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Abstract:

Hahn (1998) derived the semiparametric efficiency bounds for estimating the average
treatment effect (ATE) and the average treatment effect on the treated (ATET). The
variance of ATET depends on whether the propensity score is known or unknown.
Hahn attributes this to ’dimension reduction’. In this paper an alternative explana-
tion is given: Knowledge of the propensity score improves upon the estimation of the

distribution of the confounding variables.
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1 Introduction

Propensity score matching is a technique widely used in biometrics, econometrics and other so-
cial sciences to estimate average treatment effects of medical treatments, active labour market
programmes, training programmes etc. Its popularity stems from the fact that, instead of con-
trolling for all confounding factors X, it suffices to control for a one-dimensional propensity score
(the conditional probability of treatment receipt) to remove all selection bias (Rosenbaum and
Rubin 1983). This reduces the dimension of the estimation problem substantially. However, in
many applications the propensity score is unknown and needs to be estimated. This gave rise to
a debate on how much efficiency is lost by not knowing the true propensity score. Hahn (1998)
derived the semiparametric efficiency bounds for the average treatment effect and the average
treatment effect on the treated. He found that the variance bound for the average treatment
effect (ATE) is completely unaffected by knowledge of the propensity score, whereas knowing the
propensity score reduces the variance for the average effect on the treated (ATET). This leads
to the question, why these bounds are affected differently. Hahn argues that the reduction in
the variance of the treatment effect on the treated ”can be solely attributed to the ’dimension
reduction’ feature of the propensity score”.

This paper provides a different explanation for the role of the propensity score. It argues
that the reason for why knowledge of the propensity score affects the variance bound is not the
dimension reduction, but the information it provides for estimating the distribution function of
the confounding variables X in the treated subpopulation. This distribution function Fx|¢reqted
is used as weighting function for the ATET. When the propensity score is unknown, F | eated
is identified by the X observations of the treated individuals; non-treated individuals are not
informative for estimating the distribution of X among the treated. On the other hand, if the
propensity score is known, also the non-treated individuals are helpful for estimating F'x|¢reqteds
because Fx|untreated a0d Fx|treated are related via the propensity score.

The variance of the ATE is unaffected, because it is obtained through weighting by the
distribution of X in the full population, which in any case is estimated from all the treated and

the non-treated observations together.



2 Efficiency bounds and the propensity score

Define YiO,Yil as the potential outcomes of individual i: YZ-O is the outcome that individual ¢
would realize if not receiving the treatment and Y;' the outcome if receiving the treatment. The

average causal impact of the treatment can be measured by the average treatment effect
a=E[Y'-Y" (1)
and by the average treatment effect on the treated
ar =E[Y'-Y°D=1], (2)

where D; indicates whether an individual received treatment (D; = 1) or not (D; = 0). Whereas
« measures the impact of treatment for the full population, ap represents the effect for the
subpopulation of individuals who actually received treatment. If treatment is unconfounded

(Rubin 1974), Y° Y1 1L D | X and the treatment effects are identified as

o = / (ma(x) — mo()) - dFx 3)
ar = /(ml(l")—mo(i”))‘dem—l,

where mg(z) = E[Y|X = x, D = d] is the conditional mean function, fx = dF is the density of
X in the population and fx|p—1 = dFx|p=1 is the density of X in the treated subpopulation.'?

Since nonparametric estimation of mg(x) can be difficult in finite samples if the dimension
of X is high, Rosenbaum and Rubin (1983) suggested to reduce the dimension of the estimation
problem by making use of the balancing property of the propensity score: The unconfoundedness
assumption implies Y°, Y 1L D |p(X), where p(z) = P (D = 1|X = x) is the propensity score and

the average treatment effects are also identified as

o = / (m1(p) — mo(p)) - dF(p) (4)

or = / (m1(p) — mo(p) - dFyyps(p),

YA further condition for identification is that Supp(X|D = 1) = Supp(X|D = 0), or equivalently that 0 <

p(x) <1 Vz € Supp(X), where p(x) = P (D = 1|X = z) is the propensity score.
’Hirano, Imbens, and Ridder (2003) also consider a weighted average treatment effect

[ (ma(z) —mo(z)) g(z)dFx/ [ g(x)dFx for a known weighting function g(z) and derive its efficiency bound. The

weighted average treatment effect contains ar as a special case, for g(z) = p(z).



where my(p) = E[Y|p(X) = p,D = d] is the mean outcome conditional on the propensity
score, Fj, is the distribution of p(z) in the population and F,p=1 is the distribution of the
propensity score in the treated subpopulation. Since the propensity score p(x) is one-dimensional,
nonparametric estimation of my(p) is usually substantially less demanding than nonparametric
estimation of mg(z). In this sense, propensity score matching circumvents the dimensionality
problem of nonparametric regression on X and is therefore widely used in applied evaluation
studies. On the other hand, the propensity score is often unknown and estimation of the average

treatment effects must make do with an estimated propensity score.

To analyze the role of the propensity score, Hahn (1998) derived the semiparametric efficiency
bounds for known and for unknown propensity score. To make the following discussion more
intuitive, the variance bounds are henceforth scaled by the number of observations, i.e. divided
by ng + n1, to reflect the approximate variance for a given number of observations. (nj, ng
are the number of treated /non-treated observations, respectively.) In addition, in the following

expressions, P(D = 1) is approximated by ny/(ng+mn1). The scaled variance bound for « is then

200 S )

1
—F
PpolX)|

nifi

1
—F
no fo

2
A7 );f()x)] e B [ () = mo(X) — )]
(5)

where 03(z) = Var (Y|X = 2,D =d), and Ef,[] = [ -fx|p=1(z)dx refers to the expected value
in the treated subpopulation and Ey,[] to the expected value in the non-treated subpopulation
(see appendix). This variance bound is the same for known and for unknown propensity score,
i.e. knowledge of the true propensity score is not informative for estimating .

In contrast, the variance bound for the treatment effect on the treated ar depends on knowl-
edge of the propensity score. If the propensity score is unknown, the scaled variance bound of
o is

1 9 f )2(\ D=1 (X)
—F 0'0 (X) ﬁ
while it is lower when the propensity score is known:
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see appendix. Hahn (1998) attributes this reduction of the variance from (6) to (7) to the ’di-
mension reducing’ property of the propensity score. This interpretation, however, cannot explain

why the variance of « is not affected.



Hirano, Imbens, and Ridder (2003) analyze the estimation of o and ap through weighting by

the propensity score, noting that « = E | X2 — YA-D)| and ar=F [ p(X) ( YD _ Y(I_D)ﬂ.

p(X)  1-p(X) P(D D \p(X)  1-p(X)

If the propensity score were known, a could be estimated as &(p) = 1 ;?)? ) YZS,,?)? i)) or as
n

a(p) = %Z;? ( —o'e )). Potential estimators for ar are ar(p, f)), ar(p,p) and ar(p,p),
where -

2 D; Y;(1-D;
(0.9) 2 p(Xi) (zﬁ)?)_ liﬁ(xi)))
ar(p,p) =
> p(Xy)

and &r(p,p) and ap(p,p) defined analogously. If the propensity score is unknown, only &(p)

and ar(p,p) are feasible. Hirano, Imbens, and Ridder (2003) show that &(p) is efficient while
é(p) is not.3* With known propensity score, ar(p,p) is efficient while ar(p,p) and ar(p, p)
are not. With unknown propensity score, ar(p,p) is efficient. The efficiency bounds are the
same as in Hahn (1998). Since the propensity score enters the average treatment effect « in
the weighting estimator only through a single channel, while it enters ar through two different

channels, knowledge of the propensity score affects « differently than arp.

An alternative explanation to why knowing the propensity score is useful for a but not for
« is developed below. The basic insight is that knowing the propensity score helps in estimating
the distribution Flyp_; whereas it does not help for estimating Fx. The central difference

between v and ap is that « is identified in (3) by weighting m;(z) — mo(x) by the distribution

3Under certain regularity and smoothness conditions.
*Hirano, Imbens, and Ridder (2003) give an intuition why &(p) but not &(p) is efficient for estimating the

average treatment effect o. For developing the intuition, they consider a single binary covariate « € {a,b} and

examine - Z X Dv) as an estimator of E[Y']. This estimator can then be written as
1 Y:D; Na _ Ny _
— — - ¢ + =
n;p(Xq) n /‘l’a, n /‘l’b?

where n, is the number of observations with X; = a and
o
= 3

is an estimator of F[Y|X = a, D = 1]. Dividing by the propensity score p(a) in i, accounts for that only a fraction

of the observations with X = a are informative for estimating E[Y|X = a, D = 1]. With a binary covariate, the
propensity score can be estimated by the proportion of observations with D; = 1 for given X, i.e. p(a) = nia/na

where n14 is the number of observations with D; = 1 and X; = a. The estimator fi, with the estimated propensity

score, [, = nl > Y;, is more efficient for estimating E[Y|X = a,D = 1] than the estimator with the
10 X =a,D;=1
true propensity score: i, = ni > Yf%"(a)ﬂ In essence, weighting by the estimated instead of the true
¢ X;=a,D;=1

propensity score thus leads to more efficient estimators of mi(z) and mo(x).




Fx, whereas ar is obtained by weighting by Fx|p—:.
Without knowledge of the propensity score, the distribution Fx|p—; can be estimated by the
empirical distribution function of X among the n; treated individuals. The X values of the non-
treated observations contain no information about F'y|p—;. However, when the propensity score
is known, in addition also the ng non-treated individuals become informative for estimating the
distribution of X among the treated, because the distributions Fx|p—o and Fx|p—; are related
through the propensity score by Bayes’ theorem:
p(xz) _ fxip=1(@) P(D =1)
1—p(z)  fxp=o(z) P(D =0)

The propensity score enables using the X observations of one subpopulation (the non-treated)

(8)

to estimate the distribution of X in a different subpopulation (the treated). Hence all ng + ny
observations can be used to estimate F'x|p—;. On the other hand, the distribution F is in any
case identified by all ng + n; observations, regardless of knowledge on the propensity score.

By this explanation it is also obvious why the variance bounds (5) and (7) coincide in the
case of random treatment assignment (p(z) = p), and why (6) does not (Hahn 1998, Theorem
3). With treatment randomly assigned, the distribution of X is identical among the treated
and the non-treated: Fx|p—; = Fx|p—o- If it is known that treatment was randomly assigned,
estimation of & and ay can proceed by estimating m; (x) and mg(x) separately from the respective
subsamples and weighting m1(x) — mg(z) by the distribution of X in the full sample. If it is
unknown that treatment assignment was random, only the n; treated observations can be used
for weighting 7 (x) — mo(x) to obtain arg.

This is reflected in the variance bounds (5) to (7). Each expression consists of three terms:
The first term in each bound captures the variance due to estimating mg(z), re-weighted by
the density of X in the relevant population. This term vanishes at rate nio since only the ng
non-treated observations are informative for estimating mg. Analogously, the second term in
each bound represents the variance due to estimating m;(z), which vanishes at rate nil The

third term stems from estimating the distribution F in (5) and Fx|p—; in (6) and (7). This

1
no+ni

term vanishes either at rate or nil If treatment assignment is random, the first term and

also the second term is identical in all three bounds. The third term differs only in the scaling

1
no+mni

1
no+ni

factor. In (5), for estimating «, the third term is scaled by since the full sample is used

for estimating F'x. For ar, the third term is also scaled by if it is known that assignment

was random (7), and by n_11 if this is unknown (6). For example, if random assignment is with



probability p = 0.5, this variance component reduces by half when random-assignment is known,
since the number of observations that are useful for estimating F'y|p—; increases from ny to 2n;.

In the case of non-random assignment (p(z) # p), the bounds (6) and (7) for ar still differ
only in the third term. Since the first two terms are unaffected, the only channel through which
knowledge of the propensity score can influence the variance of ag is through the estimation of

Fx|p=1. As in the case of random assignment, this third variance term is scaled by n% when

1
no+ni

the propensity score is unknown, and it is scaled by when it is known, because treated as
well as non-treated observations contribute then to the identification of Fx|p—;. However, the
non-treated observations are now less ‘efficient’ in estimating F'y|p—1, because the density mass
of the non-treated observations may be concentrated in different regions than the mass of the

treated observations. This is embodied in the correction term fx p—1/fx in the third term in
(7).

This relationship between the propensity score and the estimation of Fx|p—; becomes even
more apparent when examining the variance bounds for estimating the distribution function
Fx|p=1(7). With unknown propensity score the scaled variance bound for estimating Fx|p—1 ()
is

1

T R g

and for known propensity score it is

1 Ixp=1(X) 2}
— |\ —F/——— |1(X <2) — Fxip=1(x . 10
e B [P 1 < ) = P (10
(Proof available on request.)

These variance bounds have the same structure as the third terms in (6) and (7): If the

propensity score is unknown, the variance (9) vanishes at rate nil, whereas it vanishes at rate

1
no+ni

for known propensity score (10), because the non-treated observations assist in estimating
Fx|p—1, with the same correction factor fx|p—1/fx as as in (7).

Hence it is this additional information on Fx|p—;, and not any dimension reduction, that
makes knowledge of the propensity score informative for the average treatment effect on the

treated ar and ancillary for the estimation of the average treatment effect a.



A Appendix - Derivation of the variance bounds (5) to (7)

The variance bounds in the notation of Hahn (1998) are the following:

The variance bound for « is

X)) | o3(X) I
E[p<x>+1—p<x>“m1(X> olX) W'

The variance bound for ap with unknown propensity score is

1 E[ 2 U%(X)P(X)Q

53 |20 + T 4 p(30) (o () = () - .

where P = P (D = 1) = lim —2— is the fraction of treated individuals.

no+ni

The variance bound for ar with known propensity score is

a5(X)p(X)?
1 —p(X)

The expressions (5) to (7) follow from these bounds by dividing by the number of observations

1E [a%mp(X) n T P2(X) (ma (X) — mo(X) — aTﬂ |

ni
no+ni

ng + n1, approximating P by and noting that

p(x) = fx|p=1(x)P(D =1)/fx(z)

by Bayes’ theorem.

References

HAHN, J. (1998): “On the Role of the Propensity Score in Efficient Semiparametric Estimation of Average
Treatment Effects,” Econometrica, 66, 315-331.

HiraNo, K., G. IMBENS, AND G. RIDDER (2003): “Efficient Estimation of Average Treatment Effects

Using the Estimated Propensity Score,” Econometrica, 71, 1161-1189.

ROSENBAUM, P.; AND D. RUBIN (1983): “The Central Role of the Propensity Score in Observational
Studies for Causal Effects,” Biometrika, 70, 41-55.

RUBIN, D. (1974): “Estimating Causal Effects of Treatments in Randomized and Nonrandomized Stud-
ies,” Journal of Educational Psychology, 66, 688-701.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


