ R.

(ii) PRpπq “ ´

´

log
´

ZπpT q
ZηpT q

¯

´ log
´

Zπp0q
Zηp0q

¯¯

, for some other portfolio η :

r0, T s Ñ Rd.

(iii) PV pπq “
şT

0
pπptq ´ ηptqq

J
σptq pπptq ´ ηptqq dt, for some other portfolio

η : r0, T s Ñ Rd.

In order to conclude this section, we are interested if an optimal path-
dependent portfolio can be learned with the help of functional neural net-
works. We therefore show that the performance of the optimal functional neu-
ral network-generated portfolio converges to the performance of the optimal
portfolio over all path-dependent portfolios in FG, as the network connectivity
increases.

Theorem 7.9. Let P : FG Ñ R be a performance functional and assume that
(BVκ) holds true. Then

inf
πPFG

Ppπq “ lim
MÑ8

inf
ΦPFNM

PpπexppΦqq.

Proof. The proof follows along the lines of the proof for Theorem 7.6.

Theorem 7.9 gives the theoretical justification to approximate an optimal
path-dependent portfolios by functional neural networks. By increasing the
network size, the performance of the optimal learned portfolio should converge
to the performance of the optimal portfolio over FG.

7.4 Numerical Examples

In this section, we illustrate in numerical examples how optimal portfolios can
be learned within SPT, where we first look at randomized functional neural
network to reduce the training effort. Finally, we apply the results to recover
the generating function from the portfolio’s wealth and try to outperform the
S&P500.
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7.4.1 Recovering Generating Function

In a first numerical example, we show that a generating function can be re-
covered from only one given historical trajectory of the value process of an
investor. Assume that the market consists of d “ 3 assets and suppose that
the vector of logarithmic capitalizations X is given by a sample path of an Ito
process, i.e. logXptq “ logX0 `

şt

0
γptqdt `

şt

0
ξptqdW ptq, for t P r0, T s, with

initial value X0 “ p100, 100, 100qJ, where the drift and volatility are constant
throughout time and given by

γptq “

¨

˝

0.563
0.681
0.484

˛

‚, ξptq “

¨

˝

0.779 0 0
0.201 0.519 0
0.174 0.199 0.592

˛

‚,

for all t P r0, T s. In this framework, we use the generating functions described in
Example 5.19(iii) and Example 5.19(v) to generate an entropy-weighted port-
folio πE and diversity-weighted portfolio πD with their corresponding wealth
ZπE and ZπD , respectively. For these two paths ZπE , ZπD : r0, T s Ñ R, we

learn two neural networks ΦE ,ΦD P NNM such that the wealth of πexppΦEq

and πexppΦDq should be close to the true wealth ZπE and ZπD , respectively.
More precisely, we use the performance functional PH with lpxq “ x2 from
Proposition 7.5 used for hedging and try to minimize

Φ ÞÑ PH
´

πexppΦq
¯

“

ż T

0

pZπexppΦqptq ´ ZπD{E ptqq
2
dt

among all neural networks Φ P NNM , for some fixed M P N. Hereby, we
use actually two performance functional, where ZπD{E is either computed with
(6.2.1) or as Föllmer integral, i.e.

logZπptq “ logSpµptqq `Θptq ` logZµptq,

logZπptq “
d
ÿ

i“1

ż t

0

Di logSpµpsqqdµipsq

´
1

2

d
ÿ

i,j“1

ż t

0

Di logSpµpsqqDj logSpµpsqqµipsqµjpsqτijpsqdt

` logZµptq,

which are then combined to improve the approximation of the generating func-
tion by taking into account its gradient (in the second expression) and its
Hessian (in the first expression with the drift Θ).

The algorithm has been implemented in Python, using Tensorflow to build
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the neural networks of size L “ p3, 10, 1q, i.e. neural networks with one hid-
den layer of dimension 10. For network training, the Adam algorithm (see
[KB15] and [GBC16, Chapter 8.5.3]) is applied with a learning rate of 10´4

over 105 epochs. In addition, the market trajectory is split up into the first
80% time points used for training and the last 20% used for testing. The results
for recovering the Entropy and Diversity function from one trajectory of the
corresponding value process are displayed in Figure 7.1.

Figure 7.1 shows that the relatively small neural networks are indeed able
to recover the shapes of the generating functions, from which the portfolios
were generated. It seems that the market trajectory has a significant influence
on how the generating function is learned, and the generating function is ap-
proximated better in the neighborhood of the market weights (data points),
whereas the concavity of the generating function is less recaptured to the edges
of ∆d. Therefore, the path of the market weights must be enough volatile in
order to reconstruct the generating function sufficiently accurate over ∆d.
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(a) Generating Function

(b) Value Process

(c) Learning Performance
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(d) Generating Function

(e) Value Process

(f) Learning Performance

Figure 7.1: Recovering the generating function. Left panel: Theoretical generating function
and its approximating neural network of size L “ p3, 10, 1q, where the shaded path in the
x1-x2-plane represents the path of the market weights; Middle panel: Comparision of the
wealth of πexppΦq and πD{E , where the vertical line shows the validation split; Right panel:
Loss during the training procedure on training and test set.
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7.4.2 Outperforming the S&P500

In a second numerical example, we try to learn a relative arbitrage strategy
in the market given by the universe of the S&P500, accounting for changes
of constituents by setting the corresponding market weight to zero. In this
setting, [KSV16] showed that learning an optimal portfolio with the help of
Bayesian techniques consistently outperforms the market portfolio and other
functionally generated portfolios presented in Example 5.19. We show in the
following that our approach of learning an optimal path-dependent portfolio
with functional neural networks also outperforms these results.

The data for stock prices and numbers of outstanding shares are downloaded
from the CRSP databases of Wharton Research Data Services, and we con-
sider the time period from 1st January 1992 to 31 December 2014, where the
relative volatility matrix τ is estimated by the squared logarithmic increments
of µ and using a rolling time window of 60 days. In this setting, we compare
the following portfolios:

• the market portfolio µ whose value coincides with the S&P500 up to the
divisor, denoted by MPF;

• the equally-weighted portfolio of Example 5.19(v), denoted by EWP;

• the diversity-weighted portfolio of Example 5.19(vi), where the exponent
p is learned

– by maximizing the excess return relative to EWP in [KSV16, Eq. 19],
denoted by DWP*,

– with the Markov Chain Monte Carlo (MCMC) method in [KSV16,
Eq. 24-26], denoted by DWP;

• the conventional neural network approach from Section 7.2, to obtain a
non-path-dependent optimal portfolio with respect to the performance

functional Ppπq “ ´
şT

0
log

´

Zπpsq{Zπp0q
Zµpsq{Zµp0q

¯

ds, denoted by CNN;

• the functional neural networks approach from Section 7.3 to obtain a
path-dependent optimal portfolio with respect to the performance func-

tional Ppπq “ ´
şT

0
log

´

Zπptq{Zπp0q
Zµptq{Zµp0q

¯

dt, denoted by FNN.

Hereby, the excess return relative to the equally-weighted portfolio is defined
as the performance functional

Ppπq “
T
ź

t“1

˜

1`
d
ÿ

i“1

πiptqriptq

¸

´

T
ź

t“1

˜

1`
d
ÿ

i“1

ηiptqriptq

¸

,
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where η is the equally-weighted portfolio and riptq “
Xiptq´Xipt´1q

Xipt´1q denotes the

return of the ith asset at time t. This performance functional is used for the
other methods of [KSV16] as well. In addition, we learn symmetric (functional)
neural networks to ensure enough generalization capacity, i.e. we simplify them
to

Φpxq “
d
ÿ

i“1

N
ÿ

k“1

βkρ pAkxi ` bkq ,

Φpt, Y q “
d
ÿ

i“1

N
ÿ

k“1

βkρ

ˆ
ż t

0

ϕkipuqYipuqdu`AkYiptq `Bkt` bk

˙

,

where β,A,B, b P RN and ϕki P NN ρ
1,8, withN “ 20, such that Φpx1, ..., xdq “

Φpxσp1q, ..., xσpdqq and Φpt, pY1, ..., Ydqq “ Φpt, pYσp1q, ..., Yσpdqqq, for all permu-
tations σ : t1, ..., du Ñ t1, ..., du. The algorithms to learn the parameter p and
the (functional) neural network have been implemented in Python, where the
package Tensorflow is used to train the (functional) neural networks and the
Adam algorithm is applied with a learning rate of 10´4 over 104 epochs (see
[KB15] and [GBC16, Chapter 8.5.3]).

In the first experiment, we test if the learned optimal investment strate-
gies described above indeed outperform the market portfolio, where we use 10
consecutive years as training data and test the performance on the following
5 years. Beginning on 1st January 1992 with the first data set, we roll both
training and test set by one year, which yields a total of eight pairs of training
and test sets. The results are listed in Table 7.1, which shows in particular that
all learned strategies indeed outperform the benchmark portfolios, the market
portfolio given as S&P500 and the equally-weighted portfolio, in-sample and
out-of-sample.

Portfolio In-Sample Return (in %) Out-of-Sample Return (in %)
MPF 5.146˘ 3.849 1.598˘ 5.957
EWP 7.771˘ 2.721 7.546˘ 5.566
DWP* 6.968˘ 1.172 8.801˘ 2.411
DWP 6.931˘ 1.150 8.732˘ 2.387
CNN 9.921˘ 1.843 9.972˘ 5.243
FNN 9.694˘ 2.352 12.602˘ 4.342

Table 7.1: Outperforming the S&P500: Results of the first example to test whether the
learned portfolios considerably outperform the value of the S&P500 and the other functionally
generated portfolios. The in-sample and out-of-sample return are average yearly returns in
percentage plus/minus two standard errors.

In the second experiment, we show that the learned strategies do not per-
form worse than the benchmark portfolios during the financial crisis. Hereby,
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we use the first 15 years starting from 1st January 1992 to 31th December 2005
as training set and test the performance of the learned strategies on the test
set ranging from 1st January 2006 to 31th December 2014, which includes in
particular the financial crisis at the end of year 2008. The results of this experi-
ment are listed in Table 7.2 and plotted in Figure 7.2. We observe in particular
that all learned portfolios outperform the benchmark portfolios (market port-
folio and equally-weighted portfolio) in-sample and out-of-sample. Figure 7.2
depicts the wealth of the learned portfolios and shows that they are robust
against the financial crisis at the end of the year 2008.

Portfolio In-Sample Return (in %) Out-of-Sample Return (in %)
MPF 11.336˘ 8.616 7.488˘ 14.002
EWP 18.845˘ 8.373 14.692˘ 16.080
DWP* 26.261˘ 9.294 21.285˘ 17.956
DWP 26.135˘ 9.269 21.169˘ 17.926
CNN 76.716˘ 25.830 21.970˘ 14.013
FNN 57.739˘ 17.827 25.307˘ 14.011

Table 7.2: Outperforming the S&P500: Results of the second experiment to test whether
the learned investment strategies are robust with respect to the financial crisis at the end of
year 2008. The in-sample and out-of-sample return are average yearly returns in percentage
plus/minus two standard errors.
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Figure 7.2: Outperforming the S&P500: Wealth of the learned investment strategies (see
legend) over the test period 2006-2014 compared to the market capitalization of the S&P500,
where the performances of DWP* and DWP are very similar.
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Part III

Option Pricing with
Abstract Neural Networks





Chapter 8

Option Pricing in a Financial Market

The problem of pricing and hedging portfolios of derivatives is a crucial task
for portfolio managers in the financial industry. Despite the enormous progress
in research over the last decades, there are only a few mathematical solu-
tions under rather idealized assumptions such as completeness of the market,
which means that every financial derivative can be perfectly replicated. The
most prominent model herefore is Dupire’s local volatility model introduced
in [Dup94], which is a complete market model such that pricing becomes lin-
ear. However, real markets are often incomplete such that the pricing operator
is a non-linear function, which can be expressed as supremum or infimum of
the expected discounted payoff over so-called equivalent martingale measures.
Because machine learning techniques are well-suited to solve such non-linear
problems, we use the universal approximation result in Theorem 3.27 to learn
the pricing operator.

In this chapter, we introduce the main ingredients of the financial market,
where we assume that the stock price process follows an Ito diffusion. Subse-
quently, we define weak derivatives and introduce Sobolev spaces, which are
needed to describe solutions of partial differential equations, which in turn can
be related to the value function of a financial derivative with the help of the
Feynman-Kac formula.

8.1 Market Model

In the following, we shall always consider a financial market model with fi-
nite time horizon T ą 0, whose vector of price processes X “ pXptqqtPr0,T s is

assumed to take values in a subset E Ă Rd and is defined on the filtered prob-
ability space pΩ,A,F,Pq, where the filtration F “ pFtqtPr0,T s is supposed to
satisfy the usual conditions, i.e. F0 is trivial, A is P-complete and the filtration
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is right-continuous such that Ft “
Ş

sąt Fs.
For some m-dimensional Brownian motion B “ pBptqqtPr0,T s, we assume

that X satisfies the stochastic differential equation (SDE)

dXptq “ bpt,Xptqqdt` ξpt,XptqqdBptq, (8.1.1)

for t P r0, T s, and some initial value Xp0q “ x0 P E, where b : r0, T s ˆE Ñ Rd
is the drift function and ξ : r0, T s ˆ E Ñ Rdˆm is the volatility function. If
the two functions satisfy the uniform Lipschitz and linear growth condition, we
have the following existence and uniqueness result for (8.1.1).

Theorem 8.1 ([Øks03, Theorem 5.2.1]). Assume that there exists some con-
stant C ą 0 such that

}bpt, xq ´ bpt, yq} ` }ξpt, xq ´ ξpt, yq} ď C}x´ y},

}bpt, xq} ` }ξpt, xq} ď C p1` }x}q ,
(8.1.2)

for all t P r0, T s and x, y P E. Then, (8.1.1) has a strong solution satisfying

E
”

suptPr0,T s }Xptq}
2
ı

ă 8.

In the time-homogeneous case with bpt, xq “ bpxq and ξpt, xq “ ξpxq, we
observe that the Lipschitz condition implies the linear growth condition in
(8.1.2). From now on, we shall always assume that the functions b : r0, T sˆE Ñ
Rd and ξ : r0, T sˆE Ñ Rdˆm satisfy the Lipschitz and linear growth condition
in (8.1.2) such that there exists a strong solution X “ pXptqqtPr0,T s satisfying
the SDE in (8.1.1).

In addition, we assume that there is an additional money market account
representing the value of cash, which satisfies the SDE dX0ptq “ rptqX0ptqdt
with X0p0q “ 1, such that

X0ptq “ exp

ˆ
ż t

0

rpsqds

˙

,

for t P r0, T s, where r “ prptqqtPr0,T s is an F-adapted process representing the
short term interest rate. From this, we define for 0 ď s ď t ď T the discount

factorDst “ X0psq{X0ptq “ exp
´

´
şt

s
rpuqdu

¯

and denote by rX “ p rXptqqtPr0,T s

the discounted price processes given by rXptq “ D0tXptq, for all t P r0, T s.
In order to trade in the market, we define a trading strategy as F-predictable,

pd` 1q-dimensional stochastic process θ “ pθptqqtPr0,T s such that θ0ptq denotes
the amount invested in the risk-free asset X0 at time t P r0, T s, and θiptq the
number of shares held from the risky asset Xi at time t P r0, T s, for i “ 1, ..., d.
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Then, the value of the trading strategy Vθ “ pVθptqqtPr0,T s is given by

Vθptq “
d
ÿ

i“0

θiptqXiptq,

for all t P r0, T s. In addition, we assume that a trading strategy θ is self-
financing in the sense that the change in its value is only affected by trading
in the market and no money is injected or removed from the trading strategy
θ. This means for the time between t and t` dt that

dVθptq “
d
ÿ

i“0

θiptqdXiptq,

for all t P r0, T s, which also holds true for the discounted value process rVθ “

prVθptqqtPr0,T s such that

drVθptq “
d
ÿ

i“0

θiptqd rXiptq “
d
ÿ

i“1

θiptqd rXiptq, (8.1.3)

for all t P r0, T s, where we have used that rX0ptq “ 1 and d rXiptq “ D0tpdXiptq´
rptqXiptqdtq, for all i “ 1, ..., d and t P r0, T s. Hence, the discounted value

process rVθ satisfies

rVθptq “ Vθp0q `
d
ÿ

i“1

ż t

0

θipsqd rXipsq,

for all t P r0, T s, where Vθp0q is the initial endowment of the trading strategy.

Definition 8.2. An F-predictable, pd`1q-dimensional process θ “ pθptqqtPr0,T s
is called an admissible trading strategy if θ is self-financing and rVθptq is
a.s. bounded from below, for all t P r0, T s, i.e. there exists C ą 0 such that

P
”

@t P r0, T s : rVθptq ě ´C
ı

“ 1. We denote the set of admissible trading

strategies by Θadm.

In the following, we briefly introduce the concept of arbitrage strategies,
which is a self-financing trading strategy requiring zero initial endowment but
admits a positive termial gain with positive probability.



172 CHAPTER 8. OPTION PRICING IN A FINANCIAL MARKET

Definition 8.3. A self-financing, admissible trading strategy θ “ pθptqqtPr0,T s

is an arbitrage strategy if rVθp0q “ 0, rVθpT q ě 0, a.s., and P
”

rVθpT q ą 0
ı

ą 0.

In Finance, arbitrageurs are special types of traders who immediately ex-
ploit arbitrage opportunities so that they quickly disappear and the market
remains arbitrage-free. To give a sufficient condition for an arbitrage-free mar-
ket, we introduce so-called equivalent martingale measuers (EMMs), where a
measure Q on pΩ,Aq is called equivalent to P, denoted by Q „ P, if and only
if QrAs “ 0 ô PrAs “ 0, for all A P A.

Definition 8.4. A probability measure Q „ P defined on pΩ,Aq is called an
equivalent martingale measure (EMM) (for X) if the discounted price processes
rX is a local martingale under Q.

Theorem 8.5 (First Fundamental Theorem of Asset Pricing, simplified [DS94,
Corollary 1.2]). If there exists an equivalent martingale measure Q „ P, then
the market admits no arbitrage opportunity.

Proof. Assume by contradiction that there exists an arbitrage opportunity θ P
Θadm. By (8.1.3) and since θ is admissible, rVθ is a local martingale under Q,
which is bounded from below. Hence, it is by Fatou’s Lemma a supermartingale

such that EQ
”

rVθpT q
ı

ď EQ
”

rVθp0q
ı

“ 0. However, because rVθpT q ě 0, P-a.s.,

and therefore also Q-a.s., it follows that rVθpT q “ 0, Q-a.s., and therefore also

P-a.s. This however contradicts the assumption that P
”

rVθpT q ą 0
ı

ą 0.

A more general version of the first fundamental theorem of asset pricing
can be found in [DS94, Corollary 1.2], where an equivalent condition to the
existence of an equivalent martingale measure Q „ P is stated, which is called
No Free Lunch With Vanishing Risk (NFLVR). For the rest of this chapter, we
shall always assume the existence of an equivalent martingale measure Q „ P
such that the market is arbitrage-free.

In the following, we consider the pricing problem of a financial derivative,
which is represented by a random variable C P L0pFT q, where L0pFtq denotes
the space of Ft-measurable random variables. We define the buyer’s (and
seller’s) price at time t P r0, T s as the largest (lowest) price such that the buyer’s
(seller’s) trading strategy θ P Θadm sub-hedges (super-hedges) the financial
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derivative, i.e.

πbt pCq “ ess sup

#

Z P L0pFtq; Dθ P Θadm :

´D0tZ `
d
ÿ

i“1

ż T

t

θipsqd rXipsq ě ´D0TC, P-a.s.

+

,

πst pCq “ ess inf

#

Z P L0pFtq; Dθ P Θadm :

D0tZ `
d
ÿ

i“1

ż T

t

θipsqd rXipsq ě D0TC, P-a.s.

+

,

where U “ ess suppZq for a subset Z Ă L0pFtq if and only if U ě Z , P-a.s., for
all Z P Z, and for every V P L0pFtq, we have U ď V , P-a.s. Then, we define
ess infpZq “ ´ ess supp´Zq such that πst pCq “ ´π

b
t p´Cq.

Proposition 8.6 ([GH14, Theorem 1.1]). Assume that there exists an equiv-
alent martingale measure Q „ P. Then, it holds for every C P L0pFT q that
πbt pCq ď EQ rDtTC|Fts ď πst pCq, P-a.s., for all t P r0, T s.

Proof. By definition of πbt pCq, we assume that there exists θ P Θadm with

D0tZ `
řd
i“1

şT

t
θipsqd rXipsq ď D0TC, P-a.s., and thus also Q-a.s. Since t ÞÑ

řd
i“1

şt

0
θipsqd rXipsq is a local martingale under Q, it is by Fatou’s lemma a

supermartingale under Q such that EQ
”

řd
i“1

şT

t
θipsqd rXipsq

ˇ

ˇ

ˇ
Ft

ı

ď 0, Q-a.s.,

and therefore Z ď EQ “

DtTC
ˇ

ˇFt
‰

, Q-a.s. Taking the essential supremum over
all Z P L0pFtq, we obtain πbt pCq ď EQ rDtTC|Fts, Q-a.s., and thus P-a.s., where
the other inequality follows by similar arguments.

Hence, the buyer’s price πbt pCq and seller’s price πst pCq can be seen as no-
arbitrage price bounds, where we say that C P L0pFT q is an attainable payoff
(at time 0) if there exists an admissible trading strategy θ P Θadm and a

real number z P R such that z `
řd
i“1

şT

0
θiptqd rXiptq “ D0TC, P-a.s., and

t ÞÑ
řd
i“1

şt

0
θiptqd rXiptq is a true martingale under Q. In this case, a market is

called complete if every payoff C P L0pFT q is attainable at initial time. Then,
the buyer’s price πbt pCq and seller’s price πst pCq coincide.

Proposition 8.7 ([GH14, Theorem 1.2]). In a complete market, it holds for
every C P L0pFT q and equivalent martingale measure Q „ P that πbt pCq “
EQ rDtTC|Fts “ πst pCq, P-a.s., for all t P r0, T s.
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Proof. Since the market is complete, we find for fixed C P L0pFT q some z P R
and θ P Θadm such that z `

řd
i“1

şT

0
θiptqd rXiptq “ D0TC, P-a.s., and therefore

also Q-a.s. Then, it follows for every t P r0, T s that

D0tZt `
d
ÿ

i“1

ż T

t

θipsqd rXipsq “ D0TC, P-a.s.,

where Zt “ D´1
0t

´

z `
řd
i“1

şt

0
θipsqd rXipsq

¯

is Ft-measurable. As the process

t ÞÑ
řd
i“1

şt

0
θiptqd rXiptq is a true martingale under Q, it follows that Zt “

EQ rDtTC|Fts, Q-a.s., and thus P-a.s. By taking the essential supremum over
Zt P L

0pFtq, we have πbt pCq ě EQ rDtTC|Fts, P-a.s. Using Proposition 8.6, we
obtain πbt pCq “ EQ rDtTC|Fts, P-a.s., which follows by similar arguments also
for EQ rDtTC|Fts “ πst pCq, P-a.s., for all t P r0, T s.

While in complete markets, every payoff C P L0pFT q is attainable and the
price is given as the initial value of the buyer’s or seller’s trading strategy,
perfect replication is no longer possible in incomplete markets. However, the
buyer’s and seller’s price can be expressed by using the equivalent martingale
measures.

Proposition 8.8 ([Kra96, Theorem 3.2+3.3]). For every C P L0pFT q, it holds
that

πbt pCq “ ess inf
QEMM

EQ rDtTC|Fts , and πst pCq “ ess sup
QEMM

EQ rDtTC|Fts , P-a.s.

Theorem 8.9 (Second Fundamental Theorem of Asset Pricing, [GH14, Corol-
lary 1.1]). A market is complete if and only if there exists a unique equivalent
martingale measure Q „ P.

Proof. If the market is complete and Q0 „ P denotes an equivalent mar-
tingale measure, it follows for every C P L0pFT q from Proposition 8.7 and
Proposition 8.8 that πb0pCq “ πs0pCq “ EQ0 rD0TCs “ infQEMM EQ rD0TCs “
supQEMM EQ rD0TCs, which implies EQ rD0TCs “ EQ0 rD0TCs, for all C P

L0pFT q and equivalent martingale measures Q „ P, such that Q0 is unique.
Conversely, let Q0 be the unique equivalent martingale measure, then it fol-
lows for some fixed C P L0pFT q by Proposition 8.6 that πb0pCq “ EQ0rD0TCs “
πs0pCq. Hence, there exists two admissible trading strategies θb, θs P Θadm such
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that

´EQ0rD0TCs `
d
ÿ

i“1

ż T

0

θbi psqd
rXipsq ě ´D0TC,

EQ0rD0TCs `
d
ÿ

i“1

ż T

0

θsi psqd
rXipsq ě D0TC,

(8.1.4)

P-a.s., and thus also Q0-a.s. Summing both inequalities, it follows that

d
ÿ

i“1

ż T

0

`

θbi psq ´ θ
s
i psq

˘

d rXipsq ě 0

P-a.s., and as rX is a Q0-local martingale, we have θbi psq “ ´θsi psq, P-a.s.,
for all i “ 1, ..., d and s P r0, T s. Using this for (8.1.4), we conclude that

EQ0rD0TCs `
řd
i“1

şT

0
θbi psqd

rXipsq “ D0TC, P-a.s., such that C P L0pFT q is
attainable at time 0. Since C P L0pFT q was chosen arbitrarily, the market is
complete.

There exists a simple construction of an equivalent martingale measure for
the Ito diffusion X being a solution of the SDE (8.1.1). Every F-adapted,
d-dimensional process λ “ pλptqqtPr0,T s satisfying

bpt,Xptqq ´ rptqXptq “ ξpt,Xptqqλptq, (8.1.5)

P-a.s., for all t P r0, T s, induces an equivalent martingale measure Qλ, whose
density dQλ

dP is given by

dQλ
dP

“ exp

˜

´

ż T

0

λptqJdBptq ´
1

2

ż T

0

}λptq}2dt

¸

.

Hence, completeness of a market can be characterized with the help of (8.1.5).
If the market is complete, then the rank of ξpt,Xptqq is a.s. equal to d (which
implies d ě m), whereas d ă m implies that the market is incomplete. More-
over, if d “ m, the market is complete if and only if ξpt,Xptqq is a.s. invertible.

8.2 Sobolev Spaces

In this section, we introduce Sobolev spaces being related to partial differential
equations (PDEs), which can be used to describe many real-world phenomena
by mathematical terms such as in Physics, where we refer to [Eva15] for the
mathematical theory of PDEs. For an open subset E Ă Rd, let u : E Ñ R be a



176 CHAPTER 8. OPTION PRICING IN A FINANCIAL MARKET

k-times differentiable function, whose partial derivatives Bαu exist, for all multi-
indices α P Ndk, where Ndk :“

 

α P Nd; |α| “ α1 ` ...` αd ď k
(

. We collect the
partial derivatives of order l “ 1, ..., k in the tensor ∇lupxq “ pBαupxqq|α|“l P
pRdqbl, where pRdqbl “ Rd b ¨ ¨ ¨ b Rd. Then, an expression of the form

F
`

x, upxq,∇upxq,∇2upxq, ...,∇kupxq
˘

“ 0 (8.2.1)

is called a partial differential equation (PDE) of order k, where the function

F : E ˆ Rˆ Rd ˆ ...ˆ pRdqbk Ñ R

is given and the equation (8.2.1) should be solved for the unknown function
u : E Ñ R. In addition, a partial differential equation is linear, if the function
u : E Ñ R and its derivatives appear linearly in the PDE, or equivalently if
F : EˆRˆRdˆ ...ˆpRdqbk Ñ R is linear in all its inputs except for the first.

In the following, we will mainly consider second order PDEs with d ` 1
variables, where the 0th variable x0 “ t denotes the time variable and the
others x1, ..., xd represent the space variables. In the case of a linear second
order PDE, the function F : EˆRˆRdˆpRdqb2 Ñ R is in general of the form

F
`

x, upxq,∇upxq,∇2upxq
˘

“ ´

d
ÿ

i,j“0

aijpxqBijupxq `
d
ÿ

i“0

bipxqBiupxq

` cpxqupxq ´ fpxq,

(8.2.2)

for all x P Rd`1, where b : E Ñ Rd`1 and f : E Ñ R are functions, and
where A : E Ñ Rpd`1qˆpd`1q is a matrix-valued function such that Apxq “
paijpxqqi,j“0,...,d is symmetric with eigenvalues λ0pxq ď ... ď λdpxq.

Definition 8.10. We consider the linear second order PDE in (8.2.2) and
introduce the following.

(i) The PDE is elliptic if for every i “ 0, ..., d and x P E, λipxq ‰ 0 and
sgnpλ0pxqq “ ... “ sgnpλdpxqq.

(ii) The PDE is parabolic if for every x P E, it holds that rankpApxq, bpxqq “
d` 1 and there exists a unique j “ 0, ..., d with λjpxq “ 0.

(iii) The PDE is hyperbolic if for every x P E, it holds that λipxq ‰ 0, for
all i “ 0, ..., d, and there exists a unique j “ 0, ..., d with sgnpλjpxqq ‰
sgnpλkpxqq, for all k P t0, ..., j ´ 1, j ` 1, ..., du.

Let ∆ “
řd
i“1 B

2
i be the Laplace operator, then the Poisson equation ∆u “

f is elliptic, the heat equation Btu´∆u “ f is parabolic, and the wave equation
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Bttu´∆u “ f is hyperbolic. In addition, the Black-Scholes PDE is a prominent
parabolic PDE of Finance, where E “s0, T rˆs0,8r and

Btvpt, xq ´
1

2
σ2x2Bxxvpt, xq ´ rxBxv ` rvpt, xq “ 0, (8.2.3)

for some constants r ě 0 and σ ą 0, representing the interest rate and volatility
parameter. This PDE can be obtained by a suitable transformation from the
heat equation. Indeed, let u : s0, T rˆR Ñ R be a solution of the parabolic
heat equation Bsu ´ Byyu “ 0, then applying the transformations x “ ey and
t “ 2σ2s and defining the function v : s0, T rˆs0,8rÑ R by

vpt, xq “ eαy`βsups, yq, where α “ 1{2´ r{σ2, β “
`

´1{2´ r{σ2
˘2
,

then v : s0, T rˆs0,8rÑ R is a solution of the Black-Scholes PDE in (8.2.3).

For an open subset E Ă Rd and u P CkpEq, we observe by applying inte-
gration by parts with some test function η P C8c pEq that

ż

E

Bαupxqηpxqdx “ p´1q|α|
ż

E

upxqBαηpxqdx,

for all α P Ndk, where C8c pEq denotes the space of smooth functions with
compact support properly contained in E. Using this idea, we call g P L2pEq
the weak αth partial derivative of u : E Ñ R if it holds that

ż

E

gpxqηpxqdx “ p´1q|α|
ż

E

upxqBαηpxqdx,

for all η P C8c pEq. In particular, if u P CkpEq, the weak partial derivatives co-
incide with the classical partial derivatives Bαu, where we use by a slight abuse
of notation the same symbol Bαu to denote the weak αth partial derivative of
u. Using these weak derivatives, we define the Sobolev space W k,ppEq as

W k,ppEq “
 

u P LppEq; Bαu P LppEq, for all α P Ndk
(

,

which can be equipped with the norm }u}p
Wk,ppEq

“
ř

αPNdk
}Bαu}

p
LppEq “

ř

αPNdk

ş

E
|Bαupxq|

p
dx such that W k,ppEq becomes a Banach space, for any

1 ď p ă 8. In the special case of p “ 2, we define HkpEq “ W k,2pEq, where
the norm is then induced by xu, vyHkpEq “

ř

αPNdk
xBαu, BαvyL2pEq.

There are different methods to solve a partial differential equation numer-
ically, e.g. finite differences and finite elements for elliptic PDEs described
in [Bra07], and for parabolic and hyperbolic PDEs in [LT05]. In addition,
[HRSW13] gives an overview of these methods applied in Finance.
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8.3 Value Function of Financial Option

In this section, we now connect the pricing problem of an European option
with the solution of a particular partial differential equation. For this purpose,
we assume that the drift b : r0, T s ˆE Ñ Rd and volatility function ξ : r0, T s ˆ
E Ñ Rdˆm satisfy the uniform Lipschitz and linear growth condition in (8.1.2).
Moreover, the short term interest rate r is supposed to be of the form rptq “
rpXptqq, for some function r : E Ñ R. In addition, we introduce the following
differential operator, which is the so-called infinitesimal generator of the Ito
diffusion X described in (8.1.1) and characterizes the law of the process.

Definition 8.11. If X is a solution of the SDE (8.1.1), the infinitesimal gen-
erator A “ pAtqtPr0,T s : C2pEq Ñ C2pEq is a collection of differential operators
defined by

pAtfqpxq “
1

2
tr
`

σpt, xq∇2fpxq
˘

` bpt, xqJ∇fpxq,

for t P r0, T s, x P E and f P C2pEq, where σ : r0, T s ˆ E Ñ Rdˆd is defined by
σpt, xq “ ξpt, xqξpt, xqJ, for t P r0, T s and x P E.

The infinitesimal generator of X can be used together with Ito’s formula
in Theorem 1.39 to show that particular processes constructed with some f P
C2pEq (resp. f P C1,2pr0, T s ˆ Eq) are martingales under P.

Proposition 8.12 ([HRSW13, Proposition 4.1.1]). Assume that f P C2pEq
has bounded derivatives. Then, the process M defined by

Mptq “ fpXptqq ´

ż t

0

pAsfqpXpsqqds,

for t P r0, T s, is a martingale with respect to P and F.

Proof. By applying Ito’s formula in Theorem 1.39 and inserting the linear SDE
(8.1.1), it follows that

fpXptqq “ fpXp0qq `
d
ÿ

i“1

ż t

0

BifpXpsqqdXipsq `
1

2

d
ÿ

i,j“1

ż t

0

BijfpXpsqqdxXi, Xjys

“ fpXp0qq `

ż t

0

pAsfqpXpsqqds`
ż t

0

∇fpXpsqqJξps,XpsqqdBpsq
looooooooooooooooooomooooooooooooooooooon

“:Zptq

,

P-a.s., for all t P r0, T s. The conclusion follows if we can show that the process
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Z defined above is a true martingale. Because the partial derivatives of f are
bounded and ξ : r0, T s ˆ E Ñ Rdˆm satisfies the linear growth condition in
(8.1.2) such that }ξpu, xq} ď C2

`

1` }x}2
˘

, it follows by Ito’s isometry that

E
“

Zptq2
‰

“ E
„
ż t

0

∇fpXpsqqJσps,Xpsqq∇fpXpsqqds


ď C2 sup
xPE

}∇fpxq}2E
„
ż t

0

`

1` }Xpsq}2
˘

ds



ď C2T sup
xPE

}∇fpxq}2
˜

1` E

«

sup
sPr0,T s

}Xpsq}2

ff¸

ă 8,

for all t P r0, T s. Hence, Z is square-integrable and by [Øks03, Theorem 3.2.1]
therefore a martingale.

Proposition 8.13 ([HRSW13, Proposition 4.1.3]). Let f P C1,2pr0, T sˆEq be
a function with bounded partial derivatives in x1, ..., xd, and let r P C0pEq be
bounded. Then, the process M defined by

Mptq “ e´
şt
0
rpXpsqqdsfpt,Xptqq ´

ż t

0

e´
şs
0
rpXpuqqdu pBtf `Af ´ rfq ps,Xpsqqds

(8.3.1)
is a martingale with respect to P and F.

Proof. Let Y be the process Y ptq “ e´
şt
0
rpXpsqqds, for t P r0, T s such that

dY ptq “ ´rpXptqqY ptqdBptq, for all t P r0, T s. Then, it follows by applying
Ito’s formula on Y ptqfpt,Xptqq and inserting the SDE (8.1.1) that

Y ptqfpt,Xptqq “ Y p0qfp0, Xp0qq

`

ż t

0

Y psq

ˆ

∇fps,XpsqqJbps,Xpsqq ` 1

2
tr
`

σps,Xpsqq∇2fps,Xpsqq
˘

˙

ds

`

ż t

0

∇fps,XpsqqJξps,XpsqqdBpsq `
ż t

0

fps,XpsqqdY psq

“ Y p0qfp0, Xp0qq `

ż t

0

Y psq pBtf `Asf ´ rfq ps,Xpsqqds` Zptq,

P-a.s., for all t P r0, T s, where Zptq “
şt

0
Y psq∇fps,XpsqqJξps,XpsqqdBpsq. As

r is bounded, it follows by similar arguments as in Proposition 8.12 that Z is
a martingale, from which we obtain the conclusion.
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In the following, we assume that the interest rate function r P C0pEq is
bounded and consider the infinitesimal generator A under an equivalent mar-
tingale measure such that bpt, xq “ rpxqx, for all pt, xq P r0, T s ˆE. Hence, the

discounted price process t ÞÑ exp
´

´
şt

0
rpXpsqqds

¯

Xptq is a martingale under

Q such that we would like to compute the price of an European option with
payoff function g : E Ñ R, i.e.

upt, xq “ EQ
”

e´
şT
t
rpXpsqqdsgpXpT qq

ˇ

ˇ

ˇ
Xptq “ x

ı

,

representing the discounted price of the option gpXpT qq at time t if the stock
prices were Xptq “ x. In this case, u : r0, T s ˆ E Ñ R can be seen as function
of time t P r0, T s and initial value x P E, for which we show that it is a solution
of a particular PDE by using the infinitesimal generator of X “ pXptqqtPr0,T s.

Theorem 8.14 (Feynman-Kac, [HRSW13, Theorem 4.1.4]). For J Ă r0, T s
and E Ă Rd open, let u P C1,2pJ ˆ Eq X C0pJ ˆ Eq with bounded partial
derivatives in x1, ..., xd, and let r P C0pEq be bounded. Then, u : J ˆ E Ñ R
solves

Btupt, xq ` pAuqpt, xq ´ rpxqupt, xq “ 0, (8.3.2)

for all t P J and x P E, with boundary condition upT, xq “ gpxq, for all x P E
and some function g : E Ñ R, if and only if u : J ˆ E Ñ R can be written as

upt, xq “ EQ
”

e´
şT
t
rpXpsqqdsgpXpT qq

ˇ

ˇ

ˇ
Xptq “ x

ı

, (8.3.3)

Q-a.s., for all t P J and x P E.

Proof. Because of (8.3.2), the process M defined in (8.3.1) is by Proposi-
tion 8.13 a Q-martingale such that

upt, xq “ EQ rMptq|Xptq “ xs “ EQ rMpT q|Xptq “ xs

“ E
”

e´
şT
t
rpXpsqqdsV pT,XpT qq

ˇ

ˇ

ˇ
Xptq “ x

ı

“ EQ
”

e´
şT
t
rpXpsqqdsgpXpT qq

ˇ

ˇ

ˇ
Xptq “ x

ı

,

Q-a.s., for all t P r0, T s and x P E. For the other direction, we observe that
every u P C1,2pJˆEqXC0pJˆEq of the form (8.3.3) solves the PDE in (8.3.2)
with boundary condition upT, xq “ gpxq, for all x P E.

Theorem 8.14 can only be used to describe the value function of an European
option, but is not applicable for more general path-dependent portfolios such
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as Asian, barrier or lookback options. In the following, we apply Theorem 8.14
to the one-dimensional Black-Scholes model with d “ m “ 1 and

dXptq “ rXptqdt` σXptqdBptq,

for t P r0, T s, where r P R (constant interest rate) and σ ą 0 (constant volatil-
ity), and where the state space is equal to E “s0,8r. In this case, the infinites-
imal generator is given by pAfqpxq “ rxf 1pxq` 1

2σ
2x2f2pxq, for all f P C2pEq.

Using Theorem 8.14, we see that the discounted price of an European option
with payoff function g : s0,8rÑ R is a solution of the Black-Scholes PDE in
(8.2.3) with terminal condition upT, xq “ gpxq, for all x P E. In order to ob-
tain a partial differential equation with non-degenerate operator and constant
coefficients, we switch to log-prices such that Ito’s formula in Theorem 1.39
implies

d logXptq “

ˆ

r ´
1

2
σ2

˙

dt` σdBptq,

for t P r0, T s, whose infinitesimal generator is then pAfqpxq “
`

r ´ 1
2σ

2
˘

f 1pxq`
1
2f
2pxq, for all f P C2pEq. In addition, we change to time-to-maturity t ÞÑ t´T

to obtain a forward parabolic partial differential equation. Hence, by setting
the function vpt, xq “ upT ´ t, log xq, the Black-Scholes PDE in (8.2.3) becomes

Btvpt, xq ´
1

2
σ2B2

xvpt, xq ´

ˆ

r ´
1

2
σ2

˙

Bxvpt, xq ` rvpt, xq “ 0,

for all pt, xq P r0, T sˆs0,8r, with initial condition vp0, xq “ gpexppxqq.
Altogether, the problem of pricing an European option written on an E-

valued Ito diffusion X “ pXptqqtPr0,T s is equivalent to solving the corresponding
PDE, which is also possible for local volatility models of the form

dXptq “ rXptqdt` ξpXptqqXptqdBptq,

for i “ 1, ..., d and t P r0, T s, where r P R (constant interest rate) and ξ :
E Ñ R is a deterministic function of X. Changing with Ito’s formula in
Theorem 1.39 to log-prices, where the infinitesimal generator is pAfqpxq “
`

b´ 1
2ξpexppxqq2

˘

f 1pxq ` 1
2ξpexppxqq2f2pxq, for all f P C2pEq, we obtain the

parabolic PDE

Btvpt, xq ´
1

2
ξpexppxqq2B2

xvpt, xq ´

ˆ

r ´
1

2
ξpexppxqq2

˙

Bxvpt, xq ` rvpt, xq “ 0,

with boundary condition vp0, xq “ gpexppxqq, describing the discounted value
function of the European option gpXpT qq in this local volatility model. For
more details and in particular the PDE corresponding to other processes, we
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refer to [HRSW13], where we emphasize that the PDEs considered in this
section are all linear. Opposed to this, we consider in the next chapter a
particular non-linear PDE, which can be used to price American options or
European options in incomplete markets.



Chapter 9

Hamilton-Jacobi-Bellman Equation

In this chapter, we examine particular non-linear second order parabolic partial
differential equations (PDEs) in more detail, where the Hamiltonian character-
izes the evolution of the semigroup associated to the PDE. Subsequently, we
focus on a special type of these non-linear second order parabolic PDE, which
are of the Hamilton-Jacobi-Bellman (HJB) type and often appear in stochastic
optimal control theory. After providing some main notions and results regard-
ing the HJB equation such as verification theorems and viscosity solutions, we
consider particular financial applications of the HJB equation. We follow the
ideas of [GH14] to get the mathematical intuition and refer to [Pha09] and
[Tou13] for rigorous proofs.

9.1 Hamiltonian and Comparison Principle

For an open subset E Ă Rd, we consider throughout this chapter the second
order fully non-linear PDE of the form

´ Btupt, xq ´Hpt, x, upt, xq,∇upt, xq,∇2upt, xqq “ 0, (9.1.1)

for all pt, xq P r0, T rˆE, with terminal condition upT, xq “ gpxq, for all x P E.
Hereby, the function H : r0, T s ˆ E ˆ R ˆ Rd ˆ Sd` Ñ R with pt, x, z, p, rq ÞÑ
Hpt, x, z, p, rq is called the Hamiltonian, where Sd` denotes the space of sym-
metric positive definite matrices. By inverting time s “ T ´ t and defining the
function v : r0, T sˆE Ñ R by vps, xq “ upT ´ s, xq, we obtain the initial value
problem

´Bsvps, xq ´HpT ´ s, x, vps, xq,∇vps, xq,∇2vps, xqq “ 0,
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for all ps, xq Ps0, T s ˆE, with initial condition vp0, xq “ gpxq, for all x P E. As
we have seen in Section 8.2, the PDE (9.1.1) is parabolic if H : r0, T s ˆ E ˆ

R ˆ Rd ˆ Sd` Ñ R is elliptic, which means that
´

BH
Brij

¯

i,j“1,...,d
is symmetric

positive semidefinite. Otherwise, if H : r0, T s ˆ E ˆ R ˆ Rd ˆ Sd` Ñ R is not
differentiable, then H : r0, T s ˆE ˆ Rˆ Rd ˆ Sd` Ñ R is parabolic if for every
t P r0, T s, x P E, z P R, p P Rd, r1, r2 P Sd` with matrix r2 ´ r1 positive
semidefinite, it follows that Hpt, x, z, p, r2q ě Hpt, x, z, p, r1q.

Two important special cases of the non-linear PDE in (9.1.1) should be men-

tioned. If Hpt, x, z, p, rq “
řd
i,j“1 aijpt, xqrij ´ fpt, x, z, pq, for some functions

a : r0, T s ˆ E Ñ Rdˆd and f : r0, T s ˆ E ˆ Rˆ Rd, then the PDE

´ Btupt, xq ´
d
ÿ

i,j“1

aijpt, xqBijupt, xq “ fpt, x, upt, xq,∇upt, xqq, (9.1.2)

is called semilinear, which means that H : r0, T s ˆ E ˆ R ˆ Rd ˆ Sd` Ñ R is
linear in ∇2u. Otherwise, if the functions aij in (9.1.2) additionally depend on
u and ∇u, the PDE is called quasilinear.

In the following, we establish conditions such that the PDE in (9.1.1) satis-
fies the comparison principle. In general, a partial differential equation is said
to satisfy the comparison principle if for two solutions u, v : r0, T s ˆ E Ñ R
of the PDE to different terminal conditions upT, xq “ gpxq ě hpxq “ vpT, xq,
for all x P E, it follows that upt, xq ě vpt, xq, for all pt, xq P r0, T rˆE. For
example the value of an European option with payoff function g : E Ñ R
dominating another European option with payoff function h : E Ñ R satisfies
this principle, which is a consequence of the absence of arbitrage. From this,
we conclude for two solutions u, v : r0, T s ˆ E Ñ R having the same terminal
condition upT, xq “ vpT, xq “ gpxq, for all x P E, that upt, xq “ vpt, xq coin-
cides, for all pt, xq P r0, T s ˆ E. Now, we find conditions on the Hamiltonian
H : r0, T s ˆ E ˆ R ˆ Rd ˆ Sd` Ñ R such that the associated PDE in (9.1.1)
satisfies the comparison principle.
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Lemma 9.1. The following holds true for a Hamiltonian H : r0, T s ˆEˆRˆ
RdˆSd` Ñ R given by r0, T sˆEˆRˆRdˆSd` Q pt, x, z, p, rq ÞÑ Hpt, x, z, p, rq P
R.

(i) If H is parabolic and independent of z, then (9.1.1) satisfies the compar-
ison principle.

(ii) If H is parabolic and strictly decreasing in z, then (9.1.1) satisfies the
comparison principle.

(iii) If H is parabolic and there exists some C ą 0 such that

Hpt, x, z2, p, rq ´Hpt, x, z1, p, rq ď Cpz2 ´ z1q,

for all t P r0, T s, x P E, z1, z2 P R, p P Rd, r P Sd`, then (9.1.1) satisfies
the comparison principle.

Proof. This follows by [Tou13, Theorem 5.21], see also [GH14, Proposition 4.1]
for a simpler proof when the state space E Ă Rd is compact.

In a similar way, there exists a comparison principle for supersolutions and
subsolutions of the PDE in (9.1.1). A function u : r0, T s ˆ E Ñ R is a super-
solution (resp. subsolution) of the PDE (9.1.1) if

´Btupt, xq ´Hpt, x, upt, xq,∇upt, xq,∇2upt, xqq ě 0 (resp. ď 0),

for all pt, xq P r0, T s ˆ E. By Ito’s formula, it follows that if t ÞÑ upt,Xptqq is
a (sub-) supermartingale with E-valued Ito diffusion X “ pXptqqtPr0,T s having
infinitesimal generator A, then u : r0, T s ˆ E Ñ R is a (sub-) supersolution of
´Btupt, xq ´ pAuqpt, xq “ 0, which explains both minus signs in (9.1.1). Using
supersolutions and subsolutions, a general PDE satisfies the second comparison
principle if for every supersolution u : r0, T s ˆ E Ñ R and subsolution v :
r0, T s ˆ E Ñ R with upT, xq “ gpxq ě hpxq “ vpT, xq, for all x P E, it follows
that upt, xq ě vpt, xq, for all pt, xq P r0, T s ˆE. Hereby, [Tou13, Theorem 5.21]
shows that the PDE (9.1.1) satisfies the second comparison principle if one
condition in Lemma 9.1 holds true.

In the following, we shortly outline the connection of the PDE in (9.1.1)
to the pricing map of a financial derivative. As in [AGLM93] and [Bar94], we
denote by Tt,t`h the pricing functor assigning the fair price upt`h, ¨q of a payoff
at time t` h, with h P r´t, 0s because we proceed from the terminal condition
upT, ¨q “ g backwards in time. We collect the pricing functors in the semigroup
pTs,tqtďs satisfying Tt,uTu,s “ Tt,s and Tt,t “ id, and denote by U the set of
value functions of European options, see [AGLM93] and [Bar94].
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Axiom 9.2 (Causality Axiom). There exists a semigroup pTs,tqtďs of operators
Ts,t : U Ñ U such that upt ` h, xq “ Tt,t`hpupt, ¨qqpxq, for all t P r0, T s,
h P r´t, 0s and u P U . Then, it follows that

upt` h, xq ´ upt, xq

h
“
Tt,t`hpupt, ¨qqpxq ´ Tt,tpupt, ¨qqpxq

h
,

which implies by letting h Ñ 0´ that Btupt, xq “ Hpupt, ¨qqpxq such that the
Hamiltonian H : r0, T s ˆ E ˆ R ˆ Rd ˆ Sd` Ñ R describes the infinitesimal
generator of the semigroup pTt,sqsďt.

Axiom 9.3 (Monotonicity Axiom). In order to exclude arbitrage opportunities,
we impose that the semigroup pTs,tqtďs satisfies a comparison principle in the
sense that Tt,t`hpuqpt, xq ď Tt,t`hpvqpt, xq, for all t P r0, T s, h P r´t, 0s, x P E
and functions u, v P U with upt, xq ď vpt, xq, for all x P E.

Axiom 9.4 (Locality Axiom). If two functions u, v P U are smooth and satisfy
Bαupt, xq “ Bαvpt, xq, for all α P Nd and some pt, xq P r0, T rˆE, then it follows
that Tt,t`hpupt, ¨qqpxq ´ Tt,t`hpvpt, ¨qqpxq “ ophq, as h Ñ 0´. This condition
ensures that the infinitesimal generator of the semigroup pTs,tqtďs given by the
Hamiltonian H : r0, T s ˆE ˆRˆRdˆ Sd` Ñ R is a local operator in the sense
that

lim
hÑ0´

Tt,t`hpupt, ¨qqpxq ´ upt, xq

h
“ Hpt, x,∇upxq, ...,∇kupxq, ...q,

which means that the infinitesimal generator of the semigroup pTs,tqtďs depends
only on the derivatives of its argument u : r0, T s ˆ E Ñ R at the point x.

Axiom 9.5 (Regularity Axiom). If u, v P U are smooth, then for every t P
r0, T s there exists some C ą 0 such that

sup
xPE

|Tt,t`hpupt, ¨q ` λvpt, ¨qqpxq ´ Tt,t`hpupt, ¨qqpxq ´ λTt,t`hpvpt, ¨qqpxq| ď Cλh,

for all t P r0, T s, h P r´t, 0s and λ P R. This condition ensures that the
infinitesimal generator of the semigroup pTs,tqtďs given by H : r0, T sˆEˆRˆ
Rd ˆ Sd` Ñ R depends only on u, ∇u and ∇2u.
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Axiom 9.6 (Cash-Invariance Axiom). For all u P U and t P r0, T s, h P r´t, 0s
and c P R, it holds that

Tt,t`hpupt, ¨q`cq “ Tt,t`hpupt, ¨qq`c, Tt,t`hpupt, ¨`cqq “ Tt,t`hpupt, ¨qqp¨`cq,

where the first (resp. second) condition implies that the Hamiltonian H : r0, T sˆ
EˆRˆRdˆSd` Ñ R is independent of u (resp. x). However, the first condition
is not justified by any financial interpretation.

From the nature of the conditions in Axioms 9.2-9.6, we expect that pTs,tqtďs
describes the semigroup of the parabolic PDE in (9.1.1) with Hamiltonian
H : r0, T s ˆ E ˆ Rˆ Rd ˆ Sd` Ñ R.

Theorem 9.7 ([AGLM93, Theorem 2]). Under the Axioms 9.2-9.5, there exists
a continuous function H : r0, T sˆEˆRˆRdˆSd` Ñ R such that u : r0, T s Ñ R
is a (viscosity) solution of

´Btupt, xq ´Hpt, x, u,∇u,∇2uq “ 0,

for all pt, xq P r0, T rˆE, where H : r0, T s ˆE ˆRˆRd ˆ Sd` Ñ R satisfies the
assumption of Lemma 9.1 such that (9.1.1) fulfills the comparison principle. If
we additionally assume Axiom 9.6, then H : r0, T sˆRdˆSd` Ñ R is independent
of u and x such that

´Btupt, xq ´Hpt,∇u,∇2uq “ 0,

for all pt, xq P r0, T rˆE, and H : r0, T s ˆ Rd ˆ Sd` Ñ R is parabolic.

In addition, we observe that the absence of arbitrage implies that the value
function u : E Ñ R with terminal condition upT, xq “ xi, i.e. the value of the
discounted stock price (where we assume zero interest rates for simplicity), must
satisfy upt, xq “ xi such that Hpt, ei, 0q “ 0, for all t P r0, T s and i “ 1, ..., d,
where ei denotes the ith unit vector of Rd. As mentioned in Section 8.2, second
order parabolic PDEs can be solved numerically by the finite difference or finite
element method, see [LT05].

9.2 Stochastic Optimal Control

In the previous section, we considered parabolic second-order PDEs of the form
(9.1.1), where we now focus on a special type of this class of PDEs, the so-called
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Hamilton-Jacobi-Bellman (HJB) equation of the form

´ Btupt, xq ´ sup
cPU
pAcuqpt, xq “ 0, (9.2.1)

for all pt, xq P r0, T s ˆ E with terminal condition upT, xq “ gpxq, for all x P E,
where Ac is described below. The HJB equation often appears in stochastic
optimal control problems, for which we let pΩ,A,F,Qq be a filtered proba-
bility space with filtration F “ pFtqtPr0,8r satisfying the usual condition and
assume that B “ pBptqqtPr0,T s is a d-dimensional Brownian motion defined on
pΩ,A,F,Qq. For some U Ă Rn, we denote by U the space of all F-progressively
measurable and U -valued processes c “ pcptqqtPr0,T s, which will serve as con-
trol processes. For every control process c P U0, let Xc “ pXcptqqtPr0,T s be an
E-valued solution of

dXcptq “ bpt,Xcptq, cptqqdt` ξpt,Xcptq, cptqqdBptq, (9.2.2)

for t P r0, T s and some initial value x0 P E, where E Ă Rd, for which we
assume that the drift and volatility function b : r0, T s ˆ E ˆ U Ñ Rd and
ξ : r0, T s ˆ E ˆ U Ñ Rdˆd satisfy a uniform Lipschitz and linear growth
condition, i.e. there exists a constant C ą 0 such that for every t P r0, T s,
x, y P E and c P U , it holds that

}bpt, x, cq ´ bpt, y, cq} ` }ξpt, x, cq ´ ξpt, y, cq} ď C}x´ y},

}bpt, x, cq} ` }ξpt, x, cq} ď Cp1` }x}q.
(9.2.3)

In this case, Xc “ pXcptqqtPr0,T s is called the controlled process, which is gov-
erned by the control process c “ pcptqqtPr0,T s. Equation 9.2.3 ensures in particu-
lar that the SDE (9.2.2) admits an E-valued strong solution Xc “ pXcptqqtPr0,T s
such that EQ “

sup0ďtďT }X
cptq}2

‰

ă 8, for all c P U . This is a more general
existence result than Theorem 8.1, for which we refer to [Pro05] for a proof
with random coefficients.

For some f, k : r0, T s ˆ E ˆ U Ñ R and g : E Ñ R, we define the cost
functional J : r0, T s ˆ E ˆ U Ñ R by

Jpt, x, cq “ EQ

«

ż T

t

e´
şs
t
kpr,Xcprq,cprqqdrfps,Xcpsq, cpsqqds` . . .

¨ ¨ ¨ ` e´
şT
t
kpr,Xcprq,cprqqdrgpXcpT qq

ˇ

ˇ

ˇ

ˇ

ˇ

Xcptq “ x

ff

,

(9.2.4)

for t P r0, T s, x P E and c P U , where we assume that k´p¨q :“ maxp´kp¨q, 0q
is uniformly bounded in x. Moreover, we define Ut,T as the space of F-



9.2. STOCHASTIC OPTIMAL CONTROL 189

progressively measurable processes pcpsqqtďsďT such that cpsq P U , for all s P

rt, T s, and EQ
”

şT

0
|fpt,Xcptq, cptqq|dt` |gpXcpT qq|

ı

ă 8, which ensures that

the cost functional is finite. Then, the corresponding stochastic optimal con-
trol problem consists of maximizing the cost functional J : r0, T sˆEˆU Ñ R,
from which we define the value function u : r0, T s ˆ E Ñ R by

upt, xq “ ess sup
cPUt,T

Jpt, x, cq, (9.2.5)

for pt, xq P r0, T rˆE. In the following, we show the Bellman principle encoding
the dynamic programming principle, where we use the standard form of (9.2.4)
obtained by augmenting the state variable with the controlled processes Y c “
pY cptqqtPr0,T s and Zc “ pZcptqqtPr0,T s given by dY cptq “ Zcptqfpt,Xcptq, cptqq
and dZcptq “ ´Zcptqkpt,Xcptq, cptqqdt such that the value function in (9.2.5)
satisfies upt, xq “ rupt, x, 0, 1q, where

rupt, x, y, zq “ ess sup
cP rUt,T

EQ
”

rgp rXcpT qq
ˇ

ˇ

ˇ

rXcptq “ px, y, zq
ı

,

for t P r0, T s, where rx “ px, y, zq, rXc “ pXc, Y c, Zcq and rgpx, y, zq “ y` gpxqz.
Hence, every stochastic optimal control problem in (9.2.5) can be reduced to
the standard form with fpt, x, uq “ kpt, x, uq “ 0.

Theorem 9.8 ([GH14, Section 4.4.3]). For every t P r0, T r, x P E and stopping
time τ with values in rt, T s, it follows that

upt, xq “ ess sup
cPUt,T

EQ “

upτ,Xcpτqq
ˇ

ˇXcptq “ x
‰

, Q-a.s. (9.2.6)

Proof. Without loss of generality, we show (9.2.7) only for stochastic optimal
control problems in standard form and for both inequalities “ď” and “ě”, where
τ P Tt,T :“ tτ stopp. time; τ P rt, T s, Q-a.s.u is assumed to be a stopping time.
For “ď”, it follows by applying the tower property that

upt, xq “ ess sup
cPUt,T

EQ “

EQ rgpXcpT qq|Fτ s
ˇ

ˇXcptq “ x
‰

, Q-a.s.

By definition, we have EQ rgpXcpT qq|Fτ s ď upτ,Xcpτqq, Q-a.s., for all c P Uτ,T ,
such that

upt, xq ď ess sup
cPUt,T

EQ rupτ,Xcpτqq|Xcptq “ xs , Q-a.s.

For the reverse inequality “ě”, let c P Ut,T be an optimal control process
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for upt, xq, fix some ε ą 0 and assume that pcεpsqqτďsďT is a control process
between τ and T safisfying

upτ,Xcpτqq ď EQ “

gpXcεpT qq
ˇ

ˇFτ
‰

` ε, Q-a.s. (9.2.7)

From this, we define the glued control process1
rcε P Ut,T given by rcεpsq “

1rt,τrcpsq ` 1rτ,T scεpsq, for s P rt, T s. Applying the tower property and using
(9.2.7), we conclude that

EQ “

upτ,Xcpτqq
ˇ

ˇXcptq “ x
‰

ď EQ “

EQ “

gpXcεpT qq
ˇ

ˇFτ
‰
ˇ

ˇXcptq “ x
‰

` ε

“ EQ
”

EQ
”

gpXrcpT qq
ˇ

ˇ

ˇ
Fτ

ı
ˇ

ˇ

ˇ
Xcptq “ x

ı

` ε

“ EQ
”

gpXrcpT qq
ˇ

ˇ

ˇ
Xcptq “ x

ı

` ε

ď upt, xq ` ε, Q-a.s.

Letting εÑ 0 shows the reverse inequality “ě” such that (9.2.6) follows.

Theorem 9.8 is known as the dynamic programming equation, which means
that if a control process is optimal for the final value function, it must be
optimal at each intermediate time. In the following, we show that the value
function of an stochastic optimal control problem solves the HJB equation.

Theorem 9.9 ([Tou13, Theorem 6.4]). The optimal value function u : r0, T sˆ
E Ñ R in (9.2.5) is a (viscosity) solution of

´ Btupt, xq ´ sup
cPU

ppAcuqpt, xq ` fpt, x, cq ´ kpt, x, cqupt, xqq “ 0, (9.2.8)

for all pt, xq P r0, T rˆE with terminal condition upT, xq “ gpxq, for all x P E,
where Ac “ pActqtPr0,T s is the infinitesimal generator of (9.2.2) given by Act “
řd
i“1 bipt, x, cq

B
Bxi
` 1

2

řd
i,j“1 σijpt, x, cq

B
2

BxiBxj
, where σpt, x, cq “ ξpt, x, cqξpt, x, cqJ,

for pt, x, cq P r0, T s ˆ E ˆ U .

For more details regarding verification results, we refer to [Tou13] and
[Pha09], whereas [Eva15] and [Kry87] gives existence and uniqueness results
for the HJB equation in (9.2.8) together with their regularity.

1This needs a technical argument involving a measurability selection arguments, see
[Tou13, Section 2.2.2+2.3].
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9.3 Pricing Equation of American Option

In this section, we consider American options giving the owner the right to exer-
cise a financial derivative at any time. These options form a typical non-linear
problem, whose value function is a solution of the Hamilton-Jacobi-Bellman
(HJB) equation. From the basic pricing equation, we consider the optimal
stopping problem and show the variational inequality of the American option.
We assume that the stock price process follows an Ito diffusion X with in-
finitesimal generator A under an equivalent martingale measure Q, where X
is a solution of the SDE (8.1.1), whose coefficients satisfy the assumptions of
Theorem 8.1.

Let Tt,T be the set of stopping times τ such that τ P rt, T s, Q-a.s. Then, the
owner of the American option with payoff function g : E Ñ R tries to maximize
the payoff of the option by exercising the contract at best time, i.e.

upt, xq “ ess sup
τPTt,T

EQ
”

e´
şτ
t
rps,XpsqqdsgpXpτqq

ˇ

ˇ

ˇ
Xptq “ x

ı

, Q-a.s., (9.3.1)

for t P r0, T s and x P E, where r : r0, T s ˆ E Ñ R denotes the short term
interest rate, and where it holds that upt, xq ě gpxq, for all pt, xq P r0, T s ˆ E.
More precisely, for strict inequality upt, xq ą gpxq, the holder shoud continue
to hold the option (the so-called continuation region) and as soon as equality
arises upτ, xq “ gpxq, where τ P Tt,T denotes a stopping time, the owner should
exercise the option (the so-called exercise region). Hereby, we observe that the
optimal stopping time τ is given by

τ˚ “ inf ts ě t; ups,Xpsqq “ gpXpsqqu . (9.3.2)

In the following, we state the variational inequality corresponding to the value
function of an American option in (9.3.1), where we refer to [BL82] and [JLL90]
for more details.

Theorem 9.10 ([GH14, Section 4.5]). Assume that v P C1,2pr0, T rˆEq X
C0pr0, T s ˆ Eq solves the variational inequality

max pBtvpt, xq ` pAvqpt, xq ´ rpt, xqvpt, xq, gpxq ´ vpt, xqq “ 0, (9.3.3)

for all pt, xq P r0, T rˆE, with terminal condition vpT, xq “ gpxq, for all x P E,
then vpt, xq “ upt, xq, for all pt, xq P r0, T s ˆ E, where u : r0, T s ˆ E Ñ R is
given by (9.3.1).

Proof. First, Proposition 8.13 shows that the process M “ pMpsqqsPrt,T s de-

fined by Mpsq “ vpx,Xpsqq ´
şs

t
pBt ´A´ rq vpu,Xpuqqdu is a true martin-
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gale such that the optional stopping theorem implies for a stopping time τ P
Tt,T that EQrMpτq|Fts “ Mptq “ vpt,Xptqq, Q-a.s. Since Btvps,Xpsqq `
pAvqps,Xpsqq ´ rps,Xpsqqvps,Xpsqq ď 0 and vpτ,Xpτqq ě gpXpτqq, Q-a.s.,

by (9.3.3), we have vpt,Xptqq ě EQ
”

e´
şτ
t
rps,XpsqqdsgpXpτqq

ˇ

ˇ

ˇ
Ft

ı

, Q-a.s., for all

τ P Tt,T , and therefore

vpt,Xptqq ě ess sup
τPTt,T

EQ
”

e´
şτ
t
rps,XpsqqdsgpXpτqq

ˇ

ˇ

ˇ
Ft

ı

, Q-a.s., (9.3.4)

for all t P r0, T s. On the other hand, applying the optional stopping theorem
to the stopping time τ˚ in (9.3.2), it follows that EQrMpτ˚q|Fts “ Mptq “
upt,Xptqq, Q-a.s. Since Btvps,Xpsqq`pAvqps,Xpsqq´rps,Xpsqqvps,Xpsqq “ 0,
for all s P rt, τ˚s and vpτ˚, Xpτ˚qq “ gpXpτ˚qq, Q-a.s., it follows that

vpt,Xptqq “ EQrgpXpτ˚qq|Fts, Q-a.s.

With (9.3.4), we have vpt,Xptqq “ supτPTt,T EQ
”

e´
şτ
t
rps,XpsqqdsgpXpτqq

ˇ

ˇ

ˇ
Ft

ı

,

Q-a.s., for all t P r0, T s, where the essential supremum over Tt,T is attained for
the optimal stopping time τ˚ in (9.3.2).

9.4 Super-Replication Price in Stochastic
Volatility Model

In this section, we consider the problem of pricing and hedging options in
an incomplete market modelled by the Jacobi stochastic volatility model, see
[AFP18]. We assume that the interest rate is constant and the only risky asset
X “ pXptqqtPr0,T s is under the real-world measure P a solution of the SDE

dXptq “ rXptqdt` ρXptq
a

QpσptqqdB1ptq `Xptq
a

σptq ´ ρ2QpσptqqdB2ptq,

dσptq “ κpθ ´ σptqqdt` ξ
a

QpσptqqdB1ptq,
(9.4.1)

for t P r0, T s, with initial values Xp0q ą 0 and σp0q P ra, bs, where 0 ď a ď b ă
8, where B1 and B2 are independent Brownian motions and σ “ pσptqqtPr0,T s
denotes the stochastic volatility. In addition, the parameters satisfy r P R,
κ ą 0, θ Psa, bs, ξ ą 0 and ρ P r´1, 1s, and the function Q : ra, bs Ñ R is given
by

Qpvq “
pb´ vqpv ´ aq

p
?
b´

?
aq2

,
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for v P ra, bs. Then, it follows by [AFP18] that (9.4.1) admits a unique solu-
tion taking values in s0,8rˆra, bs such that no state v P ra, br is absorbing.
Moreover, σ takes values in sa, br if and only if σp0q Psa, br and

ξ2 b´ a

p
?
b´

?
aq2

ď 2κminpb´ θ, θ ´ aq. (9.4.2)

For σp0q “ b “ θ, we obtain the Black-Scholes model and for a Ñ 0 and
b Ñ 8, we recover the Heston model in [Hes93], where (9.4.2) becomes the
Feller condition ξ2 ď 2κθ. Moreover, the infinitesimal generator is given by

pAfqpx, yq “ 1

2
x2yBxxfpx, yq ` ρξxQpyqBxyfpx, yq `

1

2
ξ2QpyqByyfpx, yq

` rxBxfpx, yq ` κpθ ´ yqByfpx, yq,
(9.4.3)

for f P C2ps0,8rˆra, bsq and px, yq Ps0,8rˆra, bs. In addition, we observe that

the discounted price process rX “ pD0tXptqqtPr0,T s is a martingale under P,
although P is not the only martingale measure for (9.4.1).

In the following, we will always assume that a ą 0 and ρ2 ă 1 as well as
that the conditions in [AFP18, Theorem 3.1] are satisfied. For some λ P R, we
define the two-dimensional process η “ pηptqqtPr0,T s by

η1ptq “
λ

ξ
a

Qpσptqq
and η2ptq “ ´

λρ

ξ
a

σptq ´ ρ2Qpσptqq
,

for t P r0, T s. Using this, we define the equivalent martingale measure Qλ „ P
via its density process by

E
„

dQλ
dP

ˇ

ˇ

ˇ

ˇ

Ft


“ exp

ˆ

´

ż t

0

η1psqdB1psq ´

ż t

0

η2psqdB2psq ´
1

2

ż t

0

}ηpsq}2ds

˙

,

for t P r0, T s, such that the processes BQλ
1 and BQλ

2 defined by dBQλ
1 ptq “

dB1ptq ` η1ptqdt and dBQλ
2 ptq “ dB2ptq ` η2ptqdt are by Girsanov’s theorem

in [KS98, Theorem 3.5.1] independent Brownian motions under Qλ. Inserting
this into (9.4.1), we observe that X and σ follow under Qλ the SDE

dXptq “ rXptqdt` ρ
a

QpσptqqdB1ptq `
a

σptq ´ ρ2QpσptqqdB2ptq,

dσptq “ κpθλ ´ σptqqdt` ξ
a

QpσptqqdB1ptq,

for all t P r0, T s, where θλ “ θ´λ{κ. Because σ also takes values in ra, bs under
Qλ, we need that θλ Psa, bs such that every λ P Λ :“ rκpθ ´ bq, κpθ ´ aqr yields
an equivalent martingale measure Qλ „ P.
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In this case, the super-replication price (seller’s price) of an European option
with payoff function g : E Ñ R can be written as stochastic control problem,
whose value function is given by

uspt, x, yq “ ess sup
λPΛ

EQλ
”

e´rpT´tqgpXpT qq
ˇ

ˇ

ˇ
Xptq “ x, σptq “ y

ı

, P-a.s.,

(9.4.4)
for pt, x, yq P r0, T sˆs0,8rˆra, bs. Similarly, the sub-replication price (buyer’s
price) is given by

ubpt, x, yq “ ess inf
λPΛ

EQλ
”

e´rpT´tqgpXpT qq
ˇ

ˇ

ˇ
Xptq “ x, σptq “ y

ı

, P-a.s.,

(9.4.5)
for pt, x, yq P r0, T sˆs0,8rˆra, bs, which can be reformulated as standard stochas-
tic optimal control problem (maximization problem) by using minus signs.
Hence, the optimal value function us : r0, T sˆs0,8rˆra, bs Ñ R in (9.4.4)
satisfies by Theorem 9.9 the Hamilton-Jacobi-Bellman (HJB) equation

´ Btuspt, x, yq ´ sup
λPΛ

``

Aλus
˘

pt, x, yq ´ rpt, xquspt, x, yq
˘

“ 0, (9.4.6)

for all pt, x, yq P r0, T rˆs0,8rˆra, bs, with terminal condition upT, xq “ gpxq,
for all x Ps0,8r, where Aλ denotes the infinitesimal generator of pX,σq “
pXptq, σptqqtPr0,T s under Qλ „ P given by

`

Aλf
˘

px, yq “
1

2
x2yBxxfpx, yq ` ρξxQpyqBxyfpx, yq `

1

2
ξ2QpyqByyfpx, yq

` rxBxfpx, yq ` pκθ ´ λ´ κyqByfpx, yq,

for f P C2pr0,8rˆra, bsq and px, yq Ps0,8rˆra, bs. On the other hand, we
conclude with sign changes and Theorem 9.9 that the optimal value function
ub : r0, T sˆs0,8rˆra, bs Ñ R in the sub-replication problem (9.4.5) satisfies
the HJB equation

´ Btubpt, x, yq ´ inf
λPΛ

``

Aλub
˘

pt, x, yq ´ rpt, xqubpt, x, yq
˘

“ 0, (9.4.7)

for all pt, x, yq P r0, T rˆs0,8rˆra, bs, with terminal condition upT, xq “ gpxq,
for all x Ps0,8r. By solving the HJB equations in (9.4.6) and (9.4.7), we obtain
the super-replication and sub-replication price of an European option in this
Jacobi stochastic volatility model, where the Jacobi model is a well tractable
and versatile stochastic volatility model including the Black-Scholes model and
Heston model as limit case.



Chapter 10

Abstract Neural Network and

Numerical Examples

In this chapter, we use abstract neural networks between infinite dimensional
spaces to learn the non-linear pricing operator of a financial derivative, which
either has an American exercise style or is written on an asset price process
following a stochastic volatility model. More precisely, we approximate the
solution operator TT,t of the semigroup pTs,tqtďs associated to the Hamilton-
Jacobi-Bellman (HJB) equation, which propagates the payoff function g : E Ñ
R of the financial option (appearing in the terminal condition of the HJB
equation) backwards to the value function upt, xq of the option at time t ă T ,
corresponding to the price of the option at time t ă T if the price vector was
Xptq “ x. By showing that the solution operator g ÞÑ pt ÞÑ upt, ¨q :“ Tt,T pgqq
is continuous between two function spaces, we use the universal approximation
result for abstract neural networks in Theorem 3.27 to approximate the pricing
operator.

In general, neural networks have been succesfully applied for pricing and
hedging financial derivatives, see [RW19] for a literature review. In [EHJ17],
neural networks are for example used to learn the solution of a parabolic PDE,
whereas [GHJW18] showed explicitely for the Black-Scholes PDE that this
method overcomes the curse of dimensionality. Opposed to these contributions,
we apply abstract neural networks to learn the solution operator of a given
PDE instead of only one solution. This means that we obtain the solution u :
r0, T sˆE Ñ R by inserting the terminal condition (payoff function) g : E Ñ R.

Moreover, we will see in the construction of the abstract neural network
approximating the solution operator that the option prices of either the Black-
Scholes model or the Bachelier model are universal in the sense that they can
be used to learn the price of the same option, but which is either of Ameri-
can style or written on assets in an incomplete market given by a stochastic
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volatility model. The method can be applied under some assumptions on the
parameters to very general financial market models driven by an Ito diffusion
as in Chapter 8.

10.1 Approximation of the Solution Operator

In order to simplify notation, we assume that the market consists of only one
asset, which is modelled by a stochastic process with state space E “s0,8r,
e.g. geometric Brownian motion or the Heston model. However, the following
results also hold true for market models with multiple assets, where the state
space is for example E “s0,8rd. In the following, we introduce the function
spaces, which are needed to construct the abstract neural network approximat-
ing the solution operator of either the variational inequality in (9.3.3) describing
American option prices or the HJB equation in (9.4.6) (resp. (9.4.7)) represent-
ing the super-replication (resp. sub-replication) price of an European option in
an incomplete market.

For the input space X containing the payoff functions, we define the weight
γ : E Ñs0,8r by γpxq “ exp p´|x|{2q, for x P E. Using this, we consider
the Hilbert space L2

γpEq “
 

g P L2pEq; }gγ}L2pEq ă 8
(

with inner product
xf, gyL2

γpEq
“

ş

E
fpxqgpxqγpxq2dx, for f, g P L2

γpEq. Then, we observe that the

map J : L2
γpEq Ñ L2

γpEq
˚ defined by

Jpgq “

ˆ

f ÞÑ

ż

E

γpxq2fpxqgpxqdx

˙

,

for g P L2
γpEq, is an isometric isomorphism such that L2

γpEq
˚ – L2

γpEq. Then,
we define the input space X :“ L2

γpEq – L2
γpEq

˚ equipped with the weak-˚-
topology and introduce the weight function ψ : X Ñs0,8r defined by

ψpgq “ exp
´

}g}2L2
γpEq

¯

,

for g P X, which is an admissible weight function, because every preimage
KR :“ ψ´1ps0, Rsq is by Banach-Alaoglu in Theorem 1.15 compact in the weak-
˚-topology, for all R ą 0, such that pX,ψq is a weighted space. In particular,
all bounded functions g : E Ñ R and all piecewise polynomial payoff functions
g : E Ñ R including the payoff functions of call and put options are contained
in L2

γpEq.

For the output space Y , we consider the Hilbert space L2
γpr0, T s ˆE ˆ F q,

where F Ă R denotes the compact subet of additional parameters such as the
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stochastic volatility, which we equip with the inner product

xu, vyL2
γpr0,T sˆEˆF q

“

ż T

0

ż

E

ż

F

γpxq2upt, x, yqvpt, x, yqdydxdt,

for u, v P Y . In the case when there are no additional parameters for the value
function, we omit the integration over F . On the other hand, we choose Z “ R
for the hidden layer space with weight function ψZ : R Ñs0,8r defined by
ψZpzq “ exp p|z|q, for z P R, where every preimage KZ,R :“ ψ´1

Z ps0, Rsq is as
in Example 3.2(i) compact in R.

In this setting, we consider either the variational inequality in (9.3.3) (for
American options) or the HJB equation in (9.4.6) or (9.4.7) (for the super-/sub-
replication problem of an European option). In the first case, we define the
solution operator Sa : X Ñ Y as the function u :“ Sapgq, for g P L2

γpEq, which

satisfies upt, ¨q P Kg :“
 

v P L2
γpEq; v ě g a.e.

(

, a.e., and solves the variational
inequality

´ xBtupt, ¨q `Aupt, ¨q ´ rupt, ¨q, v ´ uyL2
γpEq

ď 0, (10.1.1)

for a.e. t P r0, T s and v P Kg, with terminal condition upT, xq “ gpxq, for all
x P E, where we assume that the interest rate r P R is constant. For further
details, we refer to [HRSW13, Section 5.2] for American options and [HRSW13,
Appendix B] for variational inequalities.

On the other hand, we define the solution operators Ss,Sb : X Ñ Y for the
HJB equations representing the super-/sub-replication problem as the functions
us :“ Sspgq and ub :“ Sbpgq, which satisfy

´Btuspt, x, yq ´ sup
λPΛ

``

Aλus
˘

pt, x, yq ´ rpt, xquspt, x, yq
˘

“ 0,

´Btubpt, x, yq ´ inf
λPΛ

``

Aλub
˘

pt, x, yq ´ rpt, xqubpt, x, yq
˘

“ 0,
(10.1.2)

for all pt, x, yq P r0, T sˆs0,8rˆra, bs, with terminal condition ubpT, x, yq “
uspT, x, yq “ gpxq, for all px, yq Ps0,8rˆra, bs, where we refer to [Tou13] and
[Pha09] for further details. In the following, we show that all three solution
operators Sa,Ss,Sb : X Ñ Y belong to the weighted function space BψpX;Y q.

Lemma 10.1. The solution operators Sa,Ss,Sb : X Ñ Y in (10.1.1) and
(10.1.2) are well-defined and belong to BψpX;Y q, where we assume for Ss,Sb :
X Ñ Y that a ą 0 and |ρ| ă 1.

Proof. For the solution operator Sa : X Ñ Y solving the variational inequality
in (10.2.1), we first observe that the continuous embeddings H1

γpEq Ď L2
γpEq –
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L2
γpEq

˚ Ď H1
γpEq

˚ hold true such that pH1
γpEq, L

2
γpEq, H

1
γpEq

˚q is a Gelfand

triple, where H1
γpEq :“

 

f : E Ñ R; f, Bαf P L2
γpEq, for all |α| ď 1

(

. Then,
it follows by taking the limit of the discretization in time as in [HRSW13,
Theorem B.2.2] that the map Sa : L2

γpEq Ñ L2
γpr0, T s ˆ E ˆ F q is bounded

and Lipschitz continuous with respect to the norm topology of L2
γpEq, where

we use that the interest rate is constant. Since the weak-˚-topology is weaker
than the norm topology, it follows that Sa P C0

b pX;Y q Ă BψpX;Y q.

For the other operators Ss,Sb : X Ñ Y , we first show that Ss : X Ñ Y satis-
fies a Lipschitz estimate, from which it follows that Ss P C0

b pX;Y q Ă BψpX;Y q,
where we conclude by changing sign that also Sb P C0

b pX;Y q Ă BψpX;Y q.
We fix two functions f, g P X representing different terminal conditions and
assume that u, v : r0, T sˆs0,8rˆra, bs Ñ R are the corresponding viscos-
ity solutions of (9.4.6), which exist by Theorem 9.9. Furthermore, we ob-
serve that the logarithmic stock price logX0pT q starting at zero at time t P
r0, T s under the EMM Qλ „ P, conditional on pσpsqqtďsďT , is Gaussian with

mean Mptq :“
şT

t

`

r ´ σpsq2{2
˘

ds ` ρ
ξ

´

σpT q ´ σptq ´
şT

t
pκθ ´ λ´ κσpsqqds

¯

and variance Cptq :“
şT

t

`

σpsq ´ ρ2Qpσpsqq
˘

ds. The density of this conditional
random variable under Qλ „ P is of the form

p
t,σptq,λ
logX0|σ

pz;Mptq, Cptqq “
1

a

2πCptq
exp

ˆ

´
pz ´Mptqq2

2Cptq

˙

,

for z P R, such that pt,y,λpzq “ EQλ
”

p
t,σptq,λ
logX0|σ

pz;Mptq, Cptqq
ˇ

ˇ

ˇ
σptq “ y

ı

is by Fu-

bini’s theorem measurable and satisfies for every bounded, measurable function
f : RÑ R that

EQλ rfplogXpT qq|Xptq “ x, σptq “ ys

“ EQλ
„
ż

R
fpz ` log xqpt,y,λlogX0|σ

pz;Mptq, Cptqqdz

ˇ

ˇ

ˇ

ˇ

Xptq “ 1, σptq “ y



“

ż

R
fpy ` log xqpt,y,λpzqdz, P-a.s.

Moreover, a ą 0 and |ρ| ă 1 imply E
“

Cptq´1{2´k
‰

ă 8, for all k P N, such

that dominated convergence implies that z ÞÑ eεz
2

pt,y,λpzq with ε ă 1{p2bT q
is uniformly bounded, see [AFP18, Theorem 3.1]. From this, we define ppzq “

suptPr0,T s,yPra,bs,λPΛ pt,y,λpzq such that z ÞÑ eεz
2

ppzq is also uniformly bounded
as supremum of uniformly bounded functions over the compact subset r0, T sˆ
ra, bs ˆ Λ. Using the definition of us : r0, T sˆs0,8rˆra, bs Ñ R in (9.4.5), we
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conclude by the substitution ηpx, zq “ px exppzq, zq that

}u´ v}2L2
γpr0,T sˆs0,8rˆra,bsq

ď

ż T

0

ż 8

0

ż b

a

γpxq2|upt, x, yq ´ vpt, x, yq|2dydxdt

ď

ż T

0

ż 8

0

ż b

a

γpxq2e´2rpT´tq ¨ ¨ ¨

¨ ¨ ¨ ess sup
λPΛ

EQλ
„

|fpXpT qq ´ gpXpT qq|
2

ˇ

ˇ

ˇ

ˇ

pXptq, σptqq “ px, yq



dydxdt

ď pb´ aq
1´ e´2rT

2r

ż 8

0

γpxq2 ¨ ¨ ¨

¨ ¨ ¨ sup
tPr0,T s,λPR,yPra,bs

ż

R
|f pxezq ´ g pxezq|

2
pt,y,λpzqdzdx

ď pb´ aq
1´ e´2rT

2r
sup
zPR

´

eεz
2

ppzq
¯

ż 8

0

γpxq2 ¨ ¨ ¨

¨ ¨ ¨

ż

R
e´εz

2

|f pxezq ´ g pxezq|
2
dzdx

ď pb´ aq
1´ e´2rT

2r
sup
zPR

´

eεz
2

ppzq
¯

C}f ´ g}2L2
γps0,8rq

,

where C “
ş

R exp
`

´εz2 ´ z
˘

dz “
a

πe1{p2εq{ε ă 8. By choosing the zero
payoff function g “ 0 such that v “ 0, it follows that Ss : X Ñ Y has bounded
operator norm, whereas by inserting a sequence pfnqnPN in X converging to g P
X in L2

γps0,8rq, we conclude that Sspfnq Ñ Sspgq in L2
γpr0, T sˆs0,8rˆra, bsq,

as n Ñ 8. Because the weak-˚-topology is a weaker topology than the norm
topology on L2

γps0,8rq, it follows that Ss P C0
b pX;Y q Ă BψpX;Y q, which holds

by similar arguments also true for Sb : X Ñ Y .

In the following, we approximate the solution operators Sa,Ss,Sb : X Ñ Y
by an abstract neural network. For this purpose, we construct an additive
family H between the input space pX,ψq and the hidden layer space Z “ R
with admissible weight function ψZpzq “ exp p|z|q. Let µ1, ...., µm P R and
τ1, ..., τm P R be constants, from which we define σj “ exppτjq to account for
the non-negativity of the variance. Using the probability density functions of
the normal distribution, we define

pjpwq “
1

?
2πσj

exp

˜

´
pw ´ µjq

2

2σ2
j

¸

,

for w P R and j “ 1, ...,m. Using them as kernels, we define the additive family
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H as hidden layer maps h : X Ñ R of the form

hpgq “ c0 `
m
ÿ

j“1

cj

ż

R
gpwqpjpwqdw, (10.1.3)

for g P X and some c0, ..., cm P R, where g : E Ñ R is extended to R by setting
it to zero outside of E. Then, H is closed under addition and as pj : RÑ R are
probability density function of normal distributed random variable, we have

hpgq “ c0 `
m
ÿ

j“1

cjE rgpZjqs ,

with Zj „ N
`

µj , σ
2
j

˘

. Hence, a hidden layer map h : X Ñ R can be seen
as linear combinations of option prices with payoff function g : E Ñ R if
the underlying process Xj is assumed to be a Brownian motion over the time
interval r0, 1s with drift µj and variance σj , i.e.

Xjptq “ µjt` σjBjptq,

for t P r0, 1s, such that Zj “ Xjp1q, where pBjqj“1,...,m are m independent
standard Brownian motions. In this case, the expected value of the European
call and put options with payoff functions g1pxq “ maxpx´K, 0q and g2pxq “
maxpK´x, 0q can be computed with the Bachelier option pricing formula such
that

E rg1pZjqs “

ż 8

K

x´K
?

2πσj
e
´
px´µjq

2

2σ2
j dx

“ pµj ´KqΦN p0,1q

ˆ

µj ´K

σj

˙

` σjϕN p0,1q

ˆ

µj ´K

σj

˙

,

E rg2pZjqs “

ż K

´8

K ´ x
?

2πσj
e
´
px´µjq

2

2σ2
j dx

“ pK ´ µjqΦN p0,1q

ˆ

K ´ µj
σj

˙

` σjϕN p0,1q

ˆ

K ´ µj
σj

˙

,

for j “ 1, ...,m, where ϕN p0,1q : R Ñ R and ΦN p0,1q : R Ñ r0, 1s denote
the probability density function and the cumulative distribution function of
the standard normal distribution N p0, 1q, respectively. Similarly, the expected
values of the digital European call and put cash-or-nothing options with payoff
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functions g3pxq “ 1txěKu and g4pxq “ 1txăKu are given by

E rg3pZjqs “

ż 8

K

1
?

2πσj
e
´
px´µjq

2

2σ2
j dx “ ΦN p0,1q

ˆ

µj ´K

σj

˙

,

E rg4pZjqs “

ż K

´8

1
?

2πσj
e
´
px´µjq

2

2σ2
j dx “ ΦN p0,1q

ˆ

K ´ µj
σj

˙

,

for j “ 1, ...,m. This means that the hidden layer map h : X Ñ R can be
computed in closed form for every of these four options such that an abstract
neural network can be efficiently implemented on a computer. However, the
expected values are also known for other popular options in a Bachelier model,
see for example [Hau98], which can be generalized to multi-dimensional options
written on several underlying assets.

Using the additive family in (10.1.3), we construct an abstract neural net-
work similarly as in in Example 3.19 by choosing the activation family R “ tρu
and the linear readout L “

!

z ÞÑ φz; φ P NN G,tρ1u,K
X0,R

)

with X0 “ r0, T sˆEˆ

F , where the activation function ρ1 P L
2
γpRq is chosen such that NN G,tρ1u,K

X0,R is

dense in Y , and where G “
 

X0 Q pt, x, yq ÞÑ pt, x, yqa` b P R; a P R3, b P R
(

and K “ tR Q z ÞÑ wz P R; w P Ru, which implies βpzq P L2
γpr0, T s ˆ E ˆ F q,

for all z P R. Hence, an abstract neural network is of the form

ϕpgq “
N
ÿ

k“1

φkρphkpgqq “

˜

pt, x, yq ÞÑ
N
ÿ

k“1

φkpt, x, yqρphkpgqq

¸

, (10.1.4)

for g P X and some N P Ně1, where φk P NN G,tρ1u,K
X0,R are conventional neural

networks, h1, ..., hN P H are the hidden layer maps, and ρ : R Ñ R is an

activation function such that NN G0,tρu,K0

R,R is τ0
ψR

-dense in BψRpRq, where G0 “

tR Q z ÞÑ az ` b P R; a, b P Ru and K0 “ tR Q z ÞÑ wz P R; w P Ru.

Theorem 10.2. For every ε ą 0 there exists some ϕ : X Ñ Y of the form
(10.1.4) such that

}S ´ ϕ}BψpX;Y q “ sup
gPX

}Spgq ´ ϕpgq}Y
ψpgq

ă ε,

where S : X Ñ Y is either the solution operator Sa : X Ñ Y of the American
option price, the solution operator Ss : X Ñ Y of the seller’s price, or the
solution operator Sb : X Ñ Y of the buyer’s price.

Proof. The solution operator S : X Ñ Y belongs by Lemma 10.1 to the space
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BψpX;Y q such that we are able to apply the universal approximation result in
Theorem 3.27. First, we show that H defined in (10.1.3) is an additive family,
where it follows by construction that H is closed under addition and contains
the constant functions. To show thatH is point separating, let g1, g2 P X be two
distinct payoff functions, which differ on a measurable set A with

ş

A
γpxqdx ą 0,

such that it follows for suitably chosen µ P R and σ ą 0 that

hpg1q “

ż 8

0

g1pwqppwqdw ‰

ż 8

0

g2pwqppwqdw “ hpg2q,

where p : R Ñ R denotes the probability density function of N
`

µ, σ2
˘

, which
shows that H is point separating. Secondly, we check the assumptions of The-
orem 3.27, where we consider the architectures pH,R,Lq between X and Y as
well as pG0,R,K0q between R and R described above. Then, it follows for every
g ÞÑ hpgq “ c0 `

řm
j“1 cj

ş8

0
gpwqppwqdw and z ÞÑ g0pzq “ az ` b P G that

g ÞÑ pg0 ˝ hqpgq “ pac0 ` bq `
m
ÿ

j“1

acj

ż 8

0

gpwqppwqdw P H.

Moreover, we conclude for every g ÞÑ hpgq :“
ş8

0
gpwqppwqdw by the Cauchy-

Schwarz inequality that

sup
gPX

ψZphpgqq

ψpgq
“ sup
gPX

exp
`
ˇ

ˇ

ş8

0
gpwqppwqdw

ˇ

ˇ

˘

exp
´

}g}2L2
γps0,8rq

¯

ď sup
gPX

exp
´

C0}g}L2
γps0,8rq

¯

exp
´

}g}2L2
γps0,8rq

¯ ă 8,

with C0 “
`ş

R γpwq
2ppwq2dx

˘1{2
ă 8, which shows by taking linear combi-

nations that supgPX
ψZphpgqq
ψpgq ă 8, for all h P H. Moreover, we have Γ “

tγ P LpR;Y q; @α P K0 : γ ˝ α P Lu “ L such that
Ť

γPΓ, zPRtγpzqu “ NN
G,tρ1u,K
X0,R

is by assumption dense in Y . Hence, NNH,R,L
X,Y is by Theorem 3.27 τ0

ψ-dense
in BψpX;Y q.

Theorem 10.2 provides the theoretical basis to use abstract neural networks
for learning the solution operator of the non-linear HJB equation, where there
exists a large enough abstract neural network of the form (10.1.4) such that
the solution operator Sa,Ss,Sb : X Ñ Y is approximated well enough.
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10.2 Learning American Options

Given the prices of several American call and put options on a single asset, we
want to learn the solution operator of the corresponding HJB equation. We
assume that X follows under the real-world measure P a geometric Brownian
motion, i.e.

dXptq “ σXptqdBptq,

for t P r0, T s, with initial value Xp0q ą 0, where σ “ 0.3 is the volatility
parameter. Hence, the value function describing an European option with
payoff function g : s0,8rÑ R is given by

upt, xq “ ess sup
τPTt,T

EQ
”

e´rpT´τqgpXpτqq
ˇ

ˇ

ˇ
Xptq “ x

ı

, Q-a.s.,

for pt, xq Ps0,8r, where r “ 0.01. In this case, u : r0, T sˆs0,8rÑ R is a
solution to the HJB variational inequality

max

ˆ

Btupt, xq `
1

2
x2Bxxupt, xq ´ rupt, xq, gpxq ´ upt, xq

˙

“ 0, (10.2.1)

for all pt, xq P r0, T rˆs0,8r, with terminal condition upT, xq “ gpxq, for all
x Ps0,8r.

In order to learn the solution operator of the HJB variational inequality
in (10.2.1), the prices upt, xq “ supτPTt,T EQ “

e´rpT´τqg1,2pXpτqq
ˇ

ˇXptq “ x
‰

of
the American call option g1pxq “ maxpx ´ K, 0q and the American put op-
tion g2pxq “ maxpK ´ x, 0q are assumed to be known, where we add the ini-
tial price g3pxq “ x satisfying Sapg3qpt, xq “ e´rpT´tqx and the strike level
g4pxq “ K satisfying Sapg4qpt, xq “ e´rpT´tqK as constraints. More pre-
cisely, we assume that the prices upt, xq are known for the payoff functions
g1, ..., g4 : s0,8rÑ R, times t “ 1{12, 2{12, ..., 12{12 (representing months),
initial values x “ 0.5, 1, 1.5, ..., 100 and strike prices K “ 0.5, 1, 1.5, ..., 100,
which yields 4 ¨ 12 ¨ 200 ¨ 200 “ 1.92 ¨ 106 training data points. From this,
we predict the American digital call and put option prices given by upt, xq “
supτPTt,T EQ “

e´rpT´τqg5,6pXpτqq
ˇ

ˇXptq “ x
‰

, with the payoff functions g5pxq “
1txěKu and g6pxq “ 1txăKu. The abstract neural networks are built in Python

using Tensorflow, where we choose the size pN,m,N1q “ p40, 20, 20q such
that 51640 parameters need to be estimated. For training, the Adam algo-
rithm is applied over 1001000 epochs with a learning rate of 10´4. On the
other hand, the true data is calculated in RStudio with the library RQuantLib

of the open-source software QuantLib, where the functions AmericanOption

and BinaryOption are used to compute the prices of the digital options. The
results are plotted in Figure 10.1.
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10.3 Learning Super-Replication Price with
Stochastic Volatility

In this section, we learn the solution operator of the HJB equation correspond-
ing to the super-replication and sub-replication problem of an European option
written on a risky asset following a Jacobi stochastic volatility model. More
precisely, we assume that X and σ follow under the real world measure P the
SDE

dXptq “ rXptqdt` ρXptq
a

QpσptqqdB1ptq `Xptq
a

σptq ´ ρ2QpσptqqdB2ptq,

dσptq “ κpθ ´ σptqqdt` ξ
a

QpσptqqdB1ptq,

for t P r0, T s, with initial values Xp0q P r1, 100s and σp0q P r0.01, 0.4s, where

Qpvq “ pb´vqpv´aq

p
?
b´
?
aq2

with a “ 0.01, b “ 0.4, and where r “ 0.01, κ “ 1, θ “ 0.2,

ξ “ 0.5 and ρ “ ´0.5. Using Girsanov’s theorem to find equivalent martingale
measures as in Section 9.4, the super-replication price (seller’s price) and sub-
replication price (buyer’s price) of an European option with payoff function
g : s0,8rÑ R are given by

uspt, x, yq “ ess sup
λPΛ

EQλ
”

e´rpT´tqgpXpT qq
ˇ

ˇ

ˇ
Xptq “ x, σptq “ y

ı

,

ubpt, x, yq “ ess inf
λPΛ

EQλ
”

e´rpT´tqgpXptqq
ˇ

ˇ

ˇ
Xptq “ x, σptq “ y

ı

,
(10.3.1)

P-a.s., for pt, x, yq P r0, T sˆs0,8rˆra, bs, where Λ “ rκpθ´ bq, κpθ´aqr. In this
case, us, ub : r0, T sˆs0,8rÑ R are solutions of

´Btuspt, x, yq ´ sup
λPΛ

``

Aλus
˘

pt, x, yq ´ ruspt, x, yq
˘

“ 0,

´Btubpt, x, yq ´ inf
λPΛ

``

Aλub
˘

pt, x, yq ´ rubpt, x, yq
˘

“ 0,
(10.3.2)

for all pt, xq P r0, T sˆs0,8rˆra, bs, with terminal conditions us,bpT, xq “ gpxq,
for all x Ps0,8r, where

`

Aλf
˘

px, yq “
1

2
x2yBxxfpx, yq ` ρξxQpyqBxyfpx, yq `

1

2
ξ2QpyqByyfpx, yq

` rxBxfpx, yq ` pκθ ´ λ´ κyqByfpx, yq,
(10.3.3)

for f P C2ps0,8rˆra, bsq and x Ps0,8rˆra, bs.

In order to learn the solution operators, we assume that the super- and
sub-replication prices uspt, x, yq resp. ubpt, x, yq of the European call option
g1pxq “ maxpx ´ K, 0q and the European put option g2pxq “ maxpK ´ x, 0q
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are known, where we add as constraints the initial price g3pxq “ x satisfy-
ing Sspg3qpt, x, yq “ supλPΛ EQλ

“

e´rpT´tqXptq
ˇ

ˇpXptq, σptqq “ px, yq
‰

(resp. with
the infimum over λ P Λ for Sb : X Ñ Y instead of the supremum) and the
strike level g4pxq “ K satisfying Ss,bpg4qpt, x, yq “ e´rpT´tqK. More pre-
cisely, we assume that the prices us,bpt, x, yq are known for the payoff func-
tions g1, ..., g4 : s0,8rÑ R, times t “ 1{12, 2{12, ..., 1 (representing months),
initial values x “ 1, 2, ..., 100 and y “ 0.01, 0.015, ..., 0.5, and strike prices
K “ 1, 2, ..., 100, which yields 4 ¨ 12 ¨ 100 ¨ 79 ¨ 100 “ 3.792 ¨ 107 training data
points. The abstract neural networks are built in Python using Tensorflow,
where we choose the size pN,m,N1q “ p40, 20, 20q such that 61440 parameters
need to be estimated. For training, the Adam algorithm is applied over 1001000
epochs with a learning rate of 10´4. The results are plotted in Figure 10.2 and
Figure 10.3.

Hereby, the true super-replication and sub-replication prices of the Euro-
pean call, put, digital call, and digital put options are computed as in [AFP18],
where we first observe that the supremum or infimum in (10.3.1) resp. (10.3.2)
is attained either for λ “ κpθ´bq or λ “ κpθ´aq, because λ appears linearly in
(10.3.3). Then, the expected value under Qλ is approximated using a truncated
series of the Gram-Charlier expansion of Type A for the distribution of the joint
distribution plogXpT q, σpT qq, whose moments can be computed explicitly with
the help of the polynomial property in [FL16, Theorem 3.1] and the payoff
is transformed with Fourier techniques, see [AFP18, Theorem 3.7+3.8] and
[AFP18, Appendix A].
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(a) Learning performance
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(b) American call option g1pxq “ px´Kq`

(c) American put option g2pxq “ pK ´ xq`



208 CHAPTER 10. ABSTRACT NEURAL NETWORK AND NUMERICAL EXAMPLES

(d) Initial price constraint g3pxq “ x

(e) Strike level constraint g4pxq “ K
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(f) American digital call option g5pxq “ 1txěKu

(g) American digital put option g6pxq “ 1txăKu

Figure 10.1: Learning the solution operator Sa : X Ñ Y of the American option price. In
(a), the loss during the training procedure is displayed. In (b) and (c), the true data (surface)
and the learned value functions (wireframes) of the American call and put options at time
t “ 1 are shown, while the constraints (initial price and strike level) are plotted in (d) and
(e). In (f) and (g), the predicted value functions (wireframes) of the American digital call
and put options at time t “ 1 are compared to the true data (surface).
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(a) Learning performance
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(b) European call option g1pxq “ px´Kq`

(c) European put option g2pxq “ pK ´ xq`
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(d) Initial price constraint g3pxq “ x

(e) Strike level constraint g4pxq “ K
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(f) European digital call option g5pxq “ 1txěKu

(g) European digital put option g6pxq “ 1txăKu

Figure 10.2: Learning the solution operator Ss : X Ñ Y of the super-replication (seller’s)
price. In (a), the loss during the training procedure is displayed. In (b) and (c), the true data
(surface) and the learned value functions (wireframes) of the European call and put options
at time t “ 1 are shown, while the constraints (initial price and strike level) are plotted in (d)
and (e). In (f) and (g), the predicted value functions (wireframes) of the European digital
call and put options at time t “ 1 with K “ 50 are compared to the true data (surface).
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(a) Learning performance
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(b) European call option g1pxq “ px´Kq`

(c) European put option g2pxq “ pK ´ xq`
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(d) Initial price constraint g3pxq “ x

(e) Strike level constraint g4pxq “ K
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(f) European digital call option g5pxq “ 1txěKu

(g) European digital put option g6pxq “ 1txăKu

Figure 10.3: Learning the solution operator Sb : X Ñ Y of the sub-replication (buyer’s)
price. In (a), the loss during the training procedure is displayed. In (b) and (c), the true data
(surface) and the learned value functions (wireframes) of the European call and put options
at time t “ 1 are shown, while the constraints (initial price and strike level) are plotted in (d)
and (e). In (f) and (g), the predicted value functions (wireframes) of the European digital
call and put options at time t “ 1 with K “ 50 are compared to the true data (surface).
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sur une variété”. In: Comptes rendus de l’Académie des Sciences de
Paris 228 (1949), pp. 1549–1551.

[Nac65] Leopoldo Nachbin. “Weighted Approximation for Algebras and Modules
of Continuous Functions: Real and Self-Adjoint Complex Cases”. In:
Annals of Mathematics 81.2 (1965), pp. 289–302.

[Øks03] Bernt Øksendal. Stochastic Differential Equations. 6th. Berlin Heidel-
berg: Springer Science + Business Media, 2003.

[PW14] Sumit Pal and Ting-Kam Leonard Wong. “The geometry of relative ar-
bitrage”. In: Mathematics and Financial Economics 10 (2014), pp. 263–
293.

[Pha09] Huyên. Pham. Continuous-time Stochastic Control and Optimization
with Financial Applications. 1st ed. Stochastic Modelling and Applied
Probability, 61. Berlin, Heidelberg: Springer Berlin Heidelberg, 2009.

[Pin99] Allan Pinkus. “Approximation theory of the MLP model in neural net-
works”. In: Acta Numerica 8 (1999), pp. 143–195.



BIBLIOGRAPHY 229

[Pro77] João B. Prolla. Approximation of Vector Valued Functions. North-Holland
Mathematics Studies 25. Amsterdam: North-Holland, 1977.

[Pro71] João B. Prolla. “Bishop’s generalized Stone-Weierstrass theorem for
weighted spaces”. In: Mathematische Annalen 191 (1971), pp. 283–289.

[PG76] João B. Prolla and Claudia S. Guerreiro. “An extension of Nachbin’s
theorem to differentiable functions on Banach spaces with the approxi-
mation property”. In: Arkiv för Matematik 14.1-2 (1976), pp. 251–258.

[Pro05] Philip Protter. Stochastic integration and differential equations. 2nd ed.,
3rd print. Vol. 21. Stochastic modelling and applied probability. Berlin:
Springer, 2005.

[RR07] Ali Rahimi and Benjamin Recht. “Random Features for Large-Scale
Kernel Machines”. In: Proceedings of the 20th International Conference
on Neural Information Processing Systems. NIPS’07. Vancouver, British
Columbia, Canada: Curran Associates Inc., 2007, pp. 1177–1184.

[RS05] James O. Ramsay and Bernard W. Silverman. Functional data analysis.
2nd ed. Springer series in statistics. New York: Springer, 2005.

[Ran84] Thomas J. Ransford. “A short elementary proof of the Bishop-Stone-
Weierstrass theorem”. In: Mathematical Proceedings of the Cambridge
Philosophical Society 96.2 (1984), pp. 309–311.

[Rau91] Jeffrey Rauch. Partial Differential Equations. 1st ed. 1991. Graduate
Texts in Mathematics, 128. New York, NY: Springer New York, 1991.
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