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 A B S T R A C T

This paper investigates how misclassification affects the estimation of peer effects in linear-in-means (LIM) 
models. We formally show that the peer effect estimate is biased by an "own effect" due to error in the group 
average and a smearing effect due to misclassification in the individual regressor. The direction of the total 
bias depends on how misclassification is distributed across groups. We develop a simple heuristic based on 
the ratio of the estimated peer effect to the estimated individual effect to help researchers identify the likely 
direction of the total bias. We verify the theoretical predictions in the setting of peer effects of students with 
learning disabilities on other students’ performance.
1. Introduction

In the last two decades, the literature on spillover effects has 
grown constantly. A considerable portion of this literature focuses 
on applied work, whereas a relatively smaller body of research ad-
dresses the consequences of endogeneity. Most of this work studies 
endogeneity problems arising from simultaneity (or reflection prob-
lems) and nonrandom group formation (Blume et al., 2011; Manski, 
1993), but only a limited number of studies formally investigate en-
dogeneity problems stemming from measurement error in observed 
peer characteristics (Ammermueller and Pischke, 2009; Feld and Zölitz, 
2017).1

The few existing studies derive implications for settings in which 
peer variables are based on continuous characteristics measured with 
classical measurement error. However, much of the peer effect lit-
erature relies on binary characteristics that, if measured with error, 
give rise to misclassification error. The misclassification error and the 
classical measurement error are intrinsically different: while the latter 
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E-mail addresses: fanny.valli@uni-konstanz.de (F. Valli-Puljic), simone.balestra@gmail.com (S. Balestra), beatrix.eugster@unisg.ch (B. Eugster).

1 Moffitt (2001) and Angrist (2014) also partly address measurement error problems in peer effect estimation, but the topic is beyond the scope of both studies.

is mean-zero and independent of the latent variable, misclassification 
error is always negatively correlated with the true latent variable and 
does not average to zero (Aigner, 1973). Because of these fundamental 
differences, the existing results do not directly apply to much of the 
empirical literature.

This paper investigates the consequences of misclassification in 
the linear-in-means (LIM) model both theoretically and empirically. 
The theoretical analysis characterizes the biases resulting from mis-
classification and shows a simple heuristic based on the ratio of the 
estimated peer effect to the estimated individual effect that can be used 
in practice to infer whether the peer effect is likely underestimated 
or overestimated, even when misclassification rates are unknown. The 
empirical analysis validates the theoretical findings and illustrates how 
to make use of the developed heuristic in practice. By combining the-
oretical and empirical arguments, this study provides a comprehensive 
understanding of the implications of misclassification in the context of 
the LIM model, along with practical guidance for assessing the extent 
to which misclassification may pose a problem.
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The theoretical framework is based on the simplest possible form 
of LIM model, including only the individual binary characteristic (e.g., 
having a learning disability) and its groupwise average (e.g., proportion 
of peers with a learning disability), where the individual characteristic 
is misclassified. We compute the probability limits of both coefficients 
under two key assumptions: (i) the latent variable and group formation 
are exogenous, and (ii) the measurement error is non-differential, 
meaning that the observed variable is not a relevant covariate once 
the latent variable is controlled for. Under these assumptions, we find 
that the peer effect estimate can be compromised by two sources of 
bias denoted as an ‘‘own’’ and a ‘‘smearing’’ effect, respectively.2 The 
own effect originates from the measurement error contained in the 
group average. The smearing effect arises from the misclassification 
error contained in the individual characteristic. The two biases are 
linearly related and depend on two key factors: the misclassification 
rates and the cross-group distribution of the observed variable and its 
misclassification error.

Three scenarios can arise. The peer effect is underestimated when 
misclassification is concentrated in a small number of groups; it is over-
estimated when a high concentration of misclassification is prevalent 
across multiple groups; and it is closest to the true effect when the ob-
served variable and its misclassification error are similarly distributed 
across groups. The existence of these three well-defined regions, to-
gether with the linear negative relationship between the total bias in 
the peer effect and the individual effect, allows us to derive a simple 
heuristic based on the ratio of the estimated peer effect to the estimated 
individual effect. This ratio enables researchers to infer the likely 
direction of bias even when misclassification rates and the cross-group 
distribution of misclassification error are unknown.

To illustrate our theoretical results, we simulate samples with vary-
ing group sizes, numbers of groups, and probabilities of the observed 
binary variable. The simulations show that, in settings with a large 
number of groups, both estimators are biased by an attenuation bias 
only. However, if the number of groups is small, the total bias in 
the peer effect (but not in the individual effect) can be substantial, 
leading to either under- or overestimation, and potentially even to sign 
reversals. The simulations also confirm that the ratio of the estimated 
peer effect to the estimated individual effect reliably indicates whether 
the peer effect is under- or overestimated in most empirically relevant 
settings.

We apply the theoretical findings in an empirical context of peer 
effects in education. This empirical context is particularly suitable, as 
it comprises a notable number of examples where binary characteristics 
are used to study peer effects, often implicitly or explicitly as a proxy 
variable for disruptive peers.3 We leverage data from Balestra et al. 
(2022) and apply their same identification strategy, which exploits 
cross-classroom within school-track-year variation, using three differ-
ent measures of low academic ability. We select psychologists’ diagnoses 
of learning disabilities as the true measure of low abilities, and rely 
on teacher referral to the School Psychological Service (SPS) and grade 
repetition as approximate measures of low abilities.

2 The terms ‘‘own effect’’ and ‘‘smearing effect’’ are borrowed from Garber 
and Klepper (1980), who use this terminology to describe, respectively, the 
direct and indirect bias components arising from classical measurement error 
in multivariate linear regression models.

3 Examples of binary, predefined characteristics include gender (Anelli 
and Peri, 2017; Black et al., 2013; Hoxby, 2000; Lavy and Schlosser, 2011; 
Whitmore, 2005), race or immigration (Angrist and Lang, 2004; Cho, 2012; 
Diette and Uwaifo Oyelere, 2014, 2017; Gould et al., 2009; Hanushek et al., 
2009; Hoxby, 2000; Hoxby and Weingarth, 2005; Jensen and Rasmussen, 
2011), experimental treatment (Chetty et al., 2011; Fafchamps and Mo, 2018), 
high/low abilities (Lavy and Schlosser, 2011; Bietenbeck, 2020; Balestra et al., 
2023; Hill, 2014; Lavy et al., 2012a,b), exposure to troubled families (Kristof-
fersen et al., 2015; Carrell et al., 2018, 2009), change of residence (Gibbons 
and Telhaj, 2011; Hanushek et al., 2004), and special educational needs 
indicators (Fletcher, 2009, 2010; Balestra et al., 2022).
2 
The empirical application not only confirms the theoretical pre-
dictions but also highlights an additional insight relevant for applied 
work. The developed diagnostic heuristic is only informative about 
misclassification if the model is correctly specified, that is, if our two 
key assumptions hold and no relevant unobserved factors are omitted. 
Accordingly, we recommend assessing robustness not only of the peer 
effect estimate, as is common in the literature, but also of the individual 
effect. As a practical guideline, when both estimates are stable across 
specifications, the ratio provides a reliable diagnostic of the direction 
of bias induced by misclassification.

This paper makes three main contributions. First, it extends the 
measurement error literature in the context of peer effects. Earlier 
studies focus on classical measurement error, even in settings where the 
variable of interest is binary, as in Ammermueller and Pischke (2009). 
We complement this line of work by deriving bias expressions that 
hold for general additive measurement error and by characterizing their 
specific form under misclassification, which is inherently different from 
classical measurement error. This setting is representative of a large 
share of applied peer effects research, where binary indicators and their 
groupwise proportions are commonly used (see Cools and Patacchini, 
2021; Sacerdote, 2011).

Second, we show how the estimated ratio of the peer effect to the 
individual effect can be exploited to infer the direction of the bias. In 
contrast to the classical measurement error setting, in which this ratio 
is known to be unbiased (Ammermueller and Pischke, 2009), we show 
that, under misclassification, it follows predictable patterns relative to 
the true ratio. This allows us to propose a simple heuristic that helps 
researchers infer where a given peer effect estimate is likely to lie when 
misclassification is present.

Finally, we extend the literature studying the measurement error 
problem in linear regression models by showing the consequences of 
multiple variables measured with nonclassical measurement error in 
a multivariate linear model. To the best of our knowledge, virtually 
all existing studies on linear models with multiple mismeasured vari-
ables (Griliches, 1986; Garber and Klepper, 1980; Abel, 2018a,b) show 
the consequences of classical measurement error.

2. Theoretical framework

The first part of this section presents the mathematical derivation 
of the biases arising from misclassification in a LIM model, while the 
second part illustrates their simulated distributions.

2.1. Notation

Consider a random sample {(𝑌𝑖𝑔 , 𝐷𝑖𝑔 ,𝑊𝑖𝑔)}𝑁𝑖=1 of finite size 𝑁 < ∞
where observations are randomly partitioned into 𝐺 ≥ 2 different 
groups. Individuals are indexed by 𝑖 ∈  = {1,… , 𝑁}, groups by 
𝑔 ∈  = {1,… , 𝐺}, and group sizes by 𝑁𝑔 ∈ [2, 𝑁 − 2(𝐺 − 1)].4

Let 𝐷𝑖𝑔 ∼ 𝐵𝑒(𝜋) denote the unobserved (or latent) binary trait of 
individual 𝑖 from group 𝑔, and let 𝐷 = (𝐷𝑖𝑔)𝑖=1,…,𝑁 ;𝑔=1,…,𝐺 be the 
vector of individual latent traits, ordered by group. Let 𝐀 be a 𝑁 × 𝐺
diagonal block matrix, where 𝑑𝑖𝑎𝑔(𝐀) = (𝐴1, 𝐴2,… , 𝐴𝐺), while the 
off-diagonal elements are 0. Each row corresponds to an individual 
𝑖, while each column corresponds to a group 𝑔, hence elements’ of 
each block, [𝐴𝑔] = 1{𝑖 ∈ 𝑔}, indicate whether individual 𝑖 belongs 
to the group 𝑔 ∈ . This allows us to express the vector of group 
proportions of trait 𝐷𝑖𝑔 as 𝐷 =

(

𝐀′𝐀
)−1 𝐀′ ⋅𝐷, where each element of 𝐷

corresponds to the group-level share 𝐷𝑔 = 1
𝑁𝑔

∑

𝑖∈𝑔 𝐷𝑖𝑔 , taking the same 
value for all 𝑖 ∈ 𝑔. Analogously, we define the observed binary trait as 
𝑊𝑖𝑔 ∼ 𝐵𝑒(𝑝), and its proportion in a group 𝑔 as 𝑊 𝑔 = 1

𝑁𝑔

∑

𝑖∈𝑔 𝑊𝑖𝑔 , 

4 The bounds on 𝑁𝑔 result from the assumption that each group contains 
at least two individuals.
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with 𝑊 =
(

𝑊𝑖𝑔
)

𝑖=1,…,𝑁 ;𝑔=1,…,𝐺 and 𝑊 =
(

𝐀′𝐀
)−1 𝐀′ ⋅𝑊  denoting their 

respective vectors.
Following previous work on measurement error in LIM models (Feld 

and Zölitz, 2017; Ammermueller and Pischke, 2009), we adopt the 
standard linear additive measurement error model, assuming that the 
observed (proxy) measure 𝑊𝑖𝑔 relates to the latent variable 𝐷𝑖𝑔 as 

𝑊𝑖𝑔 = 𝐷𝑖𝑔 + 𝑒𝑖𝑔 , (1)

where 𝑒𝑖𝑔 ∈ {−1, 0, 1} represents the misclassification error. Further-
more, we denote misclassification rates with 𝜈 = 𝑃 (𝑊𝑖𝑔 = 1|𝐷𝑖𝑔 = 0)
(false positive) and 𝜂 = 𝑃 (𝑊𝑖𝑔 = 0|𝐷𝑖𝑔 = 1) (false negative).

Unlike the case of classical measurement error, where the error is 
mean-zero and uncorrelated with the latent variable, under additive 
misclassification error we generally have 𝐸[𝑒𝑖𝑔] ≠ 0 and 𝐶𝑜𝑣(𝐷𝑖𝑔 , 𝑒𝑖𝑔) ≠
0, as already shown by Aigner (1973),5 which complicates the estima-
tion of peer effects. We address this by deriving bias expressions for 
peer effect estimators under misclassification, going beyond existing 
analyses that are restricted to classical measurement error (Ammer-
mueller and Pischke, 2009; Feld and Zölitz, 2017). Note that through-
out the paper, we use the term measurement error when referring 
to results that hold for any additive measurement error (including 
classical measurement error) and misclassification when a result applies 
specifically to the binary-variable case.

2.2. Econometric setting

If 𝐷𝑖𝑔 could be observed, we would estimate the following LIM 
model: 
𝑌𝑖𝑔 = 𝛽0 + 𝛽1𝐷𝑖𝑔 + 𝛽2𝐷𝑔 + 𝑈𝑖𝑔 , (2)

where 𝑌𝑖𝑔 is the outcome of individual 𝑖 in group 𝑔, and 𝑈𝑖𝑔 represents 
the unobservable error term.6 Because we are primarily interested in 
assessing the consequences of using 𝑊𝑖𝑔 instead of 𝐷𝑖𝑔 on the estimation 
of the two parameters, 𝛽1 and 𝛽2, we consider the following ordinary 
least square estimators: 
(

𝛽1
𝛽2

)

=

(

𝑆𝑊𝑊 𝑆𝑊𝑊

𝑆𝑊𝑊 𝑆𝑊𝑊

)−1 (
𝑆𝑌𝑊

𝑆𝑌𝑊

)

, (3)

where 𝑆𝑊𝑊  and 𝑆𝑊𝑊  denote the sample variances of 𝑊𝑖𝑔 and 𝑊 𝑔 , 
whereas 𝑆𝑊𝑊  is their sample covariance. To compute the probability 
limits of the two estimators, we make two assumptions.

Assumption 1 (Exogenous Latent Characteristic and Random Group As-
signment). Both the unobserved trait (𝐷𝑖𝑔) and the group composition 
(𝐀) are orthogonal to the error term 𝑈𝑖𝑔 :

E[𝑈 |𝐷,𝐀] = E[𝑈 ].

Assumption 2 (Non-differential measurement error). The measurement 
error contained in the observed measure is non-differential, i.e.,
E[𝑌 |𝐷,𝐀,𝑊 ] = E[𝑌 |𝐷,𝐀].

5 We formally restate these results in section A.2.3 of Online Appendix A.2.
6 For simplicity, we analyze a model specified with group averages instead 

of leave-own-out (LOO) means, which are typically expressed as 𝐷−𝑖𝑔 =
1

𝑁𝑔−1

∑

𝑖≠𝑗∈𝑔 𝐷𝑖𝑔 . LOO means are used in the applied peer effects literature to 
attenuate the correlation between the own treatment status and the group 
average in the case of random group assignment. However, econometrically, it 
makes little difference, as shown by Angrist (2014). The peer effect estimator 
only differs by a factor of approximately 𝑁

𝑁−1
 when using LOO means instead 

of group averages, where 𝑁 =
∑

𝑔∈ 𝑚𝑔𝑁𝑔 is the average group size, with 
𝑚 = 𝑁 ∕𝑁 .
𝑔 𝑔

3 
The first assumption implies that the latent trait is predetermined 
(i.e., determined prior to group formation) and that groups are ran-
domly formed. In other words, there are no omitted variables or
correlated effects in the sense of Manski (1993) that simultaneously 
influence the composition of the group and the outcome.7 This as-
sumption is fundamental for the causal identification of exogenous peer 
effects.

The second assumption has two main implications. First, the ob-
served measure and its measurement error are exogenous. Second, 
the observed measure does not contain additional information about 
the outcome variable beyond what is already contained in the latent 
variable (Carroll et al., 2006, p. 36). In other words, 𝑊𝑖𝑔 is not a rele-
vant covariate once 𝐷𝑖𝑔 is accounted for. This assumption ensures that 
the bias arises only from measurement error, and not from systematic 
correlation between the measurement error and the outcome. Relaxing 
this assumption only affects the estimated individual effect but not the 
peer effect, as we show in Online Appendix A.4.

2.3. Bias channels

To derive the probability limits, we start from Eq.  (3), substitute 
𝑌𝑖𝑔 using the population model from Eq.  (2), and re-express 𝐷𝑖𝑔 and 
𝐷𝑔 in terms of 𝑊𝑖𝑔 and 𝑊 𝑔 , respectively, based on Eq.  (1). We then 
compute the relevant sample covariances and variances, obtain their 
probability limits and apply Slutsky’s theorem to obtain the probability 
limits presented in Proposition  1.8

Proposition 1.  Consider a LIM model specified as in Eq.  (2). If the 
latter is estimated using an observed binary variable, 𝑊𝑖𝑔 , which follows an 
additive misclassification error process as described in Eq.  (1), then under 
Assumptions  1 and 2, the probability limits of the two estimates take the 
form:

plim 𝛽1 = 𝛽1
(

1 − 𝛿𝑒⋅𝑤
)

− 𝛽2𝛿𝑒⋅𝑤, (4)

plim 𝛽2 = −𝛽1𝛿𝑒⋅𝑤 + 𝛽2
(

1 − 𝛿𝑒⋅𝑤
)

(5)

where 

𝛿𝑒⋅𝑤 = 𝐵
𝑟𝑐
𝑟𝑣

, 𝛿𝑒⋅𝑤 = 0, 𝛿𝑒⋅𝑤 = −𝐵
𝑟𝑣

(

1 −
1 − 𝑟𝑐
1 − 𝑟𝑣

)

, 𝛿𝑒⋅𝑤 = 𝐵
1 − 𝑟𝑐
1 − 𝑟𝑣

,

(6)

with 𝑟𝑣 = 𝐸[𝑉 𝑎𝑟(𝑊𝑖𝑔 |𝑔)]
𝑉 𝑎𝑟(𝑊𝑖𝑔 )

, 𝑟𝑐 = 𝐸[𝐶𝑜𝑣(𝑊𝑖𝑔 ,𝑒𝑖𝑔 |𝑔)]
𝐶𝑜𝑣(𝑊𝑖𝑔 ,𝑒𝑖𝑔 )

, and 𝐵 = 𝐶𝑜𝑣(𝑊𝑖𝑔 ,𝑒𝑖𝑔 )
𝑉 𝑎𝑟(𝑊𝑖𝑔 )

=

𝜈 1−𝜋
𝑝 + 𝜂 𝜋

1−𝑝 .

Interpretation. Proposition  1 suggests that estimating a LIM model 
using a binary, misclassified variable results in two sources of bias, the
own and the smearing effect. The term (1−𝛿𝑒⋅𝑤) in Eq.  (5) represents the 
own effect on the peer effect estimate, (1 − 𝛿𝑒⋅𝑤) in Eq.  (4) represents 
the own effect on the individual effect estimate, whereas 𝛿𝑒⋅𝑤 and 𝛿𝑒⋅𝑤
represent the smearing effects on the peer effect and the individual effect 
estimates, respectively.

Intuitively, the own effect arises from the measurement error in the 
variable itself, whereas the smearing effect refers to the bias induced 
by measurement error in another regressor. Formally, all 𝛿’s correspond 
to OLS coefficients on either 𝑊𝑖𝑔 or 𝑊 𝑔 in bivariate linear regression 
models where the dependent variable is either 𝑒𝑖𝑔 or 𝑒𝑔 .9 As such, 
the own effects reflect the net correlation between a variable and its 
own measurement error, whereas the smearing effect reflects the net 

7 Manski (1993) refers to correlated effects as endogeneities arising from 
common shocks or the formation of endogenous groups (see also Bramoullé 
et al., 2020).

8 Each step is detailed in Sections A.1–A.3 of Online Appendix A.
9 Specifically, 𝑒𝑖𝑔 = 𝛿𝑒,0 + 𝛿𝑒⋅𝑤𝑊𝑖𝑔 + 𝛿𝑒⋅𝑤𝑊 𝑔 + 𝑟𝑒 and 𝑒𝑔 = 𝛿𝑒,0 + 𝛿𝑒⋅𝑤𝑊𝑖𝑔 +

𝛿 𝑊 + 𝑟 .
𝑒⋅𝑤 𝑔 𝑒
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correlation between the variable and the other regressor’s measurement 
error.10

Notably, the smearing effect influences the peer-effect estimate 𝛽2, 
but not the individual-effect estimate 𝛽1. This result comes from the 
fact that the error in the group average, 𝑊 𝑔 , originates from the error 
in the individual indicator 𝑊𝑖𝑔 , and not the other way around. As 
a consequence, 𝑊 𝑔 can carry part of the variation in 𝑒𝑖𝑔 , while 𝑊𝑖𝑔
cannot carry any of the variation in 𝑒𝑔 , which implies 𝛿𝑒⋅𝑤 = 0.

Importantly, the smearing effect on the peer effect estimate cannot 
be eliminated simply by replacing group means with leave-own-out 
averages, since those averages are still based on the same mismeasured 
individual indicator. Furthermore, it can be shown that Eqs.  (4) and 
(5) hold for any type of additive measurement error and that Equation 
(4) in Feld and Zölitz (2017) is a special case, namely when the 
measurement error exhibits the properties of the classical measurement 
error.

Drivers. When examining the 𝛿’s in (6), one can see that all biases are 
driven primarily by three components: the overall misclassification error
(captured by 𝐵), 𝑟𝑣 representing the proportion of the total variance 
in 𝑊𝑖𝑔 that comes from within-group variance, and 𝑟𝑐 representing the 
fraction of the total covariance between 𝑊𝑖𝑔 and 𝑒𝑖𝑔 coming from the 
within-group covariance.

The term 𝐵 is a monotonically increasing function of the two 
misclassification rates (𝜈 and 𝜂) and, more generally, corresponds to 
the OLS coefficient on the observed variable in a univariate linear 
regression with the misclassification error as the dependent variable.11 
As such, 𝐵 can be seen as an accuracy measure of the observed variable. 
It takes values between 0 (free of error) and 1 (zero correlation with 
the latent variable) if we consider only cases for which 𝐷𝑖𝑔 and 𝑊𝑖𝑔 are 
positively correlated.12 Note that 𝐵 appears in all 𝛿’s in (6), implying 
that there is no bias in absence of any measurement error in 𝑊𝑖𝑔 .

The terms 𝑟𝑣 and 𝑟𝑐 are, respectively, the ratio of the average 
within-group variance to the total variance of 𝑊𝑖𝑔 , and the ratio of 
the average within-group covariance to the total covariance between 
𝑊𝑖𝑔 and 𝑒𝑖𝑔 . These two parameters can be interpreted as measures of 
the representativeness of groups with respect to the overall population. 
Using the variance decomposition,13 we can show that 𝑟𝑣 takes values 
between 0 and 1, with 𝑟𝑣 = 0 meaning that groups are fully segregated, 
while 𝑟𝑣 = 1 is a sign of perfectly identical groups. On the other hand, 𝑟𝑐
is bounded below by 0, but can exceed 1. If groups are fully segregated 
in terms of the proxy variable, then 𝑟𝑐 = 0. If all groups have the 
same misclassification error composition, then 𝑟𝑐 = 1. Finally, if the 
correlation of 𝑊𝑖𝑔 and 𝑒𝑖𝑔 is stronger in larger groups, which have more 
weight in the across-group average, then 𝑟𝑐 can exceed 1.

10 Formally, for the peer effect estimate, the own effect arises when 
𝐶𝑜𝑣

(

𝐸[𝑊 𝑔 |𝑊𝑖𝑔], 𝐸[𝑒𝑔 |𝑊𝑖𝑔]
)

≠ 0, whereas the smearing effect arises when 
𝐶𝑜𝑣

(

𝐸[𝑊 𝑔 |𝑊𝑖𝑔], 𝐸[𝑒𝑖𝑔 |𝑊𝑖𝑔]
)

≠ 0.
11 A comprehensive analysis of the term 𝐵 is provided in Online Appendix 
B.
12 If negative correlations are allowed, then 𝐵 ∈ [0, 2], where 2 indicates 
perfect negative correlation.
13 From the variance decomposition it follows that the total variance is the 
sum of the between-group variance and the average within-group variance

Var(𝑊𝑖𝑔) = Var(𝐸[𝑊𝑖𝑔 |𝑔]) + 𝐸[Var(𝑊𝑖𝑔 |𝑔)] ⇔

Var(𝐸[𝑊𝑖𝑔 |𝑔]) = Var(𝑊𝑖𝑔)
(

1 − 𝑟𝑣
)

.

Similarly, the covariance decomposition states that the total covariance 
equals the sum of the between-group covariance and average within-group 
covariance:

Cov(𝑊𝑖𝑔 , 𝑒𝑖𝑔) = Cov(𝐸[𝑊𝑖𝑔 ∣ 𝑔], 𝑒𝑖𝑔) + 𝐸[Cov(𝑊𝑖𝑔 , 𝑒𝑖𝑔 ∣ 𝑔)] ⇔

Cov(𝐸[𝑊𝑖𝑔 ∣ 𝑔], 𝑒𝑖𝑔) = Cov(𝑊𝑖𝑔 , 𝑒𝑖𝑔)
(

1 − 𝑟𝑐
)

.

4 
Total bias. How strongly the peer effect estimate is biased depends 
mainly on the between-group distribution of the misclassification error 
relative to the observed variable. As an illustration, consider Fig.  1, 
where we fix 𝑟𝑣 at 0.75 (vertical red line), and highlight two key 
reference points: 𝑟𝑐 = 1 (triangle), and 𝑟𝑐 = 𝑟𝑣 (square).

If 𝑟𝑐 = 𝑟𝑣, the ratio (1 − 𝑟𝑐 )∕(1 − 𝑟𝑣) is exactly 1, and the peer effect 
estimate 𝛽2 is biased only by the attenuation factor |(1 − 𝐵)| < 1 and 
there is no smearing effect.14 In contrast, when 𝑟𝑐 = 1, there is no 
attenuation bias on the peer effect, while the smearing effect becomes 
𝐵∕𝑟𝑣. Note that, for the individual effect estimate 𝛽1, the implications 
are different. As stated above, the individual effect estimate will never 
be biased by a smearing effect. But while 𝑟𝑐 = 𝑟𝑣 leads to the same 
amount of attenuation bias as for the peer effect estimate, the case with 
𝑟𝑐 = 1 implies an attenuation bias of (1 − 𝐵∕𝑟𝑣) on 𝛽1.

Rearranging the expression for 1− 𝛿𝑒⋅𝑤 reveals a linear relationship: 
the smearing effect and the own effect of 𝛽2 increase linearly together, 
while the own effect of 𝛽1 moves linearly in the opposite direction.15 
Recognizing the systematic relationship between the smearing effect 
and the own effect allows us to predict the total bias between and 
beyond the two reference points.

In the region 𝑟𝑐 > 1 (dotted red line), both the smearing effect 
and the own effect of 𝛽2 increase, resulting in an overestimation of 
the peer effect, while 𝛽1 is further attenuated toward zero. By contrast, 
when 𝑟𝑐 < 𝑟𝑣 (dashed red line), both components of the peer effect 
estimate are attenuated and may even become negative, pushing 𝛽2
toward zero or beyond (sign reversal). At the same time, attenuation of 
the individual effect 𝛽1 is reduced. Finally, in the intermediate region 
𝑟𝑣 < 𝑟𝑐 < 1 (solid red line), the peer effect estimate 𝛽2 remains 
underestimated but lies closer to the true value 𝛽2. In this region, 𝑟𝑐 > 𝑟𝑣
mitigates attenuation of the peer effect, while 𝑟𝑐 < 1 ensures that the 
smearing effect remains nonzero and partially offsets the remaining 
bias without inducing overestimation.

Practical implications. A central question is how this insight can be 
leveraged in applications, given that key components required for bias 
correction, such as 𝑟𝑐 and 𝐵, are unobservable.

Note that, if 𝑟𝑐 = 𝑟𝑣, the ratio of the peer effect to the individual 
effect is consistently estimable: 

plim
𝛽2
𝛽1

=
𝛽2
𝛽1

= 𝑘. (7)

Although this results generally holds under classical measurement er-
ror (Ammermueller and Pischke, 2009), in the case of binary regressors 
it depends on the relative magnitude of 𝑟𝑐 and 𝑟𝑣. This implies, that if 
there exists a reasonable benchmark for the true ratio 𝛽2∕𝛽1, observing 
𝛽2∕𝛽1 is enough to infer the region in which 𝑟𝑐 lies relative to 𝑟𝑣, and 
thus whether the peer effect is over- or underestimated.16 Since both 
the smearing and own effect of 𝛽2 increase in 𝑟𝑐 , while the own effect 
of 𝛽1 decreases in it, the ratio 𝛽2∕𝛽1 exceeds the true ratio when 𝑟𝑐 > 1
(overestimation), falls below it when 𝑟𝑐 < 𝑟𝑣 (underestimation), and is 
close to it when 𝑟𝑣 < 𝑟𝑐 < 1.

14 Note that, if 𝑟𝑐 = 𝑟𝑣, then 𝛿𝑒⋅𝑤 = 0 and 𝛿𝑒⋅𝑤 = 𝐵.
15 Algebraically rearranging the expression for 1−𝛿𝑒⋅𝑤, leads to the following 
two expressions

(1 − 𝛿𝑒⋅𝑤) = (1 − 𝐵) + 𝑟𝑣 ⋅ 𝛿𝑒⋅𝑤 and (1 − 𝛿𝑒⋅𝑤) =
1 − 𝐵
1 − 𝑟𝑣

−
𝑟𝑣

1 − 𝑟𝑣
⋅ (1 − 𝛿𝑒⋅𝑤),

indicating that the own effect component of 𝛽2, increases linearly in the 
smearing effect and decreases linearly in the own effect in 𝛽1.
16 A benchmark can typically be obtained from the existing peer-effects 
literature as we will illustrate in the empirical application.
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Fig. 1. 𝑟𝑐 relative to 𝑟𝑣.
Note: The two empty circles denote the two extreme cases where 𝑟𝑐 = 𝑟𝑣 = 0 (full segregation) and 𝑟𝑐 = 𝑟𝑣 = 1 (perfectly identical groups). The vertical red line 
is fixed at 𝑟𝑣 = 0.75, and the different segments denote different scenarios: 𝑟𝑐 > 1 (dotted), 𝑟𝑣 < 𝑟𝑐 < 1 (solid), and 𝑟𝑐 < 𝑟𝑣 (dashed). The triangle (𝑟𝑐 = 1) and 
the square (𝑟𝑐 = 𝑟𝑣), instead, are the two reference points.  (For interpretation of the references to color in this figure legend, the reader is referred to the web 
version of this article.)
2.4. Simulations

We next illustrate these mechanisms using a simulation exercise. 
We generate nine samples that vary in the number and size of the 
groups into which observations are partitioned. The three group-size 
intervals are chosen to reflect those commonly observed in empirical 
applications, including 𝑁𝑔 ∈ [15, 35], 𝑁𝑔 ∈ [50, 120], and 𝑁𝑔 ∈
[300, 800].17 We label the three group-size categories as classes, cohorts, 
and schools. To capture different empirical settings, we vary the number 
of groups across 𝐺 = 120, 𝐺 = 500, and 𝐺 = 2000. Combining the 
three group size intervals with the three possible values of 𝐺 yields 
nine distinct types of samples.

For each sample, we first generate group sizes by drawing randomly 
𝐺 different values of 𝑁𝑔 from the corresponding uniform distribution. 
We then draw a Bernoulli vector of length 𝑁 =

∑𝐺
𝑔=1 𝑁𝑔 with success 

probability (sample coverage) 𝜋 = 0.3.18 This variable represents the 
latent variable 𝐷𝑖𝑔 .

For the proxy variables, we generate four additional Bernoulli vec-
tors that differ in their success probabilities, 𝑝 = {0.03, 0.3, 0.5, 0.8}, 
while maintaining similar correlations with the pseudo latent variable. 
All correlation coefficients are strictly positive and lie in the range 

17 For example, these are the sizes reported for classrooms and squadrons 
in de Gendre and Salamanca (2020), Balestra et al. (2022), Bietenbeck (2020) 
and Carrell et al. (2009); for smaller cohorts and university courses such as 
in Hill (2014), and Booij et al. (2017); and for university lectures such as 
in Feld and Zölitz (2017), or for medium and large cohorts in studies using 
Add Health data, such as Bifulco et al. (2011) and Cools et al. (2022).
18 This value is chosen to match the coverage observed in the empirical 
application.
5 
[0.24, 0.27] (see Table C.1).19 Holding the correlation with the latent 
variable fixed allows us to isolate the effect of variation in the success 
probability.

To obtain the distribution of the two biases in each sample type, we 
resample each sample 1000 times. In each iteration (and for each proxy 
indicator), we compute 𝑟𝑣 and 𝑟𝑐 , as well as the bias terms defined in 
(6).

Ratios. Mirroring Fig.  1, Fig.  2 displays the distributions of 𝑟𝑐 against 𝑟𝑣
across different values of 𝑝, group sizes, and numbers of groups.20 Each 
panel corresponds to a different number of groups, each column to a 
different group size, and values of 𝑝 are distinguished by both shape 
and by color, with dark triangles representing 𝑝 = 0.03 and light circles 
𝑝 = 0.3. From Fig.  2 we draw three main lessons.21

First, for very low coverage levels such as 𝑝 = 0.03, the variability 
of 𝑟𝑐 is substantially higher. This arises because, when 𝑝 is small, it 
is mechanically more likely that many groups contain no individuals 
with 𝑊𝑖𝑔 = 1, while the remaining groups contain relatively larger 
numbers of such individuals. Consequently, within-group covariances 
with the misclassification error are zero for many groups, while a few 
display disproportionately large covariances relative to the population, 
generating realizations with 𝑟𝑐 > 1.

Second, this issue becomes less pronounced as the number of groups 
increases. With more groups, each group receives less weight in the 
cross-group averages, which narrows the range of possible values for 

19 See Section C.1 of Online Appendix C for more details on the 
data-generating process.
20 Note that in Tables C.2–C.5 of Online Appendix C, we also report detailed 
statistics on the distribution of the ratios.
21 Results for 𝑝 = 0.5 and 𝑝 = 0.8 are shown in Online Appendix C.3.
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Fig. 2. 𝑟𝑐 vs. 𝑟𝑣 for different 𝑁𝑔 , 𝐺, and 𝑝.
Note: The black solid line represents the 45 degree line. The dotted vertical line represents the upper bound on 𝑟𝑣, whereas the horizontal dotted line denotes 
one of the two reference points where 𝑟𝑐 = 1.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 
article.)
these statistics. As a result, the distributions of both 𝑟𝑐 and 𝑟𝑣 become 
more tightly concentrated around the 45-degree line, regardless of 
group size or the proxy’s success probability.

Third, as group size increases, the average values of both ratios 
converge to 1, while the overall patterns remain similar across the 
values of 𝑝 (even if not visually apparent). Larger groups tend to 
be more representative of the population because they contain more 
observations. Consequently, the within-group distributions of 𝑊𝑖𝑔 and 
𝑒𝑖𝑔 become more homogeneous across groups and more closely aligned 
with the full-sample distribution.
6 
Biases. Fig.  3 illustrates the relationship between the smearing effect 
and the own effect of the peer-effect estimate 𝛽2. We restrict attention 
to groups with 𝑁𝑔 ∈ [15, 35], where variation is largest, and because 
our empirical analysis exploits cross-classroom variation. As in previous 
figures, we focus on 𝑝 = 𝜋 = 0.3 (circles), and on 𝑝 = 0.03 (triangles), a 
choice that closely aligns with our empirical application.22

22 As shown in Figure C.4 of Online Appendix C.4, similar patterns and 
conclusions can be drawn for 𝑝 ∈ {0.5, 0.8}.
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Fig. 3. Smearing vs. own effect on 𝛽2.
Note: The solid horizontal lines denote the reference point at which the smearing effect is zero and the own effect on the peer effect estimate is 1−𝐵. The dotted 
lines (horizontal and vertical) represent the other reference point where the own effect on the peer effect estimate is zero whereas the smearing effect is exactly 
𝐵∕𝑟𝑣.
The figure confirms the linear relationship between the smearing 
effect (x-axis) and the own effect (y-axis) for 𝛽2. The three regions 
of interest are distinguished by different shades of gray: light gray 
for 𝑟𝑐 ≥ 1 (overestimation of the peer effect), black for 𝑟𝑣 < 𝑟𝑐 <
1 (near-unbiased peer-effect estimate), and darker gray for 𝑟𝑐 ≤ 𝑟𝑣
(underestimation). The solid horizontal lines indicate the case in which 
the smearing effect is exactly zero and the own effect equals 1−𝐵. The 
dotted horizontal and vertical lines mark the cases in which the own 
effect equals 1 and the smearing effect equals 𝐵∕𝑟𝑣, respectively.

The figure shows that, for very small values of 𝑝, both substan-
tial overestimation and substantial underestimation (including sign 
reversals) can occur under random assignment when the number of 
groups is limited. These distortions become less likely as the number 
of groups increases. For a larger success probability, 𝑝 = 0.3, the 
likelihood of overestimation is essentially zero even with relatively few 
groups, although substantial underestimation and sign reversals may 
still occur when the number of groups is small. As the number of groups 
increases, these distortions disappear, and the total bias converges to 
the attenuation bias.

Importantly, the group size does not mitigate the probability of ei-
ther substantial overestimation or underestimation. The same patterns 
persist for larger group sizes, as shown in Online Appendix C.4.
Estimates. We conclude the simulation exercise by generating pseudo 
outcomes according to the data-generating process 𝑦𝑖𝑔 = 𝛽1𝐷𝑖𝑔 + 𝛽2𝐷𝑔 +
𝑢𝑖𝑔 , where 𝛽1 = −0.1 and 𝛽2 = −0.7, and 𝑢 ∼ 𝑁(0, 1). These parameter 
values are calibrated to the estimates reported in Balestra et al. (2022), 
whose data we also draw on in the empirical application. We then 
estimate 𝑦𝑖𝑔 = 𝛽0 + 𝛽1𝑊𝑖𝑔 + 𝛽2𝑊 𝑔 + 𝑢̂𝑖𝑔 .23

Fig.  4 reports, in sequence, the 1000 estimates of the individual 
effect (𝛽1), the peer effect (𝛽2), and their ratio (𝛽2∕𝛽1). As before, we use 
triangles to denote estimates obtained using the proxy with 𝑝 = 0.03, 

23 Given that the patterns observed in Fig.  3 for small groups are very 
similar to those observed for larger groups in Figures C.2 and C.3, we present 
results for the two selected proxies with 𝑝 ∈ {0.03, 0.3} and small group sizes 
𝑁 ∈ [15, 35] only.
𝑔

7 
while circles correspond to 𝑝 = 0.3. Different shades of gray indicate the 
three regions of interest: light gray for 𝑟𝑐 ≥ 1, black for 𝑟𝑣 < 𝑟𝑐 < 1, and 
dark gray for 𝑟𝑐 ≤ 𝑟𝑣. The yellow star marks the mean across the 1000 
estimates. Horizontal dotted lines indicate the true expected value for 
each of the parameters: 𝛽1 = −0.1, 𝛽2 = −0.7, and 𝛽2∕𝛽1 = 7.

For the individual effect 𝛽1, the estimates exhibit little variation and 
cluster tightly around the attenuated expected value. Sign reversal is 
unlikely for moderate values of 𝐵 that are well below its upper bound 
of 1. The first panel further indicates that, as the number of groups 
increases, the estimate of the individual effect converges in probability 
to 𝛽1(1 − 𝐵).

The results for the peer effect estimate (middle panel) are con-
siderably more nuanced. When the number of groups is small and 
𝑟𝑐 ≤ 𝑟𝑣, sign reversals may occur for both proxy variables. With few 
groups and 𝑟𝑐 ≥ 1, substantial overestimation is also possible, although 
only for the variable with low success probability. If 𝑟𝑣 < 𝑟𝑐 < 1, 
peer effect estimates lie closer to the true value than in the other 
regions. For the low-coverage proxy, the smearing effect can fully offset 
attenuation and may even induce a slight overestimation. By contrast, 
for the high-coverage proxy, attenuation cannot be fully eliminated, 
so the peer effect remains consistently underestimated even within the 
‘‘near-truth’’ region. In the limit, as the number of groups increases, 
both overestimation and sign reversal become increasingly unlikely 
for either proxy, and the estimated peer effect converges to the lower 
bound of the ‘‘near truth’’ region, 𝛽2(1 −𝐵), as indicated by the yellow 
marker.

Turning to the ratio 𝛽2∕𝛽1 (right panel), the simulation results 
closely align with the theoretical predictions. When 𝑟𝑐 ≤ 𝑟𝑣, the ratio 
falls below its benchmark and becomes small and negative in cases of 
sign reversal. When 𝑟𝑐 ≥ 1, it takes very large positive values (around 
40% or more above the benchmark), at least for the low-coverage 
proxy. In the intermediate region 𝑟𝑣 < 𝑟𝑐 < 1, the ratio exceeds the 
benchmark but remains relatively close to it, lying roughly 15% to 40% 
above depending on the number of groups. As the number of groups 
increases, the ratio converges to its benchmark, as indicated by the 
tightening of both segments.

These results suggest that our heuristic based on the ratio of the 
peer effect to the individual effect performs well in most settings, except 



F. Valli-Puljic et al. Labour Economics 102 (2026) 102887 
Fig. 4. 𝛽2, and 𝛽2∕𝛽1 for 𝑁𝑔 ∈ [15, 35].
Note: Horizontal dotted lines indicate the true expected value for each of the parameters: 𝛽1 = −0.1, 𝛽2 = −0.7, and 𝛽2∕𝛽1 = 7.
when the success probability is high and the number of groups is small, 
specifically for 𝑝 = 0.3 and 𝐺 = 120. In this case, the ratio 𝛽2∕𝛽1 can 
take very large values which, based on our heuristic, would suggest that 
the peer effect is overestimated, when in fact it is underestimated, as 
shown in the middle panel. A plausible explanation for this breakdown 
is the correlation between the proxy and the latent variable. Although 
the simulations are calibrated such that all proxies have similar em-
pirical correlations with the latent variable, their maximal attainable 
correlations depend on 𝑝 relative to 𝜋. For 𝑝 = 0.03, a correlation of 
0.24 is close to its theoretical maximum of 0.27, whereas for 𝑝 = 0.3
the same correlation is far below the maximum of one. Consequently, 
for higher-coverage proxies, large values of 𝛽2∕𝛽1 may reflect limited 
proxy–latent correlation rather than genuine overestimation of the peer 
effect.24
Practical implications. A practical way to assess whether the observed 
ratio is indicative of overestimation or underestimation is to compute 
the maximal value of the ratio within the near truth region. The max-
imal value is reached when 𝑟𝑐 = 1, and misclassification is minimized 
(equivalently, when correlation with the latent variable is maximized). 

24 The correlation between two binary variables reaches its maximum when 
𝑃 (𝑊 = 1, 𝐷 = 1) = 𝑝, if 𝑝 ≤ 𝜋, or when 𝑃 (𝑊 = 1, 𝐷 = 1) = 𝜋, if 𝑝 > 𝜋. 
Consequently, the maximum correlation yields: max(0, 𝑝 + 𝜋 − 1) ≤ 𝑃 (𝑊 =
1, 𝐷 = 1) ≤ min(𝑝, 𝜋), and

𝜌max
𝑊 ,𝐷 =

√

𝑝(1 − 𝜋)
𝜋(1 − 𝑝)

for 𝑝 ≤ 𝜋 and

𝜌max
𝑊 ,𝐷 =

√

𝜋(1 − 𝑝)
𝑝(1 − 𝜋)

for 𝑝 > 𝜋.
8 
Formally, the upper bound is given by 

plim
𝛽2
𝛽1

=
𝑘 + 𝐵𝑚𝑖𝑛

𝑟𝑣

1 − 𝐵𝑚𝑖𝑛

𝑟𝑣

, (8)

where 𝐵min is obtained from the relationship below25: 

𝐵𝑚𝑖𝑛 = 1 − 𝜌𝑚𝑎𝑥𝑊 ,𝐷

√

𝜋(1 − 𝜋)
𝑝(1 − 𝑝)

, (9)

where 𝜌𝑚𝑎𝑥𝑊 ,𝐷 denotes the maximal feasible correlation between 𝑊𝑖𝑔 and 
𝐷𝑖𝑔 (see Footnote 24). We illustrate how to implement this calculation 
in the empirical application.

We conclude with one further observation. The visualization of 
the relationship in Eq.  (9) (see Online Appendix B.2) reveals that, 
for a fixed correlation with the latent variable, proxies with smaller 
probability of occurrence generate the lowest attenuation bias when 
𝜋 < 0.5. When 𝜋 > 0.5, the opposite holds: proxies with larger 𝑝
minimize attenuation bias for the same correlation, whereas at 𝜋 = 0.5, 
both proxies with very small and very large coverage yield the smallest 
attenuation bias. However, extreme coverages are not inherently prefer-
able. They are advantageous only when there is good reason to believe 
that their correlation with the latent variable is close to its maximum. 
In such cases, sparse cross-group variation can generate high values of 
𝑟𝑐 that offsets attenuation bias even under random group assignment.

25 Note that 𝐵 = Cov(𝑊𝑖𝑔 , 𝑒𝑖𝑔)∕Var(𝑊𝑖𝑔), implying that 1 − 𝐵 =
Cov(𝑊𝑖𝑔 , 𝐷𝑖𝑔)∕Var(𝑊𝑖𝑔), which, if multiplied by 

√

Var(𝑊𝑖𝑔)∕Var(𝐷𝑖𝑔) gives:

𝐵(𝑝, 𝜌𝑊 ,𝐷) = 1 − 𝜌𝑊 ,𝐷

√

𝜋(1 − 𝜋)
𝑝(1 − 𝑝)

.
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3. Empirical application

In this section, we apply the theoretical findings to empirical data, 
illustrating their practical implications and showing how to make use 
of the heuristics developed above. Leveraging data from Balestra et al. 
(2022), we study the peer effects of students with low academic abili-
ties.

3.1. Background, data, and identification

The data contain information on the universe of middle schools 
from the canton of St. Gallen, the fifth-largest state in Switzerland. The 
education system in St. Gallen is characterized by three features that are 
key for the estimation. First, students are reshuffled when transitioning 
from primary to middle school. Second, in middle school students are 
assigned to either a higher track (Sekundarschule) or a lower track 
(Realschule). The two tracks differ in academic requirements and class 
size (16–24 students in the lower track and 20–24 students in the 
higher track), with assignment based on student performance and the 
primary school teacher’s recommendation. Third, regardless of track, 
all students take a mandatory standardized test (‘‘Stellwerk 8’’) in core 
subjects in grade eight. The test is computer-based and administered by 
the cantonal Department of Education.

We observe test score data for all eighth-grade students from 2008 
to 2017. These data contain information on student achievement (stan-
dardized test score in math), student characteristics (date of birth, 
gender, and native German speaker), and composition of schools and 
classes in grade eight (school, track, classroom).

We merge these data with the examination records from the School 
Psychological Service (SPS) of the canton of St. Gallen. The SPS data 
include all students ever registered with the SPS through teacher refer-
ral, a psychologist diagnosis for learning disabilities, and an indicator 
for grade repetition.

We consider three measures of low academic ability: diagnosed 
learning problems, referral to the SPS, and grade repetition. Among 
the three variables of interest, we define learning disability diagnoses 
as the most accurate indicator of low ability,26 while we treat referral 
to the SPS and grade repetition as proxies. Referrals to the SPS capture 
all students ever referred by their teachers to the SPS before entering 
middle school. The most common reasons for referral are learning-
related issues and behavioral or socioemotional problems. While most 
referred students are subsequently diagnosed with learning disabilities, 
a small fraction is not. Consequently, referrals to the SPS are a less 
precise measure of low academic ability. Grade repetition, on the other 
hand, is a highly accurate indicator of low ability, but it captures only 
the most severe cases of learning problems.

We restrict our sample to only include regular, non-segregated 
schools and classrooms, and school-track-years with more than one 
class to ensure the necessary identifying variation, for a total of 40,626 
observations and 890 school-track-years.27

Panel A of Table  1 presents descriptive statistics for the three groups 
of students, while Panel B describes the relationship between the two 
proxies and the indicator of diagnosed learning disabilities, including 
their observed correlations, and the two misclassification rates. Panel 
A shows that the three measures capture different parts of the student 
population: 28.9% of the students were referred to the SPS, only 1.7% 
repeated a grade, and 24.3% were diagnosed with learning disabilities. 
Panel B further indicates that both correlations with the true measure 
are very close to their maximum. The high correlation is driven in both 
cases by the high fraction of true positives which amounts to 86% for 
referred students and 94% for repeaters.

26 By the ‘‘most accurate indicator’’ we mean that we treat learning disability 
diagnoses as the true measure 𝐷𝑖.
27 Table D.1 in Online Appendix D describes the exact sample selection.
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Panels C and D of Table  1 further show that both proxies, as well 
as the true measure, capture a student population characterized by a 
higher likelihood of being male, nonnative speaker, slightly older at 
test, and with lower average test scores, with repeaters scoring the 
lowest on average. The average class size is approximately 19 students.

To estimate peer effects of low-ability students, we exploit quasi-
random variation in classroom composition within school-track-year 
cells, following Balestra et al. (2022). Importantly, all three measures 
are predetermined with respect to peer-group assignment in the usual 
sense (Bietenbeck, 2020; Lavy et al., 2012a), thereby ruling out po-
tential reflection problems (Manski, 1993). We estimate two versions 
of Eq.  (2) (with and without controls): 
𝑦𝑖𝑐𝑠𝑡 = 𝛽0 + 𝛽1𝐷𝑖𝑐𝑠𝑡 + 𝛽2𝐷𝑐𝑠𝑡 + 𝛽3𝑋𝑖𝑔 + 𝜃𝑠𝑡 + 𝑢̂𝑖𝑐𝑠𝑡. (10)

where 𝑦𝑖𝑐𝑠𝑡 is the standardized math test score in grade eight of student 
𝑖, from classroom 𝑐, year 𝑡, and school-track 𝑠, 𝐷𝑖𝑐𝑠𝑡 is the indicator for 
diagnosed learning disabilities, 𝐷𝑐𝑠𝑡 is class 𝑐’s proportion of students 
diagnosed with learning problems, and 𝜃𝑠𝑡 is the school-track-year 
fixed effect. Additionally, 𝑋𝑖𝑔 is a vector of control variables, including 
gender and nonnative indicators, age at test, and class size.

In line with the theoretical framework, we estimate Eq. (10) replac-
ing the learning disability diagnosis indicator and its classroom pro-
portion with SPS referral and grade repetition and their corresponding 
classroom shares.

For all three measures, we implement four standard checks to assess 
the validity of the identification strategy. First, we verify that there is 
sufficient within school–track–year variation for identification. Second, 
following the literature (Lavy et al., 2012b; Bifulco et al., 2011; Feld 
and Zölitz, 2017), we test for selection into classrooms by regressing 
peer proportions on predetermined individual characteristics. Third, we 
apply the two randomization tests proposed by Guryan et al. (2009) to 
assess grouping based on the peer characteristic. Fourth, we conduct a 
resampling-based test in the spirit of Bifulco et al. (2011) to confirm 
that the three characteristics are approximately randomly distributed 
across classrooms within school–track–year cells.

Results from all four tests are reported in Online Appendix D.2. 
Overall, the tests indicate that peer variation in all three characteris-
tics is sufficiently large and approximately random across classrooms 
within school–track–year cells, according to the resampling-based evi-
dence of Bifulco et al. (2011). There is no indication of grouping for 
grade repeaters or systematic selection on observables. By contrast, 
both randomization tests of Guryan et al. (2009) and the selection-
on-observables test suggest possible grouping of students with learning 
or behavioral problems, which are more prevalent among nonnative 
speakers and tend to occur in slightly smaller classes. We therefore 
control for these characteristics in the second specification of the 
estimation.

3.2. Results

Table  2 reports estimates from Eq.  (10). Odd-numbered columns 
present specifications without controls, while even-numbered columns 
include individual covariates and class size. The specifications with 
covariates primarily serve to demonstrate robustness and to show that 
the theoretical findings continue to hold when covariates and fixed 
effects are included.

Columns (1) and (2) report regression results for teacher referral 
without and with covariates, respectively. The estimated individual 
effect suggests that ever-referred students score, on average, 0.084 
standard deviation (SD) lower than non-referred students. The peer 
effect of teacher-referred students is statistically significantly different 
from zero. Increasing the proportion of ever-referred students from 0 
to 1 is associated with a 0.659 SD reduction in peers’ test scores. Given 
an average class size of 19 students, this corresponds to a decrease 
of approximately 0.035 SD for each additional ever-referred student. 
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Table 1
Descriptive statistics.
Source: Own calculations. Data are from the School Psychological Service St. Gallen and the Stellwerk test service provider.
 Variable All students Teacher-referred Repeater Learning disability
 diagnosed

 (1) (2) (3) (4) (5) (6) (8) (9)  
 Mean Std.Dev. Mean Std.Dev. Mean Std.Dev. Mean Std.Dev.  
 Panel A. Variables of interest
 Teacher-referred 0.289 0.453 1 0 0.976 0.153 1 0  
 Learning disability diagnosed 0.243 0.429 0.897 0.304 0.959 0.198 1 0  
 Repeater 0.017 0.129 0.057 0.232 1 0 0.062 0.242  
 Panel B. Misclassification
 𝜌 (corr. with learning disability) 0.928 0.209  
 𝜈 (false positives) 0.040 0.001  
 𝜂 (false negatives) 0.000 0.938  
 Panel C. Outcome
 Standardized Math test score 0 1 −0.389 1.056 −0.745 0.874 −0.427 1.053  
 Panel D. Covariates
 Boys 0.497 0.500 0.577 0.494 0.510 0.500 0.574 0.495  
 Non-native speakers 0.144 0.351 0.182 0.386 0.177 0.382 0.182 0.386  
 Age at test 14.89 0.710 15.12 0.762 15.62 0.725 15.13 0.762  
 Class size 19.10 3.552 18.62 3.702 18.12 3.466 18.54 3.722  
 Observations 40,626 12,162 708 10,912

Notes: Data contains information from 123 school-tracks, with an average number of 7.24 cohorts observed per school-track.
Table 2
Results with and without misclassification .
Source: Own calculations. Data are from the School Psychological Service St. Gallen and the Stellwerk test service provider.
 Variable of interest
 Teacher-referred Repeater Learning disability diagn.
 (1) (2) (3) (4) (5) (6)

 Panel A. Effects on math test score
 Individual effect −0.084∗∗∗ −0.085∗∗∗ −0.159∗∗∗ −0.069∗∗∗ −0.094∗∗∗ −0.092∗∗∗ 
 (0.009) (0.009) (0.026) (0.026) (0.009) (0.009)  
 Peer effect −0.659∗∗∗ −0.598∗∗∗ −0.730∗∗ −0.691∗∗ −0.733∗∗∗ −0.677∗∗∗ 
 (0.115) (0.112) (0.336) (0.338) (0.118) (0.116)  
 Controls
 Boy 0.308∗∗∗ 0.301∗∗∗ 0.308∗∗∗  
 (0.008) (0.008) (0.008)  
 Non-native −0.176∗∗∗ −0.173∗∗∗ −0.175∗∗∗ 
 (0.013) (0.014) (0.013)  
 Age at test −0.134∗∗∗ −0.145∗∗∗ −0.134∗∗∗ 
 (0.006) (0.006) (0.006)  
 Class size 0.020∗∗∗ 0.022∗∗∗ 0.019∗∗∗  
 (0.007) (0.008) (0.007)  
 Observations 40,626 40,626 40,626

 Panel B. Misclassification statistics:
 B 

(

= 𝜈 1−𝜋
𝑝

+ 𝜂 𝜋
1−𝑝

)

0.104 0.234
 𝑟𝑐 0.969 0.974
 𝑟𝑣 0.960 0.963
 𝛽2∕𝛽1 7.845 7.035 4.591 10.014 7.798 7.359  
Notes: *** 𝑝 < 0.01, ** 𝑝 < 0.05, * 𝑝 < 0.1. Standard errors are clustered at the school-track-year level and reported in parentheses below 
the coefficients. All regressions controls for school-track-year fixed effects. Data contains information from 123 school-tracks, with an average 
number of 7.24 cohorts observed per school-track. Each estimation controls for school-track-year fixed effects. Odd-numbered columns report 
results from specifications without controls, whereas even-numbered columns report results for specifications with covariates. Note that statistics 
in Panel B are calculated from non-rounded numbers.
Both the individual and peer effects remain remarkably stable after the 
inclusion of covariates.

Columns (3) and (4) report the results for grade repetition. The 
estimated individual effect is larger, corresponding to an average re-
duction of 0.159 SD in test scores. By contrast, the peer effect is 
comparable in magnitude to that obtained using teacher referral. In 
a classroom of 19 students, the presence of one additional repeater 
reduces peers’ test scores by 0.038 SD. The inclusion of covariates 
substantially attenuates the individual effect, which is expected given 
that repeaters are systematically older at the time of testing, which 
implies a high, positive correlation with the covariate age at test.
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For comparison, Columns (5) and (6) report regression results for 
learning-disability diagnoses. On average, students diagnosed with 
learning disabilities score 0.094 SD lower on the test, and the presence 
of one additional diagnosed student in a classroom of 19 is associated 
with a 0.039 SD reduction in peers’ test scores. These estimates serve as 
our benchmark, against which we compare the results obtained using 
the two proxy variables.

Panel B reports the components underlying the two bias channels 
in Eq.  (5), as well as the ratio of the peer effect to the individual effect, 
𝛽2∕𝛽1. We observe a smaller value of 𝐵 for teacher referral than for 
grade repetition, consistent with the stronger correlation reported in 
Table  1. For both variables, 𝑟  is close to one, suggesting that these 
𝑣
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characteristics are distributed across groups in a broadly representative 
manner. Similarly, for both teacher referral and grade repetition, 𝑟𝑐
lies between 𝑟𝑣 and 1, indicating a similar cross-group distribution of 
misclassification and the observed variable. In light of the theoretical 
framework, this pattern implies attenuation of both peer effect esti-
mates, although slightly milder for grade repetition, as its low coverage 
allows for a stronger offset of the attenuation.

Similar conclusions emerge when examining the ratio 𝛽2∕𝛽1. Com-
paring column (1) with its benchmark in column (5) suggests slightly 
milder attenuation, as the observed ratio is marginally larger but 
very close to its benchmark. By contrast, comparing column (2) to 
column (6) yields a ratio below the benchmark, indicating stronger 
underestimation. Consistent with these predictions, both peer effect 
estimates based on teacher referral are smaller than the benchmark, 
with somewhat stronger attenuation in column (2), as anticipated. 
Overall, these patterns indicate that the heuristic performs well for this 
variable.

Applying the same comparison to grade repetition yields a more nu-
anced picture. The ratio in column (3) lies about 40% below its bench-
mark in column (5), indicating substantial underestimation, whereas 
the ratio in column (4) exceeds its benchmark in column (6), suggesting 
potential overestimation. While the theoretical prediction is confirmed 
when covariates are included, it does not hold in specifications without 
controls, as reflected in the corresponding peer effect estimates.

Variable omission and model misspecification are the primary
sources of the breakdown of the heuristic. For grade repetition, the 
estimate of 𝛽1 falls by more than half once controls are included, 
which explains the much lower ratio in column (3) despite the peer 
effect estimate being close to its benchmark. Because 𝛽1 enters the 
denominator, omitting relevant variables that are positively correlated 
with the characteristic of interest inflates the individual effect and 
mechanically depresses the ratio, even when attenuation of the peer 
effect is limited. Consequently, if Assumptions  1 and 2 hold and the 
model is correctly specified, the heuristic based on the ratio 𝛽2∕𝛽1 can 
be used reliably to infer over- or underestimation. If these conditions 
are violated, however, the heuristic may be confounded by omitted 
variable bias.
Bounds on 𝛽2∕𝛽1 in practice. Next, we illustrate how researchers can 
use information that is typically available in empirical applications 
to assess whether an estimated peer effect is likely to be over- or 
underestimated. As shown in the theoretical section, given a plausible 
value for 𝑘 = 𝛽2∕𝛽1 and a rough estimate of the population prevalence 
of the latent variable, 𝜋, it is possible to characterize the range of values 
that the ratio is expected to take within the ‘‘near-truth’’ region for a 
given proxy with success probability 𝑝.

In our application, we set 𝑘 = 7.36 based on column (6) of Table 
2, but in practice a comparable benchmark can often be drawn from 
the existing literature. A common rule of thumb is that increasing the 
share of peers with a given characteristic by one student in a class of 20 
(i.e., a 5% increase) generates a peer effect roughly equal to one third 
of the corresponding individual effect. This implies 𝛽2 × 0.05 ≈ 𝛽1 × 0.33, 
yielding a benchmark ratio of approximately 6.6.

To obtain the upper bound against which the observed ratio can be 
compared, we use Eq.  (8), which requires only a rough estimate of the 
true prevalence 𝜋. This could be coming, e.g., from official statistics. 
Using 𝜋 = 0.259, we obtain 𝐵min = 0.104 and an upper bound of 
𝛽2∕𝛽1

|

|

|𝑟𝑐=1,𝐵min = 8.57 for teacher referral, and 𝐵min = 0.248 with a 
corresponding bound of 11.24 for grade repetition.

This upper bound is particularly informative for interpreting the 
estimates based on grade repetition, for which the heuristic yields 
nontrivial predictions, while conclusions for the other proxy remain 
unchanged. The ratio reported in column (4) lies slightly below, but 
close to, the upper bound of 11.24. In the absence of information on 
the true peer effect, this would suggest that the estimated peer effect is 
close to its true value, which is indeed what we find.
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Omission of relevant peer characteristics. We conclude this section by 
noting that peer effect estimates based on teacher referrals are more 
attenuated than those based on grade repetition, despite their higher 
prevalence and stronger correlation with the benchmark measure. A 
plausible explanation is omitted variable bias arising from omitted peer 
characteristics. As discussed earlier, students can be referred to the SPS 
for various reasons, among which behavioral problems are the second 
most common. This implies that peer effect estimates based on teacher 
referrals may partially capture the influence of peers with behavioral 
difficulties. If the classroom share of students with behavioral problems 
is a relevant control variable, positively correlated with teacher refer-
ral and negatively associated with math performance, then omitting 
it would lead to a stronger downward bias than that generated by 
attenuation alone.

Table  3 supports this conjecture. Columns (1)–(2) report the base-
line estimates, while columns (3)–(4) add the classroom share of stu-
dents with behavioral problems to quantify the effect of the omitted 
peer characteristic. Columns (5)–(6) report an auxiliary regression of 
the proportion of teacher referred peers on all covariates, including own 
teacher-referral and behavioral problems. Multiplying the correspond-
ing coefficients from columns (3)–(4) and (5)–(6) implies an omitted 
variable bias of approximately +0.107 and +0.100, respectively. Since 
the benchmark peer effect is negative, this positive bias results in a 
more attenuated peer effect, explaining why estimates based on teacher 
referrals are more attenuated than those based on grade repetition.

This suggests that when proxy variables capture multiple dimen-
sions, failing to control for the additional group-level dimensions can 
introduce bias beyond that arising from misclassification alone, with 
direct implications for the ratio of the two estimates. Gender provides 
a prominent example, as it is correlated with a wide range of individual 
and peer characteristics. A practical implication is that researchers 
should not only include the relevant proportions for these additional 
dimensions at the group level, as is already common in applied work, 
but also assess the stability of the ratio of peer to individual effect 
estimates across specifications. When this ratio, and not only the peer 
effect, remains stable across specifications, in the spirit of Altonji et al. 
(2005), the scope of the relevant omitted variables is reduced and the 
ratio becomes a more reliable object of inference.

4. Conclusions

This paper contributes to the growing literature on spillover ef-
fects by providing a comprehensive analysis of misclassification in 
LIM models, a topic that has received relatively little formal attention 
despite the widespread use of binary peer characteristics in empirical 
applications. We formally show that under random group formation 
and non-differential misclassification error, misclassification generates 
two distinct sources of bias: an own effect and a smearing effect. The 
two are positively linearly dependent, and their magnitudes depend on 
both misclassification rates and the relative distribution of the observed 
variable and its error across groups. Together, these factors can lead to 
substantial underestimation (including sign reversal) or overestimation 
of peer effects in finite samples, even under random group formation. 
However, whether the peer effect is over- or underestimated follows 
a predictable pattern that is reflected in the ratio of the peer to the 
individual effect. Because this ratio is always observed, it provides a 
simple and informative diagnostic of the likely direction of bias, even 
when misclassification rates or the distribution of errors across groups 
are unknown.

Using administrative school data, we validate the theoretical predic-
tions and highlight an additional insight relevant for applied work. The 
ratio of the estimated peer to individual effect may also reflect omitted 
variable bias and is therefore informative about misclassification only 
if the model is correctly specified, that is, if our two key assumptions 
hold and no relevant unobserved factors are omitted. Accordingly, we 
recommend assessing robustness not only of the peer effect estimate, as 
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Table 3
Omitted variable bias.
Source: Own calculations. Data are from the School Psychological Service St. Gallen and the Stellwerk test service provider.
 Outcome: Baseline + beh. problems Auxiliary reg.
 Math test score Math test score Prop. teacher-referred peers
 (1) (2) (3) (4) (5) (6)

 Teacher-referred −0.084∗∗∗ −0.085∗∗∗ −0.084∗∗∗ −0.085∗∗∗ 0.034∗∗∗ 0.033∗∗∗  
 (0.009) (0.009) (0.009) (0.009) (0.002) (0.001)  
 Prop. teacher-referred peers −0.659∗∗∗ −0.598∗∗∗ −0.690∗∗∗ −0.627∗∗∗  
 (0.115) (0.112) (0.125) (0.122)  
 Prop. beh. problems 0.154 0.144 0.695∗∗∗ 0.693∗∗∗  
 (0.180) (0.167) (0.049) (0.049)  
 Individual controls No Yes No Yes No Yes
 Observations 40,626 40,626 40,626

Notes: *** 𝑝 < 0.01, ** 𝑝 < 0.05, * 𝑝 < 0.1. Standard errors are clustered at the school-track-year level and reported in parentheses below 
the coefficients. All regressions controls for school-track-year fixed effects. Data contains information from 123 school-tracks, with an average 
number of 7.24 cohorts observed per school-track. Each estimation controls for school-track-year fixed effects. Odd-numbered columns report 
results from specifications without controls, whereas even-numbered columns report results for specifications with covariates.
is common in the literature, but also of the individual effect. As a prac-
tical guideline, when both estimates are stable across specifications, the 
ratio provides a reliable diagnostic of the direction of the bias induced 
by misclassification.

In contrast to classical measurement error, which implies a simple 
attenuation bias (Ammermueller and Pischke, 2009; Feld and Zölitz, 
2017), we show that misclassification induces a richer and more com-
plex bias structure. Although both forms of measurement error con-
verge to simple attenuation of individual and peer effects in large 
samples, finite-sample behavior differs markedly in the binary-variable 
case, as the cross-group distribution of the misclassification error plays 
an additional role. This distribution has predictable implications for 
peer and individual effect estimates, which we exploit to develop 
a practical diagnostic for assessing bias. More broadly, our findings 
underscore the value of jointly interpreting individual and peer effect 
estimates when evaluating bias in models with misclassified binary 
regressors, a setting that is pervasive in administrative and survey data.
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