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1 Introduction

Matching estimators are frequently applied in treatment evaluation to estimate average
treatment effects. In this paper, the finite sample properties of different matching and
weighting estimators are analyzed. When selection is on the observables, for estimating
treatment effects it is necessary to adjust for the different distributions of the observed
characteristics in the treated and the non-treated population. By doing so, the causal
effect is separated from the effect due to non-random selection into treatment. Sev-
eral nonparametric estimators have been suggested for this. Pair-matching, which is
most frequently used in applications, proceeds by finding for each treated observation a
non-treated observation with identical (or very similar) characteristics. This aligns the
distribution of the characteristics in the treated and the matched comparison sample.
Finding matches that are identical with respect to all relevant covariates, however, can be
difficult if the number of covariates is large. Nevertheless, as proposed by Rosenbaum and
Rubin (1983), matching on the (one-dimensional) propensity score, suffices to adjust for the
differences in the observed covariates. Matching only one non-treated observation to each
treated observation is, obviously, inefficient and alternative matching estimators have been
suggested. Heckman, Ichimura, and Todd (1997, 1998) proposed local polynomial matching,
which includes kernel matching and local linear matching. An alternative approach to
matching is based on weighting the non-treated observations by the propensity score,
as suggested in Imbens (2000). Asymptotic properties of these matching and weighting
estimators have been examined in Hahn (1998), Heckman, Ichimura, and Todd (1998),
Hirano, Imbens, and Ridder (2003), Abadie and Imbens (2001) and Ichimura and Linton
(2001). The finite-sample properties of these estimators, however, have not been subject
to extensive investigation. For their practical use, it would be important to know which
estimator performs best under which conditions. In addition, many of these estimators
require the choice of bandwidth parameters and guidance is needed on how to select these.
In this paper the finite sample properties are investigated for pair-matching, kernel
matching, local linear matching, k-NN matching and the weighting estimator. Moreover,
the impact of trimming, as suggested by Heckman, Ichimura, and Todd (1997, 1998) is
examined. In addition, an alternative matching estimator based on nonparametric ridge
regression is proposed and analyzed. This ridge matching estimator is motivated on the
observation that local linear regression can be very unreliable in regions of sparse data.
Trimming the observations in regions with few comparisons, as in Heckman, Ichimura, and
Todd (1997, 1998), is one way to sidestep this problem. Ridge matching, on the other hand,
seeks to stabilize the estimator through ridge regression (Seifert and Gasser 1996, 2000).
The Monte Carlo simulations consist of two parts: First, the mean squared error of the
various estimators is simulated at their optimal bandwidth values. These results show the
potential of each estimator, independent of the particular bandwidth selector. They also
indicate how large the improvement in mean squared error vis-a-vis the benchmark pair-

matching estimator could be at most. Thereafter, the mean squared error is examined when



the bandwidth is chosen by cross-validation. Cross-validation is a convenient approach to
selecting the bandwidth value and turns out to work reasonably well for some estimators.
Ridge matching performs very often best among all estimators (with a mean squared error
about 25% lower than for pair-matching) and is robust to the simulation design. Local
linear matching (with and without trimming) and A-NN matching are more susceptible to
the simulation design and can often be worse than pair-matching. The weighting estimator

is very unreliable and has a larger MSE than pair-matching in all simulations.

2 Matching Estimators

When evaluating the impact of a treatment, interest often lies in the estimation of average
treatment effects. Let Yio and Y;l denote the potential outcomes, where Y;! is the outcome
that would be realized if the individual receives treatment, and Y;O the outcome in case of
not receiving treatment. Let D; € {0,1} indicate treatment receipt. The average treatment
effect on the treated is:

EYYD=1]-E}Y°D=1].

While the first term can be estimated by the mean outcome among the treated individuals,
the term E[Y°|D = 1] is counterfactual. Identifying this counterfactual mean is fundamental
to treatment evaluation. Generally, E[Y°|D = 1] is not equal to E[Y?|D = 0] if treatment
selection were non-random. Nevertheless, conditional on all confounding factors X, i.e. all
factors that influenced the potential outcome and the decision to participate in treatment,
D is independent of Y

YU D|X (1)
and the counterfactual mean is identified as E[Y?|D = 1] = E[E[Y°|X,D = 0]|D = 1],
provided the support of X among the treated is contained in the support of X among the
non-treated. If X contains only a few variables, the counterfactual mean can be estimated
using nonparametric regression of Y on X in the non-treated sample. However, if X is high-
dimensional, nonparametric regression can be difficult. Rosenbaum and Rubin (1983) have
shown that the dimension of the estimation problem can be reduced substantially since the

counterfactual mean is also identified as
EYID=1] = [ EYp(X) =p.D =0 fyp-s(p)dp @)

where p(z) = P (D = 1|X = ) is the one-dimensional propensity score, and f,p—; is the
density of p(X) in the treated population.

Consider a sample of iid observations {Y;, D;,p;}1 ;, where p; = p(X;). Denote the
number of treated observations by n1 and the number of control observations by ng. A variety
of propensity-score matching estimators have been proposed for estimating the counterfactual

mean, which can be characterized as

EYID=1= = 3 (), )



where m(p) is an estimate of the mean outcome in the non-treated population conditional
on the propensity score: m(p) = E[Y|p(X) = p, D = 0]. The matching estimators differ in
how they estimate m(p). The most prevalent estimator is pair-matching, which proceeds
by finding for each treated observation a control observation with identical (or very similar)
value of p, i.e. it uses first-nearest-neighbour regression to estimate m(p).

Heckman, Ichimura, and Todd (1997, 1998) suggested to estimate m(p) by local polyno-
mial regression: Kernel matching estimates m(p) by Nadaraya-Watson regression, whereas
local linear matching is based on a local linear regression estimator. Heckman, Ichimura, and
Todd (1997) advocated local linear regression for its well known optimality properties.!

In small samples, however, local linear regression often leads to a very rugged curve
in regions of sparse or clustered data (Seifert and Gasser 1996). To deal with this erratic
behaviour, Heckman, Ichimura, and Todd (1997, 1998) implement a trimming procedure to
discard the nonparametric regression results in regions were the density of the propensity

score in the non-treated population is small. The trimmed matching estimator is

(pi) - 1 [fpip=o (pi) > 7]

(4)

where 7 is set such that, for example, 2% or 5% of the treated observations are trimmed.
Trimming, however, is a very rough solution to deal with the small-sample problems
of local linear regression. Various approaches to stabilize the local linear estimator in finite-
samples have been developed. A simple but promising approach is local linear ridge regression,
which modifies the local linear estimator by adding a ridge term to its denominator to avoid

near-zero denominators. The regression estimator of Seifert and Gasser (1996, 2000) is

Ty T - (p—D)
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where Su(p) = 30 (py = p)°K (272) and Tu(p) = ¥ Yi(py — )°K (252) and p =
j:D;=0 j:D;=0
> piK (Ehﬂ> / > K (E'hﬂ) K(+) is a kernel weighting function and h is a bandwidth
j:D;=0 j:D;=0

value that converges to zero with growing sample size. The constant r is the ridge parameter
that ensures non-zeros denominators. According to the 'rule-of-thumb’ of Seifert and Gasser
(2000), 7 is set to - for the Epanechnikov kernel and to (4v27 [ ¢*(u)du)~! ~ 0.35 for the

Gaussian kernel. Inserting (5) in (3) gives the ridge matching estimator.

In the Monte Carlo simulations, 11 different matching estimators are compared: pair-
matching, kernel matching (with Epanechnikov and Gaussian kernel), local linear matching
and trimmed local linear matching (with Epanechnikov and Gaussian kernel), ridge matching
(also with Epanechnikov and Gaussian kernel) and two variants of k-nearest neighbour

matching. In the first variant of k-NN matching, the standard k-NN regression estimator is

!See, e.g., Fan (1992, 1993), Hastie and Loader (1992) and Fan, Gasser, Gijbels, Brockmann, and Engel
(1997).



used (which estimates m(p) by the average outcome of the k selected neighbours). In the
second variant, m(p) is estimated by a weighted average outcome of the k neighbours, where
the neighbours are weighted according to their distance to p (using Epanechnikov weights).

An alternative approach to estimating the counterfactual mean is based on weighting by

the propensity score ratio, as suggested in Imbens (2000). The weighting estimator is

Pi
1—p;

. 1
EYOYD=1]=— Y;
YD -1-~ Y % ©)
:D;=0
Since the ratio p;/(1 — p;) can become very large for values of p; close to one, some form of
trimming or capping is necessary in finite-samples. In the simulations, a cap ¢ on the ratio
pi/(1 — p;) is examined (i.e. ratios larger than ¢ are set to ¢). In addition, a trimming rule,

i.e. deleting the observations with the largest ratios, was considered, but performed worse.

3 Monte Carlo study

3.1 Simulation design

The design of the Monte Carlo study consists of two parts: The distributions of the propensity
score in the treated population (f,p—1) and non-treated population (f,p—o), see Figure
3.1, and the specification of m(p), i.e. the conditional expectation function of Y given the
propensity score (Figure 3.2). The distribution of the propensity scores in Figure 3.1 is driven
by the distribution of X and the specification of the propensity score p(z). To have a simple
design that, at the same time, allows to generate very different shapes of f, p— and fyp—o,
the covariate X is chosen to be one-dimensional and drawn from the Johnson Spg-distribution
(see Figure A.1) and the propensity score is specified as a linear function p(z) = o + Sz.
(Details are given in the Appendix.) Through the choice of different values for « and 3, very
different shapes of f,p—; and fyp—o can be generated, as demonstrated in Figure 3.1. An
increase in « shifts the average value of the propensity score upwards, such that the number of
treated relative to the number of non-treated increases. Through the 5 parameter, the spread
of the propensity score values is controlled. Figure 3.1 shows the five different distributions
of the propensity score that are used in the Monte Carlo simulations. (The support of the
propensity score is (a, « + ) and thus varies with « and /. Figure 3.1 displays the densities
of the re-scaled propensity score, which is scaled by (p — «)/ such that its support is always
(0,1). This ensures that the support is compatible with the regression curves in Figure 3.2,
for all designs. In the simulations, this re-scaled propensity score is used.) The designs are
chosen to illustrate different degrees of overlapping density mass and to represent different
ratios of control to treated observations.? In the first three designs, the population mean of
the propensity score is 0.5, i.e. the expected ratio of control to treated observations is 1:1. In
the fourth design the control-treated ratio is 4:1, whereas it is 1:4 in the last design. Design

four is most pertinent to the estimation of the average treatment effect on the treated when

2The support of fpip=1 and fy p—o is identical in all designs.



the pool of control observations is large. However, if interest lies also in the average treatment
effect or in the average treatment effect on the non-treated, or if multiple treatments shall be
evaluated, the estimation of the counterfactual means involves settings where the number of
treated and control observations are of similar magnitude and/or where the treated greatly
exceed the number of controls.

The first three designs, where the control-treated ratio is 1:1, vary in the discrepancy
between the two densities f,p—; and f,p—o- The differences in the two densities determine
how challenging the estimation setting is for the matching estimator. If the two densities
are rather different, the matching estimator (3) needs to estimate m(p) often in regions
where there are only very few control observations. In design 1, for example, a substantial
amount of the probability mass of the treated is located to the right of 0.8, where there
is only little probability mass of the non-treated. Hence nonparametric regression in these
regions is rather imprecise. In design 3, on the other hand, the two densities are very similar
and nonparametric regression should be more precise at all relevant locations. Design 2 is
midway between design 1 and design 3 and will allow us to determine whether the measures

of closeness reported below are monotonic in the shape.

Figure 3.1: Densities of the propensity score: fpp—1 and fy, p—o
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A useful measure of the distance between these two densities provides the Kullback-Leibler
Information Criterion (KLIC), which is defined as (Kullback and Leibler 1951, Kullback 1959)

J, (p)
KLIC = / 0 P (o),
p|D 010

where the integral is taken over the common support of f, p—g and fyp—;. The KLIC is equal
to zero if the two densities are identical and it becomes larger, the larger the discrepancy
between the two distributions. The KLIC is attractive here because it weights the discrepancy
in the densities by the probability mass among the treated, analogously to the weighting for

the counterfactual mean (2). Hence regions where f,,p—g is small (and f,p—1/fp|p—o is large)



contribute only significantly to an increase in the discrepancy measure when fpp—; itself is

large, i.e. when there are many treated observations for whom m(p) needs to be estimated.

In regions where f,p—; is small, the density ratio hardly matters at all.

Table 3.1: KLIC and the control-treated ratio

Design | « B | Control-treated ratio | KLIC
1 0 1 1:1 0.73
2 0.15 | 0.7 1:1 0.42
3 0.30 | 0.4 1:1 0.23
4 0 0.4 4:1 0.58
5 0.6 | 0.4 1:4 0.77

Note: Control-treated ratio refers to the ratio of the ex-
pected numbers of controls and treated: E [no] /E [n1].

Table 3.1 displays the values of the KLIC and the control-treated ratio for the different

designs. These two parameters give an indication of the level of difficulty of the estimation

setting. Whereas a larger KLIC indicates that the shapes of the two densities are more

different, such that the matching estimator more often needs to estimate m(p) in regions

with few control observations, the control-treated ratio indicates the absolute number of

control observations available. For the same sample size (ng + ny), a larger control-treated

ratio implies that more observations on Y are available to estimate m(p). In contrast, if the

control-treated ratio is 1:4, as in design five, there are only very few non-treated observations

to estimate m(p).

Regression curve m;(p)

Figure 3.2: Regression curves m(p)
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The second part of the design of the Monte Carlo simulations concerns the specification

of m(p). Six different regression curves with different degrees of non-linearities are considered

(Figure 3.2 and Table A.1). The first regression curve is a straight line. The second has a



conspicuous local non-linearity® and the third is mildly non-linear throughout. The fourth
and the fifth curve are concave in shape, where the latter has some additional non-linear
structure around it. The sixth curve is highly non-linear.* A mean-zero, uniform error term
with standard deviation 0.1 is added as noise to these curves. While it was straightforward
to interpret KLIC and the control-treated ratio, in that a higher KLIC or a lower control-
treated ratio make the estimation setting more demanding (i.e. increase MSE), such an
interpretation is less obvious for the regression curve m(p). Although curves with greater
curvature imply a larger local bias for the nonparametric regression estimator, these biases
may partly cancel when the matching estimator takes the average of the estimated m (p;).
Hence, more pronounced non-linearities in itself will not necessarily increase the MSE. They
may favour one estimator over the other, though. The straight line my, for instance, is more
suited to local linear regression. Apart from the type of non-linearities itself, it might be
more important where they are located. If they are situated in regions where the density in
the treated population is low, they are less relevant. To analyze the impact of non-linearities
on the relative performance of the various estimators, the regression curves are chosen such
that the non-linearities are located mostly to the right of the centre, since there is the region
where much of the density of the treated lies but rather little of the density of the controls.

In the following sections the Monte Carlo results for these different designs are presented.
The mean squared error is simulated for the various estimators for 3 different sample sizes:
100, 400 and 1600 observations, respectively. Pair-matching is considered as the benchmark
estimator and the MSE of the other estimators is analyzed relative to the MSE of pair-
matching. Since all other matching estimators depend on the choice of a bandwidth value,
the Monte Carlo results consist of two parts. In Section 3.2 the potential efficiency gains
are considered: The MSE of the matching estimators at their optimal bandwidth values is
compared to the MSE of pair-matching. This gives an indication by how much MSE could be
reduced if the optimal bandwidth were known. Since the optimal bandwidth is unknown in
practice, Section 3.3 examines the finite-sample performance when the bandwidth is chosen

by cross-validation. This gives a feasible estimator that is easy to implement.

3.2 Potential efficiency gains

Table 3.2 provides the simulated MSE for sample size 100. In the first column the MSE of
pair-matching is given. The first seven rows provide the results for the first density design
(first graph in Figure 3.1), the second seven rows represent the second density design, etcetera.

Within each block, the first six rows correspond to the results for the six regression curves

3This regression curve might represent a situation where the potential outcome depends discontinuously on
some confounding variables X that are itself strongly related to the propensity score. Consider, for example,
a treatment whose expected potential outcome is discontinuous in age. (E.g. the treatment consists of 3
programmes: one for 10 to 15 years old, one for 16 to 17 years old and one for 18 to 20 years old, and only the
programme for the 16 to 17 years old is beneficial.) If age is also the main determinant of the participation

decision, a shape like regression curve 2 could result.
*Regression curves 2 and 6 are taken from Fan and Gijbels (1992).



my to mg, while the seventh row shows the average result for the six curves. Examining the
results for the first three density designs (where the control-treated ratio is 1:1), the MSE
of pair-matching decreases from Design 1 to Design 3 for all regression curves. It is smaller
when the shapes of f,p—; and f,p—o are more similar (and the value of KLIC is smaller).
On the other hand, the MSE becomes larger when the control-treated ratio differs from 1:1,
particularly when the number of treated observations predominates (Design 5).

The dependence of the MSE of pair-matching on the density design and the regression
curve, however, is not of particular concern in this paper. It is rather of interest how the
choice of the best estimator depends on density design and regression curve. Therefore, the
MSE of the other estimators is always presented relative to the MSE of pair-matching (in
percent), i.e. a value above 100 indicates that pair-matching is more precise, while a value
below 100 indicates otherwise. The subsequent columns of Table 3.2 provide the results
for the different matching estimators: Kernel matching, local linear matching and ridged
local linear matching, each with Epanechnikov kernel and with Gaussian kernel, respectively.
These are followed by k-nearest neighbour matching and Epanechnikov-weighted k-nearest
neighbour matching. Finally, the results for the weighting estimator are given. (In each
row of Table 3.2, the smallest entries are underlined.) Table 3.2 presents the MSE for the
matching estimators at their simulated optimal bandwidth values: For each estimator and
for each Monte Carlo design, the MSE is simulated at 60 different bandwidth values and the
minimum of these simulated MSE is given in Table 3.2.5

Inspecting these relative MSE across the different designs, it is seen that the relative per-
formance of all matching estimators depends strongly on the density design and, in partic-
ular, on the control-treated ratio: While the relative MSE of the matching estimators de-
creases somewhat when the propensity score densities become more similar (Design 1 to 3),
the MSE is much lower when the control-treated ratio is high (Design 4) and higher when the
ratio of controls to treated is low (Design 5). In Design 4, the number of control observations
is about 80, while the number of treated is around 20. Pair-matching performs very poorly
in this situation (the MSE of the other matching estimators is often 50% lower) because it
uses the observations on Y only for the 20 matched control observations, whereas the other
matching estimators use all control observations. In Design 5, on the other hand, the control-
treated ratio is reversed and pair-matching now uses the 20 controls multiple times for being
matched to the 80 treated observations. Consequently, the loss of information due to pair-
matching is much smaller and the MSE of the other matching estimators is only about 10 to
25% lower than for pair-matching.

——— Table 3.2 about here ———

Whereas the design of the propensity score densities showed a clear impact on the relative

precision of alternative matching estimators, the shape of the regression curve seems to be less

For kernel and (ridged) local linear matching the bandwidth grid is 0.01\/1.2972 for g = 1..59 and the
value co. For k-NN matching the bandwidth grid contains only 30 values: 1..21,25,29,..,53,00. For the
bandwidth value oo no local smoothing takes place and local linear regression corresponds to OLS. For larger

sample sizes the bandwidth grid for A-NN matching is adopted to include larger numbers of neighbours.



important. On average, the relative MSE tends to be somewhat larger for regression curve
2 (with the conspicuous local peak) and slightly smaller for regression curve 3 (with mild
non-linearities). Nevertheless, the alternative estimators perform better than pair-matching
in all designs. In general, ridge matching performs best, followed by local linear matching.
Ridge matching is in most designs the best estimator, and in those designs where it is not, it is
usually not much worse than the best estimator. In addition, ridge matching is in all designs
better than pair-matching. Local linear matching also performs well in many situations,
but can be worse than pair-matching in other situations. While it sometimes performs a
little better than ridge matching, it can be much worse in other designs. In general, local
linear matching seems to be more susceptible to the density design and the regression curve,
performing well in some situations (e.g. when the regression curve is linear) but poorly in
others (e.g. for regression curve 2 with the local peak). Kernel matching, on the other hand,
is less sensitive to the simulation design, but performs worse than ridge matching in almost
all designs. The choice of the kernel function, for these three matching estimators, is of
lesser importance. For ridge matching, the Epanechnikov kernel is slightly preferable to the
Gaussian kernel. For kernel matching it is the Gaussian kernel.

The k-NN matching estimator is in many designs the worst of all matching estimators.
In all designs it has a larger MSE than ridge matching. k-NN matching with Epanechnikov
weights performs somewhat better, but is still always worse than ridge matching. Finally, in
the last two columns the relative MSE of the weighting estimator is given. The MSE of the
simple weighting estimator is always larger than the MSE of pair-matching and can be up
to 25 times larger. The MSE of the capped weighting estimator with optimal capping rule
is given in the last column. The optimal cap is implemented by simulating the MSE for 60
different caps: ¢ = 1..60 and choosing the minimum of these. However, even with this optimal

cap, the capped weighting estimator is clearly worse than pair-matching in all designs.

Table A.2 shows the simulation results for sample size 400. The results are largely similar
as for sample size 100, with all matching estimators becoming somewhat more precise relative
to pair-matching. Particularly the £&-NN matching estimators improve their relative position.
Nevertheless, the unweighted k-NN matching estimator is still the worst among all matching
estimators in many of the designs; and ridge matching is still the best estimator in general.
The relative MSE of the weighting estimator worsens with increasing sample size, and this
trend is continued for sample size 1600 (not shown in the tables).

In total, these simulation results reveal that the potential precision gains can be substan-
tial. On average, ridge matching is about 35% more precise than pair-matching in the De-
signs 1 to 3, about 55% in Design 4 and 25% in Design 5 (for sample size 100 and 400).

3.3 Cross-validation bandwidth choice

The previous section examined the MSE at the optimal bandwidth value. Those results

indicated the potential for precision gains, i.e. the maximum reductions in MSE that could be

6Tt cannot be worse than pair-matching since pair-matching is equal to k-NN matching with k = 1.



achieved by the different estimators. In this section feasible precision gains are analyzed, when
the bandwidth is chosen by cross-validation. Cross-validation is a widely used bandwidth
selector for nonparametric regression, and although it will not lead to asymptotically optimal
bandwidth choices for the matching estimator, it is worthwhile to examine its usefulness in

this setting. Cross-validation chooses the bandwidth as

where 7_; (p) is the estimate with observation i removed from the sample.”

Table 3.3 shows the relative MSE for sample size 100, when the bandwidth is chosen by
cross-validation. (The structure of the table is identical to Table 3.2.) In addition, also the
results for trimmed local linear matching are shown.® In Table 3.3 it is striking how sensitive
the performance of many matching estimators is to the distribution of the propensity score.
The relative MSE of kernel, local linear and A-NN matching decreases substantially (and
by much more than would be expected from Table 3.2) from Design 1 to Design 3. The
MSE of kernel matching is reduced from around 95% in Design 1 (where the controls and
treated differ sharply in their propensity scores) to around 75% in Design 3 (where the
propensity score densities are very similar). The relative improvement is even more drastic
for local linear matching and k-NN matching, which both perform very poorly in Designs 1
and 2. The particularly poor performance of local linear matching is ameliorated a little when
trimming is introduced. Trimming discards treated observations from the sample if they are
located in regions where there are few control observations. Table 3.3 gives the MSE of the
trimmed local linear matching estimator (for Epanechnikov and for Gaussian kernel) for three
different trimming rules: The 2%, 5%, or 10%, respectively, of the treated observations with
the smallest values of f, p—g (p:) are deleted.” The trimmed local linear matching estimator
has a significantly lower MSE in Designs 1 and 2 than the non-trimmed estimator. However,
its MSE is still very often higher than for pair-matching. In addition, it is not clear how the
trimming level should be chosen in practice. Whereas a trimming level of 10% would often be
the best choice in Design 1 and Design 5, a trimming level of 2% or 5% would be preferable
in Designs 2 and 3. In Design 4, a trimming level of 10% would lead to substantially worse
results than no trimming at all. Ridge matching, in contrast, is notably less sensitive to
design choice. Its MSE decreases only slightly from around 80% in Design 1 to around 75%
in Design 3. In Design 4 it is around 70% and in Design 5 around 90%.

In Design 4 (where the number of controls greatly exceeds the number of treated), all esti-

"For kernel and (ridged) local linear matching the bandwidth search grid is 0.01-1.297! for g = 1..29 and
the value co. For k-NN matching the grid is: 1..21,25,29,..,53, co.

8In the Monte Carlo simulations, trimming was implemented for all the other matching estimators as well.
Here the trimming results are shown only for local linear matching, since for all other estimators trimming
always led to an increase in MSE. The other results are available from the author.

In the simulations, trimming has been carried out on the basis of the true density function fpp=0 and

on the basis of the estimated density function me:o. The results were similar and often slightly better for

me:O. Table 3.3 reports only the results based on the estimated density function.
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mators perform well and their relative MSE are very similar: about 70%. In such a situation,
trimming seems not to be useful for local linear matching (particularly in larger samples, see
Tables A.3 and A.4). In Design 5, on the other hand, where the control observations are
scarce, only ridge matching consistently dominates pair-matching. All other estimators are
usually worse than pair-matching. Ridge matching with Epanechnikov kernel is, in fact, the
only estimator that is never worse than pair-matching in any of the designs. In addition,
ridge matching is often the best estimator in Designs 1, 2 and 5, and where it is not, it is
usually not much worse. Indeed, this holds not only for the more demanding Designs 1,2 and

5, but also for the more favourable Designs 3 and 4.

While the density design strongly influences the relative performance of all matching
estimators, the pattern is less clear-cut with respect to the shape of the regression curve
m(p). For regression curve ma, ridge matching is the best estimator in all density designs.
Nevertheless, the relative MSE of ridge matching is, in general, only very little affected
by the shape of the regression curve. The (non-trimmed) local linear matching estimators
perform, as expected, relatively better for the straight regression line (mj), while the k-
NN matching estimators perform relatively better for regression curves ms and mg. These
patterns, however, are weak and much less pronounced as the dependency on the density
design. The differences with respect to the choice of the kernel function are also not very
evident. In general, the Epanechnikov kernel is somewhat better suited for ridge matching,
while the Gaussian works slightly better for kernel matching.

—— Table 3.3 about here ——

Tables A.3 and A.4 provide the simulation results for sample size 400 and 1600, respec-
tively. With increasing sample size all estimators, except k-NN matching, become more pre-
cise vis-a-vis pair-matching. The relative MSE of k-NN matching decreases for Designs 2
and 3, but increases substantially for some regression curves in the Designs 1 and 5. Local
linear matching (without trimming) improves significantly with larger sample size, and with
1600 observations it comes close to ridge matching and kernel matching in Designs 2, 3 and
4. In the more demanding Designs 1 and 5, however, it is still often substantially worse than
pair-matching. Trimming improves upon the local linear matching estimator in Designs 1
and 5, but not enough to dominate the pair-matching estimator. In addition, the optimal
trimming level needs to be found in practice, as the appropriate trimming differs with sample
size. Whereas 5% trimming is best in Designs 1 and 5 for sample size 400, it would lead to
worse results than no trimming for sample size 1600. With 1600 observations, 2% trimming
would be appropriate for Designs 1 and 5 and no trimming for Designs 2, 3 and 4. But even
with appropriate trimming, local linear matching is still usually worse than ridge matching.

The relative MSE of Kernel matching decreases when the sample size is increased from
100 to 400. A further increase to sample size 1600 affects its MSE only little, except for
Design 5. Kernel matching is the best estimator for various regression curves in the Designs
2, 3 and 4, and it has the lowest MSE in Designs 3 and 4 with respect to the average over all

six regression curves. On the other hand, kernel matching can be worse than pair-matching
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in Designs 1 and 5 even with 1600 observations.

Finally, ridge matching is still the most appealing of all estimators. Although its merits
are less compelling in larger samples than they were with 100 observations, it is still most
often the estimator with the lowest MSE. Even when it is worse than kernel matching, the
difference is usually not large. In addition, ridge matching is least sensitive to design choice
and the shape of the regression curve m(p). As a rough measure of its robustness to the
simulation design, the standard deviation of the relative MSE for the 30 different simulation
designs (5 density designs times 6 regression curves) is computed from Table A.3. This
standard deviation is only 6.1 for ridge matching with Epanechnikov kernel, while it is 15.1
for kernel matching with Gaussian kernel and far higher for all other estimators. Also the
range between the smallest and the largest MSE is much smaller for ridge matching. Hence,
the performance of ridge matching relative to pair-matching is much more stable than it is
for the other estimators. In addition, it is the only estimator whose MSE never exceeded
the MSE of pair-matching in any simulation. In total, ridge matching is about 25% more
precise than pair-matching. When the number of control observations is much larger than
the number of treated (Design 4), the MSE of ridge matching is about 30% lower than the
MSE of pair-matching. In the reverse situation, when the number of treated predominates
(Design 5), the precision gains are smaller and depend on the sample size. If the sample is
small (about 80 treated and 20 control observations), the precision gains are around 10% and
they increase to around 30% for sample size 1600 observations (with about 320 non-treated).

With respect to the shape of the regression curve, no consistent pattern can be detected.

4 Conclusions

In this paper the finite-sample properties of various propensity-score matching estimators of
the counterfactual mean (which is the central ingredient to the computation of average treat-
ment effects) were analyzed. First, the potential efficiency gains of alternative matching esti-
mators vis-a-vis pair-matching were assessed, i.e. it was examined by how much MSE could
be reduced if the optimal bandwidth were known. In general, ridge matching demonstrated
the largest potential. In the designs were the number of treated and control observations
were about equal, its MSE was about 35% lower. It was about 55% lower when the control
observations exceeded the number of treated by 4:1, and about 25% lower when the ratio of
controls to treated was 1:4. Nearly regardless of the Monte Carlo design, ridge matching was
usually the best estimator, particularly in small samples.

While these simulations indicated the potential for precision gains, in practice a data-
driven bandwidth choice is necessary to choose the bandwidth value. A handy and easy
to implement bandwidth selector is cross validation of the nonparametric regression es-
timator. Although cross-validation will not lead to asymptotically optimal bandwidth
choices, it seems to work well in practice for some estimators, at least for the sample sizes

considered. In the rather facile simulation designs (similar characteristics of treated and
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control populations, or a large control-to-treated ratio), kernel matching was often the best
estimator, immediately followed by ridge matching. In more demanding situations (small
sample size, large differences in the characteristics of treated and control samples, or a
small number of control observations), however, kernel matching performed usually worse
than ridge matching and sometimes even worse than pair-matching. Ridge matching with
Epanechnikov kernel was, particularly in the more demanding designs, often the estimator
with smallest MSE. In addition, its relative MSE was least sensitive to the simulation design,
and it was always lower than for pair-matching. Hence, for a practical guidance on estimator
choice, ridge matching seems to be a good choice in most situations. (If the control-treated
ratio is large, kernel matching is also an option.) The precision gains of ridge matching did
not depend much on the shape of the regression curve and also not much on the shapes of
the propensity score densities, but were affected somewhat by the control-to-treated ratio.
For about equal numbers of controls and treated, ridge matching was about 25% more
precise than pair-matching. For a control-treated ratio of 4:1, the reductions in MSE were
about 30%, while they were about 10-30% (depending on sample size) for a control-treated
ratio of 1:4. (To put these figures in perspective, a reduction in MSE of 25% means that
pair-matching would require about 33% more observations to achieve the same precision.)
Although these reductions in MSE are substantial, they do not reach the potential precision
gains. Particularly in the designs where the control observations exceeded the treated by 4:1,
the potential for further improvement through a better bandwidth choice seems greatest.
Nevertheless, in all other designs, the difference to the potential precision gains are not very
large and the development of a superior bandwidth selector might be difficult.

The performance of local linear matching with cross-validation bandwidth selection, on
the other hand, was deceptive. Although trimming improved upon its MSE, it was still
clearly worse than ridge matching in most designs. Hence, trimming seems not to be the
best response to deal with the variance problems of the local linear regression estimator. In
addition, it might be difficult in practice to determine the optimal trimming level. k-NN
matching was also not very successful. Finally, the weighting estimator turned out be worst
of all. Even with an optimal capping rule it is far worse than pair-matching in all of the

designs.

A Appendix

A.1 Generation of the propensity score distributions

To have a simple but versatile design for the generation of different distributions of the
propensity score (fyp—1 and f,p—o), the propensity score is specified as p(z) = a + S,
where X is one-dimensional and distributed symmetrically in (0,1). The parameters o and
B are chosen such that 0 < p(x) < 1. The propensity score values thus range from o
to a 4+ B. Denote the expected value of the propensity score by P, which is given by
P, = E[p(X)] = a+ (/2. Let Py denote the size of the non-treated population: Py =1— P;.
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For this specification, the ensuing densities f, p—; and f,p—¢ are thus!'?

fop=1(p) = %'fx (p;a>

fpmo(p) = =22y <ﬂ> a<p<a+p

BPy B

and the ratio of both densities is accordingly given by

fop=1(p)  p P

fp|D:0(p) S 1- pFl.

Hence in a design where the treated and non-treated populations are of equal size (P, = Fp),

the ratio f,p—; /fp\D:() is one at p = 0.5 and close to one in its neighbourhood. To be able to
generate large differences between f,p—; and f,p—o (and thus a large value of KLIC, as in
the first graph of Figure 3.1) requires that the distribution of X has substantial probability
mass in its ’tails’. In addition, to ensure that the support of X is identical in the treated and
the non-treated population, lim, o fx(z) and limgy; fx(x) should be both 0. The Johnson

Sp family provides a convenient distribution satisfying these properties, which is depicted in

)> O<x <,

Figure A.1. Its density is

0= gz o (1

1—=x

see Johnson, Kotz, and Balakrishnan (1994, p. 37, v =0, 6 = v/0.5) or Johnson (1949).

Figure A.1: Density of fx

o

£(x)

0.0 0.3 0.6 0.9

A.2 The regression curves

Table A.1: Regression curves m(p)

mi(p) =0.154+0.7p

ma(p) = 0.1+ £ + Lexp (—200 (p— 0.7)2)

ms(p) =08 —2(p—0.9%—5(p—0.7)> =10 (p — 0.6)""
ma(p) = 0.2+ vT—p—0.6(0.9 — p)>

ms(p) = 0.2+ T —p—0.6(0.9 — p)> — 0.1pcos(30p)
me(p) = 0.4 + 0.25sin (8p — 5) + 0.4exp (—16 (4p — 2.5)2)

1
Y foip=1(p) = 25 Fpip=1(p) = a%{l [p(x) < pl fx|p=1(z)de = -

g%fx (‘Dg_a) because leD:l(gg) = 2( x)fx(x)
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—— Table A.2 about here ———
—— Table A.3 about here ——

——— Table A.4 about here ————
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Table 3.2: Mean Squared Error of Estimated Counterfactual Mean Outcome at Optimal Bandwidth
Value, Sample Size 100

MSE for MSE relative to that of Pair Matching

Desi Pair- Kernel matching Local I|r_1ear Ridge matching | k-NN matching We!ghtmg

esign matching matching estimator
Epa Gauss | Epa Gauss | Epa  (Gauss - Epa - opt

my 1.77 90.4 83.9 58.6 58.2 58.5 57.6 84.6 80.4 2555 1175
mz 2.86 67.6 838 | 1096 1059 | 64.1 81.4 98.7  100.8 922 520
U 1.54 69.3 66.5 65.2 64.5 64.9 61.3 68.8 66.5 2528 1337
my 1.81 92.9 83.9 67.6 63.0 69.4 71.3 93.4 89.7 958 633
ms 1.96 83.3 82.6 73.7 70.5 73.1 76.6 96.0 91.2 1033 623
me | 215 | 672 711 | 1006 805 | 740 773 | 811 814 | 1111 671
2.01 78.5 78.6 79.2 73.7 67.3 70.9 87.1 85.0 1518 827

my 1.30 7.7 77.0 70.0 71.8 705 71.8 82.4 79.8 812 654
mz 1.83 81.8 809 | 1164 9438 745 80.1 97.4 89.9 435 387

5 M 1.11 66.9 67.3 63.4 63.4 63.8 62.6 73.2 70.7 885 755
my 1.06 73.4 70.0 69.0 66.6 68.7 64.6 85.2 83.9 449 413
ms 1.07 73.5 72.4 73.3 69.6 71.3 68.9 85.2 81.6 475 422
me | 157 | 735 718 | 680 628 | 624 697 | 8563 856 | 452 396
1.33 74.4 73.2 76.7 71.5 68.5 69.6 84.8 81.9 585 504

my 1.19 73.7 74.0 74.0 76.0 68.0 70.8 74.6 754 326 312
mz 1.58 81.3 81.7 92.0 86.5 4.7 77.8 89.8 87.5 224 227

3 M 0.95 66.4 65.3 64.7 64.8 62.9 62.6 721 69.8 371 370
my 0.83 64.9 64.1 61.0 61.2 62.9 60.1 731 70.4 157 153
ms 0.84 64.5 63.5 63.6 61.3 63.0 60.2 76.8 74.6 163 161
me | 140 | 715 700 | 592 576 | 576 629 | 843 816 | 210 204
1.13 70.4 69.8 69.1 67.9 64.8 65.7 78.4 76.6 242 238

my 2.08 67.3 68.3 711 70.7 68.3 66.3 68.2 70.5 198 190
m; 3.03 58.8 57.7 59.9 57.3 574 56.7 78.6 68.5 106 108

g M 1.75 56.3 57.8 46.1 45.7 43.8 43.9 64.6 63.9 226 224
my 1.56 53.3 52.6 36.1 34.7 35.8 33.6 61.0 59.9 126 125
ms 1.57 51.1 51.7 35.1 35.8 31.5 34.5 63.5 59.1 131 132
me | 285 | 426 418 | 289 288 | 293 279 | 690 637 | 107 105
2.14 54.9 55.0 46.2 45.5 443 43.8 67.5 64.3 149 147

my 2.23 105.8  88.7 61.2 61.6 65.3 64.3 97.5 91.9 2243 804
m; 4.54 78.8 77.0 81.5 82.3 753 77.6 96.4 84.7 667 336

5 M 1.88 91.8 81.7 93.7 1202 | 80.5 82.9 97.8 88.6 2156 952
my 2.29 88.7 87.3 764 83.0 76.9 78.1 95.4 95.4 771 424
ms 2.49 86.5 87.8 78.8 84.6 7641 78.9 96.6 92.9 755 392
me | 307 | 830 891 | 1501 1839 | 756 924 | 953 922 | 920 441
2.75 89.1 85.3 903 1026 | 75.0 79.0 96.5 91.0 1252 558

Note: The first two columns indicate the design of the propensity score densities and the regression curve, respectively. MSE of Pair-
matching multiplied by 1000. MSE of all other estimators given relative to MSE of pair-matching (in %). In each row, the estimator
with the minimum MSE and all estimators with MSE not larger than 0.5 above the minimum are underlined. Epa indicates
Epanechnikov kernel, Gauss indicates Gaussian kernel. The MSE of the matching estimators is given at the simulated optimal
bandwidth value, which is simulated over a grid of 60 different values (30 values for k-NN matching). Simulations are based on
10'000 replications.



Table 3.3: Relative Mean Squared Error of Estimated Counterfactual Mean Outcome (relative to
MSE of Pair-Matching), Bandwidth Value chosen by Cross Validation, Sample Size 100

Kernel Local linear matching with Local linear matching with Ridge k-NN matchin
matching Epanechnikov kernel Gauss kernel matching g
Epa Gauss - trim2% trim5% trim10% - trim2% trim5% tim10% Epa Gauss - Epa

1048 96.5 | 1058 1041 1079 126.0 | 109.2 103.8 1056 1215 | 76.2 714 | 1628 146.1
735 926 | 168.2 158.0 1466 129.8 | 258.8 2221 1888 150.0 | 70.1 919 | 1373 1191
783 749 | 2120 1913 1716 150.1 | 2761 2341 1995 1645 | 784 773 | 1065 99.3
1194 1181|1075 959 904 947 | 1296 1095 979 963 | 846 83.6 | 211.5 196.7
1122 1113|1336 1162 1031 956 | 1804 1458 1199 1025 | 879 894 | 1739 161.6

1263 991 | 1377 1332 1339 151.0| 909 921 1008 1296 | 915 824 | 1483 1344
870 982 | 1185 1119 1056 1017 | 8.8 843 836 889 | 751 931 | 1274 108.9
116.8 102.1 | 223.7 203.9 1841 1642 | 1494 1445 1449 155.0 | 979 90.7 | 1611 142.0
106.3 108.3 | 149.8 1284 1093 923 | 1149 1026 924 832 | 936 954 | 1428 1355
994 1022 | 156.8 134.6 1141 942 | 1211 1076 959 843 | 898 937 | 126.3 1209

Note: MSE of matching estimators relative to MSE of pair-matching (in %). In each row, the estimator with the minimum MSE and all
estimators with MSE not larger than 0.5 above the minimum are underlined. Epa indicates Epanechnikov kernel, Gauss indicates
Gaussian kernel. Trim 2% means that estimator is trimmed by deleting the 2% of the observations with lowest density. The
bandwidth is chosen by leave-one-out cross validation of the nonparametric regression estimator, over a grid of 30 different values.
Simulations are based on 10'000 replications.



Table A.2: Mean Squared Error of Estimated Counterfactual Mean Outcome at Optimal Bandwidth
Value, Sample Size 400

MSE for MSE relative to that of Pair Matching
Desi Pair- Kernel matching Local I|r_1ear Ridge matching | k-NN matching We!ghtmg
esign matching matching estimator
Epa Gauss | Epa Gauss | Epa  Gauss - Epa - opt
my 0.46 771 73.4 551 54.7 56.2 59.2 75.6 74.6 2422 1455
mz 0.56 76.9 769 | 1252 1046 | 752 772 78.6 748 1192 830
U 0.44 58.2 58.2 53.8 52.6 56.0 53.4 58.7 522 | 2225 1509
my 0.44 89.2 7.7 60.1 59.4 58.1 60.8 89.3 83.0 972 798
ms 0.43 75.6 74.0 73.0 72.6 72.2 64.2 73.7 71.6 1160 863
me | 056 | 598 590 | 795 792 | 733 739 | 761 723 | 1089 806
0.48 72.8 69.9 745 70.5 65.2 64.8 75.3 714 1510 1044
my 0.34 71.3 74.1 73.5 70.2 66.4 71.5 71.5 72.2 786 735
mz 0.42 80.6 79.6 75.3 76.8 69.7 74.0 83.2 76.5 467 459
o M 0.28 64.7 64.0 63.5 60.7 61.2 58.0 67.1 64.3 878 848
my 0.26 68.3 69.4 68.1 63.8 68.6 63.8 75.5 71.6 459 451
ms 0.25 68.7 69.9 7.4 66.3 70.5 64.8 72.0 68.4 483 465
ms | 038 | 724 683 | 632 660 | 595 706 | 827 807 | 461 440
0.32 71.0 70.9 69.2 67.3 66.0 67.1 75.3 72.3 589 566
my 0.30 72.7 72.5 70.7 70.2 74.1 71.5 77.2 74.0 324 319
mz 0.39 78.6 79.3 11 73.7 75.3 76.5 80.7 81.1 225 223
3 M 0.24 67.0 65.2 60.6 60.1 60.0 59.5 67.0 65.5 365 355
my 0.20 63.0 62.8 58.8 60.6 57.0 59.0 68.8 63.7 154 154
ms 0.21 63.2 64.3 60.2 60.8 60.7 57.5 66.1 65.0 161 157
ms | 035 | 700 662 | 508 607 | 593 649 | 791 802 | 210 205
0.28 69.1 68.4 63.5 64.4 64.4 64.8 731 71.6 240 236
my 0.50 70.4 69.6 71.8 70.0 72.7 68.8 711 69.9 198 199
mz 0.74 61.0 64.2 58.1 59.1 60.4 60.8 76.7 69.5 110 109
g M 0.43 59.2 60.4 46.7 45.9 47.0 50.6 63.8 61.8 228 233
my 0.40 57.4 57.7 33.8 34.1 32.0 34.6 60.4 61.2 128 126
ms 0.39 56.8 53.5 33.3 33.7 32.5 33.5 62.2 59.1 131 134
me | 067 | 464 505 | 279 284 | 291 272 | 697 649 | 109 109
0.52 58.5 59.3 453 45.2 45.6 45.9 67.3 64.4 151 152
my 0.52 87.5 79.1 59.6 58.0 58.5 59.5 84.4 83.7 2269 1209
mz 0.64 7.7 89.2 | 1599  130.1 83.9 89.9 98.1 99.7 1192 758
5 M 0.47 67.4 68.2 68.3 68.8 68.8 65.4 68.2 67.9 2108 1287
my 0.53 92.3 83.5 67.5 68.0 79.1 71.6 91.3 97.5 786 565
ms 0.48 96.9 82.2 84.6 86.0 85.7 72.8 94.5 95.8 927 617
me | 057 | 752 776 | 1116 935 | 765 899 | 797 805 | 1157 782
0.54 82.9 80.0 91.9 84.1 754 74.9 86.0 87.5 1407 870

Note: The first two columns indicate the design of the propensity score densities and the regression curve, respectively. MSE of Pair-
matching multiplied by 1000. MSE of all other estimators given relative to MSE of pair-matching (in %). In each row, the estimator
with the minimum MSE and all estimators with MSE not larger than 0.5 above the minimum are underlined. Epa indicates
Epanechnikov kernel, Gauss indicates Gaussian kernel. The MSE of the matching estimators is given at the simulated optimal
bandwidth value, which is simulated over a grid of 60 different values (30 values for k-NN matching). Simulations are based on 5'000
replications.



Table A.3: Relative Mean Squared Error of Estimated Counterfactual Mean Outcome (relative to
MSE of Pair-Matching), Bandwidth Value chosen by Cross Validation, Sample Size 400

Kernel Local linear matching with Local linear matching with Ridge k-NN matchin
matching Epanechnikov kernel Gauss kernel matching g
Epa Gauss - trim2% trim5% trim10% - trim2% trim5% tim10% Epa Gauss - Epa

927 903 | 748 762 981 1862 | 763 767 99.0 1891 | 66.0 645 | 1969 1921
783 783 | 1365 1229 1063 931 |2791 2101 1517 1074 | 784 803 | 114.7 105.9
635 641 | 1305 1096 942 1004 | 1659 1256 980 974 | 740 724 | 818 733
1196 1140 | 917 765 883 169.0| 904 755 905 1791 | 713 675 | 327.0 3015
839 763 | 1091 97.7 1012 1610|2091 143.0 1139 1627 | 803 757 | 220.7 1941

973 942 | 1821 156.8 1381 1573 | 2395 1884 1540 1664 | 80.8 80.8 | 167.8 156.3
Note: MSE of matching estimators relative to MSE of pair-matching (in %). In each row, the estimator with the minimum MSE and all
estimators with MSE not larger than 0.5 above the minimum are underlined. Epa indicates Epanechnikov kernel, Gauss indicates
Gaussian kernel. Trim 2% means that estimator is trimmed by deleting the 2% of the observations with lowest density. The
bandwidth is chosen by leave-one-out cross validation of the nonparametric regression estimator, over a grid of 30 different values.
Simulations are based on 5'000 replications.




Table A.4: Relative Mean Squared Error of Estimated Counterfactual Mean Outcome (relative to
MSE of Pair-Matching), Bandwidth Value chosen by Cross Validation, Sample Size 1600

Kernel Local linear matching with Local linear matching with Ridge k-NN matching
matching Epanechnikov kernel Gauss kernel matching

Epa Gauss - tim2% tim5% trim10% - tim2% trim 5% trim10% | Epa  Gauss - Epa
933 9.0 | 634 817 1829 5419 | 549 719 1723 58356 | 62.7 622 | 3273 2729
715 712 [ 1019 851 758 895 | 1411 929 844 1043 | 769 753 | 747 796
614 620 | 1046 768 744 1479 | 911 722 774 1527 | 73.0 750 | 528 65.0
1183 1261 | 854 772 1855 5943 | 746 740 1853 588.6 | 69.3 63.3 | 399.8 5514
739 735 | 1041 976 1746 4574 | 895 925 1785 4613 | 792 726 | 1209 1458
722 7111102 889 728 770 | 1272 827 662 747 | 737 840 | 1017 1127
818 833 | 949 846 1277 3180 | 964 81.0 1273 3195 | 725 721 | 1795 204.6
819 802 | 761 1184 3249 10415| 686 982 2724 9050 | 738 67.5 | 106.0 118.9
762 741 | 769 845 1091 1765 | 802 824 1021 160.7 | 79.7 764 | 824 86.4
629 648 | 69.2 749 1174 3355 | 721 813 1261 3390 | 679 643 | 585 836
825 814 | 892 7741 2791 10233| 946 717 2726 10429| 879 87.0 | 1342 1313
671 66.0 | 66.1 1055 2898 859.9 | 686 1075 2763 8123 | 649 634 | 8.0 654
801 764 | 774 772 816 1233|779 758 791 1234|780 759 | 1038 800
751 738 | 757 896 2003 5933 | 770 862 1881 5639 | 754 724 | 950 943
769 770 | 742 1243 358.7 1038.4| 756 1224 3272 919.0| 73.0 733 | 639 90.0
785 783 | 799 863 1172 1827 | 755 847 1158 1798 | 796 814 | 923 829
631 662 | 719 877 157.0 4401 | 688 832 1485 4100 | 664 701 | 644 625
699 656 | 919 896 3680 1271.0| 8.5 83.0 3313 1139.2| 865 816 | 89.7 783
621 639 | 622 1217 356.0 1076.7| 60.3 1089 311.0 9429 | 628 608 | 674 674
773 760 | 739 755 841 1594 | 771 784 903 1830 | 729 785 | 773 828
73 7.2 | 757 975 2402 6947 | 739 934 2207 6291 | 736 743 | 758 773
759 797 | 764 1001 1993 523.0 | 73.7 1006 2059 5468 | 69.8 700 | 811 764
809 768 | 776 812 897 1102 | 745 770 845 1019 | 770 790 | 699 735
653 664 | 660 705 893 1779 | 693 749 965 191.7| 647 607 | 53.6 658
625 603 | 773 8041 2270 7380 | 675 734 226.0 7446 | 753 791 | 771 748
576 589 | 647 933 2101 5464 | 656 960 2122 5512 | 613 63.0 | 628 622
803 765 | 746 776 827 1013|804 831 879 1066| 77.0 780 | 821 795
704 698 | 728 838 1497 3661 | 718 842 1522 3738 | 709 716 | 711 720
89.1 90.0 | 764 1023 2432 7431 | 786 984 2398 7615 | 659 692 | 1986 2157
762 805 | 150.3 1257 1274 209.0 | 281.7 189.7 1491 2092 | 800 76.7 | 100.3 849
66.1 639 |130.0 1031 1133 2948 | 1526 106.1 110.0 2787 | 71.2 741 | 792 98.2
128.6 1186 | 1044 732 1523 4930 | 848 681 1599 4958 | 725 68.6 | 4429 323.0
86.2 741 | 1020 927 166.4 510.0 |177.3 933 146.6 4813 | 77.3 73.0 | 166.0 1458
686 761 | 1170 941 749 1131|2368 1378 866 1233 | 724 813 | 563 772
858 839 | 1133 985 1463 393.8 | 168.7 1155 1487 3916 | 732 738 | 1739 1575

Note: MSE of matching estimators relative to MSE of pair-matching (in %). In each row, the estimator with the minimum MSE and all
estimators with MSE not larger than 0.5 above the minimum are underlined. Epa indicates Epanechnikov kernel, Gauss indicates
Gaussian kernel. Trim 2% means that estimator is trimmed by deleting the 2% of the observations with lowest density. The
bandwidth is chosen by leave-one-out cross validation of the nonparametric regression estimator, over a grid of 30 different values.
Simulations are based on 1'000 replications.





