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Abstract

It is valuable for any decision maker to know the impact of decisions (treatments) on average and for
subgroups. The causal machine learning literature has recently provided tools for estimating group
average treatment effects (GATE) to understand treatment heterogeneity better. This paper addresses
the challenge of interpreting such differences in treatment effects between groups while accounting for
variations in other covariates. We propose a new parameter, the balanced group average treatment effect
(BGATE), which measures a GATE with a specific distribution of a priori-determined covariates. By
taking the difference of two BGATESs, we can analyze heterogeneity more meaningfully than by comparing
two GATEs. The estimation strategy for this parameter is based on double/debiased machine learning
for discrete treatments in an unconfoundedness setting, and the estimator is shown to be v/N-consistent
and asymptotically normal under standard conditions. Adding additional identifying assumptions allows
specific balanced differences in treatment effects between groups to be interpreted causally, leading
to the causal balanced group average treatment effect. We explore the finite sample properties in a

small-scale simulation study and demonstrate the usefulness of these parameters in an empirical example.
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1 Introduction

Detecting and interpreting heterogeneity in treatment effects is crucial for understanding the im-
pact of interventions and (policy) decisions. Researchers have recently developed many methods
to estimate heterogeneous treatment effects. However, there are still limitations in interpreting
these effects. For example, suppose that the effect of a particular training program for the unem-
ployed is larger for women than for men. By comparing the average treatment effects for these
two groups, without taking into account the different distribution of other covariates of men
and women, such as education or labor market experience, we might implicitly compare a group
with longer labor market experience (men) with a group with shorter labor market experience
(women). Therefore, obtaining a balanced distribution of relevant characteristics across different
groups may be crucial to ensure proper comparisons and draw meaningful conclusions. In the
specific example, we might want to ensure that both groups have the same average years of labor
market experience. This approach allows us to isolate the differences in causal effects between
groups in a way that is not confounded by certain other covariates. However, the difference may
still be due to differences in unobservable characteristics that vary between the two groups of
interest. In addition, determining whether a particular variable causes differences in treatment
effects is often of interest. In the literature, these variables are called causal moderator variables.
However, to interpret the differences in treatment effects causally, i.e. in such a way that the
group variable can be considered an unconfounded moderator, it is crucial not only to have bal-
anced distributions of all covariates that confound the moderation effect across groups but also

to check that additional assumptions hold.

This paper discusses how to estimate differences in treatment effects between groups in an un-
confoundedness setting. First, a new parameter called balanced group average treatment effect
(BGATE) is introduced. This parameter is a group average treatment effect (GATE) with a
specific distribution of a-priori-determined covariates. It is beneficial for comparing the treat-
ment effects of two groups with each other. This results in the difference of two BGATEs called
ABGATE. We demonstrate how it relates to a difference of two group average treatment effects
(AGATE), discuss its identification and propose an estimator for discrete moderators' and dis-
crete treatment effects based on double/debiased machine learning (subsequently abbreviated as

DML) (Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, & Robins, 2018).2 Fur-

IFor simplicity, we refer to the variable for which we find heterogeneous treatment effects as moderator variable.
2For better readability we use a binary treatment and a binary moderator in the main body of the paper. All
the proofs in the Appendix are done for a discrete treatment and moderator variable.



thermore, we show that the estimator is asymptotically normal centred at the true value, which
allows valid inference. A small-scale simulation study provides evidence that the estimator per-
forms well in finite samples and an empirical example using administrative labor market data
from Switzerland demonstrates its practicality. Finally, we show which conditions are needed
to interpret a ABGATE causally. For this purpose, a second parameter, namely the causal
balanced group average treatment effect (ACBGATE)? is introduced. The ACBGATE can be
interpreted causally under additional assumptions. The proposed DML estimator is asymptoti-
cally normal centred at the true value, which allows valid inference and its variance achieves the

semi-parametric efficiency bound (Hahn, 1998).

The paper proceeds as follows: In Section 2, we define the parameter of interest for the case of a
binary treatment and a binary moderator and discuss its identification under unconfoundedness.
Section 3 proposes an estimation strategy based on DML and shows its asymptotic properties.
Section 4 depicts the design and results of a small-scale Monte Carlo simulation. In Section 5,
we demonstrate how the new parameter can be used in practice. Finally, in Section 6, we discuss
the causal moderation estimator and explain the additional identifying assumptions that must

be met. Last, Section 7 concludes.

1.1 Related Literature

Several authors have recently contributed to the topic of effect heterogeneity (e.g., Tian, Alizadeh,
Gentles, & Tibshirani, 2014; Wager & Athey, 2018; Athey, Tibshirani, & Wager, 2019; Kiinzel,
Sekhon, Bickel, & Yu, 2019; Nie & Wager, 2021; Semenova & Chernozhukov, 2021; Knaus, 2022;
Di Francesco, 2023; Foster & Syrgkanis, 2023; Kennedy, 2023). The proposed methods make it
possible to estimate heterogeneities between fine-grained subgroups more accurately. For a recent
review of the various methods and their performance, see Knaus, Lechner, & Strittmatter (2021).
As a result, many applied papers now use such methods to detect heterogeneities (e.g., Davis &
Heller, 2017; Knaus, Lechner, & Strittmatter, 2022; Cockx, Lechner, & Bollens, 2023). However,
decision makers are often more interested in heterogeneities for a small subset of covariates than
at the finest possible granularity. Therefore, several papers show how to detect (low-dimensional)
heterogeneities at the group level, called “Group Average Treatment Effects” (GATEs).* Several
approaches have been developed to estimate GATEs. Abrevaya, Hsu, & Lieli (2015) show how

3To keep the notation consistent, we call the parameter ACBGATE, although we can only claim causality by
taking the difference.

“A CGATE is a conditional average treatment effect (CATE) with a small number of conditional variables, often
only a single one.



to identify GATEs nonparametrically under unconfoundedness and estimate them using inverse
probability weighting estimators. Athey, Tibshirani, & Wager (2019) and Lechner & Mareckova
(2022) modify a random forest algorithm to adjust for confounding to estimate heterogeneous
treatment effects. Semenova & Chernozhukov (2021) use the DML framework to find hetero-
geneity based on linear models. Zimmert & Lechner (2019) and Fan, Hsu, Lieli, & Zhang (2022)
develop a two-step estimator that allows estimating GATEs nonparametrically. The first step
is estimated using machine learning methods, and in the second step, they apply a nonpara-
metric local constant regression. We add to this literature by proposing a new parameter of
interest: the difference between two GATEs with (partially) balanced characteristics. By taking
the difference, we can disentangle the difference in treatment effects from the difference in the
distribution of covariates between the two groups. Chernozhukov, Fernandez-Val, & Luo (2018)
look at the problem of interpreting heterogeneous treatment effects from another angle. They
suggest sorting the estimated partial effects by percentiles and comparing the covariate means of
observations falling in the different percentiles to see which individuals with which characteris-
tics are most positively and negatively affected. In contrast, we are not interested in finding the
characteristics of the individuals with the most positive and negative effects but in comparing

the treatment effects of the two groups while balancing the distribution of some covariates.

As has already become apparent from the discussion of the first part of the relevant literature,
the DML literature is closely related to our work. Chernozhukov et al. (2018) developed this
framework, which allows using machine learning methods for causal analysis. Machine learning
algorithms may introduce two biases: a regularisation and an overfitting bias. If the results are
biased, it is impossible to make causal inference. The main idea of DML is that by using Neyman-
orthogonal score functions, we can overcome the regularisation bias, and by using cross-fitting,
an efficient form of sample splitting, we can overcome the overfitting bias. Based on this paper,
many papers have adapted the framework for different settings, for example, for continuous
treatments (e.g., Kennedy, Ma, McHugh, & Small, 2017; Semenova & Chernozhukov, 2021), for
mediation analysis (Farbmacher, Huber, Lafférs, Langen, & Spindler, 2022), for panel data (e.g.
Clarke & Polselli, 2023) or for difference-in-difference estimation (e.g., Zimmert, 2018; Sant’ Anna
& Zhao, 2020). We add to this literature by using this highly flexible framework to estimate the

new parameters of interest.

Last, we add to the literature on causal moderation by showing what additional assumptions

must be met to interpret the difference in treatment effects causally. Discussions of moderation



effects can be found primarily in the psychology and political science literature (e.g., Gogineni,
Alsup, & Gillespie, 1995; Frazier, Tix, & Barron, 2004; Rose, Holmbeck, Coakley, & Franks, 2004;
Dearing & Hamilton, 2006; Fairchild & McQuillin, 2010; Marsh, Hau, Wen, Nagengast, & Morin,
2013; Bansak, Bechtel, & Margalit, 2021; Blackwell & Olson, 2022). Common approaches to
analyzing moderation effects are interaction effects in a regression or subgroup analysis. Without
additional assumptions, these effects cannot be interpreted causally. Bansak (2021) studies in
an experimental setting causal moderation effects by showing what identifying assumptions are
needed. Because of the randomisation of treatment, he shows that it is possible to estimate
the causal effect of the moderator on the outcome separately for the treated and control units
and then subtract both estimates to obtain the moderator effect. However, such differences
in effects cannot be interpreted causally if the moderator variable influences some covariates.
Moderators, such as gender or education, often influence other covariates. In this scenario,
a causal interpretation is also impossible in an experiment. In addition, Bansak & Nowacki
(2022) have recently shown how to identify and estimate subgroup differences in a regression
discontinuity design. They introduce two different parameters. One is the difference between
two treatment effects when a moderator variable causes the difference, and the other when the
difference is only associated with that variable. They propose a local linear regression, with and

without a matched sample, to estimate their new causal moderator effect.

2 Effects of Interest

2.1 Definition

The causal moderation framework used in this paper is based on the potential outcome framework
of Rubin (1974). A causal effect is defined as the difference between two potential outcomes,
whereas for a unit, we only observe one of these potential outcomes. Therefore, finding a credible

counterfactual is problematic.

We observe N i.i.d. observations of the independent random variables H; = (D;,Y;, Z;, X;)
according to an unknown probability distribution P. Here, the focus is on a treatment D;
and a moderator Z; which, for simplicity, are assumed to be binary.® As usual, the potential
outcomes are indexed by the treatment variable: (Y°,Y!). Finally, a set of k € {1,...,p}

covariates X; j might simultaneously affect treatment allocation and potential outcomes, where

The realizations of the treatment variable are d € {0,1}, and of the moderator variable z € {0,1}. The formal
theory presented in Appendix A is based on fixed numbers of discrete values for Z; and D;.



Xi=(Xi1,-.., Xip).

Since we only observe realizations of one of the potential outcomes, we can never consistently
estimate realizations of the individual treatment effect (ITE) & = Y — Y,?. However, under
suitable assumptions, the identification of, for example, the average treatment effect (ATE)
0 = E[Y! — V%] is possible (Imbens & Wooldridge, 2009). It is often interesting to additionally
investigate different aspects of the heterogeneity of the & which can be captured by so-called
conditional average treatment effects (CATE). A CATE measures the average treatment effect
conditional on a (sub-) set of covariates X;. The individualized average treatment effect (IATE)
and the group average treatment effect (GATE) are specific CATEs. The IATE measures the
treatment effect at the most granular aggregation level. Namely, it compares the average effect
of the treatment for all individuals with a specific value of all relevant covariates used. Formally,

the TATE is defined as follows:
7(z,2) = E[Y; = Y|Zi = 2, X; = «]

The GATE measures the treatment effect at the group level, i.e. at a more aggregated level than

the IATE, but still at a finer level than the ATE. Formally, the GATE is defined as follows:
0%(2) = E[Y;' = Y| Zi = 2] = E[r(X;,2)|Zi = 2]

As long as the interest lies only in describing effect heterogeneity, IATEs and GATEs are suffi-
cient. However, if the interest lies in the difference in treatment effects between the two groups,

the difference between the two GATEs (AGATE)

0°¢ = E[Y; - Y|Z; = 1] - E[Y;! - Y}|Z; = 0]

= E[7(Xi,1)|Z; = 1] - E[7(X;,0)[Z; = 0]

may be difficult to interpret because the two groups may differ in the distribution of other

covariates Xj.

Thus, we introduce a new parameter, the balanced group average treatment effect (BGATE). The
variables used to balance the GATEs are denoted as W;. W; is part of X;. If W; is empty, or W;
is independent of Z;, the BGATE reduces to the GATE. Thus, the new parameter of interest,



denoted by 05(z), is defined as
6% (2) = E[E[Y}! - Y|Z; = 2,Wi]] = E[E[7(X;, 2)| Zi = 2, Wi]]
and its difference as 028 as

0°P = E[E[Y;! - Y|Z; = 1,W;] — E[Y}! — Y| Z; = 0,W]]

= E[E[7(Xi,1)[Zi = 1, Wi] — E[7(X;,0)|Z; = 0, Wi]]

A ABGATE (02B) represents the difference between two groups, adjusting the distribution of
some other covariates (W;) in both groups to the overall population distribution. The ABGATE

usually shows associational moderation effects.

2.2 Identification

To identify the GATE, BGATE, AGATE or ABGATE in an unconfoundedness setting, usual

identifying assumptions are needed (e.g., Imbens, 2004):

Assumption 1. (Conditional Independence (CIA))

YY) LD Xs =22 =2, VreX VzeZ

The CIA assumption requires the potential outcomes (Yil, Ygo) to be independent of the treatment

assignment (D;) for given values of the confounding variables (X;, Z;).

Assumption 2. (Common support (CS))

0<PD;=dX;=x,Z;=2)<1, VYde{0,1},Yre X, Vze Z

For any given values of X; and Z;, there must be an observation for each treatment state d € {0, 1}.

Assumption 3. (Exogenity of confounders)
X0 -x), 2-2

where de and sz are potential variables that depend on the treatment.



Assumption 4. (Stable Unit Treatment Value Assumption (SUTVA))

Vi =D;Y'+ (1 - D;)Y"

SUTVA requires that there are no unrepresented treatments in the population of interest (ev-
eryone is assigned to a treatment state) and that treatment assignment does not change the

effects.

Lemma 1. Under Assumptions 1 to 4, the parameter 68(2) = E[E[Y}! — Y°|Z; = 2, Wi]]
is identified as E[E[u1(Zi, Xi) — po(Zi, Xi)|Zi = 2z, W;]] with pg(z,2) = E[Yi|D; = d,Z; =
2, X; = z]. Hence, 0°8 = E[E[Y}! — Y?|Z; = 1,W;] — E[Y}! = Y°|Z; = 0,W;]] is identified as
E[E[u1(Zi, Xi) — po(Zi, Xi)|Zi = 1, Wi] = E[p1(Zi, Xi) — po(Zi, Xi)| Zi = 0, Wi]].

For the proof of Lemma 1 see Appendix A.2.1.

3 Estimation and Inference

3.1 Estimator

Since we are interested in differences in treatment effects, the estimation strategy focuses on
the ABGATE. However, the estimator can easily be adapted to estimate the BGATE. The
identification results suggest a three-step estimation strategy. To obtain a flexible estimator that
allows for a potentially high-dimensional vector of covariates, we rely on the methodology of
DML as proposed by Chernozhukov et al. (2018). In the first step, the usual double robust score
function is estimated. In the second step, the score function is regressed on the two indicator
variables defined by the different values of the moderator variable Z; and the covariates we want
to balance W;. Last, we take the difference between the two groups defined by the moderator
and average over the variables we balance. This approach is close to the approach of Kennedy
(2023) for estimating CATEs with the DR-learner. However, instead of estimating a CATE, we

average over W;.

The estimated doubly robust score function is given by the following expression:

z(6(h) — g1 (w —2) (6(h) — go(w
"B (h: 028 17) =g1(w) — Golw) + <() ol )) _(1 )( (R) = 9o )> _ ¢AB

A1 (w) 1— A (w)




with

_ 2 z) — oo d(y_:ul(zvx)) o (1_d)<y_M0(Zax))
5(h) _:ul( > ) ,UO( ) )+ 7T1(Z,.fl]') 1_7”(2’1.)

5(h), pa(z, @), A(w) and 7#4(z,z) denote the estimated values of §(h), pa(z, ), A:(w) and
74(z, ), respectively. Furthermore, notice that §.(w) = E[6(H;)|Z; = z, Wi = w] is the regres-
sion of 6(H;) on Z; and W; and that g, (w) = E[§(H;)|Z; = 2z, W; = w] is the corresponding oracle
regression of §( H;) on Z; and W;. Hence, E[...]...] denotes a generic regression estimator. Last,

the estimated nuisance parameters are § = (fiq(z, z), #q(z, ), A.(w), §-(w)).

As explained above, the score function S(h) has to be estimated. The product of the nui-
sance function errors for 6(h) must converge faster than or equal to v/N, and cross-fitting with
K-folds (K > 1) must be used. In the second estimation step, the product of the nuisance
function errors has to converge with v/ N and cross-fitting with J-folds (J > 1) has to be used.
Then, the estimator is v/N-consistent and asymptotically normal (see Subsection 3.3). Because

E[¢~B(H;; 028 n)] = 0, the variance of 628 is given by

Var(645) = Var(¢28 (H;; 045, 1))

= E[¢F (H;;027,0)%] — E[o°F (H;; 627, )]

=0

= E[¢™" (H; 6027 ,n)?]
and is estimated by

. 1 Z . X
Var(628) = N Z Z [62F (Hi; 027, 0)]>.
]=1 IGSJ'

SFor example, random forests (Wager & Walther, 2015; Syrgkanis & Zampetakis, 2020), Lasso (Belloni &
Chernozhukov, 2013), boosting (Luo, Spindler, & Kiick, 2016) or neural nets (Farrell, Liang, & Misra, 2021)
converge at a rate faster than or equal to N'/4 (under certain conditions). Therefore, these machine learners can
be used to estimate the nuisance parameters.




3.2 Implementation

For the implementation of the estimator, the weights (e.g.,ﬁw)) are normalized to ensure that

they do not explode. Furthermore, the weights are truncated such that the weight of each
observation is no more than five per cent of the sum of all weights. In a third step, we renormalize
the (possibly) truncated weights so that they sum to one (Huber, Lechner, & Wunsch, 2013).
For propensity scores too close to 0 or 1, unnormalized and untruncated weights can lead to
implausibly large effect estimates (Busso, DiNardo, & McCrary, 2014). See Algorithm 2 in

Appendix B for the exact procedure of normalizing and truncating the propensity scores.

Algorithm 1 is written without normalizing and truncating the propensity score. However, all

propensity scores, namely A, (w) and 74(z, ) are normalized and truncated.



Algorithm 1: DML ror ABGATE

Input : Data: h; = {x;, zi, d;, yi}

Output: 25, SE(G2F)

begin

create folds: Split sample into K random folds (Si)X | of observations {1,..., %} with
size of each fold &. Define S¢ == {1,..., N}\{Sk}

for kin {1,..., K} do
RESPONSE FUNCTIONS:

estimate:

fin(zi, i) = B[Y;|Ds = 1, Xi = 2, Zi = 2] in {@s, 4i, 2i}iese d,-1
fio(zi, %) = B[Yi|D; = 0, X; = 2, Zi = 2] in {xi, i, zitiesg di=0
PROPENSITY SCORE:

estimate: 7y (x4, %) = P(D; = 1|1X; = 24, Z; = %) in {wi,di, zi}iesy

PSEUDO-OUTCOME:

estimate: §(h;) = fu (21, 25) — fio(zi, ;) + dZ(ym_&l(?)x)) - ‘1‘di)f§’;'1}£°,§f§“"’“’"” in {h;}ics,
end
create folds: Split sample Sy into J random folds (Sj)jzl of observations {1,..., %}
with size of each fold ;2. Define S§={1,..., EN{S;}
for j in {1,...,J} do
PSEUDO-OUTCOME REGRESSION:
estimate:
g1(w;) = B[6(h:)|Zi = 1,W; = w;] in {hi}iese,z=1
go(w;) = E[6(h:)|Z; = 0,W; = w;] in {hi}tiese,z=0
PROPENSITY SCORE:
estimate: Xl(wi) = P(ZZ = 1|W; = w;) in {wi,zi}iesjc
ABGATE FUNCTION:
EFFECT:
estimate: §A8 = KL Zz'esj [Ql(wi) — go(w;) + Zi(s(}é\il)(;gil)(wi)) - (1*2'2)1(@(/\}117;()1;30(711'2))]
STANDARD ERRORS:
estimate:
(ABsp _ ﬂZieSj [(Ql(wz) — Golws) + zi(S(f;\il)(;Qil)(wi)) . (1—Zi)1(§(5\h1i();i§)0(wi)))2]
end

: . GAB _ 1 N K )AB
estimate effect: 077 = 7 >0 | D3, 07y

s

. A 2
estimate standard errors: SE(62F) = \/JlK Z;]:l Zle Q.A]fSE - (9?5)

end

10



3.3 Asymptotic Properties

We investigate the asymptotic properties of the estimator. The following assumptions are im-

posed:

Assumption 5. (Overlap)

The propensity scores A,(w) and 74(z,x) are bounded away from 0 and 1:
k<A (w),mg(z,2) <1—K VeeX,z€2Z,

for some k > 0.

Assumption 6. (Consistency)

The estimators of the nuisance functions are sup-norm consistent:

sup |fia(2, @) — pa(z, )| & 0
reX ,z€Z

sup |7?('d(Z,£C) - 7Td<sz)| 5 0
reX ,z€Z

sup D‘z(w) — Az (w)] 50
wew

~ P
sup [gz(w) — g.(w)| = 0
weW
Assumption 7. (Risk decay)
The products of the estimation errors for the outcome and propensity models decay as

E[(pa(Zi, Xi) — 1a(Zi, X3))?1 E[(7a(Zi, Xi) — 7a(Zi, X2))?] = op (i,)

E[(3:(W3) = g: (W) B [ (A (W) = A(Wi)2| = o, (11V)

If both nuisance parameters are estimated with the parametric (v N-consistent) rate, then the
product of the errors would be bounded by O, (#) Hence, it is sufficient for the estimators of

the nuisance parameters to be NY/4-consistent.

11



Assumption 8. (Boundness of conditional variances)

The conditional variances of the outcomes and score functions are bounded:

sup Var(0(H;)|Z; = z2,W; = w) < €;1 < ®©

wew
sup Var(g(Hi)]Zi =z, Wi =w) < ey <o
wew
sup Var(Vi|D; =d,Z; =2, X; =2) < eg < ©
TreX ,2€Z

for some constants €,1, €59, €4 > 0.

Assumption 9. (Stability)
The second step regression estimator E[ ..|...] has to be stable in the sense of Definition 1 in

Appendiz A.2.3 (Definition 1 in Kennedy (2023)).

Assumptions 5 to 8 made are standard in the DML literature (Chernozhukov et al., 2018). The
only difference is that these assumptions are applied for the first and the second estimation step.
Assumption 9 is needed because we regress in the second estimation step an already estimated
quantity & on some variables Z; and W;. Kennedy (2023) proves that linear smoothers, such as

linear regression, random forests or nearest neighbour matching are stable.
Given these assumptions, we can derive the main theoretical result:

Theorem 1. Under Assumptions 5 to 9, the proposed estimation strategy for the ABGATE obeys
VN (2B — 9AB) 4 N (0, V™)

with V* = E[¢AP (H;; 047 1)?]

Theorem 1 states that the estimator is v/ N-consistent and asymptotically normal. See Appendix
A.2.3 for the proof.

12



4 Simulation Study

4.1 Data Generating Process (DGP)

We start with simulating a p-dimensional covariate matrix X, with p—=6. The first two covariates
are drawn from a uniform distribution X o, X;1 ~ U[0,1] and the remaining covariates from a
normal distribution X;o...,X;p-1 ~ N (0.5, \/W) All covariates have a mean of 0.5 and a
standard deviation of \/W The moderator variable Z; is drawn from a Bernoulli distribution
with probability P(Z; = 1|X;0,X;1) = (0.1 + 0.85(X;0 x Xi,1;2,4)).7 The propensity score
is created similarly as in Kiinzel, Sekhon, Bickel, & Yu (2019) and Wager & Athey (2018).
The treatment variable D; is drawn from a Bernoulli distribution with probability P(D; =
1X;0, X1, Xon, Xig, Zi) = (0.2 +0.68(Xnot Xt Xiot Xist 2, o 4)).

This simulation study includes three variations of the DGP: a non-linear DGP with linear hetero-
geneity, a non-linear DGP with non-linear heterogeneity, and a non-linear DGP with non-linear
heterogeneity and a confounder that is influenced by the moderator variable Z;. The empirical
reason for the third DGP is that researchers are often interested in moderators such as gender or
education. These socio-demographic characteristics often influence other covariates used in the

analysis. Therefore, the procedure must also work well in such a case. For this third DGP, X 5

1

is drawn from a Bernoulli distribution with probability P(X; 5 = 1|Z;) = TTen 2z

Next, the response functions under treatment and non-treatment and the two states of the
moderator variable are specified. The non-treatment response function is specified similarly as

in Nie & Wager (2021) and creates a difficult non-linear setting. They are given by

po(1, X;) = sin(m x X0 x Xi1) + (Xi2 —0.5)% + 0.1X; 3 + 0.3X, 5

110(0, X;) = sin(m x X; 0 x X;1) + (X;2 —0.5)* + 0.1X; 3 + 0.3X, 5
The response functions under treatment for linear heterogeneity are defined as

(1, X5) = po(1, X5) + [Xio, Xig, Xio, Xis] x p1 +0.2Z;

p1(0, X;) = po(0, X;) + [Xi0, Xi1, Xi2, Xi5] x fo + 0.5Z;.

with 81 = [0.7,0.1,0.7,0.4]" and £y = [0.2,0.3,0.6,0.3]7. The response functions under treat-

"B(Xi0 x Xi1;2,4) detones the cdf of a beta distribution with the shape parameters a = 2 and 8 = 4.

13



ment for non-linear heterogeneity are defined differently, namely as:

(1, X3) = po(1,X;) +sin(4.9X;0) + sin(2X;1) + 0.7X}' + 0.4X; 5 + 0.27;

111(0, X;) = po(0, X;) + sin(1.4X;0) + sin(6X;,1) + 0.6X75 + 0.3X,5 + 0.57;.

They are chosen in such a way that the ABGATE is different from the AGATE. Last, we simulate
the potential outcomes as Y4(z) = pq(z,X;) + e;a. Vz € {0,1} with noise ;4. ~ N(0,1).

Summing up, the data consists of an observable quadruple (y; ,, d; r, 2ir, ;) and the true values

are estimated on a sample with N = 100, 000.

4.2 Effects of Interest and Estimators

Two ABGATEs and a AGATE are investigated, namely:

02¢ = E[E[Y;' —Y|Z; = 1] - E[Y}! - ¥|Z; = 0]]
0372 = BIE[Y — Y|Zi = 1, X;0] — E[Y;' - Y| Z; = 0, X;]]

032 = B[E[Y! — Y|Zi = 1, Xi2] — B[Y;' = V2| Z; = 0,X;5]]

As shown in the previous subsection, X; o is unbalanced across the two groups of the moderator,
whereas X2 is balanced. In Appendix C.2.2, several results for other effects of interest are

depicted.

We estimate these effects with two different estimation approaches. One estimation strategy uses
Algorithm 1 and 2 with K = 2 folds in the first estimation step and J = 5 in the second. In
that case, all nuisance functions are estimated using random forests (number of trees: 1000). In
the second estimation strategy, we estimate the nuisance functions in the first estimation step
in the same way. As shown by Bach, Schacht, Chernozhukov, Klaassen, & Spindler (2024) it is
crucial to tune the learners used for the estimation of the nuisance parameters. Table C.1 in
Appendix C.2.1 show the hyperparameters used for the different random forests. Second, instead
of using DML, the score function is regressed on the covariates we want to balance and the value
of interest of the moderator variable. This is done by using a linear model (OLS).® As long as

the heterogeneities are linear, this approach should work well. However, if the heterogeneities

8The results in Appendix C.2.2 show two different versions of using DML in the second step. Once, using
a linear regression for estimating the outcome regressions, and once using a random forest. The double robust
property of the DML estimator leads to less biased results for the DML with OLS version than by simply taking
the difference of the two outcome regressions as shown in Figure 5 and 7 in the next section.
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are non-linear, it leads to biased results.

4.3 Simulation Design

As shown in Section 4.1, there are three different DGPs. For each DGP, we investigate a simu-
lation with 2,500 observations (N) with 1000 replications (R), and N = 10,000 with R = 250.°
Furthermore, for the second estimation step, we estimate each effect of interest, either with a
linear regression or with DML using random forests. DML is always used to estimate the pseudo
outcomes in the first step. Table 1 summarizes the different settings.

Table 1: Simulation Study: Overview

Simulation setting

Number of observations 2500, 10000
Covariate space dimension P X@(), Xi,l; Xiyg, Xi’3, )(1"47 Xi’5
Signal covariates in response function g Xi0,Xi1, Xi2,Xi3,Xi5,Z;
Signal covariates in propensity score P(Z; = z|X; = x) X0, Xin
Signal covariates in propensity score P(D; = d|Z; = z, X; = x) Xio0,Xi1, Xi2, Xis, Zi
First step estimation random forest
Second step estimation OLS, random forest

Note: This table depicts the general, DGP and estimation settings of the simulation.

4.4 Results

Figures 1 and 3 depict the distributions of the biases of éf(f; and 92C if the effect of interest is
éj‘(f . Tt can be seen that estimating #2C leads to a different result. This is because the variable
Xi 0 is not balanced across the two groups of Z;. On the other hand, Figures 2 and 4 depict the
distributions of the biases of 9}‘(23 and AC for the case that the effect of interest is 9%23 . We
see that estimating 6AC leads to the same result as estimating é)A(ZB because the covariate X o is
already balanced. Hence, if the covariate(s) is (are) not balanced, it is important to differentiate
between the two effects. Due to the v/N convergence of the estimator, increasing the sample size
by the factor four, should decrease the standard error by half. By comparing Figures 1 and 2
to Figures 3 and 4 we see that increasing the sample size from N= 2,500 to N= 10, 000 leads to
a reduction of the standard error by 50 %. Hence, this indicates a v/N convergence rate of the

estimator already in finite samples.

Figures 5 and 7 depict the distributions of the biases of éj‘(f when estimating the heterogeneity

Simulation noise is negatively depending on the number of replications and positively on the variance of the
estimator. Since the variance is doubled when the sample size is halved, we make the number of replications
proportional to the sample size.
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57

fhemm Mo, d?) e MO0, 02)
I ABGATE (W; = X;) B ABGATE (W;=X;)
3 AGATE 3 AGATE
3.0
225
wn
g
a 2.0
15
1.0
0.5
0.0+
—-0.4 0.0 0.2 0.4 -0.8 0.0 0.2 0.4 0.6
(685 — @28) or (GLC — gOE) (655 _ 918 or (A5G _ gas)
Figure 3: 0537 versus 6°¢ (N = 10,000) Figure 4: 037 versus ¢ (N = 10,000)
12 127
—— A0,0%) — MO0, 0?)
| ABGATE (W = Xo) 1IN ABGATE (W =X,)
e AGATE me AGATE
8 8
> >
= =
Z 6 g 6
1) 1)
o (=]

—02 0.0 0.2 0.4 0.6 0.8

(éAB - BAB) or (éAG - GAB)

0.2 0 06 0.8 —0.4

-0.2
(éAB - GAB) or (éAG - BAB)

0.0

Note: These figures show the distribution of the bias of 627 vs. #2C and the normal distribution with the
standared deviation () of #4F. Column (1) shows results for a covariate that is not balanced across the
groups of interest. Column (2) shows results for a covariate that is already balanced across the groups of
interest. Row (1) shows results for N = 2,500 and 1, 000 replications. Row (2) shows results for N = 10, 000
and 250 replications. The figures are created using the results of the DGP with non-linear heterogeneity.
All nuisance functions are estimated by using random forests.

with OLS despite having non-linear heterogeneous treatment effects. As expected, the results
are biased. Figures 6 and 8 show the distributions of the biases of éﬁf when estimating the
heterogeneous treatment effects with a random forest. Using a random forest in the second
estimation step leads to better results. Again, as the comparison between the Figure 6 and 8

depict, quadrupling the sample size leads to a 50% decrease of the standard error. Hence, this

indicates a v/ N convergence rate of the estimator already in finite samples.

The detailed results of the simulations for all DGPs, all estimators and all sample sizes with

several performance measures can be found in Appendix C.2.2.
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Figure 5: 637 with OLS (N = 2,500) Figure 6: 037 with RF (N = 2,500)
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Note: These figures show the distribution of the bias of éﬁf and the normal distribution with the standard
deviation (¢) of #4F. Column (1) shows results for using OLS in the second estimation step. Column (2)
shows results for using DML with a random forest in the second estimation step. Row (1) shows results
for N = 2,500 and 1,000 replications. Row (2) shows results for N = 10,000 and 250 replications. The
figures are created using the results of the DGP with non-linear heterogeneity. All nuisance functions in
the first estimation step are estimated by using random forests.

5 Illustrative Empirical Example

5.1 Data

To explore the method in an empirical example, we use the dataset from Lechner, Knaus, Huber,
Frolich, Behncke, Mellace & Strittmatter (2020) on the effect of job search programs on the
employment status of Swiss unemployed in 2003.19 The dataset contains information on whether
an individual participated in a job search program (d = 1) or not (d = 0) and an outcome
variable (Y;) that denotes the number of months employed in the first six months after the start
of the program. The effect is claimed to be identified in an unconfoundedness setting. Hence,

several covariates on the socio-economic background and the labor market history (X;) of the

individuals are included. The dataset consists of 91,339 unemployed individuals. Knaus, Lechner,

OFor an extensive description of the dataset, see Knaus, Lechner, & Strittmatter (2022).
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& Strittmatter (2022) find effect heterogeneity in the first six months after the start of the
program. The heterogeneity relates to labor market characteristics and nationality. Individuals
with disadvantaged labor market characteristics benefit more from the programs. Similarly,
foreigners benefit more. These heterogeneous effects can be explained by the indirect costs of
the programs (due to not searching intensively for a job during a program and therefore needing
more time to find a job), which are lower for more disadvantaged and foreign individuals. We
use this dataset to illustrate the proposed method and check whether these heterogeneities are
due to the variables identified by the authors or whether other underlying variables confound

them.

5.2 Summary Statistics

For the sake of brevity, we only consider the effect heterogeneity concerning nationality. Thus,
we compare covariates for Swiss versus non-Swiss individuals, and treated versus non-treated
individuals which helps us understand which variables might account for the variation in treat-
ment effects of the two groups. Table 2 shows descriptive statistics for Swiss and non-Swiss
individuals and treated and non-treated individuals for a selective sample of other covariates.
The descriptives for all covariates can be found in Table D.1 in Appendix D.1. For descriptive
statistics only by treatment status, see Table D.2 and for descriptive statistics only by modera-
tor status, see Table D.3 in Appendix D.1. There are some differences in covariates related to
the previous labor market history, namely in past income, previous job and qualifications and
number of unemployment spells in the last two years. Furthermore, some socio-demographic
characteristics, such as being married, also differ. Finally, as expected, there are more foreign-
ers that have a different mother tongue than German, French, Italian or Raeto-Romansh, than
Swiss individuals. Other variables, such as age or gender, are already well balanced, so balancing
these covariates should not change the effect too much. However, we still include age and gender
because it could happen that after balancing some (unbalanced) covariates, they are no longer

balanced since they might correlate with the newly balanced covariates.
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Table 2: Empirical analysis: Descriptive statistics for the treatment and moderator variable

Treated Treated Non-treated Non-treated

Non-Swiss Swiss Non-Swiss Swiss
Variable Mean Mean Mean Mean
Age 35.62 38.08 36.37 36.50
Female 0.40 0.47 0.41 0.46
Married 0.67 0.36 0.70 0.35
Mother tongue not Swiss language 0.65 0.10 0.66 0.10
Past annual income 41704 47899 38226 43865
Previous job: manager 0.05 0.09 0.04 0.09
Previous job: primary sector 0.07 0.05 0.13 0.08
Previous job: secondary sector 0.18 0.15 0.13 0.13
Previous job: tertiary sector 0.54 0.67 0.48 0.64
Previous job: missing sector 0.21 0.13 0.26 0.15
Previous job: self-employed 0.00 0.00 0.01 0.01
Previous job: skilled worker 0.47 0.72 0.45 0.70
Previous job: unskilled worker 0.47 0.16 0.48 0.17
Qualification: some degree 0.35 0.73 0.32 0.73
Qualification: semiskilled 0.18 0.13 0.21 0.13
Qualification: unskilled 0.40 0.13 0.40 0.12
Qualification: skilled without degree 0.07 0.02 0.08 0.03
No of unemployment spells last 2 years 0.54 0.35 0.78 0.50
Number of observations 4,438 8,607 30,417 47,877

Note: This table shows the mean of some covariates included in the analysis. Column (1) and (2) show it for treated
individuals, column (3) and (4) for non-treated individuals. Column (1) and (3) show it for non-Swiss individuals,
column (2) and (4) for Swiss individuals.

5.3 Empirical Results

Table 3 shows the effects considered in the analysis. These effects include the AGATE, a
ABGATE with already balanced covariates, such as age and gender, a ABGATE with addition-
ally adding marital status, an extended ABGATE balancing additionally unbalanced covariates
like past annual income, previous job variables, and qualification variables. Then, we further
add the mother tongue variable. Finally, the analysis considers a ABGATE that balances all

covariates included in the study.

Table 4 depicts the results for the different effects. As a reference point, the average treatment
effect in the lock-in period!! is § = —0.841 (0.011). 062G shows that the difference in treatment
effect between Swiss and non-Swiss individuals is significant. Hence, it seems the program works
better for foreigners. However, as pointed out above, the interpretation is not straightforward
because the two groups have unbalanced covariates. After balancing already balanced socio-

demographic characteristics like age and gender, the coefficient remains relatively stable. When

HThe first six months are called “lock-in” period.
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Table 3: Empirical analysis: Effects of interest

Effect Variables used for balancing in the ABGATE
QAG

none
928 age, female
92AB -+ married
93AB + past income and unemployment spells, previous job variables, qualification variables
94AB -+ mother tongue not Swiss language
928 all covariates included in the analysis

Note: This table shows the effects of interest for the empirical analysis.

marital status is further balanced, there is a notable reduction in the coefficient. Subsequently,
balancing the labor market history, including covariates like past income and previous job details,
further reduces the observed difference. As anticipated, additionally, balancing mother tongue
results in a minimal difference between Swiss and non-Swiss individuals of only 0.05. Balancing all
covariates included in the analysis reduces the difference to zero. Hence, it becomes evident that
marital status, mother tongue disparities and differences in the labor market history significantly

contribute to the variance in treatment effects between Swiss and non-Swiss individuals.

These results show that researchers must carefully interpret group average treatment effects. For
example, the different effect for foreigners compared to Swiss individuals is likely not caused by
nationality but probably comes from different characteristics of foreigners compared to Swiss

individuals.

Table 4: Empirical analysis: Differences of ABGATESs for Swiss nationals versus foreigners.

Effect Coef Std. Error P-value

0~ 0.256 0.037  0.000
028 0.222 0.032  0.000
028 0.188 0.034  0.000
028 0117 0.039  0.002
628 0.051 0.040  0.209
0528 -0.008 0.045  0.864

Note: This table shows the results of the em-
pirical example (N = 91, 339).

6 Causal Moderation

6.1 Effect of Interest

Suppose we want to interpret the difference in treatment effects between two groups causally.

Then a different but closely related parameter is needed, namely the causal balanced group average
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treatment effect (ACBGATE).

To define the ACBGATE we first introduce potential outcomes that additionally depend on the

. 0,0 v+1,0 0,1 y-1,1
moderator Z;, i.e. (Y77, Y7, Y, Y, 00).

The new parameter of interest is defined as follows:

(2 2 K3 K3

§AC — E [(Yl’l - Y.O’l) - (Yl’o - Y0’0>] — E[r(X;,1) — 7(X,0)]

The ACBGATE represents the difference between the two groups, balancing the distribution of
all the other covariates.'> To identify this effect, we have to introduce new identifying assump-
tions.'> The conditions to obtain a causally interpretable ACBGATE may be challenging in

many applications.

6.2 Identifiying Assumptions

In addition to the usual identifying assumptions stated in Section 2.2, we apply the unconfound-
edness setting to the moderator variable to be able to interpret the ACBGATE causally. Hence,
the following assumptions have to be changed or added in comparison to the assumptions for the

ABGATE in Section 2.2.

Assumption 10. (CIA for moderator)

(}/;1,1’}/;0,1’%1,0’}/;0,0) J_ Z1|XZ =z vx c X

The CIA assumption for a moderator variable states that the potential outcomes are independent

of the effect moderator (Z;), conditionally on confounding variables.

Assumption 11. (CS for moderator)

0<P(Z =z2X;=2)<1, Vze{0,1},VzelX

For any given values of X; it must be possible to observe each moderator variable status z € {0, 1}.

12Tt may not be necessary to include all available covariates to obtain causality. If the assumptions in the
next section hold, then it follows that the ACBGATE is fully balanced and other covariates do not influence this
difference.

131n a setting with a randomized treatment and a randomized moderator variable, the ACBGATE is identified
without further assumptions.
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Assumption 12. (Exogenity of confounders and moderator)

7Y =7}

0,0 _ 0,1
X, =X,

where Zg are potential moderators that depend on the treatment and Xid " are potential con-

founders that depend on the treatment and the moderator.

New about the exogeneity assumption is that the moderator must not influence the confounders
in a way related to the outcome variable. This assumption is non-standard and might be hard to
fulfil in some applications. It often happens that a moderator variable such as gender influences

other covariates, violating this assumption.

Assumption 13. (Stable Unit Treatment Value Assumption (SUTVA))

1 1
Y= > I(d, 2)Y
2=0d=0

where 1(d,z) = 1(D; = d A Z; = z) is an indicator function which takes the value one if D; = d

and Z; = z and zero otherwise.

SUTVA now additionally requires that there are no unrepresented moderators in the population
of interest (everyone is assigned to a moderation group) and that there are no relevant interactions
between groups, meaning that the assignment of individual ¢ to one group does not influence the

outcome of individual j.

(2 7 7 7
is identified as E 1 (1, X;) — po(1, X;) — p1(0, X5) + 10(0, X;)] with pq(z,z) = E[Y;|D; = d, Z; =
Z,Xi = :E]

Lemma 2. Under Assumptions 10 to 13 the parameter °¢ = E [(Yl’l — Yo’l) — (Y.l’O — YO’O)]

For the proof of Lemma 2, see Appendix A.3.1. The ACBGATE is the same effect as a fully
balanced ABGATFE for which Assumptions 10 to 13 hold.

6.3 Estimation and Inference

To obtain an efficient and flexible estimator, we use DML. As shown in detail in Appendix

A 3.4, the estimated Neyman-orthogonal score based on the efficient influence function for the
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ACBGATE is given by:

29 (h; 02Y 1) = (1, ) — fio(1, z) — 1(0,2) + fi0(0, z)
dz(y — in(1,2)) (1 —d)z(y — juw(l,x))

w1,1(x) @o,1(x)
_dd =2y —mO,2)  (A-d)1 -2y = i(0,2) ,ac
w1,0() wo,0()
with Og.(z) = P(D; = d,Z; = 2|X; = =), fia(z,z) = BE[Yi|D; = d,Z; = 2, X; = z] and

the nuisance parameters 7 = (fiq(z, ), 0q.(x)). Using this double robust moment condition,
the ACBGATE is estimated at a convergence rate of v/N, even if the nuisance parameters are
estimated with slower rates (Smucler, Rotnitzky, & Robins, 2019). However, they must converge
such that the product of the convergence rates of the outcome regression score and the propensity
score estimator is faster than or equal to v/N. Many common machine learning algorithms are
known to converge at a rate faster or equal to N¥/* but slower than v N (Chernozhukov et al.,
2018). Furthermore, as before, we use cross-fitting with K-folds. An estimator based on these

elements is 4/ N-consistent, asymptotically normal, and asymptotically efficient (Kennedy, 2022).

Hence, the variance of §2€ can be defined as

Var(62¢) = Var(¢™C (Hy; 02, 1))
E[¢2(Hi; 02, n)"] — E[¢°C (Hi; 62, )

_/

=0

= E[¢”C (H;; 04, 1)?]
and can be estimated as follows:

K
1 .
Var GAC N Z ZS: AC z,9ACa77)]2

6.4 Implementation

Concerning the practical implementation, any machine learner with the required convergence
rates can be used to estimate the nuisance parameters. Note that since P(D; = d, Z; = z|X; = x)
can be rewritten as P(D; = d|X; =z, Z; = z)- P(Z; = z|X; = x), there are two basic versions of
the estimator. One version is based on directly estimating P(D; = d, Z; = z|X; = ). In contrast,

the second version is based on estimating P(D; = d|X; = z,Z; = z) and P(Z; = 2| X; = )
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separately in the full sample and subsequently obtaining the estimate of P(D; = d, Z; = z|X; =
x) as the product of these two estimates. For the proof that the second version of the estimator is
also v/N-consistent and asymptotically normal, see Appendix A.3.5. Same as for the ABGATE,
we normalize the weights (e.g.,%) to ensure that they do not have much more weight than
the outcome regression (see Algorithm 2 in Appendix B). The proposed Algorithm 4 for the
ACBGATE is also summarized in Appendix B. A small simulation study presented in Appendix
C.3 shows the finite sample properties of the estimator and its difference to the AGATE.

7 Conclusion

This paper presents a novel approach for analyzing and interpreting treatment heterogeneity in
an unconfoundedness setting. We introduce a parameter called ABGATE for measuring the dif-
ference in treatment effects between different groups while accounting for variations in covariates.
Moreover, this paper proposes an estimator based on DML for discrete treatments and discrete
moderators, demonstrating its consistency and asymptotic normality under standard conditions.
A simulation study shows that the estimation strategy seems to have good finite sample prop-
erties and that estimating a AGATE may lead to substantially different results than estimating
a ABGATE if the covariates are not balanced. An empirical example illustrates the proposed
estimand and underlines that seeming causal heterogeneity may be caused by an underlying dif-
ferent distribution of other covariates. Moreover, by incorporating additional assumptions, the
paper introduces the ACBGATE, enabling a causal interpretation of the differences in treatment
effects. The proposed new parameters allow a more informative interpretation of causal hetero-
geneity and thus a better understanding of the differential impact of decisions. Future research
could extend the estimation approach to continuous treatments and moderators. Furthermore,
this paper shows identification in an unconfoundedness setting. Extending it to an instrumental
variable setting for the treatment, the moderator, or both, would be interesting. More extensive
simulation studies will lead to a more comprehensive picture of the finite sample properties of

the proposed estimators.
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A Appendix: Theory

A.1 Notation

The model considered here is more general than in the main body of the paper; let the treatment
be d € {0,1,...,m} and the moderator be z € {0,1,2,...,v} variables which are discrete. To
identify the effects, we rely on the usual potential outcomes by treatment (YiO,Yil, LY.
Furthermore, we have an indicator function I(d) = 1(D; = d), which takes the value one if
D; = d and zero otherwise, and an indicator function I(z) = 1(Z; = z) which takes the value
one if Z; = z and zero otherwise. The analysis examines pairwise comparisons between two

treatments, denoted as m and [, and two moderator groups represented as u and v.

A.2 ABGATE

A.2.1 Indentification based on the Outcome Regression

In this subsection, the identification of the BGATE with Assumptions 1 to 4 stated in Section 2.2
is shown. Due to the linearity in expectations assumption, the identification for the ABGATE
directly follows. Please recall that pq(z,z) = E[Y;|D; = d, Z; = 2, X; = x].

B[BY! - " | Z; = 2, Wi]|

-E E[ [ Ym]Xz,Z]\Zi:z,WiH

—E E[E [V!| Xi, Zi] — B[Y™ | Xi, Zi] | Zi =Z,Wi]]
:EE[EYHD_ZX“Z] [Yim|Di=m,X1;,Zi]|Zl-=z,WZ-H

—E E[E[Y | D; = 1, Xi, Zi] — [Yi]Di:m,Xi,ZiHZi:z,Wi]]

= B[ B [(Zi, X0) = (20, X0) | Zi = 2, Wi

The first equality is derived from the law of iterated expectations, while the second equality
follows from the linearity in expectations. The third equality is based on Assumption 1, and the

fourth is derived from the law of total expectation.

A.2.2 Identification based on the Doubly Robust Score

The BGATE can also be identified with the doubly robust score function (see Section 3 in the
main body of the text).!* Please recall that m4(z,2) = P(D; = d|Z; = z,X; = x) and \,(w) =

14 Again, due to the linearity in expectations, this directly implies that the ABGATE can be identified.
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P(Z; = z|W; = w). For better readability (2, ) — pm(z,x) + ](Z)(gl_(flm()z’x)) — I(m);i_(’:';)(z’w)) is
denoted as 0; ,,(h) and E[6;,,(H;)|Zi = 2, W; = w] as gy m,-(w).

= E|E|gim,-(W;) + I(Z)(él,m(f/\{j‘;/i)gl,m,z(”/i)) WZ]]

sty o TN 0 ]

- E :gl,m,z(Wi) + E[I(Z)(51’7”([;:2‘;/5’””%(”/’)) Wi, Z = z] )\Z(W@)]
=E igz,m,z(Wz-) + B[00 m(H:) = gim (Wil Zi = 2, Wi]} = E[gim.-(Wi)]

The first equality follows from the law of iterated expectations, and the third from the law of
total expectation. Hence, the BGATE can be identified if the nuisance functions are correctly
specified. Due to the double robustness property, the BGATE is also identified if only the

outcome regression or the propensity score is correctly specified.

Correctly specified propensity score \,(w) and wrongly specified outcome regression g m, .(w):

E[E[Y] — Y™ Z; = z,W;]]

le 1(2) (8ym (Hi

Az

gl,m,z(Wi> + A
(2) (Or,m (Hi

Gum,- (W) W”
) 1

I
=E gl,m,z(Wi) + E[

Wi
Az

=E| gim,.(W;) + E [I(Z)(él’m(ﬂz

Az

)
(
)
(
)
(W;

—ghm,z(Wi)) W:. 7. = Z])\ (W)]
) B

=E|Gim,:(Wi) + E[61.m(H;) — Gi.m,-(Wi)|Zi = 2, Wi]}

=E gl,m,z(Wi> + gl,m,z(Wi) - gl,m,z(vvi)] = E[gl,m,z(Wi)]
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Correctly specified outcome regression gim .(w) and wrongly specified propensity score A (w):

E[E[Y] - Y"|Z; = 2, Wil]

[ I
=E E[gl,m,z(vvi) +

) —
(
=E|gim,.(W;) + E'I(z)(dl’m(izwz)g =) Wz]]
) —
(W,

Hence, the BGATE is identified if the outcome regression or the propensity score is correctly

specified.

A.2.3 Asymptotic Properties

The following proof is for Hle ww- However, due to the linearity in expectations, it directly
follows that the proof is also valid for 2B In a first step, let us define the following terms

I,m,u,v*

for easier readability:

mq(z,x) = P(D; = d|Z; = 2, X; = x)
pa(z,x) = ElY;|D; =d, Z; = z, X; = x]

i (h) = (2 @) — (2 ) + TOW— 10(& D) T = 1 (2,2))
" ’ e mi(z, x) Tm (2, )

A:(w) = P(Z; = z|W; = w)

Gim,=(w) = E[01,n(H;)|Z; = 2, Wi = w]

1(2)(61,m(h) = gim,z(w))
Az(w)

alj,gm,z = E[Tl,m,z((sl,m(Hi)’ Wz)]

Tl,m,z(dl,m(h)v w) = gl,m,z(w) +

The goal is to show that

\/N(éﬁmz Hlmz) p N(O V*>

R S

32



with HZB;L . being an oracle estimator of ¢9le . if all nuisance functions would be known. Then

GlB;L - is an i.i.d. average, hence:

\/>(9l m,z eﬁm,z) ﬂ) N(Ov V*)

V*=E [(Tl,m,z(csl,m(Hi)? WZ) - HET:L,Z)Q]

Theorem 2. Let Z; and Iy be two half samples such that |I1| = |T1| = 5. Furthermore, let Ty,

Th2, To1 and Zay be four quarter samples such that |Zy1| = |Zi2| = |Za1| = |Zoo| = ‘Il ‘Z—Qﬂ = %

The second split is independent conditional on the first split. Define the estimator as follows:

A T T 7 7
o, . - ;; ppau 4 il ;'eﬁff o Dol el oz
B, L ~T T

Oy = X A (5T (). W)

I11

BTz _ 1 27@111 (sﬁn(Hz%Wz)

lm,z |I12‘ = lm,z
élB,IZI 2 AlZ22 ,)’ Wz)
M2 |1'21‘ m z

05 = o 3 L ERLHEANE
Then, if Assumptions 5 to 9 hold, it follows that
VN, = 02) > N(O, V)
with

V=B [ (s (G (1), W) = 085,.)°)
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Proof.

\/N(élez_‘ngmz)
_f(glmz lmz+9lmz ele,z)

:\/N(elez lmz>+\/7(0lmz Hlez)

I |Z11] 4 GBI |Z12| ;51 |Z21| ;8.7 |Z22| 2.z Bx
- ( lm;1+ N Hlmlz'2+ N elmil—i_ N elmf_el,m,z

+ \/7(6l M,z ele,z)

T Tio| 5 Do) 5 Loo| »
*\ﬁ<| ulg §E T 4 \];2|9;’9£122+ |]31!9ﬁi221+ \Jﬁfﬂefﬁ

|Z11| Bz |Z12| Bz Z21| pBazsy | T22] BT N B
- N el,r:z,zll - N 0171;;7;2 - N 91,771,221 - N lr:Lz22 + (elmz el,m,z)

T 7z . T 1z *
_\ﬁ<| ulgaon  Tul s, Iu) +\ﬁ<| 12\9135122_| 12|9l1?m,§12)

lmz N l,m,z N
T T N 1 x
+\ﬁ<| 21 5 grI ]if1|efm’£21> ++\ﬁ(| I, 62T _ |]372!95m§22)

+ \/7(9l M,z el],gm,z>

We must show that the first four terms converge to zero in probability. It is enough to show

this for the first term only, as the same steps can also be directly applied to the remaining three

terms.

34



The first summation can be decomposed as follows:

1B.Ii1 ‘93*71'11

lm,z lm,z
- |Iil| Z <A17m72(5lm(Hz)I2>Wi) 7 m,z((sLm(H’b)’Wl))
i€l
_ 1 - 27, — 4 T1 ( )(Sl,m(Hz)I2 - E[Sl,m(HZ) 2|Z; = 2 WZ]Zm)
’III‘ iglll (E[él,m(Hl) |Zl = aW] + XZ(WZ-)IIZ
B vz — o il — L) O (Hi) — El01m (Hi)| Zi = 2, Wi])
E[61.m(H;)|Z; , Wil (V) )
_ L r: N2 - Tio ( )(Sl,m(Hi)IZ - E[gl,m(HZ) 2|Z; =2 Wz]Im)
P CCREERRTE S
— E0m(Hy)|Zi = 2, W2 — 1(2)(81,m (Hi) = B0y (H:)| Zi = 2, Wi]P?)
Il,m % i s VVi 5\2( i)Zl2
¢ Blb(H)| 2 = 2 WD 4 1Ol H) = Bloum ()1 2; = 2 Wil2)
lym % i y YV XZ( 1)112
1(2)(01,m(H;) — E[01,m(H:)|Zi = 2z, Wi])
- E[(Sl m(Hi)|Zl =z, Wz] - )\z(Wz) )

From now on, the terms are denoted as follows: §, .(w) = EAJ[éAlm(Hz)\ZZ = 2z, W; = w],

Gim,z(w) = E[557m(Hi)|Zi = 2, W; = w] and gy .(w) = E[0,,(H;)|Z; = 2,W; = w]. Next,

analyze:
1 R A - ~ *
7’11“ Z (Tl,m,z(él,m(Hi)ZQ, Wz) - Tl,m,z((sl,m(Hi); Wz) + Tl,m,z((sl,m(Hi), Wz) - Tl,m,z(él,m(Hi)v Wﬁ)
iEIll

1 1 8mHiIQ—AmZW2.212
=7 (gl,m,z(Wz)IH+ (2) (0,m ( A) gz, 2(Wi)t2)
| 11| €l11 /\z(WZ> 12
Pa;c A
I 6mHi*~sziIl2
_gl,m,z(Wz‘)Im _ (Z)( l, (A ) Gim, ( ) )
)\Z(Wi)ZIZ
Pa;;A
1 I (SmHi—~mZWiI12
b 2 S (e ¢ L0 EHD = Gz (We)2)
|Ill‘ i€Z11 )\Z(Wi)112
Part B
1(2)(61m(H:) = Grm.-(W3)
- m,z Wz - 2 ,m,
<gl’ A X))
Part B
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Part A
We start with Part A and show that éﬁmz converges in probability to élez fast enough. It is

possible to rewrite it in the following way:

1(2) (O (H)™2 = Gum,-(Wi)T12)
A (W;) T2

1(2) (81, (H;) — gzmz<w>fw>>

(gl,m,z(VVi)Il2 +

-3 m,z Wz Tz _ <
Grm,=(Wi) A (W)

] 2 ((@z,m,xwi)“ 97 (14 AI<(W)>>>

ZEIH

Part A.1

I(Z)(él,m(H) ngnZ(W )112> (}\Z&/VZ) o 5\ (I;.)Iu))

Part A.2

5 N2 AVAD 1 . 1
e ph (I(Z)((sl,m(Hz) G (W) 112) <5\z(Wi)112 Az(‘%)))

Part A.3

)\Z(;/i) (Orm (H)2 — 5l,m(Hi))>

~
Part A.4

Using the Lo-norm and the fact that after conditioning on Z12 and Zo the summands become

mean-zero and independent, we can show that the term A.1 converges in probability to zero:

2
(lfm 5 (e (W07 = o (907) (1~ AI<(W)>>>

’LEI11
2
=E|E € (G1m,- (W) H12 = G- (W) T12) 1 — 1) Ti2, 1>
|Z11] ieTu R e A (W;) ’
[ 1 I
=E|Var [ — (gl,m,z(Wz) 12— gl,m,z(Wi)Im) 1- (Z) Il2;1.2
’ 11‘ i€Z11 AZ(WZ)

——F | Var mz Il?—NsziIm (1—
\Inl [ {gz W) Gim,=(Wi)™12)

'I“|E[ { s (W2 = Giam = (W) ) (Az(lvm —1> Ilz,zzﬂ
H,|Ill|E [(lez(WZ) — glmz(Wi)Zl2)2:| _ 01}5[1)

The second equality follows because after conditioning on Zj2 and Zy the summands become
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mean-zero and independent. The last inequality follows from Assumption 8. For the last equality,
we need the Lo-norm of g, »(w)—§i,m,.(w) to converge in probability and the fact that |Z;;| = %.

Kennedy (2023) establishes the fact that

gl,m,z(w> - gl,m,z(w)

= B[E[01n(H;) — 81 (H:)|Zi = 2, W; = w, T5]| Z; = 2, Wi = w] + 0,(R%(w))

with
R ()? EK‘&”’"’Z(W') s f(z)(az,m<fizv;jl,m,z<wz>>
(W) - L <z><5z,m<§f:zv;i)gl,m,z<m>>)2]
as long as the regression estimator E[...|...] is stable (Definition 1 in Kennedy (2023), Proposi-

tion B1 in Rambachan, Coston, & Kennedy (2022), Definition 1 below) with respect to distance

a and a(3,6) 5 0.

Definition 1. (Stability)
Suppose that the test Iy and training sample I» are independent. Let:

1. 0(h) be an estimate of a function §(h) using the training data Ty
2. b(w) = E[0yn(H;) — 81 (H:i)|Zi = 2, W;, To] the conditional bias of the estimator 6

3. B[6(H))|Z; = 2,W; = w] = Gu(x) denote a generic regression estimator that regresses

outcomes on covariates in the test sample I

Then the regression estimator E is stable with respect to distance metric a at Z; = z and W; = w

if:

whenever a(9,8) 2 0

Stability can be perceived as a type of stochastic equicontinuity for a nonparametric regression.
They prove that linear smoothers, such as linear regressions, series regressions, nearest neighbour

matching and random forests satisfy this stability condition. We will show in Part B that the
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oracle estimator R(w) is 0,(1/v/N).

Furthermore, Kennedy (2023) shows in Theorem 2 that the bias term b(w) of an estimator

regressing a doubly-robust pseudo-outcome (6;,,,(H;)) on convariates W; can be expressed as:

A

! x) —mq(z,x))(fta(z, ) — pa(z, z))
g dﬂd (z,2) + (1 —d)(1 — 7tq(z,x))

Therefore, as long as the estimated nuisance parameters 74(z, x) and fig(z,x) converge in prob-
ability to the true nuisance parameters, which is given by Assumption 6, the bias term will

converge in probability to zero. In conclusion, the term Al is 0,(1/v'N).

The second term A.2 can again be analyzed as follows:

2
1 N5 \Z12 1 _ 1
(,1_11’ iél (I(Z)(dl,m(Hz) gl7m7z(Wz) ) (AZ(WJ S\Z(Wi)zm ) ))

_ ~ 12 o
" (lzm Z( O ()= Gt 1) ><AZ<WZ-> S (W)

€111

[ . 1 1
=E _ [‘ Ti| 2 < )01 (H3) = Gim = (Wi)* )<)\z(Wi) _5\2(Wz~)112>> |I12,12”

Z€I11
R _Var 1(2) G (H) — (W2 (i — T2, T _
|Ill’ I,m lym,z )\z(I/Vz) S\Z(Wi)l—l? 12, £2 |
— 2 T
1 22 [ !
= mE E|I(z2) (6l,m(H) Gim,=(Wi )I ) (AZ(Wz) — S\Z(Wi)Im) T12,1s
_ 1 1 ’
122 —
< @(1 — /i)E (6l7m(H ) gim z(Wz) ) (}\Z(WZ) )\Z(Wi)Im)

2
1 1 1 0,(1)
< ——eq(1—K)E _ _ %
|Ill’€ 1( KJ) ()\z(WZ) )\Z(Wi)z12> N

The third equality follows because the summands are mean-zero and independent. The last
equality is true due to Assumption 6 and 8, the fact that the MSE for the inverse weights decays
at the same rate as the MSE for the propensities and the fact that |Z;;| = N/4. Hence, the term

A.2 s 0y(1/+/N).
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Similarly, this can be shown for the term A.3:

2
1 5 N2 _ AVAD) 1 _ 1
nle| (L S 1) G ()P = g (Wi)P2) [ oo — 2
B Zul & A G LT (W) e
i 1 S 2 ~ 12 1 1
= I11|E _Var I(Z)(gl,m(fli)z2 _gl,m,z(Wi)Zw) (5\2(“1/2‘)112 - )\zé/vz)> 212712]]
[ 2
1 S 2 ~ 12 2 1 1
= ® B[ (Bl ()72 (xz<wi)zu - Mm)) f s
) 2
1 S 2 _ & 12 2 1 1
< @(1 — F&)E <5z,m(H')I — gl,m,z(Wi)I ) (5\2(”/1)1—12 N )\Z(Wl)>
2
1 1 1 ~op(1)
< mezo(l - r)E (XZ(WZ,)LQ B )\Z(Wz)> N

Again, the mean-zero and independence property of the summands is needed. The last equality
is true due to Assumption 6 and 8, the fact that the MSE for the inverse weights decays at the
same rate as the MSE for the propensities and the fact that |Z;;| = N /4. Hence, the term A.3

is 0, (1/vV/N).

Because 0;,,(h) is a doubly robust score, a similar approach as for the other parts can be used
again for the term A.4. Due to the linearity in expectations assumption, only the first part of
the score function can be considered. The second part follows analogously. The term A.4 can be

rewritten as follows:
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Zul ,F A\ A=(Wi)
1 I(z X I(A)Y; — fug(Zi, X;3) 22 I(A)Y; — pug(Zi, X;
- |Z11] iezz;l )\Z((V%) (Md(Zi’Xi)I2 * ( )(ﬁd(Zidgfi)IQ = ~ HalZi, Xi) = ( )(Wd(nydéfi) )
_ 1 I(z) (. o\ . ~I(d)
- |Ill| ie;ﬂ (Az(Wz) <Hd(Zz,Xz) :ud(Zqu)> <1 ﬂ-d(ZiaXi)>>
PartTAA.l ’
1 I1(2) . 1 1
+ T iezzil (Az(Wz) (I(d)(Yz Md(Zz,Xz))> (ﬁ_d(Zi?Xi)Iz Wd(Zini))>
) Parta.4.2 ’
! 1) ol oz xy% — iz x, L
SN i%(AZ(Wi)I(d) (ud(zl,xl) ud(zl,X@)> <ﬁd(Z%Xi)zg Wd(Zi;Xi)>>
ParttAA.S

After conditioning on I, the summands used to build the term are mean-zero and independent.

The squared Ls-norm of A.4.1 looks as follows:

2
1 I(z) | . v\ - B 1(d)
E [(IH ie;u <MWi) (.Ud(Zz,Xz) Md(Zz,Xz)> (1 m(Zz-,Xz-)>>> ]

I e > (it ]
:@E _Var I(Z> (d(ZZ,X) — fd ZmX> i)) IQ”
e [t (e z~<> )

1 o
< ——EB | | 2a(Zi, X)) — pa(Zs, X; _ ol
/€3|1'11’ [(/J’d( 2 7,) ,ud( 79 l)) ] N

The third line follows because the summands are mean-zero and independent. The last line

follows from Assumption 5 and 6 and the fact that [Z11| = N/4. Hence, Part A.4.1 is 0,(1/v/'N).
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Similarly, using the squared Ls-norm of A.4.2:

2
1 I(2) - 1 B 1
E <|Ill| Z ()\Z(W) (I(d)(y Md(Z“Xz))) <ﬁd(Zi,Xi)IQ Wd(ZzaXz)>>>

| (lfnl (

[ 1
5| ; ( )|
1| I 1 1
|zl (I ) = pal 2 X ))) (frd(Zi,Xi)b - Wd(Zz',Xz')) IQ]
2
1 1 1 2
- ﬁ (I e “”) (rzxm~mzw) 2

2 2
1 1 1
< —5—(1—rRE|E|| (Y- paZ X; - - 1
/i2|111|( & <( ! ))> <7Td(ZiaXi)I2 Wd(ZiaXi)> ’
1 1 1 2 op(1)
<—— (1—k)yE - =2
/€2|Ill|( " [(ﬁd(zi,Xz‘)b Wd(Zz‘sz‘)> ] N

The third line follows from the fact that the summands are mean-zero and independent. The

last two inequalitites follow from Assumption 5, 6 and 8 and the fact that |Z;| = N /4.

Last, using the Li-norm of A.4.3:

1 I(2) A2 X — (2 X, S
E”mﬂ; (}\Z(W)I(d) (:ud(Zz,Xz) Md(Zz,Xz)> (ﬁ'd(zi;Xi)I2 Wd(ZzaXz)>>u

1 1 1
< —E Zz,X - Zl7Xz ~ -
K ‘\In\ zezn( pl )> <7Td(ZzaXi)I2 Wd(ZuXi)> u
<-E o(Zi X0 — pa(Zi, X5) CH
Tk |I11! T v pralsi, S a(Zi, Xi)2 wa(Zi, Xi)
= “E||pa(Zi, X% — pa(Zs, X3) ! !
K v pralsi 7a(Zi, Xi)22 wa(Ziy Xi)
- 1/2 51/
1 . 2 1 1 op(1)
< —-E Zi XiZQ— Zi Xi E — =2
P (Md( , Xi) pd(Zi, )) ] [(ﬁ'd(ziaXi)IQ Wd(Zi,X¢)> ] /N

The first inequality follows from Assumption 5, the second inequality follows from Cauchy-
Schwarz, the last line from Assumption 7 and the last equality from Assumption 6 and the fact

that |Z11| = N/4. Hence, term A.4.3 is 0,(1/v/N).
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Summing up, we have shown that Part A is 0,(1/v/N) as long as the product of the estimation

errors decays faster than 1/v/ N, which is given by Assumption 7.

1 5 1
Z 7-lmz 6lm )22 VVZ)IH - T Z Tl,m,z(él,m(Hi)aVVi)Ill = 0Op ()

| 11| IEI 11

Hence, it follows that

Zul sz, 1Tul Bz
N 9l,m,lzl N Ql,m,lzl =0p

Part B
In the next step, the term B is considered. It is the same proof as the usual proof for the average
treatment effect (Wager, 2020) since we assume that the true pseudo-outcome 0y, (h) is known.

The term can be rewritten as follows:

1 ~ 12 ( )(51 m( ) gl m Z(W )Zm) I(Z)(dl,m(Hz) - gl,m,z(Wi))
Tl 4, (gl’m"”(Wi) i 5wy ) ()
— L ~ AYACIE : _ I(z)
- ‘Ill| ie;n ((gl,m,z(vvz) gl,m,z(Wz)) (1 )\z(Wz)>>

Par‘trB.l
1 1 1
+ Tl Zél (I(Z)((Sl,m(Hi) — Gim,-(W5)) <5\Z(W¢)Il2 - AZ(W1)>>
Par?BQ
Tia ‘ 1 _ 1
‘ 11| Zél < gl m,z W) gl,m,z(Wz)) (AZ(WZ) S\Z(Wi)lm ))

Part B.3

Still following Wager (2020), we can show that all three terms converge to zero in probability.
For the term B.1, after conditioning on Zj9, the summands used to build the term are mean-zero

and independent. Using the squared Lo-norm of B.1:
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- _Var[(glmxwi) —glm(vv))( I”
< @E[<§z,m,z<wi>fw - gz,m,z<Wi>>2] - O’}(vl

—
- 3-

€111

[(\zlﬂ S (G (W) T2 = g2 (W) <1 _ A(&?)))

161-11

2
Z (gl,m,z(Wi)Iu - gl,m,z(wfi)) <1 - )\jéé%))) ]
I

]

l—|

The second equality follows because the summands are mean-zero and independent. The last

line follows from Assumption 5 and 6 and the fact that |Z;;| = N/4. Hence, the term B.1 is

op(1/V/N).

Similarly, using the squared Le-norm of B.2:

2
1 1
[<| Zi1] 1f§1< 6lm i)~ gl7m7Z(VVi)) (XZ(WZ»)IH - )\Z(Wz)>>> ]

=E

[E

VA

2
7B [ ( )(5lm( ) glmz(W))2 (5\2(‘41/1')212 - /\Z(lw/.z>> 112]]

1 1
Var |Ill| Z < 6lm )_gl,m,z(Wi)) <XZ(W1‘)212 - )\Z(Wl)>
1
4%

[(1 3 (1(2)(5l,m(Hi) — Gtm,=(Wi))

‘IH| i€l11

26111

——F | Var

I(Z) (5l,m(Hz) - gl,m,z(Wi)) (




Again, the second equality follows because the summands are mean-zero and independent. The

last two inequalities follow from Assumption 6 and 8, the fact that the MSE for the inverse

weights decays at the same rate as the MSE for the propensities and the fact that |Z1;| = N/4.
Hence, the term B.2 is 0,(1/v/N).

Last, using the Li-norm of B.3:

1
E -
” Tl |

7

Z (I( )(glmz(W )I12 _gl,m,z(Wi)) <)\z(1I/Vz) - Xz(miz)Iﬂ)) ]

EIl 1

1 1
112
gl m, z ) - gl,m,z(Wi) S
! 11\ Z;I;l A(Wi) N (W) T |
1 1]
E gl m z(M/Z)IIQ - gl,m,z(Wi) -
1| le%}l [ AWy A(Wi)he ||
_ . 1 1
I(Z) gl,m,z(VVi) - gl,m,z(Wi) <

A(Wi) AL (W;)De

12 , R N e
~ 12 _ )2 - =%
(Gt,m,2(Wi) gum.(Wi)) ] EKAZ(W» XZ(Wi)Im) ] o

The first inequality follows from Cauchy-Schwarz, the fourth line from Assumption 7 and the

last equality from Assumption 6 and the fact that [Z;;| = N /4. Hence, term B.2 is 0,(1/v/N).

Hence, we have
decays faster th

shown that:

1
7y

shown that Part B is o,(1/v/N) as long as the product of the estimation errors

an 1/4/N, which is given by Assumption 7. Summing up, in Part B, we have

1 1
lm z Wi)IH - — T*m Z((S(HZ), Wi)IH =0 ()
ZIJ |Ill| ieZI;1 b . v N

Hence, it follows that

and therefore,

Z11| zB,z IZ11| sz
N glm%zl - N el,m,zu = 0Op

b
N~—

i1l ~ T
’Jifl‘gB,In _ ‘]\1[1|9B* T op <

Sl
S~——
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Putting all the parts together, we conclude that:

VN (68 — 6P)

_ Tul ;57,17 By, T2l ;7 1Ti2] \Be s
—\/N<N9 . +vVN ~ 0 S

. >

=0p(1) =0p(1)

To1| ;57,0 1221l \Buz To2| ;51,0 1 T22] yBuz
N =1 21 T esl 21 N 22 22
++/N ( ~ 0 ~ 0 ++ VN ~ 0 N

- - v
ng ~~

=0p(1) =0p(1)

+VN(OF* — 95)
—_—

LN,V

Hence, the estimator 68 is v/N-consistent and asymptotically normal.

A.3 ACBGATE

A.3.1 Identification based on the Outcome Regression

This subsection identifies the ACBGATE with the assumptions from Section 2.2. Please recall
that pq(z,z) = E[Y;|D; = d,Z; = z,X; = z]. The aim is to show that we can estimate the
estimand of interest E [(Yim’y - Y;l’“> - <Y;m" - Yf”)]

E[(Ym,v . Yl,v) _ (Ym,u . YI,U)]

K3 7 K3 3

-E 7E [(Y;m,v o nl,v) N <Y;m,u o }/il,u> | Xz]]

—E[E[Y™ | Xi] - B[V | x| - B X+ B[V x|

—B[E[Y/™" | Z = v, Xi]] - E [Yj’“ | Z; = v,XZ-] B[V | Zi = u, Xi] + B [Yj’“ | Z; = uX]]

—EB[B[Y™" | D; = m, Z; = v, Xi] —E[Yil’” | D; = 1,7; = v,Xi]
—E[Y™"| D; = m, Z; = u, Xi] + E [Yj’“ | Di=1,2; = uX]]
- E[E[Yi|Di —m, Zi = v, X;] - E[Y;|D; = 1, Zi = v, X;]
—E[Y;|D; = m, Zi = u, X;] + E[Y}|D; = 1, Z; = u,Xi]]

= Blpm (v, Xi) — (v, X3) — pim (u, Xi) + p(u, X;)]

The first equality follows from the law of iterated expectations, the second from the linearity of

expectations and the third from Assumption 10. The fourth equality follows from Assumption
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1, and the fifth equality follows the law of total expectation.

A.3.2 Identification based on the Doubly Robust Score

The parameter of interest can also be identified with the doubly robust score function. Please
recall that wy ,(z) = P(D; = d, Z; = 2|X; = ) and I(d, 2) = 1(D; = d A Z; = z). It is enough to
show that the average potential outcome E[Yd “] is identified due to the linearity of expectation

property:

de :E{E[,ude

Xi)
E[E [Md z, X;) Iid,2)(% (Md)(z’Xi)) |D; =d, Z; = Z,Xi]wd,z(Xi)]
Wd,z 7

Kot X |

Elua(z, X5) + Y — pa(z, Xi)|Di = d, Z; = z, Xi]]

E[
B[E[Y;|D; = d, Z; — 2, Xi]]
Ef[pa(z, Xi)]

The first equality is due to the linearity of expectations, and the second is due to the law of total

expectations.

A.3.3 Neyman Orthogonality

To be able to use machine learning algorithms to estimate the nuisance functions, the score
function has to be Neyman orthogonal. This section follows closely Knaus (2022). We use the
following APO (average potential outcome) building block to build the double-double robust

estimator:

I(d, 2)(y — pa(z,x))
Wd,z(x)

Fd7z(h) = /Ld(%x) +

The estimate of interest 2¢ = ACBGATE can be built from the four different APO’s, and this
looks as follows:

02C = B[y (H;) — Tpp(H;) — T (Hi) + Ty (Hy)]
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Let us show that the APO is Neyman-orthogonal. The score looks the following

I(d,2)(Y; — pa(z, X))
wd,z(Xi)

G(Histha, 2 1d(2,X5),wd, - (X))

E | pa(z, Xi) + — g | =0

with g, = E[q.(H;)]. A score ¢(h; .z, ta(z, ), wq .(x)) is Neyman-orthogonal if its Gateaux
derivative w.r.t. to the nuisance parameters is in expectation zero at the true nuisance parame-

ters. This means the following:

OrE[O(His Va2, pa(z, Xi) +r(fa(z, Xi) —pa(z, Xi)), wa, (Xi) +7(@q,2 (X)) —wa - (X5)) | Xi] [r=0=0

To show that the APO is Neyman-orthogonal, we first have to add the perturbation to the

nuisance parameters of the score:

S(hsYaz, po+ (a2, x) — pa(z,2)), waz(2) + r(@4,(2) — wa,z(2)))

I(d, z)y — I(d, z)(pa(z, ) + r(pa(z,z) — pa(z, 2)))
Wiz () + 7(@g, () — wa,-(x))

= (pa(z,2) + r(jta(z, ) — pa(z,x))) +

- wd,z

In a second step, the conditional expectation is taken

E[¢(H3; a2, pa(z, Xi) + r(fia(z, Xi) — pa(z, X5)), wa,2(Xi) + r(@4,2(Xi) — wa,2(X5))) | Xi = 2]

XZ‘Z.T]

= (uale X0 + 1{7al2,X0) = palz, X)) + [wdz<x>+ e i))‘xizx]

_ E[(,ud(z, X0) + rialz X0) — pal X2)

1(d,2)Y; — 1(dy2) (palz, X3) + (a2, Xo) — palz, X0))
Wd,z(X ) + r(wd z(X) Wd z(X ))

- wd,z

- E[I(d, ) (alz, X3) + r(fia(z, X;) - Md N X

X = z
Wd,z(Xi) + T(a}d,z (Xz) Wd, z z ‘ ] wd?

= z,x) +r(fg(z,z) — pg(z, x ,ud(z,x)de( )
= (e 2) + rlfalene) —ale ) + o

(
 waz (@) (ta(z, @) + r(Ralz,2) — palz,2))) Y
W,z (2) + 1(@42(r) — wa (7)) d,z
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The third equality follows from:

E[I(d, 2)Yi|X; = x] = dzZZIdz VY2 X = ]

E[I(d, 2)Y;"*| X; = z]

= :ud(za x)wd,z ($)

In a third step, the derivative with respect to r is taken:

OrE[Q(Hi; Yz, palz, Xi) + r(falz, Xi) — pa(z, Xi))

; 1d(z, )wd - (7) (04,2 (T) — wa - (2))
= (Ud(zaw) Md(z7$)) (Wd,z(x) n (wd,z( ) wd,z( )))2
 wdo(2) (f1d(z, ) — pa(z, 7)) (W32 () + 7(@az(2) — waz(2)))

(Wa,2 (%) + 7(Da,z(T) — wa - ()))?
 waz (@) (ta(z, @) — r(falz,2) — pa(z,2))) (@a,:(2) — wa,(2))
(Wa,z () + r(Da,-(7) — wq,(2)))?

y W,z (X)) + 1(W0a,2(Xi) — wa, 2 (X5))) | X = 2]

Finally, evaluate at the true nuisance values, i.e. set r = 0:

OrElo(Hys tba z, pa(z, Xi) + r(fa(z, Xi) — pa(z, Xi)), wa - (Xi) + 7(@4,.(X;) —wa (X)) | Xi = ] |r=0
= (f1g(z, ) — pa(z,2)) — Md(Z,x)wd,z(w)d(z( 3230) — Wa (7))
_ wae(@) (a2, ) = pala2)was(2) = s (0)1a(z2) (@s(7) = wa (@)
W, (x)?
= (ﬂd(Z,:C) — /‘d(zyl')) _ 'u’d(z? w)Wd’Z(Z)d(:U(C;Z)(Q‘r) - wd7z(1‘))
 wi(2)* (a2, %) — palz, ) N wa (@) a2, 2) (@0 () — wa.s ()
Wa(r)” wq,z(z)?

=0

A.3.4 Derivation of the Influence Function

The Gateaux derivative approach is used to derive the influence function, as shown in Section
3.4.2 in Kennedy (2022). Furthermore, similarly to showing that the score function is Neyman-
orthogonal where we closely rely on Knaus (2022) (see Appendix A.3.3), the influence function
derivation is based on one APO and then extend it as Hines, Dukes, Diaz-Ordaz, & Vansteelandt
(2022) show it for the Average Treatment Effect (ATE). Hence, we derive the influence function
for the functional ¢q . = E(Y**) = E[E[Y;|D; = d, Z; = z, X,]].
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A particular choice of a parametric submodel is used, for which the pathwise derivative is equal

to the influence function.

Definition 2. (Definition 1 in Kennedy (2022)) A parametric submodel is a smooth parametric

model P, = {P, : e € R} that satisfiers (i) P. < P, and (ii) P.—o = P.

First, we have to assume that the data is discrete. This simplifies the calculations. If the
regressions functions p4(z,x) = E[Y;|D; = d,Z; = 2,X; = z] and wg.(z) = P(D; = d,Z; =
z|X; = z) are well-defined outside of the discrete setup, the influence function is also well-
defined (Kennedy, 2022). For the further derivation, H; = (D;,Y;, Z;, X;) and P is the true
distribution. The simple submodel is given by P} (H;) = (1 — ¢)P(H;) + €0, where d, is the
Dirac measure at H; = h. Since H; is discrete, we can work with the mass function P*(H;) =
(1 —€)P(H;) + el (H; = h). Note that for the submodel, we have

P*(H;) _ (1 —¢)P(H;) + e]l( =h)

P*(D;, Zi,X;:) (1 —e)P(Dy, Zi, X;) + el(Ds = d, Z; = 2, X; = x)
PX(Dy, Zi,X;) (1 —e)P(Di, Zi, X;) + l(D; = d, Z; = 2, X; = )

PX(Y;|D;, Z;, X;) =

PX(DilZ;, X;) =

P*(Zi, X;) (1—e)P(Z;, X;) + e]l(z, =2,X; =)
21X, Pr(Zi, X;) (1 —e)P(Z;, Xi) + el(Z; = 2, X; = x)
FIX) = "5x) = (= oP(X) + (X = 2)

P*(X;) = (1— e)P(X;) + el(X; = z)

€

and

6

P PX(Y;|D;, Z;, X;)

e=0
L(H; = h) — P(H;)
(1—=e)P(D;, Z;, X;) + el(D; = d, Z; = 2, X; = )| _,
]l( i=d,Zi=Z Xza?)—P(DZ,ZZ,X)
(1—=e)P(D;, Z;, X;) + el(D; = d, Z; = 2, X; = )| __,

_ ]I(Hi=h)—P(Hi)_P(Y’D 7 Xy) WD; =d, Z; = 2, X; = x) — P(D;, Zi, X;)

P(Dz Zi, X:) P(Di, Z;, X)
1(H; = h) P(H;) WD, =d, Z = 2, X; = )
= - —P(Yi|Di, Zi, X;
P(D;, Zi, Xi)  P(Di, Zi, Xi) (i ) P(Di, Zi, X)
—_—

= P(Y;|Ds, Z;, X5)
P(D;, Z;, X;)

+ P(Y|Di>ZiaXi)m
19 19 1

1(H; = h) WD =d, Zi = 2, X; = )
= ————— — PY;|D;, Zi, X;
P, 2y~ PP 2 Xa) = S
1(Y; = y) — P(Y;|D;, Zi, X;
= ]I(Dz = d, Z’L = Z7Xi = x) [ ( T yP)(D (Z'Z’)(.Z)v (2] z):|
1y “1y <21
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In the next step we evaluate the parameter on the submodel, differentiate, and set € = 0.

0 . 0 . "
—(PY)| = = > Pr(Yil Dy, Zi, Xi) P2 (X5)
Oe o O
¢ XY e=0
a * * * a *
Oe Oe
XY e=0
1(Y; =y) — P(Yi|Ds, Z;, X;)
= Yi|\l(D; =d, Z; = 2, X; = P(X;
XZ;V ( %X =2) ( P(D;, Z;, X;) (%)

+ P(Yi|D;, Zi, Xi) (1(X; = x) — P(Xi))]

2

Y;]I(Dl = d, Zz = Z,Xi = l‘)]l(}/z = y)P(XZ)

- v P(D;, Z;, X;)
. Y;]l(DZ = d, Zz = Z,X,‘ = .ZL‘)P(Y;‘DZ,ZZ,XZ)P(Xl)

+YP(Y;|D;, Z;, X;)1(X; = z) — Y;P(Y;| D, Zi,XZ-)P(X,-)]

~ P(D; = d,I(ZCil’i)z!Xi =) (y = na(z,2)) + paz, ) = az
_ 1(d,2) (0 pal2) + a2 — s
W,z (x)

It follows that if the ACBGATE is pathwise differentiable, the influence function of the ACBGATE

is given by:
¢(h pAC 77) _ I(lav)(y_ﬂl(v7$)) —I—,ul(v iL') N I(mvv)(y —,um(v,a?)) —u (’U :I))
v wi () ’ Wrn,o () e
M=) T =)
wru() ’ winu(2) m

with ¢y = E[E[Y;|D; = 1,Z; = 1, X;] — E[Yi|D; = 0,Z; = 1, X;] — E[Y;|D; = 1,Z; = 0, X;] +
E|Y;|D; =0, Z; = 0, X;]].
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A.3.5 Asymptotic Properties for Estimation with one Propensity Score

The asymptotic properties of the ACBGATE estimator with two propensity scores are investi-

gated in this subsection. The following assumptions are imposed:

Assumption 14. (Overlap)

The propensity scores A,(w) and 74(z,x) are bounded away from 0 and 1:

~

k<A (x),mq(z,2), N\ (2), 7rg(z,2) <1 —K VeeX,zeZ,

for some k > 0.

Assumption 15. (Consistency)

The estimators of the nuisance functions are sup-norm consistent:

sup |fia(z, @) — pa(z, )| & 0
reX ,z€Z

sup |7?('d(Z,£C) - 7Td<sz)| L 0
reX ,z€Z

sup ‘Xz(x) - )‘z(x)| E) 0
zeX
Assumption 16. (Risk decay)
The products of the estimation errors for the outcome and propensity models decays as

E((f1a(Zi, Xs) — pa(Zi, X0))*| E [(Ra(Zi, Xi) — 7a(Zi, X3))?] = 0p (;,)

E [(ha(Zi, Xi) — na(Zi, X:i))*] E [(;\z(Xz‘) - /\z(Xz‘))z] =0p <]1,>

If both nuisance parameters are estimated with the parametric (v N-consistent) rate, then the
product of the errors would be bounded by O, (ﬁ) Hence, it is sufficient for the estimators of

the nuisance parameters to be N4 _consistent.

Assumption 17. (Boundness of conditional variances)

The conditional variances of the outcome is bounded:

sup Var(Yi|D; =d,Z; =2, X; =2) <eg <0
reX ,2z€Z

The assumptions made are standard in the DML literature (Chernozhukov et al., 2018). Given
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these assumptions, the following Theorem can be derived:

Theorem 3. Under Assumptions 14 to 17, the proposed estimation strategy for the ABGATE

obeys
f<9lmuv_0lmuv) a N(O7V*)

with V* = E[¢AC (H;; 0AC, 7)?]

It follows from Theorem 3 that the estimator is +/ N-consistent and asymptotically normal. The

proof looks as follows:

In a first step, define the following terms for easier readability:

7Td( ) P = d|ZZ‘ = Z,Xi = :E)

(D
wq(z,z) =E[Y;|D; =d, Z; = 2z, X; = x]
(Zi = = )

E[ﬂd et

o (h) = paz, z) + I(d, )((y )Hd((x; z))

= E[Fl,u(Hl) - Fm,u(Hz) - Fl,v(Hi) + Fm,v(Hz)]

glmuv

Due to the linearity in expectations it is enough to focus on (4 ., hence we want to show that

VN (e = CG2) > N (O, V)
V= E[(Fdz( ) - cdz)]

with ¢, being an oracle estimator of (4. if all nuisance functions would be known. Then (j , is

an i.i.d. average, hence:

\/N(Cé,z - Cd7z> £> N(Ov V*)

V' -E [(fd,z(H@-) - qs,z)2]

Theorem 4. Let I and I, be two half samples such that |Ii| = |I1| = &. Define the estimator
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as follows:

. Tl 27, | 122l 22
Cdz = N 4z W de

d% \Z P ZFIQ
G- Bt
Then, if Assumptions 5 to 8 it hold, it follows that
VN(Ca = Caz) S N0, V)
with
V' =E [(fdz( i) — de> }
Proof.

\/N(éd,z - Cd,z)
= \/N(éd,z - g;l(,z + CJ,Z o Cd7z>
= \/N(édz - Céz) + \/N(sz»z - Cd,z)

_\ﬁ<111| zl+’]1\§’ Tz gdz>+\ﬁ(édz Cd,z)

= \/><|Il| |I2|< |I1|C*Il - |1'2| *I2> + f(gdz Cd,z)
_\/*<|Il| |Il| *I1>+\/7<|IQ| |I2| *IQ>+\/7(<dz Cd,z)

The goal is to show that the first two terms converge to zero in probability. It is enough to show
this for the first term only, as the same steps can also be directly applied to the remaining second

term.
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Gt =G
_ b V(7 XN o, 1d2)(Yi = a(Zi X)) 1(d, 2)(Yi = pa(Zi X3))
|7, EZI: (Md(Z“XI) palZ i)+ 2o Ze X P2 AL (X)) 22 7a(Zi, Xi) A2 (X3) )
= 1 { . N2 _ . . _ I(d7 Z)
23] zeZI:1<< 1120 %) Md(ZhXZ)) (1 Wd(Zini))\z(Xi)>>
Pa}rt 1 g
1 1
T d i — i Xi - 0 Xi) — #ta(Zi, Xi) ™
+| = (I( Al X))ﬁd(Zi,Xi)Iz)\z(Xz')Imd(Zz‘,Xi)(Wd(Z )= Rz ) )>
Pave 2 ’
1 1 .
1 2 | 1(d2)(Yi = pa(Zi, X ; Ao (Xi) = Ao (X0) ™
’ Il‘ieL( (2= gl >)7Td(ZivXi))‘Z(Xi)IQ)\z(Xi)( o ) )>
) Pa‘r(t3 2
b S 1) (a2 X0 — palZi, X)) ! - .
1 & s pal o 2 (Zi, X) Ao (Xa)  7q(Zs, Xi) P2 AL (X)) T2
Pa‘rrt4 ~

The proof is based on Wager (2020). All four terms converge to zero in probability. For Part 1,
after conditioning on Zs, the summands used to build the term are mean-zero and independent.

Using the squared Ls-norm of Part 1:

[<| I 2((“‘1 2 ) ) (1 m(Zj(;bzA)Z(X»)))z]
_ [EK';'ZI] ((m(zi,xi)zg - ,ud(Zi,Xi>> (1 _ wd(zj()?;)?z(xi))>>2

I(d, z)
— E| Var |Il| Zél (Hd Zi, Xi)"2 — Md(ZiaXi)> (1 - Wd(Zi,Xi))\z(Xi)> I2”
_ ar A . N2 . . _ I(d7 Z)
- ‘Il‘E Vi [(/Ld(Zqu) :ud(ZZaXl)> (1 Wd(ZiaXi)/\z(Xz’)>

= 7 AL Y ?
- ‘II‘E[E[<Md(Zz,Xz) _,Ud(Zz,Xl)> <7Td(Zi,Xi))\z(Xi) —1
! [1 2 ? op(1)

The second equality follows because the summands are mean-zero and independent. The last line

N

follows from Assumption 14 and 15 and the fact that |Z;| = N/2. Hence, Part 1 is 0,(1/v/N).
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Similarly, using the squared Lo-norm of Part 2:

2
L I(d, 2)(Yi — pa(Zi, X)) XN A7 X\
E[(’Iﬂ Z (A 'Xi)125\z(Xi)Iz7rd(Zi,Xi)( alZi, Xi) a(Zi, Xi) ))) ]

i€y 7"'d(sz
2
B 1 1(d, 2)(Yi — pa(Zi, Xi)) (N s T
_E[E[(w;( (7 XA (X )zgﬁd%Xi)(d(Zz,Xz) (Zi, X;) ))) 12”
Y

ar| AV malZ X)) g
’ ZI: < (ZZ,X) 2L (X )Izﬂ'd(Zi,Xi)( a(Zi, Xi) — 7q(Zi, Xi) ))
“|

2
:1|EH< I(d’Z;YZ Ha(Zi, X)) (wd(zi,Xi)—mzi,Xi)I?)) Iz”

“|

I
=

ﬁ' (ZZ, XZ IQS\Z(Xi)IZﬂ'd(Zi, Xz)

Var[ 1(d, z))(Yz — pa(Zi, X)) (ra(Zi, X;) — 7a(Z;, Xi)I2)

ZzaXz Iz z( )IQWd(ZzaX)

< == 2E[E Y; — pua(Zi, X)) (ma(Zi, Xi) — 7a(Zi, X3)72)? 12”
K |Il

- n3|Il [ Y — na(Zis Xi))(ma(Zi, Xi) —de(ZuXi)IQ)Ql

< n5|11\(1 K)*edB| (ma(Zi, Xi) — d(Zi,Xi)IQ)QI = Op]Efl)

Again, the second equality follows because the summands are mean-zero and independent. The
last two inequalities follow from Assumption 15 and 17, the fact that the MSE for the inverse
weights decays at the same rate as the MSE for the propensities and the fact that |Z;| = N/2.
Hence, Part 2 is 0,(1/v/N).
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Similarly, using the squared Lo-norm of Part 3:

- v e -

2
- e o] (M e -3 o
< Mlzla — R)’B| B[ (Y; — pa(Zi, X1))*(\=(Xi) — A (X0)™2)? Iz”
_ I{3|111(1 — RK)’B| (Y — na(Zi, Xi))*(\o(Xi) — iz(Xi)ZQ)Ql
< K3|1:,1<1 = #)%eaB | (A=(Xi) — XZ<X1~>IQ>2] = Of}(vl)

Again, the second equality follows because the summands are mean-zero and independent. The
last two inequalities follow from Assumption 15 and 17, the fact that the MSE for the inverse
weights decays at the same rate as the MSE for the propensities and the fact that |Z;| = N/2.
Hence, Part 3 is 0,(1/v/N).
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Last, using the Li-norm of Part 4:

1

1

E[’\zll\ > (I(d, 2)(a(Zi, Xi)? — pa(Zi, X3)) (

i€I1

|l L I(d, z) o .
EU vy iezlll (Wd(Zi,Xi)S\Z(Xi)IQ (Aa(Zi, Xi)™ — pa(Zi, X3))

(XZ(Xi)b N (X) + Fa(Ze, X — w2, Xi)>> u

I1(d, z)

ma(Zi, Xi) Az (X5) T2

f1a(Zi, XY — pa(Zi, Xi)

|

f1a(Zi, XY — pa(Zi, Xi)

iEIl

(X)) P = M(X5) + 7a(Zi, Xo)P2 — ma(Zs, Xo)

1(d, z)

Ta(Zi, Xi) Az (Xi) T2

A (X)) B = M(Xy) + 7a(Zi, Xo) P2 — ma(Zs, Xi)

|

7a(Ziy Xi)?2 — m4(Zi, X;)

I(d,z)

ma(Zi, Xi) Ao (Xi) P2

(

I(d, z)

ma(Zi, Xi) A= (X5) P2

(

f1a(Zi, Xi)®2 — pa(Zi, Xi)

1
<’I1|ZE[

(X)) — A (X)| +

)

f1a(Zi, Xi)? — pa(Zi, X5)

(X)) P2 = M\ (X0)| + |7a(Zi, Xi)P2 — mal(Zi, Xi)

(

+

)

(X" = AL (X3)

f1a(Zi, Xi)®2 — pa(Zi, Xi) +

1/2
<E [(ﬂd(Zz‘, X" — pa(Zi, Xi))2]

1/2
E)[(XZ()Q)I2 _ )\Z(Xi)>2] n E[(frd(Zi,Xi)IQ - wd(zi,Xi))Zl

_ op(1)
VN

7a(Zi, Xi)? — ma(Zi, Xi)

Ta(Zi, X)Ae(Xi)  #a(Zs, X0) AL (X) T2 ) > u

)

The first inequality follows from Cauchy-Schwarz, the fourth line from the triangle inequality,

the sixth line from Assumption 14 and the last equality from Assumption 15 and 16 and the fact

that |Z;| = N/2. Hence, Part 4 is 0,(1/+/N).
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Hence, we have shown that:

*Il_
rmzc ‘\I\Z ‘°p<

i€l i€l

Sl
S~—

Putting all the parts together, we can conclude that:

\/N(éd,z - gd,z)
:\/*<|111|C 2, *11>+\ﬁ<|12\ _ el *12>+\F(Cdz Ci)
[ ——

-~ ~—

—o,(1) =op(1) LNOV*)

Hence, the estimator élATS w18V N-consistent and asymptotically normal.
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B Appendix: Estimation Procedures

Algorithm 2 shows how a propensity score can be truncated and normalized for better finite
sample properties. This algorithm can be used for all propensity scores in this paper, namely

Az(w), Az(x), mq(z,2) and wy,(x). From now on, the propensity score is called m4(z,z). Be
I(d)

and not
Td (Z,CE)

aware that the score function has to be adapted because weight,,orm, ; replaces

only mg(z, x).

Algorithm 2: NORMALIZATION AND TRUNCATION OF PROPENSITY SCORE WEIGHTS
Input : Data: {wj, z;,v:}

Propensity score: mq(z;, ;)
Output: Normalized and truncated weights: weighty,orm i

begin
Number of observations: N

fori=1,..., N do
TRUNCATION:
7rd(zi, xz) = max(wd(zi, xi), 0.0001)

DEFINITION WEIGHTS:
1(d)

ma(zi,q)

weight =
end
Define: Sum of the weights: weightsym = Zf\il weight;

fori=1,..., N do
NORMALIZATION:

weight;

welghtnorm,i = weightsum

TRUNCATION:
weightporm,; = min(weightyorm,i, 0.05)
end
Define: Sum of the new weights: weightyorm,sum = Zfil wetghtporm.i

fori=1,..., N do
NORMALIZATION:

weightnorm,i . N

welghtno'r‘mj = weightnorm,sum

end

end

Algorithm 3 shows the algorithm to estimate the ABGATE with discrete treatment and moder-

ator variables.
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Algorithm 3: DML rorR ABGATE

Input : Data: h; = {z;, 2;, d;, i}
Output: ABGATE — §A5

Lmu,
begin
create folds: Split sample into K random folds (Si)X | of observations {1,..., %} with
size of each fold &. Define S¢ == {1,..., N}\{Sk}
for kin {1,..., K} do
for d in {l,m} do
RESPONSE FUNCTIONS:
estimate: fig(zi, ;) = B[Y;|D; = di, X; = 23, Zi = 2] in {zi, yi, ZiYiest di—d
PROPENSITY SCORE:
estimate: 7g(z;, 2;) = lf’(DZ =d;|X; = x4, Z; = z;) in {azi,di,zi}iegg
end
PSEUDO-OUTCOME:
estimate: 517m(hi) = (2, w;) — fim (25, 73) + I(l)(%(_x‘?’ij)i’“)) - I(m)(fi’;_(if;(si’“)) in
{hi}ies,
end
create folds: Split sample S} into J random folds (Sj)]J=1 of observations {1,..., Kij}
with size of each fold 2. Define S¢={1,..., AN{S;}
for jin {1,...,J} do
for z in {v,u} do
PSEUDO-OUTCOME REGRESSION:
estimate: g.(w;) = E[01m(hi)|Zi = 2z, W; = w;] in {hitiese =2
PROPENSITY SCORE:
estimate: Xz(wi) = I-Aj(Zz = z;|W; = w;) in {wi,zi}ieg;-
end
ABGATE FUNCTION:
EFFECT:
estimate:
8 = 5 s[5 0) (05 + 1 I00) _ 1000
STANDARD ERRORS:
estimate:
5 = 55 [ () )+ i) _ TG
end
estimate effect: éfnﬁu’v = 23'1:1 P éﬁ,fhm’u’v
estimate standard errors: SE(éf£u7v) =1\ 7% ijl Zszl éﬁlfl?ri,u,v - <0AjA’,fl’m7u,U>2

end
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Algorithm 4 shows the suggested estimation procedure for the ACBGATE. It is similar to the

estimation of an ATE but with a different score function.

Algorithm 4: DML ror ACBGATE

Input : Data: h; = {x;, 2;, d;, y;}

Output: ACBGATE = A€

begin

create folds: Split sample into K random folds (S;)&_ | of observations {1,..., &} with
size of each fold &. Also define S§ := {1,..., N}\S

for k in {1,...,K} do

for d in {l,m} do

for z in {v,u} do
RESPONSE FUNCTIONS:

estimate: fiq(zi, ;) = B[Y;|X; = 23, D; = di, Zi = 2] in {24, Ui, 2 Yiess dy=d,zi=2
PROPENSITY SCORE:

VERSION 1:

estimate: Qg (i) = P(D; = d;, Zi = z|X; = 2;) in {@i, di, zi}iese

VERSION 2:

estimate: #g(xi, ) = P(D; = di| X; = 24, Z; = 2) in {zi,di, zi}iess

~

a4, 2i) - Ao ()

estimate: S\z(:pz) = IS(Zz = 2| X; = z;) in {xi,di,zi}iesg
calculate: @q ,(x;) = 7

end

end

ACBGATE FUNCTION:

EFFECT:

estimate: é,ﬁgm%v =£ Dies,, [ﬂl(v,xi) — fm (v, i) — fu(w, ;) + fim (w, ;) +

](l7v)(yi_l]‘l(v7xi)) _ I(mvv)(yi_/)m('wmi)) _ I(lvu)(yi_ﬂl(uvxi)) + I(mvu)(yz_ﬂm(uvxl))]
wl,v(xi) ‘Dm,v(mi) "Dl,u(wi) if)m’u(iﬂi)

STANDARD ERRORS:

. AAC,SE . N N X
estimate: 6" = £ Yies, [(ul(v, x;) — fm (v, 5) — L (uw, ) + o (u, ;) +

1) (= (0swe)) _ T0m) (i (020) _ 1) (=), 1<m,u>;yfﬂm<u,xi>>>2]

ajl,v(zi) Wm,v(xi) U:)l,u(xi) wm,u(mi)

end

; . pAC _ 1 K pacC
estimate effect: 917m7u7v = % Dkt ijlm,u,v

2

i . NACY _ 1 vK  pHpACSE AAC

estimate standard errors: SE(02%) = \/K 21 Ot — (O
end

Algorithm 5 shows the procedure for estimating #2¢ with DML by Chernozhukov et al. (2018).
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Summarized, estimate an average treatment effect (ATE) in groups Z; = 1 and Z; = 0 separately.

Then take the difference of those two effects to receive 02C.

Algorithm 5: DML ror AGATE

Input : Data: h; = {x;,d;, i, yi}

Output: AGATE: §AC

begin

for z in {v,u} do

create folds: Split sample into K random folds (Sk)szl of observations {1,..., %}

with size of each fold % Also define S == {1,..., N}\Sj
for kin {1,..., K} do

for d in {l,m} do
RESPONSE FUNCTIONS:

estimate: jig(z, x;) = B[Yi|D; = di, X; = 24, Z; = ] in {@i, 2i, Yitiess di=d
PROPENSITY SCORE:
estimate: #q(z;, ;) = P(D; = di| X; = 23, Zi = 2) in {7i,di, zi}iese

end

ATE FUNCTION:

EFFECT:

estimate: O ., =

“ N Z(D;=)(Yi—fu(zi,z; Z(Dij=m)(Y;—fim (2,2;
%Ziesk[ul(z’i,xi)—um(zi,xi)Jr ( if(zz”l)( z)) X ﬁ),,(l(zi,ai)(z ))]

STANDARD ERRORS:

. N\SE
estimate: 0} Lm =

" di=1)(yi—fu(zi,zi di=m) (yi—fim (zi,21)) | 2
55 [t 2) )+ F=ple) T

end

estimate effect: élm(z) = % Ziil é;@l,m

estimate standard errors: Var(fy,,(z)) = + S G,ffm O1m (2)?
end
calculate effect: QZATSUU O1m (1) — Oy (V)
calculate standard errors: SE Hﬁgu ) \/Var Om (1)) + Var(Gl m(v))
end
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C Appendix: Monte Carlo Study

This section explains details of the Monte Carlo study conducted for the ABGATE and the

ACBGATE. For simplicity, the simulations cover the case where Z; and D; are binary variables.

C.1 Performance Measures

For the evaluation of the different estimators, different measures are considered. First, we look

at the measures to evaluate the estimation of the effects. The performance measures are shown

for éﬁf u.p Only, but the same performance measures are also used for gAC , and Hﬁg -
BIAS(Hlmu'U - Zer,l,muv lmu'u
T
|BIAS(elmuv)| = R Z |9T,l,muv - 0lmuv|
r=1
R R
SDORE ) = | 5 2 08— 5 22 00
l,m,u,v \ R r,lm,u,v R rlm,u,v
r=1 r=1
R
1 .
RMSE(elmu'u) = \ E Z( ﬁl,Bm,u,v - l%n?,u,v)Q
r=1
| R élAB _% RléAlB 3
SKEWNESS(6f, == Alldleld R o
1 & éAlB "R Z 05 !
Ex. KURTOSIS 19 = — UL = T’ UL

Furthermore, the following performance measures are used to evaluate the inference procedures:

R
BIAS(SE(leuv Z ET Hrlmuv) SD(elmuv)

COUP (er,l,m U, —Za SE(HT,l,m U ’U)))

elmuv <
1

( lmuv
z 1
( z

(0r7l,muv + Zl—aSE(erlmuv))>]
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C.2 Details for ABGATE
C.2.1 Random Forest Tuning Parameters

The optimal hyperparameters for the different random forests, namely the tree depth and the
minimum leaf size, are tuned by a grid search (maximum tree depth: |5, 10, 15, 20|, minimum
leaf size: [2, 5, 10, 20]) using a random forest with 1000 trees and three folds. They are tuned
using five different data draws and then fixed for the whole simulation. The optimal combination
of maximal tree depth and minimum leaf size is chosen by taking the combination that appears
most often in the five draws. Table C.1 shows the optimal hyperparameters for the different

DGPs and sample sizes.

Table C.1: Simulation Study: Optimal hyperparameters for random forests

DGP: non-linear with linear heterogeneous treatment effects

N = 2,500 N = 10,000
H1 Ho Td g1 90 Az H1 Ho Td g1 90 Az
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 | 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 5 5 5 10 5 5 10 5 5 5 5 5
Minimum leaf size 10 2 2 20 20 20 20 2 20 20 5 20

DGP: non-linear with non-linear heterogeneous treatment effects

N = 2,500 N = 10,000
M1 Ho Td g1 90 Az 1 Ho Td g1 90 Az
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 | 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 10 5 ) 5 10 5 10 5 5 5 ) 5
Minimum leaf size 5 2 2 20 20 20 10 2 20 20 2 20

DGP: non-linear with non-linear heterogeneous treatment effects and Z; influencing Xj 5

N = 2,500 N = 10,000
K1 Ho Td g1 90 Az H1 Ho Td g1 90 Az
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 | 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 10 5 5 5 10 5 10 5 5 5 ) 5
Minimum leaf size 10 2 20 20 20 20 10 2 20 20 20 20

Note: This table depicts the optimal hyperparameters for the random forests. The grid values are as follows: maximum
tree depth: [5, 10, 15, 20], minimum leaf size: |2, 5, 10, 20].

C.2.2 Results

Table C.2 and Table C.3 show the results for a non-linear DGP with linear heterogeneity with
N = 2,500 and N = 10,000, respectively. The first part of the tables depicts the results of
estimating the outcome regression in the second estimation step with a linear regression. The
second part of the tables shows the results of using a random forest to estimate the outcome
regressions in the second step. Using a linear regression works well when the heterogeneities are

linear. However, using a random forest works equally well. Furthermore, the tables show that

64



the standard error halves by increasing the sample size by four. This suggests a 4/ N-convergence
rate of the estimator also in finite samples.

Table C.2: Simulation results: Non-linear DGP with a linear treatment effect (N = 2,500)

DGP: non-linear with linear heterogeneous treatment effects

Estimation of effects Estimation of standard errors

2nd step Truth Bias |Bias] Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

2nd estimation step with linear regression

9AG DML with OLS  0.596 0.001 0.079 0.097  0.097 -0.015 -0.066 0.001 95.70 81.20
028 (Xo) DML with OLS  0.493 -0.005 0.091 0.115 0.115 -0.062 0.069 0.002 96.00 80.90
625 (X1) DML with OLS  0.560 -0.009 0.093 0.117  0.117 -0.157 0.339 0.001 96.40 80.40
628 (X5) DML with OLS  0.596 -0.004 0.080 0.099  0.100 -0.026 -0.032 0.000 95.20 80.60
628 (Xs5) DML with OLS  0.597 -0.004 0.079 0.100  0.100 0.069 0.271 -0.000 94.90 81.90
628 (Xo, X1) DML with OLS  0.449 -0.007 0.103 0.129  0.129 -0.102 0.117 0.001 96.00 81.40
0258 (X1, Xo) DML with OLS  0.560 -0.012 0.090 0.112 0.113 -0.111 -0.124 0.002 95.70 79.70
025 (Xo, X1, X2) DML with OLS  0.450 -0.007 0.100 0.127  0.127 -0.090 0.207 0.001 95.50 81.20
2nd estimation step with random forest
0AC DML with RF~ 0.596 0.001 0.079 0.097 0.097 -0.015 -0.066 0.001 95.70 81.20
GAB( 0) DML with RF 0.493 -0.006 0.092 0.115 0.115 -0.076 0.074 0.003 96.00 81.70
025 (X1) DML with RF 0.560 -0.008 0.093 0.117  0.117 -0.114 0.361 0.001 96.00 80.50
025 (Xy) DML with RF 0.596 -0.004 0.081 0.101 0.101 -0.035 -0.058 -0.000 95.00 78.90
625 (X5) DML with RF 0.597 -0.004 0.079 0.100  0.100 0.091 0.313 0.000 95.00 81.70
628 (Xo, X1) DML with RF 0.449 -0.006 0.104 0.130 0.131 -0.096 0.132 0.001 96.00 81.30
628X, Xo) DML with RF~ 0.560 -0.011 0.091 0.113 0.114 -0.092 -0.106 0.002 95.60 79.70
6~5(Xo, X1,X2) DML with RF 0450 -0.008 0.102 0.128  0.129 -0.066 0.177 0.001 95.00 80.50

Note: This table shows results for N = 2,500, R = 1,000 and a non-lincar DGP with linear heterogencous treatment effects in two blocks: (1)
ABGATE results with linear regression in the second step (2) ABGATE results with random forest in the second step. §2¢ shows the difference
between two GATEs. Column (1) shows the effect estimated, and column (2) shows the second estimation step. The remaining ten columns depict
performance measures explained in C.1.

Table C.3: Simulation results: Non-linear DGP with a linear treatment effect (N = 10,000)

DGP: non-linear with linear heterogeneous treatment effects

Estimation of effects Estimation of standard errors

2nd step Truth  Bias |Bias| Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

2nd estimation step with linear regression

HAG DML with OLS  0.596 0.005 0.038 0.046  0.046 -0.101 -0.062 0.002 96.40 81.60
HAB(XO) DML with OLS  0.493 0.004 0.043 0.054  0.054 -0.193 0.065 0.002 97.60 80.00
B(Xl) DML with OLS  0.560 0.001 0.043 0.053  0.053 0.073 -0.455 0.003 97.20 83.20
628 (Xy) DML with OLS  0.596 0.004 0.037 0.045 0.045 -0.126 0.040 0.003 95.60 84.40
B(X5) DML with OLS  0.597 0.004 0.037 0.046  0.046 -0.108 0.012 0.002 96.00 83.60
B(X X1) DML with OLS  0.449 0.008 0.049 0.060 0.060 -0.274 0.013 0.003 96.40 83.20
B(Xl7 Xs) DML with OLS  0.560 0.001 0.043 0.053  0.053 0.012 -0.400 0.003 98.00 82.40
028 (Xo, X1, X,) DML with OLS 0.450 0.008 0.048 0.059  0.059 -0.354 0.199 0.003 95.60 81.20
2nd estimation step with random forest
HAG DML with RF 0.596 0.005 0.038 0.046 0.046 -0.101 -0.062 0.002 96.40 81.60
628 (Xo) DML with RF 0.493 0.005 0.043 0.054  0.055 -0.171 0.101 0.002 96.80 82.00
HAB(Xl) DML with RF 0.560 0.001 0.043 0.053 0.053 0.016 -0.448 0.004 98.00 83.60
HAB(XZ) DML with RF 0.596 0.004 0.037 0.045 0.045 -0.153 0.004 0.003 96.40 84.40
QAB(Xg,) DML with RF  0.597 0.004 0.038 0.046  0.046 -0.125 0.053 0.002 95.60 83.20
HAB(XO,Xl) DML with RF 0.449 0.009 0.049 0.060 0.061 -0.242 -0.061 0.003 95.60 82.00
HAB(Xl, Xs) DML with RF 0.560 0.001 0.043 0.053  0.053 -0.001 -0.354 0.003 96.80 82.80
02B(Xo,X1,X2) DML with RE  0.450 0.008 0.048 0.059  0.060 -0.311 0.215 0.003 95.20 82.00

Note: This table shows results for N = 10,000, R = 250 and a non-linear DGP with linear heterogeneous treatment effects in two blocks: (1)
ABGATE results with linear regression in the second step (2) ABGATE results with random forest in the second step. §2C shows the difference
between two GATEs. Column (1) shows the effect estimated, and column (2) shows the second estimation step. The remaining ten columns depict
performance measures explained in C.1.

Table C.4 and Table C.5 show the result for a non-linear DGP with non-linear heterogeneous
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treatment effects. Using a linear regression to estimate the outcome regressions in the second
step leads to biased results if we want to balance the distribution of the X;’s that lead to those
heterogeneous treatment effects. This is the case because the heterogeneities are non-linear.
However, due to the double-robust property of the DML estimator, the bias is not huge. Using
DML with a random forest in the second step works well. Again, the standard errors are halved
by increasing the sample size by four.

Table C.4: Simulation results: Non-linear DGP with a non-linear treatment effect (N = 2,500)

DGP: non-linear with non-linear heterogeneous treatment effects

Estimation of effects Estimation of standard errors

2nd step Truth  Bias |Bias] Std  RMSE  Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

2nd estimation step with linear regression

9AC DML with OLS  0.272 -0.009 0.084 0.104 0.104 0.004 -0.012 -0.000 95.20 79.30
025 (Xy) DML with OLS  0.378 -0.012 0.097 0.122  0.122 -0.122 0.260 0.004 96.80 82.30
028 (X1) DML with OLS  0.349 -0.014 0.099 0.125  0.126 -0.141 0.372 0.000 95.30 80.60
025 (Xy) DML with OLS  0.270 -0.008 0.085 0.106  0.106 -0.078 0.026 -0.000 95.70 79.60
625 (X5) DML with OLS  0.272 -0.010 0.085 0.107  0.107  0.009 0.273 -0.001 94.00 80.30
028 (X0, X1) DML with OLS  0.492 -0.016 0.108 0.134  0.135 -0.112 0.106 0.003 96.00 80.50
028 (X1, Xa) DML with OLS  0.349 -0.019 0.096 0.120  0.121 -0.148 -0.023 0.002 95.20 79.60
0”25 (Xo, X1, X2) DML with OLS  0.503 -0.024 0.107 0.133  0.135 -0.111 0.220 0.003 94.40 81.40
2nd estimation step with random forest
0AC DML with RF  0.272 -0.009 0.084 0.104 0.104 0.004 -0.012 -0.000 95.20 79.30
025 (Xo) DML with RF  0.378 -0.004 0.096 0.122 0.122 -0.122 0.192 0.002 96.00 82.00
0258 (Xy) DML with RF 0.349 -0.012 0.099 0.126  0.126 -0.100 0.387 0.001 95.30 81.50
025 (Xy) DML with RF 0.270 -0.009 0.086 0.107  0.108 -0.071 0.006 -0.001 95.20 79.60
025 (X5) DML with R 0.272 -0.010 0.085 0.107  0.108 0.028 0.309 -0.001 94.30 80.60
625 (Xo, X1) DML with RF  0.492 -0.024 0.110 0.136  0.138 -0.144 0.069 0.000 95.00 79.50
028X, Xo) DML with RF 0.349 -0.018 0.097 0.121  0.122 -0.123 -0.007 0.002 94.90 80.50
028(Xo, X1,X2) DML with RF  0.503 -0.033 0.109 0.134  0.138 -0.113 0.138 0.000 94.30 79.20

Note: This table shows results for N = 2,500, R = 1,000 and a non-linear DGP with a non-linear treatment effect in two blocks: (1) ABGATE results
with linear regression in the second step (2) ABGATE results with random forest in the second step. #2C shows the difference between two GATEs.
Column (1) shows the effect estimated, and column (2) shows the second estimation step. The remaining ten columns depict performance measures
explained in C.1.

Table C.6 and Table C.7 show the result for a non-linear DGP with non-linear heterogeneous
treatment effects and some covariates that are influenced by the moderator variable Z;. Simi-
larly, as seen in the setting with only non-linear heterogeneous treatment effects, using a linear
regression in the second step leads to biased results. Using a random forest in the second step

works well, even if the moderator variable influences some confounders.
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Table C.5: Simulation results: Non-linear DGP with a non-linear treatment effect (N = 10, 000)

DGP: non-linear with non-linear heterogeneous treatment effects

Estimation of effects Estimation of standard errors

2nd step Truth  Bias |Bias| Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

2nd estimation step with linear regression

fAC DML with OLS  0.272 -0.005 0.041 0.049  0.050 -0.044 -0.293 0.001 95.20 80.80
628 (Xo) DML with OLS  0.378 -0.017 0.048 0.058  0.060 -0.251 -0.202 0.003 95.20 80.40
028(X1) DML with OLS  0.349 -0.005 0.047 0.056  0.056 0.045 -0.659 0.004 97.60 82.00
028 (Xs) DML with OLS  0.270 -0.003 0.040 0.048  0.049 -0.012 -0.327 0.002 95.60 83.60
028 (X5) DML with OLS  0.272 -0.006 0.041 0.049  0.050 -0.046 -0.347 0.001 96.80 80.80
025 (Xo, X1) DML with OLS  0.492 -0.022 0.054 0.064  0.067 -0.268 -0.078 0.003 94.40 79.20
QAB(Xl, Xo) DML with OLS  0.349 -0.005 0.046 0.055 0.056 0.018 -0.698 0.003 98.80 79.60
625 (Xo, X1, X2) DML with OLS  0.503 -0.030 0.055 0.063 0.070 -0.291 -0.066 0.003 94.40 78.00
2nd estimation step with random forest
HAG DML with RF 0.272 -0.005 0.041 0.049 0.050 -0.044 -0.293 0.001 95.20 80.80
025 (Xo) DML with RF~ 0.378 0.001 0.045 0.057 0.057 -0.174 -0.258 0.002 96.80 78.80
628(x1) DML with RF 0.349 -0.003 0.047 0.056  0.056 0.041 -0.614 0.004 97.60 83.60
628 (X5) DML with RF~ 0.270 -0.004 0.040 0.048 0.049 -0.033 -0.337 0.002 96.40 82.80
628 (X5) DML with RF ~ 0.272 -0.005 0.041 0.050  0.050 -0.057 -0.328 0.001 96.00 79.60
028 (X0, X DML with RF~ 0.492 -0.016 0.052 0.063 0.065 -0.233 -0.018 0.002 94.80 79.60
HAB(Xl7 Xg) DML with RF 0.349 -0.004 0.046 0.055 0.055 0.002 -0.651 0.004 98.40 79.60
025(Xo, X1,X2) DML with RF 0.503 -0.026 0.054 0.063 0.068 -0.297 0.043 0.002 94.80 78.40

Note: This table shows results for N = 10,000, R = 250 and a non-linear DGP with a non-linear treatment effect in two blocks: (1) ABGATE results

with linear regression in the second step (2) ABGATE results with random forest in the second step. #2C shows the difference between two GATEs.
Column (1) shows the effect estimated, and column (2) shows the second estimation step. The remaining ten columns depict performance measures
explained in C.1.

Table C.6: Simulation results: Non-linear DGP with a non-linear treatment effect and a moderator influencing
some covariates (N = 2,500)

DGP: non-linear with non-linear treatment effect and Z; influencing X 5

Estimation of effects Estimation of standard errors

2nd step Truth  Bias |Bias| Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

2nd estimation step with linear regression

6~C DML with OLS  0.425 -0.004 0.083 0.104 0.105 -0.058 0.182 0.002 95.10 80.70
028 (Xo) DML with OLS  0.532 -0.016 0.100 0.126  0.127 -0.031 0.200 0.003 95.50 80.80
0258 (X71) DML with OLS  0.501 -0.021 0.102 0.127  0.129 -0.002 0.089 -0.001 94.10 78.60
0258 (Xy) DML with OLS  0.423 -0.013 0.086 0.108 0.108 -0.014 0.093 -0.000 93.90 80.60
0258 (X5) DML with OLS  0.288 -0.019 0.099 0.123  0.124  0.003 -0.029 -0.001 94.40 77.60
025 (Xo, X1) DML with OLS ~ 0.645 -0.019 0.109 0.136  0.137 -0.065 -0.146 0.004 94.50 79.90
628 (X1, Xo) DML with OLS  0.502 -0.024 0.101 0.125  0.127 -0.080 -0.001 -0.001 94.10 79.40
625 (Xo, X1, X2) DML with OLS  0.655 -0.027 0.110 0.135  0.138 -0.109 -0.198 0.003 94.60 79.80
2nd estimation step with random forest
gAC DML with RF 0.425 -0.004 0.083 0.104 0.105 -0.058 0.182 0.002 95.10 80.70
625 (Xy) DML with RF  0.532 -0.007 0.099 0.125 0.125 0.005 0.126 0.001 95.50 79.90
628(x1) DML with RF 0.501 -0.020 0.102 0.127  0.129 -0.001 0.076 -0.000 94.70 78.50
628 (X5) DML with RF  0.423 -0.014 0.086 0.108 0.109 -0.028 0.068 0.000 94.10 80.20
0258 (X5) DML with RF 0.288 -0.020 0.099 0.123  0.125 0.004 -0.030 -0.001 94.20 77.10
025 (Xo, X1) DML with RF  0.645 -0.026 0.110 0.137  0.139 -0.072 -0.148 0.002 93.70 79.60
9AB(X1,X2) DML with RF 0.502 -0.024 0.100 0.124  0.126 -0.081 0.022 -0.000 94.20 79.50
025 (Xo, X1,X2) DML with RF 0.655 -0.036 0.111 0.135  0.140 -0.115 -0.170 0.001 93.90 79.50

Note: This table shows results for N = 2,500, R = 1,000 for a non-linear DGP with non-linear heterogeneous treatment effects and a covariate
influenced by the moderator variable in two blocks: (1) ABGATE results with linear regression in the second step (2) ABGATE results with random
forest in the second step. 02 shows the difference between two GATEs. Column (1) shows the effect estimated, and column (2) shows the second
estimation step. The remaining ten columns depict performance measures explained in C.1.
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Table C.7: Simulation results: Non-linear DGP with a non-linear treatment effect and a moderator influencing
some covariates (N = 10, 000)

DGP: non-linear with non-linear treatment effect and Z; influencing X 5

Estimation of effects Estimation of standard errors

2nd step Truth  Bias |Bias| Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

2nd estimation step with linear regression

6AC DML with OLS  0.425 -0.005 0.040 0.050  0.050 -0.074 -0.300 0.002 96.80 81.20
025 (Xy) DML with OLS  0.532 -0.024 0.050 0.058  0.063 -0.102 -0.270 0.004 94.80 77.60
028 (Xy) DML with OLS  0.501 -0.012 0.048 0.060 0.061 -0.027 0.139 0.001 94.80 79.20
025 (Xy) DML with OLS  0.423 -0.008 0.040 0.050  0.051 0.001 -0.088 0.002 94.80 79.20
625 (X5) DML with OLS  0.288 -0.012 0.050 0.061  0.062 0.103 -0.129 -0.001 94.80 78.00
625 (Xo, X1) DML with OLS  0.645 -0.028 0.055 0.063  0.069 0.000 0.047 0.005 93.60 81.20
628X, Xo) DML with OLS  0.502 -0.012 0.048 0.060 0.061 -0.027 0.181 0.000 94.80 79.20
6~5(Xo, X1, X2) DML with OLS  0.655 -0.035 0.058 0.063  0.072 -0.010 0.096 0.004 92.80 77.60
2nd estimation step with random forest
6~C DML with RF~ 0.425 -0.005 0.040 0.050  0.050 -0.074 -0.300 0.002 96.80 81.20
628 (Xo) DML with RF 0.532 -0.007 0.046 0.058  0.058 -0.092 -0.119 0.002 95.20 80.40
02B(X1) DML with RF ~ 0.501 -0.011 0.049 0.061 0.062 -0.034 0.079 0.001 94.80 80.00
025 (Xy) DML with RF 0.423 -0.009 0.040 0.050 0.051 -0.007 -0.075 0.002 94.80 80.00
025 (X5) DML with RF 0.288 -0.012 0.050 0.061 0.062 0.103 -0.129 -0.001 94.80 78.00
625 (Xo, X1) DML with RF 0.645 -0.022 0.053 0.063 0.067 -0.041 0.113 0.004 93.60 80.80
625 (X1, Xo) DML with RF 0.502 -0.011 0.049 0.060 0.061 -0.045 0.087 -0.000 95.20 78.80
6~8(Xo, X1,X2) DML with RF  0.655 -0.032 0.056 0.063  0.070 -0.060 0.104 0.003 92.40 78.80

Note: This table shows results for N = 10,000, R = 250 for a non-linear DGP with non-linear heterogeneous treatment effects and a covariate
influenced by the moderator variable in two blocks: (1) ABGATE results with linear regression in the second step (2) ABGATE results with random
forest in the second step. #2C shows the difference between two GATEs. Column (1) shows the effect estimated, and column (2) shows the second
estimation step. The remaining ten columns depict performance measures explained in C.1.
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C.3 Details for ACBGATE
C.3.1 Data Generating Process (DGP)

The DGP is nearly identical to the one used in the first simulation study for the ABGATE.
We start with simulating a p-dimensional covariate matrix X;, with p = 6. The first two
covariates are drawn from a uniform distribution Xj o, X; 1 ~ U[0, 1] and the remaining covariates
from a normal distribution X;2...,X;,-1 ~ N(0.5, \/W) All covariates have a mean of
0.5 and a standard deviation of \/m In the simulation design that features a correlation
between the moderator Z; and some of the covariates X;, the moderator variable is created like
in the simulation study for the ABGATE. Hence the moderator variable Z; is drawn from a
Bernoulli distribution with probability P(Z; = 1|X;0, Xi1) = (0.1 + 0.88(X; 0 x Xi71;2,4)).15
The propensity score is created similarly as in Kiinzel, Sekhon, Bickel, & Yu (2019) and Wager
& Athey (2018). In the second simulation design, there is no correlation between the moderator
Z; and some X;. We draw noise ¢; ~ N(0,1). If e; > 0.5, the moderator variable takes the
value 1, and otherwise 0. The treatment variable D; is drawn from a Bernoulli distribution with

probability P(D; = 1|X;0, Xi1, Xiz, Xi5, Zi) = (0.2 + 0.65( 2ot Xathiat Xist 2 o 4,

Next, the response functions under treatment and non-treatment and the two states of the
moderator variable are specified. The non-treatment response function is specified similarly as

in Nie & Wager (2021) and creates a difficult non-linear setting. They are given by

po(1, X;) = sin(m x X;0 x X;1) + (X;2 — 0.5)* + 0.1X; 3 + 0.3X, 5

,uo(O, Xz) = Sil’l(ﬂ' X Xi,O X Xi,l) + (Xi72 — 05)2 + O.lX@g + 0.3Xi75

The response functions under treatment are defined differently, namely as:

(1, X3) = po(1, X;) + sin(4.9X,0) + sin(2X;,1) + 0.7X}}5 + 0.4X 5

110, X;) = p10(0, X;) + sin(1.4X;0) + sin(6X;1) + 0.6X 75 + 0.3X; 5.

In contrast to the response functions in the ABGATE simulation, they are not directly influenced
by the moderator Z; because it would violate Assumption 10. Hence, it would not be possible

to identify a ACBGATE. Moreover, we restrict this simulation to non-linear heterogeneitey.

Last, we simulate the potential outcomes as Yid’z = pd(2, X;) + €4, with noise €; 4, ~ N(0,1).

153(X;0 x Xi,1;2,4) denotes the CDF of a beta distribution with the shape parameters a = 2 and 8 = 4.
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Summing up, the data consists of an observable quadruple (y; ,, d; r, 2ir, Z;r) and the true values

are estimated on a sample with N = 100, 000.

C.3.2 Effects of interest and estimators

To compare the ACBGATE with the AGATE, consider both effects:

0A¢ = B[y =Yz = 1] - B[ - v1Z = o (C.1)

9AC _ | [Y;‘Ll _ Yio,1 _ Yil,o n Yio,o] (C.2)

These two effects are only identical if there is no correlation between the moderator Z; and the
covariates X;. We estimate Equation C.1 and C.2 with DML with 5-fold cross-fitting in the

following versions:

Table C.8: Simulation study: Versions of the DML estimators

GAC 9AG
propensity score propensity score

(2) P(Dz = d|Z1 = Z,Xi = $), P(Zl = Z|Xz = CC)

Note: This table depicts different versions of DML estimators used for #2€. We use either

the two marginal propensity scores or the joint propensity score. All weights have been

normalized using Algorithm 2.
Random forests (number of trees: 1,000) are used to estimate the nuisance functions. Algo-
rithm 4 in Section 3 shows the ACBGATE, while Algorithm 5 in Appendix C summarizes the
implemented GATE estimator. The GATE is estimated by separately estimating an ATE in the

groups Z; = 1 and Z; = 0. To obtain 62C, the difference between those two ATEs is taken.

C.3.3 Simulation Design

In total, four different simulation settings are estimated. The first element we change across
settings are the numbers of replications R and observations N. We run two simulations with
N = 2,500 and R = 1,000 and two with N = 10,000 and R = 250. Furthermore, as explained
above, we vary the correlation of X and Z. The optimal hyperparameters for the random forests,
namely the maximum tree depth and the minimum leaf size, are again tuned by a grid search
(maximum tree depth: [5, 10, 15, 20|, minimum leaf size: |2, 5, 10, 20]). They are tuned using
five different data draws and then fixed for the whole simulation. The optimal combination of

maximal tree depth and minimum leaf size is chosen by taking the combination that appears
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most often in the five draws. The optimal parameters are shown in Table C.9.

Table C.9: Simulation Study: Optimal hyperparameters for random forests (ACBGATE)

DGP: correlation between moderator Z; and some covariates X;

N = 2,500
H1 Ho M1 Ho1 K10 Hoo Td Az w11 wo1 w10 woo
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 10 5 5 5 10 5 5 5 5 ) ) 5
Minimum leaf size 2 5 2 2 10 20 2 20 20 20 10 20
N = 10,000
1 Ho  pa1 Ho1 H10  [oo uel A w1l Wl W0 Woo
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 5 5 5 10 5 5 10 5 5 5 5 5
Minimum leaf size 10 2 2 20 20 20 20 2 20 20 5 20
DGP: no correlation between moderator Z; and some covariates X;
N = 2,500
1 Ho  p11 Lot H10  Hoo T4 A w1l wol W0 Woo
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 10 5 10 5 10 5 5 5 5 5 5 5
Minimum leaf size 5 10 5 20 10 20 20 20 20 20 20 10
N = 10,000
H1 Ho H11 Ho1 K10 Hoo Td Az w11 wo1 w10 woo
Number of trees 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000
Maximal tree depth 10 5 10 5 10 5 5 5 5 ) ) 5
Minimum leaf size 5 10 10 20 20 5 2 10 20 20 20 20

Note: This table depicts the optimal hyperparameters for the random forests. The grid values are as follows: maximum
tree depth: [5, 10, 15, 20|, minimum leaf size: |2, 5, 10, 20].

C.3.4 Results

Figures C.1 - C.4 compare the distribution of the biases for 0AC and 0AC to a normal distribution.
The bias of both estimators is calculated using the true §2€. The first finding is that the GAG
estimator can be substantially biased if Z; and X; are correlated. This bias can be seen in Figure
C.1 and C.3. In addition, comparing the two different sample sizes shows that if N increases
from 2,500 to 10,000, the standard error halves. Looking at Figure C.2 and C.4, the estimators
of 02C and #AC are very similar when there is no correlation between Z; and X;. Moreover,

their distributions appear to converge to a normal distribution.

Table C.10 shows the results for N = 2,500 and R = 1,000. The first block presents the results
for the setting where there is selection into treatment and correlation between Z; and X;. The
second block depicts the results without correlating Z; and X;. Estimating the effect (#2€) with
a joint propensity score (Specification 1) or with the product of two marginal propensity scores

(Specification 2) leads to qualitatively similar results.
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Figure C.1: N = 2,500, correlated Z; and X; Figure C.2: N = 2500, uncorrelated Z; and X;
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Figure C.3: N = 10,000, correlated Z; and X, Figure C.4: N = 10,000, uncorrelated Z; and X;
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Note: These figures show the distribution of the bias of HAC and HAC compared to the true 624€. We plot a
normal distribution to indicate convergence to an appropriately normal distribution. The figures are created using
the results of the unconfoundedness setting and the DML estimator with the joint propensity score estimator.

Table C.11 shows results for NV = 10,000 and R = 250. Compared to the results with the smaller
sample presented in Table C.10, the standard errors and the RMSE halve. This aligns with the

convergence rate of a 4/ N-consistent estimator.

D Appendix: Empirical Example

D.1 Data Descriptives

Table D.1 shows the mean and standard deviation of the covariates included in the analyzes by
treatment and moderator status. In addition to the covariates in this table, we add caseworkers’
fixed effects. For a more detailed description of the data and how the dataset was constructed,
please see Knaus et al. (2022). The data can be accessed on swissubase.ch for research purposes.
Table D.2 shows the mean and standard deviation of the covariates included in the analyzes by

treatment status and Table D.3 by moderator status.

72



Table C.10: Simulation results: N = 2,500

Number of observations = 2,500

Estimation of effects Estimation of standard errors

Spf. Truth  Bias |Bias] Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

Correlation between Z; and X;

GAG 1 0.072 -0.012 0.084 0.104 0.105 -0.017 -0.053 -0.000 95.30 79.50

gAC 1 0.277 -0.013 0.102 0.129 0.130 -0.128 0.137 -0.001 94.00 80.40

gAC 9 0.277 -0.019 0.101 0.126 0.128 -0.150 0.053 0.001 94.30 80.30
No correlation between Z; and X;

0AC 1 0.278 -0.014 0.086 0.109 0.110 0.049 0.324 -0.000 94.10 79.50

gAC 1 0.277 -0.011 0.088 0.110 0.110 -0.048 0.087 -0.001 94.30 79.80

0AC¢ 2 0.277 -0.017 0.087 0.109 0.110 -0.028 0.111 -0.001 94.50 79.20

Note: This table shows results for N = 2,500 and R = 1,000 in two blocks: (1) correlation between Z; and X;, and
(2) no correlation between Z; and X;. Column (1) shows the effect estimated, column (2) the respective version of the
DML estimator used as explained in Table C.8 (3) the true effect. The remaining ten columns depict performance measures
explained in C.1.

Table C.11: Simulation results: N = 10,000

Number of observations = 10,000

Estimation of effects Estimation of standard errors

Spf. Truth  Bias |Bias| Std RMSE Skew. Ex. Kurt. Bias (SE) CovP (95) CovP (80)
(in %) (in %)

Correlation between Z; and X;

gAG 1 0.072 -0.007 0.041 0.050 0.050 -0.033 -0.258 0.000 94.40 80.40

9AC 1 0.277 -0.002 0.049 0.061 0.061 -0.338 0.349 0.002 95.60 80.80

6AC 2 0.277 0.001 0.050 0.062 0.062 -0.426 0.523 0.000 95.20 80.00
No correlation between Z; and X;

0AC 1 0.278 -0.008 0.045 0.055 0.055  0.199 0.064 -0.002 93.60 77.60

6AC 1 0.277 -0.009 0.042 0.053 0.053  0.093 0.170 -0.001 94.00 78.00

9AC 2 0.277 -0.010 0.043 0.053 0.054 0.114 0.217 -0.002 93.60 78.00

Note: This table shows results for N = 10,500 and R = 250 in two blocks: (1) correlation between Z; and X;, and (2)
no correlation between Z; and X;. Column (1) shows the effect estimated, column (2) the respective version of the DML
estimator used as explained in Table C.8 (3) the true effect. The remaining ten columns depict performance measures
explained in C.1.
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Table D.1: Empirical analysis: Balance table for treatment and moderator variable

Treated Treated Non-treated Non-treated

Non-Swiss Swiss Non-Swiss Swiss
Variable Mean Mean Mean Mean
Age 35.62 38.08 36.37 36.50
French speaking canton 0.10 0.07 0.28 0.23
German speaking canton 0.86 0.91 0.62 0.70
Italian speaking canton 0.04 0.02 0.10 0.07
Lives in big city 0.21 0.14 0.19 0.15
Lives in medium city 0.17 0.15 0.15 0.12
Lives in contryside 0.62 0.71 0.67 0.73
Age of caseworker 43.70 44.54 44.23 44.44
Caseworkers cooperation 0.51 0.48 0.50 0.47
Caseworkers education: above vocational training 0.45 0.45 0.43 0.44
Caseworkers education: tertiary level 0.20 0.22 0.25 0.23
Caseworker female 0.42 0.47 0.38 0.42
Caseworker missing 0.04 0.04 0.04 0.04
Caseworker own unemployment experience 0.63 0.63 0.63 0.63
Caseworker job tenure 5.53 5.55 5.90 5.84
Caseworker education: vocational degree 0.25 0.27 0.22 0.23
Fraction months employed last 2 years 0.82 0.84 0.77 0.81
No employment spells last 5 years 1.05 0.97 1.40 1.21
Employability 1.94 2.00 1.95 2.01
Female 0.40 0.47 0.41 0.46
Cantonal GDP per capita 0.51 0.51 0.49 0.49
Married 0.67 0.36 0.70 0.35
Mother tongue not Swiss language 0.65 0.10 0.66 0.10
Past annual income 41704 47899 38226 43865
Previous job: manager 0.05 0.09 0.04 0.09
Previous job: primary sector 0.07 0.05 0.13 0.08
Previous job: secondary sector 0.18 0.15 0.13 0.13
Previous job: tertiary sector 0.54 0.67 0.48 0.64
Previous job: missing sector 0.21 0.13 0.26 0.15
Previous job: self-employed 0.00 0.00 0.01 0.01
Previous job: skilled worker 0.47 0.72 0.45 0.70
Previous job: unskilled worker 0.47 0.16 0.48 0.17
Qualification: some degree 0.35 0.73 0.32 0.73
Qualification: semiskilled 0.18 0.13 0.21 0.13
Qualification: unskilled 0.40 0.13 0.40 0.12
Qualification: skilled without degree 0.07 0.02 0.08 0.03
Allocation to caseworker: by industry 0.63 0.67 0.53 0.54
Allocation to caseworker: by occupation 0.56 0.59 0.56 0.56
Allocation to caseworker: by age 0.04 0.04 0.03 0.03
Allocation to caseworker: by employability 0.07 0.07 0.06 0.07
Allocation to caseworker: by region 0.09 0.09 0.13 0.12
Allocation to caseworker: other 0.06 0.07 0.07 0.08
No of unemployment spells last 2 years 0.54 0.35 0.78 0.50
Cantonal unemployment rate 3.71 3.60 3.82 3.69
Number of observations 4,438 8,607 30,417 47877

Note: This table shows the mean of some covariates included in the analysis. Column (1) and (2) show it for treated individuals,
column (3) and (4) for non-treated individuals. Column (1) and (3) show it for non-Swiss individuals, column (2) and (4) for Swiss
individuals.
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Table D.2: Empirical analysis: Balance table for treatment variable (participation in the program)

Treated Control

Covariates Mean Std. Dev. Mean Std. Dev. Std. Diff.
Age 37.24 8.78 36.45 8.64 9.13
French speaking canton 0.08 0.27 0.25 0.43 46.44
German speaking canton 0.89 0.31 0.67 0.47 55.63
Italian speaking canton 0.03 0.16 0.08 0.27 24.01
Mother tongue in cantonal language 0.12 0.33 0.11 0.32 3.71
Lives in big city 0.17 0.37  0.16 0.37 0.54
Lives in medium city 0.16 0.36 0.13 0.34 7.39
Lives in contryside 0.68 0.47 0.71 0.46 6.04
Age of caseworker 44.26 11.64 44.36 11.60 0.88
Caseworkers cooperation 0.49 0.50 0.48 0.50 1.73
Caseworkers education: above vocational training 0.45 0.50 0.43 0.50 3.38
Caseworkers education: tertiary level 0.21 0.41 0.24 0.43 6.36
Caseworker female 0.45 0.50 0.41 0.49 9.98
Caseworker missing 0.04 0.20 0.04 0.20 0.09
Caseworker own unemployment experience 0.63 0.48 0.63 0.48 1.01
Caseworker job tenure 5.54 3.23 5.86 3.30 9.73
Caseworker education: vocational degree 0.26 0.44 0.23 0.42 7.80
Fraction months employed last 2 years 0.83 0.22 0.79 0.25 16.86
No employment spells last 5 years 1.00 1.27 1.28 1.52 20.44
Employability 1.98 0.48 1.99 0.51 1.10
Female 0.44 0.50 0.44 0.50 1.33
Foreigner with permit B 0.11 0.31 0.14 0.35 9.68
Foreigner with permit C 0.23 0.42 0.25 0.43 3.87
Cantonal GDP per capita 0.51 0.09 0.49 0.09 22.15
Married 0.47 0.50 0.48 0.50 2.66
Mother tongue not Swiss language 0.29 0.45 0.32 0.47 6.82
Past annual income 45792 20184 41674 20459 20
Previous job: manager 0.08 0.27 0.07 0.26 3.01
Previous job: primary sector 0.06 0.23 0.10 0.30 15.25
Previous job: secondary sector 0.16 0.37  0.13 0.34 8.72
Previous job: tertiary sector 0.63 0.48 0.58 0.49 10.42
Previous job: missing sector 0.15 0.36 0.19 0.40 10.74
Previous job: self-employed 0.00 0.06 0.01 0.08 4.15
Previous job: skilled worker 0.63 0.48 0.61 0.49 5.46
Previous job: unskilled worker 0.26 0.44 0.29 0.45 5.99
Qualification: some degree 0.60 0.49 0.57 0.50 6.09
Qualification: semiskilled 0.15 0.35 0.16 0.37 3.31
Qualification: unskilled 0.22 0.41 0.23 0.42 1.41
Qualification: skilled without degree 0.03 0.18 0.05 0.21 6.28
Swiss 0.66 0.47  0.61 0.49 10.05
Allocation to caseworker: by industry 0.66 0.47 0.53 0.50 25.25
Allocation to caseworker: by occupation 0.58 0.49 0.56 0.50 4.64
Allocation to caseworker: by age 0.04 0.19 0.03 0.17 3.53
Allocation to caseworker: by employability 0.07 0.25 0.07 0.25 0.02
Allocation to caseworker: by region 0.09 0.28 0.12 0.33 10.93
Allocation to caseworker: other 0.07 0.25 0.07 0.26 1.97
No of unemployment spells last 2 years 0.41 1.00 0.61 1.26 17.55
Cantonal unemployment rate 3.64 0.77 3.74 0.86 12.45
Number of observations 13,045 78,294

Note: This table shows the mean and standard deviation of the covariates included in the analyzes. Columns (1) and (2)
show it for the treated group, columns (3) and (4) for the control group. The last column shows the standardized difference

between the two groups.

The standardized difference is calculated as SD =

|Xtreated —Xcontrol |

y”l/z(var(xtreated)+Var()?control))

Xireated and Xcontrol indicate the sample mean of the treatment and control group, respectively.
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Table D.3: Empirical analysis: Balance table for moderator variable (nationality)

Non Swiss Swiss

Covariates Mean Std. Dev. Mean Std. Dev. Std. Diff.
Age 36.27 8.22 36.74 8.92 5.38
French speaking canton 0.25 0.44 0.20 0.40 11.92
German speaking canton 0.65 0.48 0.74 0.44 17.80
Italian speaking canton 0.09 0.29 0.06 0.24 11.96
Lives in big city 0.19 0.39 0.15 0.36 10.47
Lives in medium city 0.15 0.36 0.13 0.33 7.01
Lives in contryside 0.66 0.47 0.73 0.45 13.76
Age of caseworker 44.16 11.69 44.46 11.55 2.53
Caseworkers cooperation 0.50 0.50 0.47 0.50 6.45
Caseworkers education: above vocational training 0.43 0.49 0.44 0.50 2.83
Caseworkers education: tertiary level 0.24 0.43 0.23 0.42 2.45
Caseworker female 0.39 0.49 0.43 0.49 7.89
Caseworker missing 0.04 0.21 0.04 0.20 2.30
Caseworker own unemployment experience 0.63 0.48 0.63 0.48 0.35
Caseworker job tenure 5.85 3.36 5.80 3.26 1.56
Caseworker education: vocational degree 0.23 0.42 0.23 0.42 1.91
Fraction months employed last 2 years 0.78 0.26 0.81 0.24 15.26
No employment spells last 5 years 1.36 1.62 1.17 1.40 12.54
Employability 1.95 0.51 2.01 0.50 12.50
Female 0.41 0.49 0.46 0.50 9.98
Cantonal GDP per capita 0.49 0.09 0.50 0.09 2.97
Married 0.69 0.46 0.35 0.48 73.50
Mother tongue not Swiss language 0.66 0.47 0.10 0.30 141.73
Past annual income 38669 18536 44480 21278 29
Previous job: manager 0.05 0.21 0.09 0.29 17.74
Previous job: primary sector 0.12 0.33 0.07 0.26 16.09
Previous job: secondary sector 0.14 0.35 0.13 0.34 2.53
Previous job: tertiary sector 0.48 0.50 0.65 0.48 33.52
Previous job: missing sector 0.25 0.44 0.15 0.35 27.04
Previous job: self-employed 0.00 0.07 0.01 0.08 2.59
Previous job: skilled worker 0.46 0.50 0.70 0.46 51.92
Previous job: unskilled worker 0.48 0.50 0.16 0.37 71.85
Qualification: some degree 0.32 0.47 0.73 0.44 89.33
Qualification: semiskilled 0.21 0.40 0.13 0.33 21.16
Qualification: unskilled 0.40 0.49 0.12 0.32 66.90
Qualification: skilled without degree 0.08 0.26 0.02 0.15 23.58
Allocation to caseworker: by industry 0.54 0.50 0.56 0.50 3.80
Allocation to caseworker: by occupation 0.56 0.50 0.57 0.50 1.97
Allocation to caseworker: by age 0.03 0.17 0.03 0.18 2.80
Allocation to caseworker: by employability 0.06 0.24  0.07 0.26 5.08
Allocation to caseworker: by region 0.12 0.33 0.12 0.32 1.52
Allocation to caseworker: other 0.07 0.26 0.08 0.27 2.42
No of unemployment spells last 2 years 0.75 1.38 0.48 1.10 21.73
Cantonal unemployment rate 3.81 0.83 3.68 0.85 15.33
Number of observations 34,855 56,484

Note: This table shows the mean and standard deviation of some covariates included in the analysis. Column (1) and
(2) show it for Swiss individuals, column (3) and (4) for non-Swiss individuals. The last column shows the standardized

difference between the two groups. The standardized difference is calculated as SD =

| Xswiss — Xnon-Swi

o -100

,\,r’l/z(\/ar()’(Swiss)+\/ar(x

non-Swiss ) )

where Xswiss and Xnon-swiss indicate the sample mean of the Non-Swiss and the Swiss individuals, respectively.
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