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Preliminaries
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Lee Metric

Definition (Lee Weight and Distance)

For 𝑚, 𝑛 ∈ ℕ and x ∈ (ℤ/𝑚ℤ)𝑛, define the Lee weight to be

wt𝐿(x) ∶=
𝑛

∑
𝑖=1

min{𝑥𝑖, ∣𝑚 − 𝑥𝑖∣}.

For x,y ∈ (ℤ/𝑚ℤ)𝑛, define the Lee distance to be

dist𝐿(x,y) ∶= wt𝐿(x − y).
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Lee Metric Decoding Problem

Definition (Lee Decoding Problem)

Given a linear code 𝒞 over ℤ/𝑚ℤ of length 𝑛, some 𝑡 ∈ ℕ, and
a vector r ∈ (ℤ/𝑚ℤ)𝑛, find c ∈ 𝒞 such that wt𝐿(r − c) ≤ 𝑡.
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Norms and Lattices

Definition (ℓ1 Norm)

Given v ∈ ℝ𝑛, the ℓ1 norm of v is defined to be

||v||1 ∶=
𝑛

∑
𝑖=1

∣𝑣𝑖∣ .

Definition (Lattice)

Given 𝑘 linearly independent vectors b1, … ,b𝑘 ∈ ℝ𝑛, the
lattice generated by them is given by

ℒ(b1, … ,b𝑘) ∶=
⎧{
⎨{⎩

𝑘
∑
𝑖=1

𝑥𝑖b𝑖
∣∣∣∣
𝑥𝑖 ∈ ℤ

⎫}
⎬}⎭

.
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𝑖th Successive Minima

Definition (𝑖th Successive Minimum)

Given a lattice ℒ , let 𝜆1(ℒ) be the length of the shortest vector
in ℒ with respect to the ℓ1 norm, i.e.,

𝜆1(ℒ) ∶= min
v∈ℒ

||v||1.

More generally, let 𝜆𝑖(ℒ) be the smallest radius 𝑟 containing 𝑖
linearly independent lattice points in ℒ , i.e.,

𝜆𝑖(ℒ) ∶= min
𝐿⊆ℒ

dim𝐿=𝑖=|𝐿|

max
v∈𝐿

||v||1.
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𝛼-BDD and 𝛾-uSVP

Definition (𝛼-Bounded Distance Decoding (𝛼-BDD))
Given a lattice ℒ ⊆ ℝ𝑛 and a vector r ∈ ℝ𝑛 such that
dist(r, ℒ) < 𝛼𝜆1(ℒ), find v ∈ ℒ such that dist(r,v) is
minimal.

Definition (𝛾-unique Shortest Vector Problem (𝛾-uSVP))
Given a lattice ℒ such that 𝜆2(ℒ) > 𝛾𝜆1(ℒ), find a nonzero
vector v ∈ ℒ of length 𝜆1(ℒ).
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Lee Metric Codes as Lattices

Given an [𝑛, 𝑘, 𝑑] linear code 𝒞 over ℤ/𝑚ℤ with generator
matrix G, we can associate a lattice to 𝒞 given by

ℒ(𝒞) = {𝑐 ∈ ℤ𝑛 ∣ 𝑐 = 𝐺⊤𝑥 (mod 𝑚) for some 𝑥 ∈ ℤ𝑘} .

This lattice is independent of the choice of generator matrix.

Furthermore, if [I𝑘 G′] is the systematic generator matrix for
𝒞 , then the rows of

⎡⎢
⎣
I𝑘 G′

0 𝑚I𝑛−𝑘
⎤⎥
⎦

form a basis of the lattice ℒ(𝒞).
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Reduction from Lee Decoding Problem to 𝛼-BDD

Proposition

𝜆1(ℒ(𝒞)) = 𝑑 with respect to the ℓ1 norm.

Theorem

The Lee decoding problem whose input is an [𝑛, 𝑘, 𝑑] code 𝒞 over
ℤ/𝑚ℤ, a weight 𝑡 ≤ ⌊𝑑

2⌋, and a received word r ∈ (ℤ/𝑚ℤ)𝑛

reduces to (ℓ1 norm) 𝛼-BDD with lattice ℒ(𝒞), vector r, and 𝛼 = 1
2 .
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Reduction from 𝛼-BDD to 𝛾-uSVP

Theorem

In the ℓ2 norm, for any 𝛾 ≥ 1, 1
2𝛾 -BDD reduces to 𝛾-uSVP.[LM09]

Proposition

In the ℓ1 norm, for any 𝛾 ≥ 1, 1
2𝛾 -BDD with a lattice associated to

an 𝑛-length Lee-metric linear code reduces to 𝛾-uSVP (over ℝ𝑛+1).
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Lee Decoding Problem to 𝛾-uSVP

Specifically, given an instance of the Lee decoding problem
with an [𝑛, 𝑘, 𝑑] code 𝒞 with systematic generator matrix
[I𝑘 G′], 𝛾 ≥ 1, and received word r ∈ (ℤ/𝑚ℤ)𝑛 with
dist𝐿(r, 𝒞) ≤ 𝑡 = ⌊ 𝑑

2𝛾 ⌋, we construct the following lattice basis:

B =
⎡
⎢
⎢
⎣

𝑡 r ⋯
0 I𝑘 G′

0 0 𝑚I𝑛−𝑘

⎤
⎥
⎥
⎦

.

This lattice satisfies 𝜆2(ℒ(B)) > 𝛾𝜆1(ℒ(B)) and the solution to
𝛾-uSVP on ℒ(B) will also be the solution to the Lee decoding
problem on 𝒞 .
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Ongoing Work
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Embeddings

Nice polynomial-time reductions exist from many lattice
problems in the ℓ2 norm to other ℓ𝑝 (for 1 ≤ 𝑝 ≤ ∞) norms
using embeddings, e.g., [RR06].

However, reductions in the other direction are less common in
the literature and generally worse performing.
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Projections

Can we use ℓ1 norm projections in order to get something like
Gram-Schmidt and LLL but for the ℓ1 norm? Two big questions:

• What properties do we need in order to make LLL work in
our case?

• Can we efficiently compute these projections?
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An Inefficient Algorithm

Given the 𝑛 × 𝑘 basis B of some 𝑘-dimensional subspace in ℝ𝑛,
we want to project some vector u onto it; i.e., we want to
compute

argmin
x∈ℝ𝑘

||Bx − u||1.

For 𝑆 = (𝑠1, … , 𝑠𝑛) ∈ {−1, 1}𝑛, consider

𝑋𝑆 =
⎧{
⎨{⎩
x ∈ ℝ𝑘

∣
∣
∣
∣
||Bx − u||1 =

𝑛
∑
𝑖=1

𝑠𝑖
⎛⎜⎜
⎝

−𝑢𝑖 +
𝑘

∑
𝑗=1

𝑏𝑗𝑖𝑥𝑗
⎞⎟⎟
⎠

⎫}
⎬}⎭

=
⎧{
⎨{⎩
x ∈ ℝ𝑘

∣
∣
∣
∣
𝑠𝑖

⎛⎜⎜
⎝

−𝑢𝑖 +
𝑘

∑
𝑗=1

𝑏𝑗𝑖𝑥𝑗
⎞⎟⎟
⎠

≥ 0 for all 𝑖 ∈ [𝑛]
⎫}
⎬}⎭

.

These sets are convex (and some may be empty).
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An Inefficient Algorithm (cont.)

• Intersecting ℎ + 1 of these gives a similarly defined set
corresponding to some 𝑇 = (𝑡1, … , 𝑡𝑛) ∈ {−1, 0, 1}𝑛

representing a (𝑘 − ℎ)-dimensional set where at least ℎ
values of 𝑡𝑖 are equal to 0.

• ||Bx − u||1 is linear when restricted to some such 𝑋𝑇 and
the minimum will happen on the boundary of these sets.

• So we walk through all 𝐼 ⊂ [𝑛] with |𝐼| = 𝑘 and find x ∈ ℝ𝑘

such that Bx − u has zeros in all 𝐼 coordinates and calculate
the corresponding norms.
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An Inefficient Algorithm (cont.)

This is then equivalent to finding

𝐼′ = argmin
𝐼⊆[𝑛]
|𝐼|=𝑘

∣∣B𝐽B
−1
𝐼 u𝐼 − u𝐽 ∣∣1

where B𝐼 are the 𝐼-indexed rows of B and 𝐽 = [𝑛] � 𝐼. Then the
projection is BB−1

𝐼′ u𝐼′ .
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Linear Programming

Or we can just use linear programming. For projecting u onto
the subspace given by basis B:

Find z = (x+
1 , … , x+

𝑛 , x−
1 , … , x−𝑛⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

x
,y+

1 , … , y+
𝑘 ,y−

1 , … , y−
𝑘⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

y
)⊤ ∈ ℝ2𝑛+2𝑘

that minimizes 1⊤
2𝑘y

such that [B −B −I𝑘 I𝑘] z = u

and 𝑧𝑖 ≥ 0 for all 1 ≤ 𝑖 ≤ 2𝑛 + 2𝑘.
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Questions

• Are there known methods for doing lattice reductions
specifically in the ℓ1 norm?

• Are there any known results on uSVP in the ℓ1 norm?
• What properties do we need to do something like LLL?
• Are there reasonable ways of computing projections in ℓ1?
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