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Abstract

Dynamic optimal investment policies are derived for a defined-contribution pension plan under
expected utility maximization and under minimization of the shortfall probability. It is assumed that
the return attributed by the fund on the accrued retirement benefits of employees may depend on the
funding ratio and partly on the investment performance of the fund. The resulting investment policies
are compared with the reference case where the attributed return is assumed to be constant. Under
expected utility maximization the investment strategy becomes more aggressive than in the reference
case if the attributed return increases with the funding ratio. Higher net contributions lead to a more
aggressive investment strategy. However, participation of employees in the investment performance
of the fund has an ambiguous effect on the investment policy. Under expected utility maximization
the funding ratio is lognormally distributed and asymptotically well behaved. For the minimization
of the shortfall probability a technique developed by Pestien and Sudderth (1985) is used. Formulas
for the shortfall probability are derived and discussed.

Keywords: Portfolio choice; Pension finance; Defined-contribution pension fund; Shortfall proba-

bility.

1 Introduction

A central issue in pension finance is the determination of an optimal investment policy. In order to
determine an optimal investment policy some information on the structure of the fund is needed. In
particular, one has to distinguish between defined-benefit and defined-contribution plans. Since for a
defined-benefit plan benefits are defined in advance the plan sponsor and the employees have to adjust
contributions. Due to the fact that the plan sponsor has to bear substantial financial and actuarial
risk and since it is difficult to value the accrued retirement benefits for employees changing their plan
sponsor, this type of pension plan has become less popular in the recent past. In the literature the
optimal investment policy for defined benefit plans is treated by Haberman and Sung (1994), Boulier et
al. (1995), Cairns (2000) or Josa-Fombellida and Rincén-Zapatero (2006) among others.
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There exist various versions of defined-contribution plans. For a defined-contribution plan in the narrow
sense the accrued retirement benefits of employees are invested and the positive or negative fund return
is fully attributed to employee accounts. At retirement each employee obtains the final amount from
his account as a cash payment, respectively as a corresponding pension. Moreover, employees may be
allowed to choose individual investment policies (e.g. 401k-plans in the US, Swedish pension funds). The
pension fund bears no financial risk at all and acts only as a broker between employees and financial
and life insurance markets. Hence employees may be considered as individual investors and their optimal
investment strategies can be derived with standard methods. This kind of problem was analyzed by
several authors. Merton models with state variables (see Merton (1969)) and in particular Adler and
Dumas (1983) deal with this topic in continuous time. In discrete time there are articles by Solnik
(1978), Wise (1984a), Wise (1984b), Wilkie (1985), Sharpe and Tint (1990), Keel and Miiller (1995),
Leippold et al. (2004).

On the other hand, there exist defined-contribution plans where the plan sponsor bears substantial
financial risk (e.g. mandatory part of Swiss pension plans) in order to protect employees against adverse
movements in financial markets. For these plans the financial situation can be represented by the funding
ratio, which is the ratio of the value of assets to the present value of net obligations. Of course, to
assure equal treatment, in such a plan employees cannot choose individual investment policies. But in
case of declining financial markets by decreasing the funding ratio the fund can protect to some extent
the accrued benefits of retiring employees. During prospering markets high fund returns can be used to
raise a low funding ratio. Baumann and Miiller (2008) studied a model where the return attributed to
the individual accounts of employees increases with the funding ratio but does not depend on the fund
return. Such a plan-policy which increases the funding ratio if markets perform well and decreases it in
case of poor market performance leads to an intergenerational transfer of financial risk among employees.
Baumann and Miiller (2008) show that in such a framework the fund can choose investment policies such
that all employees would be worse off, if they acted as individual investors.

In this paper optimal investment strategies for defined-contribution plans will be derived. Similar to the
articles by Browne (1999), Denzler et al. (2001), Miiller and Baumann (2006) the funding ratio is in the
focus of the optimization. But in contrast to these articles, as in the article by Baumann and Miiller
(2008) the liability is endogenous in a model where employees are partly protected against adverse market
movements. It will be assumed that the return attributed to employee accounts depends as well on the
funding ratio as on the funds return which is an extension to the model of Baumann and Miiller (2008).
First, optimal investment policies will be derived for the case where the expected utility of the funding
ratio at the end of a planning horizon has to be maximized. The impact of the partial protection on
the investment policy and the dynamics of the funding ratio will be discussed in detail. Thereafter, we
shall analyze investment strategies minimizing the shortfall probability. A shortfall occurs if the funding

ratio hits a prespecified low level before it attains some target level. The analysis can either be based



on Browne (1997) or on Pestien and Sudderth (1985). It turns out that the optimal investment policy
is highly sensitive to the funding ratio. Finally, the model is extended in order to study the effect of
non-zero net contributions on investment policies and on the dynamics of the funding ratio.

The paper is structured as follows. In section 2 the model is presented and the different model specifica-
tions are discussed. Section 3 deals with optimal investment policies under expected utility maximization.
In section 4 some results by Pestien and Sudderth (1985) are summarized and applied to the shortfall
minimization problem in our model. In section 5 the model is extended to cover non-zero net contributions

to the pension fund. The main results are summarized in section 6.



2 Model Characteristics

In the sense of an overlapping generation model employees continuously enter the plan, pay their contri-
butions and retire after a fixed time period. The fund continuously attributes a return on their accrued
retirement benefits, which are paid out at retirement.

The model is focussed on the fund, which is modelled as follows:

Ay value of assets at time ¢
L;: value of liabilities at time ¢
Cy - net contributions'at time ¢

F = % : funding ratio at time ¢

There are N 4 1 investment opportunities. The price process of the riskless investment opportunity ¢ = 0

is given by
dSo.+

0,

= rdt,

The price processes of the risky investment opportunities ¢ = 1, ..., N are given by geometric Brownian

motions, i.e.

(%)1_1,_“71\/ = (r+m;)i=1,. . ndt + odZ, (1)
where Z; denotes the N-dimensional standard Brownian Motion, ¢ is a regular matrix, 7' = (7y, ..., wx)
denotes the vector of risk premia and V = oo " denotes the covariance matrix.

The fund chooses an investment policy x; € R, ¢t > 0, in order to invest A;. This leads to
dA; = Ay(r 4+ x/ m)dt + Cydt + Ayx,/ 0dZ;. (2)

The return attributed by the fund to the accrued retirement benefits of the employees is given by
dRy = [r+ (1 —a) g (F) + ax:ﬂ'] dt + ax/ 0dZ;, 0<a<1. (3)

For @ = 0 employees bear no short run financial risk and the return is given by dR; = (r + g (F})) dt.
The function ¢ (.) is assumed to be increasing. Hence, & = 0 represents the extreme case where the
return on employee accounts is an increasing function of the funding ratio but does not directly depend
on investment performance.

For 0 < a < 1 the return is partly related to the investment performance and partly to the funding ratio.

The dynamics of the fund liabilities are given by
st = Ltht + Ctdt

or

dLy = [Ly (r+ (1 — @) g (Fy) + ax{ m) + C] dt + aLx] 0dZ;. (4)

1 Contributions of employees minus retirement benefits.



From

o At N dAt At At 2 1
dF, = d(Lt) = T e+ T5 (L) = 73 (d4) (L)
one obtains
dfy _ dA; dLi | (dLi\® _ (dAv) (dLy
Fo A L Ly Ay Ly
or
dF, c; C
?: = {(1 —a) (x{ m—g(F})) + Zi - L—Z —a(l—a) X:VXt:| dt + (1 — a)x/} 0dZ;. (5)

Remark As expected a positive participation rate « reduces the volatility of the funding ratio. The
negative component —a(1l — a)x} Vx; in the drift term results from the fact that asset and liability
returns become positively correlated under a > 0. Due to those effects the participation rate will have

an ambiguous effect on the investment policy.

Model Specifications

In this paper three different model specifications will be analyzed.
First, as a reference case we shall deal with the specification

Al: a=0,9(F) =a,C: =0.

Under A.1 the dynamics of the funding ratio are given by

d?}:t = (x{ ™ —a)dt +x{ 0dZ. (6)
Comment on A.1:
The rate of return attributed to the employees is constant, i.e. it depends neither on the funding ratio
nor on the performance. Under a constant relative risk aversion with respect to the funding ratio the
Merton portfolio represents the optimal investment strategy.
The second case we shall deal with is characterized by
A2 0<a<1,g(F) =k (%) k>0,C, =0.
Under A.2 the dynamics of the funding ratio are given by

dFy

7 = (1—a)(x{m—k(InF, —InF) — ax{ Vx;) dt + (1 — a)x{ 0dZ. (7)
t
Comment on A.2

For a@ = 0 the return on employee accounts is

F,
dR; = (r—l—kz-ln (%)) dt.

F is a critical level for the funding ratio. Below this level employees get less than the riskfree rate on
their accounts. Assumption A.2 will allow to obtain explicit solutions for the optimal investment policy.

Since In (%) may be considered as a measure for over- or underfunding of a pension fund assumption



A.2 is quite natural. Under A.2 the return on employee accounts increases with the funding ratio. This

leads to an intertemporal risk transfer (see Baumann and Miiller (2008)).

Finally we shall analyze the case
A3: 0<a<1,g(F) =k (%) k>0,% -G~ _clnF,ceR,
Under A.3 the dynamics of the funding ratio are given by

dF; _
Ttt =[l-a)x{m—(1-a)k+c)nF+ (1—a)kInF — a(l — a)x{ Vx| dt + (1 — a)x; 0dZ;. (8)
Comment on A.3

Under this assumption some analytical results on the impact of positive or negative net contributions on

the optimal investment policy and on the dynamics of the funding ratio can be obtained. Assumption

A.3 takes into account that positive net contributions draw the funding ratio towards one.

3 Expected utility maximization

In this section the expected utility of the funding ratio Frr at a planning horizon 7' is maximized under
the model specifications A.1 and A.2. The analysis under model specification A.3 is deferred to section

5. The objective function of the fund is given by
E [(1 ~ R~ F%‘R] L R>T
Proposition 1  The investment policy x;, 0 <t < T, mazximizing
E [(1 R F}*R}

s given by
1)
1
Xt = Ev_lﬂ- under A.1 (9)

2)
1

TTlta+t(l-a)(R—1)e0-ahED

Proof. Part 1 is well known.

Xt V= lr under A.2. (10)

Part 2 follows from proposition 7. =
Comment
Under A.1 the Merton portfolio results. Under A.2 the investment policy is more aggressive the farther

away one is from the investment horizon 7. At the investment horizon one obtains xp = which

1
2a+(1-a)R
is still more aggressive than the Merton portfolio if R > 2. For a = 0 the investment strategy under A.2
is more aggressive than the Merton portfolio for R > 1. This result is not surprising since the model
specification A.2 corresponds to an intertemporal risk transfer. Moreover, the impact of the participation

rate o on the investment policy is in fact ambiguous.



Under A.2 one obtains from (8)

1

d(In(Fy)) = [(1 —a) (x{ m7—kInF; + kInF) 5 (1-a?) xtTth} dt+ (1 —a)x/ 0dZ;. (11)

Substituting ¥; = In(F;) and using (10) leads to the Ornstein Uhlenbeck process

— 1l—a)m'Voig
ay; = |k(1- InF -, 12
t [ ( a)(n t)+1+a+(17a)(R71)e(17a)k(t7T) (12)
% (1 fa2) Vi &t
[1+a+(1—a)(R—1)et-akt=—1]?
(1-a) (71'—'—‘/*171')0'5 o
l+a+(1—a)(R—1)el-—akt=1) """
where Z; is a one-dimensional standard Brownian motion.
Proposition 2
The solution Yy = In(F}) of (12) is Gaussian with
E(Y,) = E(Yp)e H1-at (1 - e*kﬂ*a)t) In F (13)
+7rTV_17re_k(1_‘l)(t_T) Il+a+(1—a)(R—1)e0-00=T)
2k(1—a)(R—1) l+a+(1—a)(R—1)e kl-a)T
n 1+« _ 1+«
l+a+(1-—a)(R-1)ek0-a)t=T) 14+a+(1—a)(R—1)ek1-a)T
Var (Y;) = e 209t qp () (14)
7V lge2me)k(T—0) 1+a+(17a)(étcf)e(lfa)k(tfﬂ - 1+o¢+(17a)(1];rgl)e*k(1*“)7"
2 _ _ k(1—a)(t—T)
E(l—a)(R-1) +1In (11~_f;__~(_1(1_a;()}(%R_11§e—k(1—a)T )

Proof. Follows from proposition 8. m

E (Y;) and Var (Y:) in proposition 2 are not easy to interprete. Therefore, some properties of the funding

ratio at the investment horizon T' are summarized in the next proposition.

Proposition 3

1) E(Yr) and Var(Yr) are strictly decreasing in R.

2)
T@ZOE (Yr)>InF (15)
3)
. = alV-lg l+a+(1-a)(R-1) nlTV-in
TlEEOE(YT)_lnFJFk(l—a)(R—l) m( 1+a )_Qk[1+a+(1—a)(R—1)] (16)
_ e A 1 1+a+(1-a)(R-1) 1—a
A Var(Yr) = g m [R—1ln< 1+a >_1+a+(1—a)(R—1)(17)



4) For a =0:

_ g#'V7lmx [ InR 1
j = - — 18
Fim B () =InFd — (Rl QR) (18)
' Vix [ InR 1
i Yr) = - = 19
£m Var (Vr) k(R—1) [R—l R} (19)
5) For a« — 1:
) _ T'V-lxm
liﬂgOVar (Yr) — 0. (21)
Proof. Follows from proposition 9. =
Comments
ad 1) Since
El0-R)" AR = B0 Ry Rn] (22)
= (1- R)716(173)E(YT)+§(17R)2vm(yT) (23)

holds, expected utility maximization is equivalent to mean variance optimization with respect to Y.
Therefore, the monotonicity of E(Yr), Var(Yr) is not surprising.

ad 2) and 3)

According to (15), (16), (17) the stochastic funding ratio Fr is asymptotically well behaved.

ad 4) and 5)

A comparison of (18) and (20) for different levels of relative risk aversion R shows that the impact of
changes in the employee’s participation rate o on Th—I>r<l>o E(Yr) is ambiguous. This ambiguity is also shown

in figure 1 where

fla) = WTV% ( lim B(Vr) _mF) (24)
B 1 ln<1+a+(1a)(R1)) 1
1—a)(R-1) T+a 2l +a+(1—a)(R—1)

is illustrated for different levels of R.
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Figure 1: Impact of o on Tlim E(Yr).
—00

Hence expected utility maximization leads to the following main results:
- For R > 2 the investment policy is more aggressive under model specification A.2 than under A.1.
- The logartihm of the funding ratio In F} follows a Ornstein Uhlenbeck process and is therefore Gaussian.

- The impact of the participation rate a on the investment policy and on Tlim E(In Fr) is ambiguous.
—00

4 Minimization of the Shortfall Probability

4.1 Shortfall Minimization Problem

Under the model specifications A.1, A.2 and an investment policy x; the dynamics of the funding ratio
F; are given by (6), respectively by (7). A shortfall occurs if the funding ratio hits a low level F, before

attaining a target level Fijax.

More formally, it is assumed that the stochastic process F; stops at Tmin if Fir_ . = Fiuin, respectively at

min

Tmax if Fr, .. = Fmax. The shortfall probability is denoted by Prob [Tmin < Tmax]-

max

Hence, the shortfall minimizing problem can be formulated as follows. Starting at an initial funding ratio

Fy € (Finin, Finax) one has to find an investment policy x; such that for the stochastic process

1
dinF, = (x;fw —a— §xtTth> dt + x! odZ; (25)
respectively
_ 1
dinF; = (1 —a) <xtT7r —kInFy +kinF' = 2 (14 a) xtTvXt> dt + (1 — @) x} 0dZ; (26)



the shortfall probability
Prob [Tmin < Tmax)
is minimized.
Shortfall problems are discussed in detail by Browne (1997).
However, we follow Pestien and Sudderth (1985) whose results can be directly applied to our model. The
results of Pestien and Sudderth (1985) needed for our shortfall problem are shortly summarized in the

next subsection.

4.2 Control of a Diffusion to a Goal

Let X; € &£ be stochastic processes with right-continuous paths and left limits satisfying the stochastic

differential equation

dX: = p(Xy)dt+o(Xe)dZy, Xo € (a,b), (u(z),0(z)) €C(z), € [a,b], (27)

Z; is a one-dimensional standard Brownian motion.

The control sets C (z), = € [a,b] are non-empty and bounded, C (z) € R x [0,00) and C (a) = C (b) =
{(0,0)}. Hence, the processes X; are absorbed at a and b.

The assumptions A, B in Pestien and Sudderth (1985), pp. 604, 605 can be replaced by
Assumption A*

o (z) ,00 (z),2 € (a,b) with

(o (2} 70 () = angmax { 22 0 0) 0 (@) € O ) | (29)

are well defined, bounded, Borel-measurable functions with i?f b)ao (z) > 0.
xe(a,

Define the stochastic process X; by
dX] = po (X)) dt + 00 (X])dZy, X = .
The probability that X} attains b is given by
Prob [7* < ]

where

T i=inf {t|X] =b}.

As a special case of the results by Pestien and Sudderth (1985), pp. 604-605 one obtains:
Theorem 4

Assumption A* implies

10



J&(v) dv
Prob [7" < o0] = ;——— (29)

J&(v) dv

a

where £ (v) = exp —QI%dz :
a 0

2. Among all stochastic processes X, € €, Xo = x the process X; mazimizes the probability to attain b.

4.3 Shortfall Minimizing Investment Policy
Now the method of Pestien and Sudderth (1985) can be applied by putting
Xi=Y,=InFi,a=1InFup, b=1nF .

" (o).t € €)= { (%7 = 0= TV, (V) )

under model specification A.1,

x € RN} (30)

respectively

wow) e o) ={ (- (xm—ky-mF)- 30 +a)xVx),
(1-a) (xTvx)°'5) x € RY } (31)

under model specification A.2.

The shortfall minimizing strategy, respectively (uq (), 00 (y)) results from

xTw—a
361%}13 xTVx (32)

respectively from -
xTﬂ'—k(y—lnF) 33
;IEI%}IS xTVx ' (33)

This leads to
Proposition 5

1) Under A.1 the shortfall minimizing investment strategy is given by

_ 2a 1
x(y) _ﬂ-Tv—lﬂ-V . (34)
Moreover
2a2
Holy) = a— —o— (35)
2a
oo(y) = ———3 (36)

(xTV—17)""
2) Under A.2 and y > In Fin > In'F' the shortfall minimizing investment strategy is given by

B Qk(y—lnF)

x (y) T Vin. (37)

11



Moreover

2(1—a?)k? (y—InF)
alV-1x

po(y) = (I—a)k(y—InF)—
21— a)k- (y —InF)

(xTV-17)"?

(38)

ao(y) (39)

Proof. The proof of part 1 is analogous to the proof of proposition 10.

Part 2 follows directly from proposition 10. m

Comments

The model specification A.1 which is used as a reference case leads to constant investment strategy and
the funding ratio follows a geometric Brownian motion. Under the model specification A.2 the investment

policy is highly sensitive to the funding ratio, but does not depend on the participation ratio c.

For Fpax > Fy > Fpin > F the minimum shortfall probability P(Tmin < Tmax) can be calculated with
the method of Pestien and Sudderth (1985). According to the theorem in subsection 4.2 one obtains

In Finax
§(v) dv
P10b [Tmin < Tmax] = T (40)
& (v)dv
In Fiyin
with
[ m
Ho \Z
&(v) =expg —2 / dz
o5 (2)
In Finin
This leads to
Proposition 6
1) Under A.1 the shortfall probability is
(F)l—v (2 )”Tgal" S
min - min V-
Prob(Tmin < Tmax) = b WTVi" for a # % (41)
F I—F—==
(=) -1
In Flhax — In Fy *TVv-lg
Prob(7min max) = f = 42
rob(r < Tmax) mF mF or a 5 (42)
2) Under A.2 the shortfall probability is
In Finax o _xTylx o
(v —1In F) Tk o Tra Yy
Prob [Tmin < Tmax] = In Fo (43)
In Fiyax _ . _xTv-lx 14+
(v —1In F) 2=k eT=ady
In Finin

Proof. Part 1 is proved in appendix B.1.
Part 2 follows from proposition 11. m

Comment

12



Part 1 is a standard result on geometric Brownian motions which can be found e.g. in Rogers and

Williams (1994), 1. 18.

v ix

According to part 2 one obtains for k(1 — a) <

lim _ Prob(7min < Tmax) = 0. (44)
Fuin—F

Hence for F;, close to F and k(1 — ) < # the funding ratio attains the level Fy,.. with a
probability close to one.

Hence, minimizing the shortfall probability leads to the following main results:

- For a constant return attributed to the accrued retirement benefits (model specification A.1) the in-
vestment policy is constant, the funding ratio follows a geometric Brownian motion and the shortfall
probability is given by a standard formula.

- If the return attributed to the accrued retirement benefits depends on the funding ratio and on the

investment performance (model specification A.2) then the investment policy is very sensitive to changes

of the funding ratio but does not depend on the participation rate a. Moreover, for k < ”2T(¥__;)” the

shortfall probability tends to zero if Fin tends to F.

5 Role of Net Contributions

In this section model specification A.3 which takes into account non-zero net contributions, is discussed.

Hence the dynamics of the funding ratio are given by (8).

In the subsections 5.1, 5.2 we analyze optimal investment policies under expected utility maximization and
under shortfall minimization for this extended framework. In particular the impact of net contributions

on the optimal investment policy will be discussed.

5.1 Expected Utility Maximization with Net Contributions

As in section 3 the expected utility of the funding ratio Fp at a planning horizon T is maximized. In

analogy to proposition 1 we get

Proposition 7

Under model specification A.3 the investment policy x;, 0 <t < T, mazimizing
E [(1 ~R)"! F}‘R}

is given by
1
= Vi, 45
Tat(-a)B-Deatamaen’ T (4)

Proof. See Appendix B.2. m

Xt

13



Comment
Higher net contributions lead to a more aggressive investment policy.
In analogy to (12) one obtains for Y; = In F}

1-a)nTV-ig
14+a+ (1 _ a) (R _ 1) e[(l—a)k+c](t—T)

e = {-10-0k+dY+h0-amF+
Ty -1

L) mVom S bt

2 [1+a+(1-a)(R-1)ell-)ktd@=T)]

(1-a) (71'TV’171')0'5
1+a+(1—a)(R-1)el(d-a)ktdt=T)

az; (46)
and in analogy to proposition 2 we get

Proposition 8

The solution Y; =In F; of (46) is Gaussian with

l—a)klnF
E(Y, _ —[(1—a)k+c]t L E(Y ( [(1—a)k+c]t -1
() ¢ (0)+(1—a)k+c (e )
+ m V7 -kt [o, (L e+ (1—a) (R 1) -ttt
2[(1-a)k+c(R-1) l+a+(1—a)(R—1)e [0-a)ktdT

n 1+« B 1+« (47)
I+a+(1—a)(R—1)eld-a)k+dt=T) 14 a+ (1—a)(R~—1)e [E-a)k+dT

and

aly—1ig
Var (Y;) = e 20-ak+edt v (vp) + 2A—a)k+e)(T—t) |
[(1—a)k+d(R—1)

14+« _ 1+«
l+a+(1—a)(R—1)ell=a)k+dt=T) 14+ o+ (1—a)(R—1)e [A-a)k+dT

_ _ [(I—a)k+c](t—T)
tn l+a+(1—-a)(R 1)67 . (48)
l1+a+(1—a)(R—1)e (t-a)kt+dT
Proof. See Appendix B.3. m
The properties of the funding ratio at the investment horizon T are given by
Proposition 9
Assume (1 —a)k+c¢> 0. Then
1) E(Yr) and Var(Yr) are strictly decreasing in R.
2)
. 1-a)k — nlVv-lg l+a+(1-a)(R-1)
lim E(Y; = —————InF 1 4
Am () T—akte ™ "TM-aktdE-D " 1+« (49)
_ 1-a nlV-lg
2[(l—a)k+¢ 1+a+(1-a)(R-1)
nlv-ig l+a+(1—a)(R-1)
lim Var(Y; 1
Aim Var(Yr) (I—a)k+d(R—12 ( 1+a > (50)

11—« *TVv-1lg
[I—a)k+dR-1) 1+a+(l—a)(R-1)

14



3)

. (1-a)k _
lim F (Y] ——— InF. 51
T (T)>(1—a)k+cn (51
4) For a =0
) k _ w'v-lgx /[ InR 1
TII_IEOE(YT) B l€+clnF+ k+c <R—1_ﬁ> (52)
alv-lig InR 1
lim Var (Y; = - —=.
Am Var (Yr) (k+teo)(R—1) <R—1 R)
5 ) For aa— 1,¢>0
Tlim E(Yr)— O,Tlim Var (Yr) — 0.
For a —1,c=0
, _ alv-ig
TIEI;OE(YT>—>IDF+T’TIEEOVGT (YT)—>0 (53)

Proof. See Appendix B.4. =

Comment

From (49), (52) it can be seen that for ' < 1 the effect of net contributions on Th—r»%o E(Yr) is ambiguous.
Positive net contributions draw TJLI};O E (Yr) towards zero. The term % In F reflects the fact that
for a given investment policy positive net contributions draw the funding ratio closer to one.

According to (50) %eréo Var(Yr) decreases with higher net contributions.

Hence under expected utility maximization net contributions have the following main effects:

- Positive net contributions (¢ > 0) lead to a more aggressive investment policy.

- Positive net contributions (¢ > 0) pull Tlim E(In Fr) and Tlim Var(ln Fr) towards zero.
— 00 —00

5.2 Minimization of the Shortfall Probability with Net Contributions

Obviously equation (30), respectively (31) has to be modified to

o) < €)= { (=) (xTm— (ko T2 )yt kT - G0+ axTVx) (60

l—«

(1-a) (XTVX)0'5) ’ x € RN} .

The shortfall minimizing strategy, respectively (u,(y),o0(y)) result from

mlx— (k’ + 1fa) y+klnF

XERN xTVx ' (55)

This leads to

Proposition 10  Under A.8 and y > In F;, > ((1_0‘)k InF the shortfall minimizing investment

1—a)k+c
strategy is given by

c (1—a)k n
nTV-1lg

) Vi, (56)

x(y) =

Moreover
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i) = [1-a)k+d(y- gy ) 57)

—2(1-a?) <k 4 ﬁ)Q (y - % In F>2 (=7V 1)

oo (y) = 2[(1 —a)k + ¢ <y - % In F) (xTV ) (58)
Proof. See Appendix B.5. =
Comment
Inserting In F} = % InF,x; = 0 into (8) leads to dF; = 0. Therefore formula (56) for the shortfall

minimizing investment policy is quite natural. For a funding ratio larger (smaller) than one, i.e. y > 0
(y < 0), higher net contributions lead to a more (less) aggressive investment strategy.
In analogy to proposition 6 one obtains

Proposition 11  Under A.3 the shortfall probability is

In Fnax (1—a)k N\ RS Lie
1“/;, (’U*mlﬂF) ~61—a”d"u
Prob (Tmin < Tmax) = lnr;_‘ 0 —F T ; (59)
max _ -\ — —a)ktc 1+
() T
In Finin
where In Fnax > In Fy > In Fuyin > oy - In .
Proof. See Appendix B.6. m
For (1—a)k+c< % formula (44) becomes
lirln L Prob (Tmin < Tmax) = 0. (60)
In Foin— (1[;‘;3“ In F

The results on the minimization of the shortfall probability may be interpreted as follows:
- Positive net contributions (¢ > 0) pull In F; towards zero.

- Therefore positive net contributions (¢ > 0) lead to a less aggressive shortfall minimizing strategy for

0>InF > % InF and to a more aggressive strategy for In F; > 0.
- ForIn F} < % In F even a riskless strategy would increase the funding ratio in the case of positive

net contributions (¢ > 0).

6 Conclusion

In this paper we analyzed optimal investment strategies for a defined contribution pension plan. Crucial
for the model were the assumptions with respect to the return attributed by the fund on the accrued
retirement benefits of employees. For this attribution rate we used three different model specifications

(A.1, A.2, A.3). The model specification A.1, where the attribution rate is a constant, was used as a

16



reference case. Under model specification A.2 the attribution rate depends on the funding ratio and partly
on the investment performance of the fund. Model specification A.3 admits non-zero net contributions
to the fund.

Under these model specifications we dealt first with expected utility maximization of the funding ratio at
the investment horizon. Model specification A.1 leads to the Merton portfolio. For model specification
A.2 the investment strategy is more aggressive than the Merton portfolio, provided the relative risk
aversion is at least two. The participation of employees in the investment performance of the fund has
an ambiguous effect on the optimal investment policy. This can be explained by the fact that such a
participation leads to positive correlation between the growth rates of assets and liabilities. Under model
specification A.3 positive (negative) net contributions lead to a more (less) aggressive investment strategy.
The funding ratio is lognormally distributed and asymptotically well behaved for all model specifications.
For the minimization of the shortfall probability a technique developed by Pestien and Sudderth (1985)
was used. Model specification A.1 leads to constant portfolio weights and the funding ratio follows a
geometric Brownian motion. For model specifications A.2 and A.3 the optimal portfolios are highly
sensitive to the funding ratio. Under A.2 the participation of employees in the investment performance
has no influence on the optimal investment strategy. For all model specifications shortfall probabilities

were calculated.

Appendix B.1

Proof of proposition 6

From (35), (36) and (40) one concludes

Y Ty —1
@ = ool [ (TLT 1)

In Fmin

Ty, —1
= exp { (1 — 7”;%) (v — lnFmin)}

In 7]“)(6(17 ﬂT\z/(;l")(y—ln Fmin)dv

and

In FO

T In Fiax

Prob(Tmin < Tmax)
6(1_%)(1;—111 Flnin)d/U

In Finin
6(17"T‘g—;1") (10 Frnax—1n Fain) e(kﬂT‘g—*l") (In Fo—1In Foiy)

a

e(l_,\.T‘Q/(:l‘lr)(]nFmax—lnFmin) 1

1_mxfv_ls 1_mfv_lx

2a ) 2a
"\ Fain

171\'va1#
2a

F,
max —
( Frnin ) 1

Finax
Frin
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Appendix B.2

Proof of proposition 7

The dynamics of the funding ratio F; are given by
dFy = F; (1 — «) l:X%FTI' - (k + ﬁ) InF, +kInF — axzﬂth} dt + (1 — a) Fix! odZ;.
This leads to the HJB-equation
0 = J, + max {JF F(1-a) |:X,tT7T — <k + ﬁ) InF; +kIn F — ax] Vx;
+%JFFFE (1-a)? xtTth}

with
J(T,F)y=(1-R)"'"F'" % R>1.

The optimal investment strategy results from
(1—a)Jp- F[m—2aVx] + JepF2 (1—a)’Vx, =0

JF-Tl'— [QOZJF — (1 —a) JFFFt] VXt =0

Jr

= vVlr
2%dr —(L—a)JprE,

Xt

Inserting into the HJB-equation leads to
Jr
™
QO[JF — (1 — Oé) JFF . Ft
—Jr - F} ([(1 —a)k+cnF—(1- a)klnF) )

valﬂ_

1
0 = Jt+§JF'Ft(1fC)¢)

For the solution one tries

J(t, F) = —e9® Fh®),
Using
Jr-F=h(t)J
Jpp-F2=h@t)[h(t)—1]-J

Ji=[d @#t)+h ) InF]-J

one obtains

aTv-lg
2004+ (1 — ) [1 — h(t)]
~h(t)[(1-a)k+cInF+(1-a)h(t)kInF.

0 = g'(t)+h'(t)-lnF—i-%h(t)(l—a)
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From

W' (1)

[(1—a)k+dh(t)
h(T)=1-R

one concludes

h(t) = (1 —R)eld-ktdt=T) o<t <T.

There is no need to calculate g(t).

One obtains

_ 1 .

xto= 2a+(1—a)[1—h(t)]v T
= L Voig
T 20+ (1—a) [1+ (R —1)el(-e)ktet=1)]

or
1

T1ta+(1-a)(R-1)0-akdeT1

Voin.

Xt

Appendix B.3

Proof of proposition 8

Equation (46) can be written in the form

C G
dy; = |-AY,+B - dt
t t+ +D+E_6A(t—T) [D+E-eA(t—T)]2

H *
T B A

where

b
I

l1—a)k4+¢, B=k(l—a)InF, C=(1—-a)7nfV lnm,
(1-a)

1
= l4+a, E=(1-a)(R-1), G:§(1—a2)ﬂ'TV—1ﬂ',

H = (1-a« (ﬂ'TV_lﬂ')O'S.

Using the notation

a(t) = B+ ¢ - ¢
B D+ E-eAt=1) Dy . eAt-T)]?
H
g (t) = D+ E- eAt—=T)

the solution is given by

Y= () Yo+ / [® ()] "a(s)ds + / [® ()] "o (s) dz:
0 0

with
P (t) = e AL
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Hence Y; is a Gaussian stochastic process with

B(Y) = e [B()+ [eh a(s)ds

t t
As
—At As €
EY;) = e E(Yo)—i—B/e ds+C’/D+E eA(sz)ds
0 0

) = e B0+ (1) +

GeAT 1 t
TTAE D1 B AT J

B AT D+ E- A(t=T)
E(Y,) = e_At{E(Yo)—l—z(e’qt—l)—&—ce—-ln( rrc >

AE D+ E-e AT

+G€AT 1 1
AE \D+ E-eAG-T) D4+ E.e AT |-

Inserting A, B,C, D, E, G proves (47).

Moreover
¢ 2As
Y, = —2At | Y 72AtH2 €
Var () = e Var (Yo) + ¢ (D+E.6A(S—T))2d8
0
oA 6—2At . H? o T
Var (V) =e” -Var (Yy) + / dx

(¥) (¥o) A (D + E-e=AT . z)?

1
Using formula 6, p. 35 in Bronstein and Semendjajew (1991) one obtains

2A¢ H2e2 AT D AT e
Var (V) = e -Var(Yo) + 157 .(D+E.6AT.x+ln(D—|—E.e x)) |1
H2e2A(T—1)

e 24 Var (Yy) + Vor

D B D ) D+ E-eAt=T)
D+tE-cAt-T) DyE-e AT "\"DyE.e AT ))

Inserting A, D, E, H leads to (48).

Appendix B.4

Proof of proposition 9
a) From (46) it is obvious that Var(Yr) is strictly decreasing in R. Moreover, as argued in the first
comment on proposition 3 expected utility maximization is equivalent to mean variance optimization

with respect to Y. This proves part 1.
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b) Part 2 follows directly from (47) and (48).

¢) In order to prove part 3 one has to show

In l+a+(1-a)(R-1)\ (I-o)(R-1) 1+« >0
1+« 2(1+a) l+a+(1-a)(R-1)
respectively
In (1 LUzaE=-D f‘)(R - 1)) _ % L= 10‘)(3 -1 (17104)(1%71) > 0.
+ a + « 14+ —Ta
Hence we have to prove
1 =z
f(m)—ln(l—i-x)—iler >0 for = >0.
However this inequality follows immediately from
1 1 1
!
= = - = f .
£(0) =0, f'(z) T2 2(1+x)2>0 or >0
d) (52) follows directly from (49) and (50).
e) Proof of (53)
e.l) For @ — 1,¢ > 0 one obtains
Tlim E(Yr) — 0
Tlim Var (Yr) — 0.
e.2) For @« — 1,¢ = 0 one obtains
. _ wfVilr  [m(l+a+(1-a)(R—1)—In(1+a«)
AT = Ty I
1 nlv-ig
2k 2
Ty—1g2=R _ 1 Ty —1
:lnF+7rV7r2 5 wmVomw
E(R-1) -1 4k
_ gly-lig
= InF
ST
Ty-1 In(1 1-— —1))—In(1
lim Var () — 'V 71'2. nl+a+(1—-a)(R-1))—In(1+ )
T—o00 E(R—1)" o—1 11—«
_ 1 nlv-ig
kK(R—1) 2
_ nlTV-ln % —% 1 aTV-ln
kE(R—1?* -1 E(R—1) 2
= 0.

Appendix B.5

Proof of proposition 10
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For y > ((1_a)k

T—a)itc In F' one can easily show that the optimization problem (55) has an optimal solution of

the form

x = AVl

Inserting into (55) leads to

l—a

ATV —lpg— (k: + £ ) y+klnF
max 3
A>0 NaTV-lg

or

) i(k’-f— lfa>y—k:1n}7'

max | — —

2>0 | A )2 7TV-1g
The maximum is attained at B
(k+ 55 )y —kInF
A= alV-lg
Inserting the optimal portfolio
(k+t5)y—kmF
=2 I
* aTV-lg Vo
into (54) leads to (57) and (58).
Appendix B.6
Proof of proposition 11
From (57) and (58) one obtains
poly) 1 nlV-lg 1 1+4a
W A1 —ak+d (y- e mF) 2 1oe
According to (40) this leads to
(1 7TV lx 11+a
&(w) = expg —2 / 1 on — T 31C dz
- [(1—a)k+ (| (z ~ ot In F) e
nlv-ig (1-a)k — 1+a ]’
= ——— 1 ——————InF
ex"“ 2[(T— )k + “(z —aktec ) i 1a"’LFM
. alV-ig ) U‘%'lnf +1+a( In Foss)
= X - - In U — I IFypin
") 20—kt d " P - e, mF ) 1-a
lTy—1ln
-k 1 7 ey =)
_ V- Gakre 0 o2 (0= Frpin)
(1—a)k n
lnFmin — m -InF

Inserting this formula into (40) leads to (59).
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