Random Forest Estimation
of the Ordered Choice Model

Michael Lechner & Gabriel Okasa

SEW-HSG
Swiss Institute for Empirical Economic Research
University of St.Gallen, Switzerland

Statistische Woche, Trier

September 11, 2019 v
-

SEW-HSG Statistische Woche

Random Forest Estimation of the Ordered Choice Model Lechner M. & Okasa G.



Introduction
Literature

Ordered Forest
Monte Carlo
Empirical Application
Conclusion

Y
s

SEW-HSG Statistische Woche

Random Forest Estimation of the Ordered Choice Model Lechner M. & Okasa G.



Introduction
®00

Introduction

Ordered Outcomes

> categorical dependent variable with inherent ordering

P example: wine quality

1.
2.
3.
4.
5.

very good
good
neutral
bad

very bad

P> many other examples such as education level, income level,
opinion surveys, ratings, sport outcomes, ...

» ordered nature has to be taken into account
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Introduction

Parametric Models

> ordered probit & ordered logit

» imposing assumptions about the distribution of the error term
(standard normal or logistic) see i.e. Wooldridge (2010)

P estimation usually via maximum likelihood

Quantities of Interest:

> conditional choice probabilities:
PlYi=m| X; = x]
> marginal effects:

OP[Y;i =m | X; = x| o
Oxk ‘:
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Introduction
Ordered Forest

» estimation of ordered choice model based on the random
forest algorithm first developed by Breiman (2001)

> improves on parametric models by allowing for:

1. flexible functional form
2. larger covariate space

P alternative to standard ordered probit and ordered logit with:
» conditional choice probabilities
» marginal effects
P approximate inference
v?
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Literature
Machine Learning for Ordered Outcomes
Tree-based methods:

» focusing mainly on ordered classification (Kramer et al.
(2000), Piccarreta (2008), Pierola et al. (2016)

> probabilities X, marginal effects X, inference X

Forest-based methods:

> conditional forest by Hothorn et al. (2006)

> probabilities v/, marginal effects X, inference X

» ordinal forest by Hornung (2019) P
> probabilities v/, marginal effects X, inference X “'
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Random Forests
Recap

> ensemble of trees based on bootstrap aggregation
» only a random subset of covariates considered at each split

> weighting perspective:

where the weights are defined as

o MXel)
i) = =T L0 | th

B
Z Ab I(X

Uo I
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Ordered Forest

Choice Probabilities

» consider ordered outcome variable Y; € {1, ..., M}
> the estimation procedure is then defined as:

1. create M — 1 indicator variables such as

Ymi=1Y;<m) for m=1.,M-1
2. estimate random forest for each of the M — 1 indicators
3. obtain predictions

A~

N

Vi = P[Ymi=1|Xi=x] =Y W i(X)Ym,i
2 it vz
= a
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Ordered Forest

Choice Probabilities
4 probabilities for each category are computed as follows:
(1)

m=2,....M

Ism,i = ?m,i — Vm_l,; for
where
Y =1 and Pi=Y (2
and
Ism,l =0 if ﬁ)m’i <0 (3)
By i f =
mi = A or m=1..M (4)__
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Ordered Forest
Marginal Effects

> estimate the marginal effect as numeric approximation
~ Kk,
ME; m(X) =

PlY;=m|Xk=xk4h, X K=x—K|—P[Yi=m| X}k =xk—h, X7 =x"k]
2h

where h is 0.1 standard deviation of x*

> marginal effect at the mean
ok, .
> evaluate ME; m(x) at the population (sample) mean
» mean marginal effect
N ~_k,m
> %Zi:l ME; ™ (x) »?
(7N
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Ordered Forest

Approximate Inference

» Wager and Athey (2018) prove consistency and asymptotic
normality of the random forest predictions

> subsampling
» honesty

> weight-based inference as proposed by Lechner (2019)
> use forest weights for deriving the variance of the estimator

» crucial condition:

» weights and outcomes must be independent — sample splitting

> requiring honest forest instead of honest trees only
v%
(/N
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Monte Carlo

Simulation Design

» General:
» DGP simulated as ordered logit
> train N = {200,800,3 200} & test N = 10 000
» replications R = 100
» 72 different DGPs in total
» Qutcomes:

> number of classes: {3,6,9}
» equally spaced thresholds vs. randomly spaced thresholds

» Covariates:

» low vs. high dimensional

» independent vs. correlated covariates

» linear vs. nonlinear effects »?
(7N
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Monte Carlo

Simulation Design

Considered Methods:

» Ordered Logit (McCullagh 1980)

Conditional Forest (Hothorn et al. 2006)

Ordinal Forest (Hornung 2019): naive & optimized
Ordered Forest: standard & honest

Multinomial Forest: standard & honest
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Monte Carlo

Simulation Results: Complex DGP & Low Dimension

Sample Size:  n =200 @ n =800
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Empirical Application
Wine Quality Data

Data:

> quality of wine on an ordered scale from 1 to 6
> 4893 observations & 11 covariates

Comparisons:

> ordered forest vs. ordered logit
» marginal effects estimation

» summability of effects
> single crossing property
e
s
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Empirical Application
Mean Marginal Effects

Dataset Ordered Forest Ordered Logit

Variable Class Effect Std.Error t-Value p-Value Effect Std.Error t-Value p-Value
alcohol 1 0.0000  0.0001 0.4559 0.6484 -0.0017 0.0005 -3.5943 0.0003 ***

2 -0.0023  0.0021 -1.0701 0.2846 -0.0125 0.0023 -5.4096 0.0000 ***

3 -0.0582 0.0055 -10.5215 0.0000 *** -0.0612 0.0105 -5.8009 0.0000 ***

4 0.0189  0.0063 2.9994 0.0027 ***  0.0163  0.0031 5.2566 0.0000 ***

5 0.0341  0.0059 5.7334 0.0000 ***  0.0450 0.0077 5.8232 0.0000 ***

6 0.0075  0.0076  0.9865 0.3239 0.0141  0.0026 5.4111 0.0000 ***
chlorides 1 0.0011 0.0058 0.1924 0.8474 0.0023 0.0055 0.4147 0.6784

2 0.2323  0.0653  3.5565 0.0004 *** 0.0166 0.0398 0.4167 0.6769

3 1.1824  0.3295 3.5882 0.0003 *** 0.0811 0.1945 0.4169 0.6768

4 0.0187  0.5868  0.0319 0.9745 -0.0216  0.0518 -0.4175 0.6763

5 -1.3851  0.4807 -2.8816 0.0040 *** -0.0596  0.1431 -0.4166 0.6770

6 -0.0495  0.5009 -0.0988 0.9213 -0.0187  0.0449 -0.4166 0.6769
total 1 -0.0000  0.0000 -0.5841 0.5592 0.0000 0.0000 0.8906 0.3732
sulfur 2 -0.0000  0.0000 -1.0456 0.2957 0.0000 0.0000 0.9069 0.3645
dioxide 3 0.0002 0.0001 2.0326 0.0421 ** 0.0001 0.0001 0.9101 0.3628

4 -0.0001 0.0001 -0.8627 0.3883 -0.0000 0.0000 -0.9086 0.3636

5 -0.0001  0.0001 -0.9828 0.3257 -0.0001  0.0001 -0.9095 0.3631

6 0.0000 0.0001 0.4234 0.6720 -0.0000  0.0000 -0.9078 0.3640 "
Significance levels correspond to: * * x. < 0.01, * * . < 0.05, *. < 0.1. ':
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Conclusion

» new machine learning estimator for ordered choice models
based on the random forest algorithm

> flexible alternative to parametric models including estimation
of choice probabilities and marginal effects with inference

» simulation evidence shows good predictive performance

v

approach already in use for soccer predictions
» GAUSS and R implementations (soon) available
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Ordered Forest
Marginal Effects

» marginal effect for an element x of X:

» for continuous variables as

_OPLY; =m| XK =Xk XK = x7H]
N Oxk

MEF™ (x)

» for binary (categorical) variables as

ME/ ™ (x) =

PlYi=m|XK=1,X""=x"¥ - PlY;=m| Xk =0,X"K=x7K
<
a
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Monte Carlo

Simulation Design

Evaluation Measures:

> Average Mean Squared Error
AMSE =

R N M A 2
B v i 1 omer (PIYij=m| Xij=x] = P[Yij=m| Xij = x])

» Average Ranked Probability Score
ARPS =

A 2
E R S T T (PIYij < m | Xij = x] = P[Yij < m| Xij = x])

4 5
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Monte Carlo

Simulation Results: Simple DGP & Low Dimension

Sample Size:  n =200 @ n =800

Method: # Ologit # Naive # Ordinal # Conditional * Ordered # Ordered* # Multi # Multi*
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Monte Carlo
Simulation Results: Simple DGP & High Dimension

Sample Size:  n =200 @ n =800
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Monte Carlo

Simulation Results: Complex DGP & Low Dimension
Sample Size:  n =200 @ n =800
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Simulation Results: Complex DGP & High Dimension

Sample Size:  n =200 @ n =800
Method: # Naive # Ordinal # Conditional # Ordered * Ordered* * Multi * Multi*
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Monte Carlo
Big Simulation Results: Simple DGP & Low Dimension

Sample Size:  n =200 © n=2800 ¢ n=_3200
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Monte Carlo
Big Simulation Results: Simple DGP & High Dimension

Sample Size:  n=200 7 n=800 ¢ n=3200
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Big Simulation Results: Complex DGP & Low Dimension

Sample Size:  n =200 © n=2800 ¢ n=_3200
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Monte Carlo
Big Simulation Results: Complex DGP & High Dimension

Sample Size:  n=200 7 n=800 ¢ n=3200
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Empirical Application
Choice Probabilities

Method: # Ologit # Naive # Ordinal # Conditional # Ordered * Ordered* # Multi * Multi*
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